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Abstract

In this work we developed and an

alyze j
and Contrat g T "alyze a Mathematical Model for the Spread
first order Ordinary Differential Equa
is divided into six mutually-
Indl'vfdllals (S}{) ’

tions, in which the human Ppopulation
exclusive compartments namely; Susceptible
Susceptible vector (8v) , Infected Human (I,) ,

Quarantine Human (Qy) > Recovered Human (Ry) and Infected Vector

y). The equilibrium states were obtained and their stabilities were

analyze:’d by {zs:ing Bellman and Cooke’s theorem. The result shows that the
endemic equilibrium state is stable and the criteria for stability of the disease
Jree equilibrium state were established. Also, this is the first time a

quarantine compartment will be incorporated into a vector borne dynamical
model for Lassa fever.,
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14 Introduction

Lessa fever is a viral disease, with possibility of transmission from an infected animal to a human; it can also be transmitted
from individual to individual. The virus attacks the liver, kidney, nervous system and spleen, causing them to bleed. It was
first discovered in the town of Lassa in 1969 in Borno State, Nigeria in the Yedseran river valley near south end of Lake
Chad [1]. It takes between one to three weeks for the symptoms of Lassa fever to show up [2]. A rat that is common in
endemic areas, known as Mastomys natalensis is the real host of the infection [3]. Human can be infected with this infection
once they eat foods that contain saliva, excreta or urine of the hosted Lassa virus rat. Lassa fever is a disease that often occurs
I the dry season because dust particles from dead rats that carry this_virus are more rqobxle making it easy to inhale. The
fever is caused by Lassa virus which belongs to the arena virus famlly' [.4]. People with greatest chance of acquiring the
infection are the people living in the rural areas where the Mastomys are hlvmg_ [5]. .

Lassa fever is endemic in some countries like Nigeria, Sierra Leone, Liberia, Gumea_l etc. It affects nearly 2 to 3 million
ndividuals with about 5000-10,000 fatalities yearly [6]. As at 22" March 2012, approximately 623 cases including 70 deaths
Were recorded from 19 states out of the 36 states in Nigeria with Edo and Tarab'fl having the highest number of deaths. In
S0me patients neurological problems, including hearing loss (which may be transient or permanent) and tremors have been
described (7). ) )

4552 fever can be transmitted from infected rat to human 'and ‘also from hu?nan t‘o humap. Lassa fever is a deadly disease tﬁat
15 Tavaging some West African countries including Nigeria with case fatality 9f apl‘)roxnmatel.y 5000-10,000 death loccurnpg
annually, takes about 2 to 21 days for the symptoms to show up anq some of the symptqms mplude cough, Yonntmg, facial
SWelling, diarrhea, chest pain and among others [2]. L"‘S,S'd fever is a pegleqtgt% tropl'cal dusease: Veyy tew articles on
Mathematica) mod,elling of Lassa fever can be found especially on 1n0dell?lrllg of l'tb’ CiOHthl- Hence, in this work we seek to
Slescribe the dynamics of the disease, formulate a mat:wrpaucf:l'] en;)ooiﬁltsol the spread and control of the disease, obtain the
at . ability analysis on :

Foug\rﬁ;ygptz;nt; ;fh?; Zrlr:icc))dile jn;iypigf;);;nsstt:::IGif)vcl.nment, it became very important to study the method mathematically
¥hen Considering the succeis regis~tercd during the Ebola Saga. Since Ebola and Lassa are similar, applying a similar method

¥.
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2.0 Materials and Mecthods

21 Mat ical For ati i

bere, we dieide e ppltion o sh mutally- exclsive compartments namely; Susecptible Fan (). Suscepi
- " . o -red Human (R,;) and Infected Vector (/)

vector (S;-) . Infected Human (/,;) . Quarantine Human (Qy) » Recoverec " ; ] . .
The model parameters to be incorporated include; recruitment rate of human due to natur.nl birth and 1immigration ( 4),
contact rate between infected vector and susceptible human ( By ), contact rate between infected human and susceptibj
vector ( A ). Natural death rate of human (4 ), the rate at which quarantine human becomes susceptible ( p,), the rate g
which recovered human becomes susceptible ( p, ). The rate at which infectious individuals leave the compartment for the
guaranune compartment ( & ), removal rate from quarantine compartment (& ) to recovered compartment, removal rate from

mfectious compartment ( ) to recovered compartment, death due to infection for infection compartment ( g, ), death due to

infection for quarantine compartment ( g, ), recruitment rate of vector ( 4, ) and death rate of vector due to natural causes or

accident. The flow diagram is presented blow (figl) in which the circles represent the different compartments and the arrows
represent the transition between the compartments.

