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Abstract
A simplified dynamic model for the constant-force compression spring
(CFCS) based on the pseudo-rigid-body model (PRBM) is presented including

the basic formulations which takes care of the moment 7., due to coulomb

friction in the pin joints of the CFCS, and the moment 7. due to axial force
effects in the rigid links of the CFCS. The CFCS is a slider mechanism which
consists of rigid links incorporating pin joints and a small-length flexural

pivot which connects to a slider. Clearly the results with the inclusion of 7.
and 7, to the dynamic model, shows that the static terms 7. and 7. have

very great significance on the dynamic model of the CFCS.

Keyword
Constant-force compression spring, Axial force effects, Coulomb friction,
Pseudo-rigid-body model.

Introduction

With the emerging applications of compliant mechanisms, there is the need to develop
a systematic formulation for the design and analysis of compliant mechanisms. Although
existing methods such as the finite element method (FEM), elliptic integrals method, and
chain algorithm method are widely available, there remain challenges in the computational

model of compliant mechanisms (CMs). Many of these existing models are either inadequate
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to capture the geometric nonlinearity or too complicated that they cannot serve as a basis for
compliant mechanism (CM) design and simulation. Based on the principle of dynamic
equivalence, a simplified dynamic model for the constant-force compression spring (CFCS) is
developed using the pseudo-rigid-body (PRB) modeling technique. The pseudo-rigid-body
model (PRBM) is used to simplify the analysis and design of CMs. It is used to unify CM and
rigid-body mechanism theory by providing a method of modeling the nonlinear deflection of
flexible beams. This method of modeling allows well-known rigid-body analysis methods to
be used in the analysis of CMs (Salamon, 1989). The PRBM provides an easy way to model
the complex, nonlinear deflections of many CMs (Howell, 2001). The model approximates
the force-deflection characteristics of a compliant segment using two or more rigid segments
joined by pin joints, with torsional springs at the joints modeling the segment’s stiffness. The
usefulness of the PRBM in allowing accurate analysis and synthesis of mechanism motion
and energy storage characteristics has been abundantly demonstrated (Opdahl et al., 1998;
Derderian et al., 1996; Howell and Midha, 1996; Lyon et al., 1997; Jensen et al., 1997;
Mattlach and Midha, 1996). While the model is very useful for the analysis of CMs, its true
power lies in the capability it gives for designing original CMs (Jensen et al.” 1997). The
PRBM correlates the synthesis of CMs and the wealth of knowledge available in rigid-body
mechanism design. CFCSs can be defined as mechanisms that produce a constant output force
for a large range of input displacements. Such mechanisms are important in applications with
varying displacements, but requiring a constant resultant output force. The mechanism is
typically displacement driven, the input is a displacement at the slider and the output is a
force. Unlike a linear spring where the force increases as the displacement increases, the

reaction force for a CFCS remains constant for various displacements.

Simplified Dynamic Model Development

Figure 1 shows the CFCS and its PRBM. As shown in the figure, the CFCS consists of
rigid links incorporating pin joints and a small-length flexural pivot which connects to a
slider. The mechanism is converted to its rigid-body counterpart by using the PRBM rule for

small-length flexural pivots. The most straight forward alteration is that the small-length

31



@ Leonardo Journal of Sciences Issue 13, July-December 2008
ISSN 1583-0233 p. 30-43

flexural pivot becomes a pin and torsional spring combination, centered at the middle of the

flexible segment. The torsional spring constant K for small-length flexural pivots is given by
K=EI/L (1)

Where,

1 is the moment of inertia of the cross section of the flexible segment

E is the modulus of elasticity of the flexible segment

L is the length of the flexible segment

O

Figure 1: CFCS and Its pseudo-rigid-body model

Formulation of the Dynamic Equation using Hamilton’s Principle

The dynamic equation of motion for the CFCS can be systematically derived using
Hamilton’s principle, where the following variational form holds:

J;78[(t)- V() + [ sw, (1) =0 @)