H,

Fig 1: a schematic diagram of the model equations

2.2 Model Assumptions
The population of the susceptible human (S, ) increases -
pop p 4 man (S, ) increases through the FeCruitment of in fio.: o
Ay , as recovered and quarantine humans become susceptible a . Fk Nt of individuals into the population at 2 rat
4 : L ‘ ¢ ate p
susceptible human move 1nto the infectious compartment (4,,) via i [
1) via inte

infected vector (/) at a rate ff,; and natural death of human gy 4 it
ate u

a . . ]
»and Py l't,spccu\/cly‘ The population dcx:_reaseb as
ractio <

n between the susceptible human (Sy ) and
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daatiny
" ation of the vecovered humans (8, ) |
e l“‘l“ﬂ AN Ry, ) inerenses as inlocele o _ _ o
o treatent ata rate » and & respectivel nocted and quarntine hunmng move ino the recovered clasy
W \ . ¢ 9 spoctive o ) ‘

due & pectively, The population decronses as the recovered humins become susceptible at a

e ™ and natural deathat avate g,

Phe population o the ql‘mt‘\mmc hamans (), ) increases oy infocted humans leave the compartment for the quarantine
cnparinent at - rate O and the population decronses as members move info the recovered class (K, ) and susceptible
haman (35 ) class due to treatment at a rate & and Py respoctively, natural death rate g and death due to the « fection Fot
quarante compartinent at a vate gy .

The population of the susceptible vector 8. increases through the constant recruitment of vector into the population at a rate
4 and the population decreases as members of the susceptible vector S, move into the infected vector compartment via
interaction between the susceptible vector and infected human ata rate f}, and natural death at arate £

The population of the infected vector Sy increases as members of the susceptible vector move into the infected vector
compartment via interaction between the susceptible vector and infected human at a rate Sy and decreases due to natural
death of the vector.

From figure 1 and the assumptions stated above, we have the following differential equations;

as. )
——7}— = dy + PRy (1) + ROy (6) = (u+ By Ly (0)S (1)

dt )
dl.(1)
L) _ g 1y (S () =+ + 8+ ()
dr @)
dRy (1)
—H oyl —(u+P)Ry (¢t
P Yl (@) +&0y () —(u ) )Ry (£) )
a0, (1)
L =61, ()~ (u+ s+ B+ )00 (1) @
dSy (t)
L= by~ Byl SO =
dly (1)
Tzﬁvlﬂ(f)sy(t)—ﬂtllrf(t) 6)
23 Mathematical Analysis of the Model
Equilibrium Points
dv(t)
- 40, () _ dRy(D) _ 45y @ _ 2P _g 7
At equilibrium, _‘f’.‘s_f!_(t.). = i%;t—(t—)- = ———Q-:?lt"' = dt dt
= = d I = . Then,
For convenience, Let S, =x, In =2 Oy = ¥3» Ru =% Sy =xs and Iy =Xg
A+ Pyxy + Px, — (g + Bru¥e) =0 (8
ﬂ"ixﬁxl_(/.l-{-[.ll +5+y)x%, =0 )
T% +exy —(p+ Py)x, =0 (10)
: 6x2*(/l+,u2+P]+g)x4=0 (1D
(12)

& ‘(#+,Byx2)x5 =0
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BixyNs — g =0

From equation (13)
Brvixg = g, Xg

XX
X = B xyxs
Ay
Substitute equation (15) into equation (9)
Br: B xyxey
NI N

“(+ i +5+y)x; =0
£

( ﬁ_;.._-'ﬂi'xsxl =(U+ +5+y) )-\'2 =0
lu'

¥
;8;1' B XXy
iy
Supposex, =0

@+ +3+y)=0 or x, =0

x, =0 13)
Substitute into equations (9), (10), (11), (12) and (
ﬁHxé.ti = 0
EXy—(u+P)x; =0

(4 +u, +R +é&)x, =0

fir - #xi = O
—Hyxg =0
From equation (22)
Xg =
—Hy
X =0
From equation (22)
A;/ = px5
A
H
From equation (20)
0
X4

- —(u+pmp+ A +¢)

x, =0

Now, substitute equation (29) into €quation (19)
~(pu+P)x; =0

x3:O

Now, substitute equations (19), (29) and (31) into equation (8)

Ay~ px =0

olayi”’"""
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5 =

5.4  Stability Analysis of Discase Free Equilibrium (DFE)
We recall that the system of the equation of the model at equilibrium is
Ay + Pxy + Rxy —(u+ ﬂ/{ X, )x; =0