Equation (2), which is generally known as Hamilton’s variational statement of

dynamics, shows that the sum of the time-variations of the difference in kinetic and potential
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energies and the work done by the nonconservative forces over any time interval ¢ fo ¢,

equals zero. It is of interest to note that Hamilton’s equation can also be applied to statics
problems. In this case, the kinetic energy term 7' vanishes, and the remaining terms in the
integrands of equation (2) are invariant with time; thus, equation (2) reduces to
8(V-W,)=0 3)

Equation (3) is the well known principle of minimum potential energy, so widely used
in static analysis. For most mechanical or structural systems, the kinetic energy can be
expressed in terms of the generalized coordinates and their first time derivatives, and the
potential energy can be expressed in terms of the generalized coordinates alone (Clough and
Penzien, 2003). In addition, the virtual work which is performed by the nonconservative
forces as they act through the virtual displacements caused by an arbitrary set of variations in
the generalized coordinates can be expressed as a linear function of those variations. In

mathematical terms the above three statements are expressed in the form

T:T(ql!qzv"'vqwa!q'z"'"q‘Nj (4)
V =V(q,,0, - 0y) (5)
OW,,. = Q,00, +Q,00, +---+ Q060 (6)

where the coefficients O,,0,,--,Q, are the generalized forcing functions corresponding to
the coordinates ¢,,q,, -+, q,, respectively. Substituting equation (4), (5), and (6) into (2) and

completing the variation of the first term gives

.[ (ﬂ 0.+ o 6q2+"'+ o + 6T 6q1+ 61.- 6q'z""""'a_-l.-sq'N

B % M g, oq, oay @
ov oV oV
_T%Sql_WZqum_asqN+Q16q1+Q26q2+W+QN8qN]dt:O

Integrating the velocity-dependent terms in equation (7) by paths leads to

t;
J'za_Tg dt = a_qu _j':zi a_T
o, +dt g,

I tl

q;dt (8)

The first term on the right hand side of equation (8) is equal to zero for each

coordinate since og,(r,)=dg,(z,)=0 is the basic condition imposed upon the variations.

Substituting equation (8) into equation (7) gives, after rearranging terms,
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N
Itz 3 _d 5_T_ +ﬂ_ﬂ+qi 5q, bdt =0 9)
|5 dt o4 oq, oq

where T and V' are the kinetic and potential energy of the CFCS respectively. Since all
variations o, (i :1,2,.-~,N) are arbitrary, equation (9) can be satisfied in general only when

the term in bracket vanishes.

d{ oT | oT ov _

rri il e Q (10)

A
aqi aq; 0q;

Equations (10) are the well known Lagrange’s equations of motion, which have found
widespread application in various fields of science and engineering. It should be noted that
Lagrange’s equations are a direct result of applying Hamilton’s variational principle, under
the specific condition that the energy and work terms can be expressed in terms of the
generalized coordinates, and of their time derivatives and variations. Thus Lagrange’s
equations are applicable to all systems which satisfy these restrictions, and they may be
nonlinear as well as linear (Clough and Penzien, 1995). Following the standard procedure of
Hamilton’s principle, the total kinetic energy equation for the CFCS is given as

1 1 1 , 1 L, 1 ‘
T:§m2V022+Em3Vc23+Ems r12+5|czeg+5|cae§ (11)

where,
m, = mass of links 2 and 3
V.. = velocity of the center of mass of links 2 and 3

1., = mass moment of inertia of links 2 and 3 about the center of mass

0, = angular velocity of links 2 and 3

’;1 = velocity of the slider

Ve, = 2 r, 0, (12)
2 2 1,5 2

V., =| r202+r,r,cos(6, — 0,)8, 93+er 03 (13)

fl =T, ézsin 0, -, éssin 0, (14)
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1, 0,cos6,

0, =
r, oS0,

(15)
The first three terms of the kinetic energy expression represent the translational energy
of the system, and the last two represent the rotational energy. The mass moments of inertia of

links 2 and 3 about the center of mass is given by

1 2
l. =—mr 16
Ci 12 il ( )
For the CFCS, the potential energy equation is given as
1
V= E(K392K3) (17)

where K, is the torsional spring constant and 6, is the relative deflections of the torsional

spring given by the following expression

Ors :sinl[r—zsin 62] (18)

s

Expanding equation (10) and simplifying, the dynamic equation for the system becomes

1 r3sin0,cosO, 1 r’r?cos’6O )
{mz(—r§j+m3[ 2 2 2= 238 2_4+r7sin%0,
4 4.

2 2 2 _r2cgin?
JrZ—rZsin?g, 41 -1;sin®6,
4 =2 2 3ain2 2 2
r,sin“0,cos” 0 r;sin“ 0, cos0 . s cos” 0 ..
m.| -2 2 2402 2 24r2sin%0, |+1.,+1.,—2"" "2 1§
°l r2-r%sin’0 2 _2gjp?2 ? 2] 2 _r2gin2e, | °
3 — [, SIN" 9, \/I’3—I’23In 0, 3 —[;SIN" 0,

s (1 rssin®0,cos’ 0, 1 ryrsing,cos’0, 1  r’sin’e,
3| 9 (2 2-2)3/2_(2 2-2)2__22-2
2(r3 —r2sin®0, 4 (2-r2sin?0,] 2.r2-rZsin’e,
. rysin®,cos’0, 1r7r’sin®,coso, rssin®0,cos’ 0,
- T2 2cin2 . 2
\/rsz_rfs,nZQZ 4 r;—r,;sin“ 0, (rsz—rzzsmzez)
.\ rysin®0,cos*0, r,sin®0,cos0, r,sind,cos’, . rSsind,cos’0,
2 _r2sin20 )3’2 r2 —r?sin’ rZ —r2sin’o Jr2—tZsin’
Nl P8 ) 3 h 2 3 h 2 ry —r,sin“ o,

+17sin0, cosez}r m{

r;sin®o,
JrZ—rZsin?e,

4 .- 3 2 A
) r, sin©,cos” 6 r,ysin@, coso .
+r§sm62cosezJ+IC3( 2> 2 2 22 222 1102

. 2 2 2 ain? 2
(2 =r2sin’0,f 1 -risin®e,
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= Qez

(19)
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To obtain the generalized forcing function Q,,, the virtual work oW, _ must be

g

evaluated. This is the work performed by all nonconservative forces acting on or within the
flexural member while an arbitrary set of virtual displacements is applied to the system. The
nonconservative forces may include dissipative forces proportional to the angular and linear

velocities. For the CFCS, the generalized forcing function Q,, therefore consists of a moment
7. due directly to the force F acting on the slider, moment 7. due to coulomb friction in
the pin joints of the CFCS, and moment 7, due to axial force effects in the rigid links of the
CFCS. In mathematical terms, the generalized forcing function Q,, is given by the expression
below
Qo, =Tk + Tcr + Tar (20)
Coulomb friction results from two dry or lubricated surfaces rubbing together. It is
generally considered to be independent of velocity magnitude but has a different, larger value

when velocity is zero (static friction) than when there is relative motion between the parts

(dynamic friction). Though more elaborate expressions for the coulomb friction term . are

possible, the following simple relation gives sound results:

TCF=cezsign(ezj[2+ y r, €059, ] (21)

r; —r7sin’0,

where C is the coulomb friction coefficient

P

Tar = Fatic a is the shear angle (22)

rol 1+ T

(I‘32 _ r22 az)g
The value of the torque 7, is chosen using experimental data but may be
approximated using the expression giving in equation (22). Torque Q,, is transformed to

mechanism’s output force F using the power relationship given as:

F r;L = Qq 92 (23)

_ Qu
F= e (24)
26,

where,
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or . r,?sin®, cos0
—L =-r,sin0, — -2 2 2

(25)
99, Jr2 —Zsin?e,

Equations (19)—(25) represent the simplified dynamic model of the CFCS. Note that
the equation of motion was derived from the PRBM of the CFCS, rather than the actual
CFCS. What is important in the derivation of the dynamic model is not the method chosen to
arrive at the simplified dynamic model, but the fact that the method was applied to the PRBM
simplification of the CFCS.