P XXy =+t + S+y)x, =0 (34)
YA, HEXg T (u+P)x; =0 (35)
Sxy—(u+ i+ B +£)x,=0 (36)
37
4 —(H+Brx;)xs =0 (37)
38
B xyxs = My X =0 (38)
(39)
The Jacobian matrix at disease free equilibrium is given by J (i,() 0,0 A 0)=
- H v
—H 0 Ps - B~ - AgBer |
u
0 —(6-u+y+m) 0 0 0 A Py
‘ H
. /4 —(u+p2) £ 0 0
0 é 0 —(u+pm+p+s) 0 0
0 0 0 0 0 -u
0 _éZ_EV_ 0 0 0 -y
U
The cheracteristics equation becomes
' =2 0 P3 P 0 - ]
-ty =2 0 0 0 a,
1o 7 —ty = £ 0 0
0 & 0 —ay A 0 0
0 ~g, 0 0 ~ug-A 0
L8 oy 0 0 g — My A

The determinant is
(m#—/”-a.)(--(_é'+ﬂ+7+ﬂ;)’/;‘-@)(”(/"71)2)-_)”)
(~4=25) (= py = 24) =0

This irnplies

Am=g, Ay =—(S+pu+7+HH ==(p+r

A =—
> H /16:_#‘/

(—(pt+py +py HE)- /14)(4())

), Ay = —(pt ot P *5)(4])
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2.5 Stability analysis of the Endemic Equilibrium State (E )

The characteristics equation becomes

- - A 0 " P 0 La, i
a, —a, - A 0 0 0 @

0 y —ag- A P 0 0

0 S 0 -, -4 0 0

i —ay 0 0 -—a-4 0

%LO ay 0 0 ag  — iy =2

The characteristics equations obtained from the Jacobian determinant with the Ei gen value A
A (@t +a+ay+as + 1) A +a +ag +ay +ag+ g4 )a +(on + g4 + 0y + )y

HO 0+ 100+ (4 + @)y ~ et + a4, A +H((0 + 1y + 0 + Y + (@ + 0+ 14,)

)y~ + a4 ) + (o o+ 1 )0+ + o)y — a0 + oy 14y ) 0 + 1)

TR O )8+ + 0 4,108+ (4~ 0 )ty — 038R + B)A + (e + 04 + )

e+ 003 (8B + Ry —ay00))ats + (U +0 )t ~ 0+ 14, )ty +H(—040 + 14 )04 (42)
(% )y — s8R+~ + 0ty 14y )t + 0ty (@t~ g )ty — BBt +(0y0ty +aty 4, )0

(05 =) ~ YR Va5 — 05 (B8R + By) 4y — i + SR ENA® (14 +aty )

O+ Oy )y (a4 )y ~5(8R —0y0n ))og +(—oya, oyt )y —on(By—onay )0y

(R = By)a+ 8P D) s +(((~040% +0 14y )04+ (08, — 0 )ty Yty — gty —

(R 4y ~ 0,000 )y +(~ 0,006 — (B 1ty — iy, 00ty — 5B Eey gy A+ + o)y

T ) — s8R 14 Yoy B E 4, (SE+ ) — a0ty (ar, — o) =0

A A v v My
Where a -_—,H_ﬁi,az:_tfﬁ,% =.ALﬂ_’a4:14‘ﬂ —H,
M H H,

We can now apply the result of Bellman and Cooke’s theorem of stability [17], H (Z) =P (z, e?) where P (z, w) is a
polynomial with principal term.

Suppose H (y) =F (y) + i G(y)

(43)
If all zeros of H (y) have negatives real parts, then zeros of F (y) and G(y) are real, simple and alternate and
F(0)G (0)-F (0)G(0)>0 forall y belongs to real numbers (44)

Conversely, all zeros of H (z) will be in the left hand plane provided that it is in ejther of the following conditions
1. All zeros of F (y) and G (y) are real, simple and the inequality (44) is satisfied for at least one y
2. All the zeros of F (y) are real and for each zero the relation (43) is satisfied

3. All the zeros of G (y) are real and for each zero, the relation (43) is satisfied.
Let the equation (43) take the form

2 +(a + 0+ + 0y + O+ 4y A +((a+ay +ay+oy+ 44 )y o+, +0 +ay)y

e+ 1) + (1 n)oh —uy + o)A (4t + g+ oy 444

Wbty +en o~ + ot ) + (0 + 0+ 4 Jog + (14, +05 )~y OO )04+ (0 + 44, Yo

%+ Mg + (0 o+~ 0 )on —au BR + B +((cy o + 1)

et + )~ + By~ os + (4, + o5 )~y +anpg, Yo oo +ayy )

0 (0t =G )b s8Ry + (-t + aypty oy + o~ ey ~oNay+ (e +a, 1) (45)
0%~ )y ~ ¥Rty —aunoy0q ~ e (BR + By, —ayana, + 8B E) 22 H((4 +ar)a

O 0404 (0% + 0 )04 (B~ e ey + (o + Yoy ~&(By-a,)a,

B+ By +85E)os Jos H(—eu +anpy Yoy +y (i ~a oy o, ~auena,0;

(B4~ oy H-0un00 ~ o5 (B — oo, oy, —Gfébbww«(ﬁad% +ani4 )y

0 )t, — B 4 oy —as S Ely (BE+ o))~y ety ~ ) =

H(A)=
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and Cooke’s thcorem [17]
(o vay +og+ g4 o 4o + 4 4o+ )0
o 40 1) 1 (o0 — oy, a1y,

wf —i(a + 14, +oq +ay oy +(o + ot +
’ %
Hpy 40504 =000 + 014 Yoxg +( 1+ )oy +og + o+ 14 )0y

(e +a4 4 44.)ay, it +an)ay =0 + 04, )og, +(04 + 14,)0y
00 4@ 14)0 U 4004 et 4 ery ot~ Yo — ot (5 + Py ~((og +a1 +14 )%
{14+ —a (O + Dy - 00))as +(((14 o)y — a0 +414, )0ty +(~,0 +0n 14 Yot
I (iw) = (@ — Q) ~ R+~ vy )y +ay(os ~a o — 3Ry, +H(~oy0n +a14,)4 (46)
+,(85 =0 ) =Y — Qoo — (SR + By 0004, +SPENW +i((((14, +05)04
0 4404 (000 a4 )oty — 0 (SR~ oy +(~ctgey + iyt ot~ By -n0t5)ct
@SR+ +OD E)ag ) (4 tonth )y +ay (e =04 )% )0y 01,01 C O —
5 (S14 — Q006 )) +(~0y00501 — 0 (Pryps — 00,00t =8B Ear g, -+ (g0 +0024-)c4
+0,0005)0% =050 14 ) = 58P E14 (SE +5y)) 00,0005, (0t, —0t5) =0
Resolving in to real and imaginary parts we have
H(iw)=F (W) +1G (w)
- (e +ay g Fagt py)as + (0 + gy + oy +ag)og
Hag oy + py)ag + (py +ag)ay - a0, +agu)w' -
(a7 +ay + )y + (1 + 7)oy —ay (8P + Py —a,a,))as
H((yy +aq)a) —ag0s +azuy )ag + (a0, + aq1,)a,
F(w)= +as(a; —ag)a, —a3dR)ag + (—a 0, + aqu, )ay +oy(a; —ag)a, (47)
—a3dR)ag + (—asas + aquy o) + ay(as —agla, —asyh)a,
—Qa,0001 — 3 (O + Pyy) fty — 040504 + 5P, E))w?
+(((=asay +aq 1y )y + 0 y0,03) g — A38P 11y )t

~a 8P E py (BE + 0197)) — @204 060905 (23 = @3) = 0

(O +0ty +0 +0ty + 085 + 14 )W —((0 + 14 +05 +0)t +(0 +04 + 14,)0%

H gy +05)0y — 00 + 05 14, Yo +((0 +04 +14,)0 +(14y +05)04 —0y0n +0514, )0 +(at + 4, )0y
G (w)= ~Ba% +Onpy )0y + (-0 + 014 )04 +aty(05 —0g )y~ (BR +BywW +(1 +2)ck

30ty + 004, Y +(~0,0 + O 14y Y0 =05 (BR —a0m ) +(—0u0n + a4y )0y — a5 (By —anay Joy

@R +By) g + 8P Eys )i +((—0un + 014 ) 0 (0 0 )0 )0 0405001 —

04 (8P4, — 0,008, Yoty +H(—01y0n0 0 = o (Biyryy —0n030))o —B Eoa 4w
Differentiating equation (47) and (48) with respect to w and setting w = 0 we have
0= (49)
(14, +t, Yo — 0ty + 013t )04+~ 01, )05 =05 (B =0y )
A ooy —os( By - a0 ) (B0 + By)uy +85E)es)os

(48)

(et + 14y Yo + (05 =0 YR ) — 4200 = a8y —0yo606))oy
Wty —on(Pyypty — a0 )y =813y )
Alo set w = 0 in to equations (47) and (48)
F(0) = +((—ayy + aqpty ety + U3y — a0 fty Yy (51)
~a 5P E p1y (B + ayy)) — Gallao @y (@~ a3) =0
S0y~ ‘ (52)
Since
7 0)=0 ,F (0) #0, G' (0) # 0and G (0)=0 (53)
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