Results and Discussion

All the necessary parameters of the CFCS used in the simulation are given in table 1.
Using these parameters, the simulation results obtained are illustrated in the following figures.
Figure 2 shows a comparison of the force predicted by the static portion of the dynamic model
(i.e. with velocities and accelerations set to zero, withz,., =7, =0), with that predicted by
existing CFCS theory, essentially an application of the principle of virtual work on the PRBM
of the CFCS. As shown in the figure, both plots match perfectly which is a confirmation that
the static portion of the dynamic model is correct. Figure 3 shows the force predicted by the

static portion of the dynamic model with inclusion ofz.,. and 7z ,.. As shown in the figure,
7. and 7, have large effect on the performance of the CFCS.

Table 1: CFCS parameters used for simulation

Parameters Parameter Values
) 85 mm

3 95 mm

ms 0.025kg

m;3 0.028 kg

ms 0.087kg

b 25.4 mm

hy 0.38 mm

I, 1.1615x 10 m*
E 207 Gpa

Ly 9.5mm

K, 2.5308 Nm

a 0.045 rad

C 0.02
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Figure 5, 6, and 7 shows the mean force plot, the median force plot and the peak-to-
peak force magnitude difference plot of the dynamic model as a function of frequency
respectively. Each frequency assumes a sinusoidal position input as shown in Figure 4 with
amplitude equal to 40% mechanism deflection. Notice that the curve in the peak-to-peak force
plots for the dynamic model with the inclusion of 7. and z,. first curves down, before it
starts to increase. This shows the range of frequencies over which a CFCS exhibits better
constant force behaviour. Figure 8, 9, 10, and 11 shows the plots of the force predicted by the
dynamic model with, and without the inclusion of the static terms z,,. and 7z, for different
input frequencies. Clearly as shown in the figures, the results with the inclusion
ofz.. and 7 ., shows that the static terms z.. and 7. have very great significance on the
dynamic model. Figure 12 shows the plot of the percent constant-force (PCF) as a function of
time. The PCF is very important because it measures the amount of variation between the

minimum and maximum output force of the CFCS model. As shown in the figure, the
maximum value of the PCF for the CFCS model is 87.2%.
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Figure 2: Force predicted by the static portion of the dynamic model
with that predicted by the principle of virtual work
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Figure 3: Force predicted by the static portion of the dynamic model
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Figure 4: Position plot representing the sinusoidal input
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Figure 5: The mean force plot as a function of frequency for the CFCS
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Figure 6: The median force plot as a function of frequency for the CFCS

10

Peak-to-Peak Force (M)
¢

*  Modeled i

—— Modeled witht -=t,-=0

a 5 10 15 20 25 30 35 A0 45 50
w (radss)

Figure 7: The peak-to-peak force difference plot as a function of frequency for the CFCS
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Figure 8: Predicted force for sinusoidal input of @ = 2.09 rad/s
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Figure 9: Predicted force for sinusoidal input of @ = 4.19 rad/s
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Figure 10: Predicted force for sinusoidal input of @ = 14.7 rad/s
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Figure 11: Predicted force for sinusoidal input of @ = 41.89 rad/s
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Figure 12: Percent constant-force as a function of time

Conclusion

The PRBM is a method of analysis that allows large deformations to be modeled using
rigid-body kinematics. In light of the simplicity the PRBM affords, a simplified dynamic
model for the CFCS based on the PRBM is presented which also includes basic formulations
which take care of the axial force effects in the rigid links of the CFCS and the effect due to
Coulomb friction in the pin joints of the CFCS. Although several methods for modeling
CFCS exist, less attention has been paid to dynamic analysis. A very interesting aspect of the
dynamic model is that it presents a very simplified and accurate mathematical expression

which helps in the easy determination of the moment 7. due to coulomb friction in the pin
joint of the CFCS, and the moment z,,. due to axial force effects in the rigid links of the
CFCS. Clearly the results with the inclusion of 7. and 7. to the dynamic model, shows that

the static terms 7. and 7, have very great significance on the dynamic model of the CFCS.
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