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ARTICLE INFO ABSTRACT

Keywords: This study proposes a fractional-order mathematical model for malaria and COVID-19 co-infection using
Fractional-order the Atangana-Baleanu Derivative. We explain the various stages of the diseases together in humans and
Malaria mosquitoes, and we also establish the existence and uniqueness of the fractional order co-infection model
COVID-19

solution using the fixed point theorem. We conduct the qualitative analysis along with an epidemic indicator,
the basic reproduction number RO of this model. We investigate the global stability at the disease and endemic
free equilibrium of the malaria-only, COVID-19-only, and co-infection models. We run different simulations
of the fractional-order co-infection model using a two-step Lagrange interpolation polynomial approximate
method with the aid of the Maple software package. The results reveal that reducing the risk of malaria and
COVID-19 by taking preventive measures will reduce the risk factor for getting COVID-19 after contracting
malaria and will also reduce the risk factor for getting malaria after contracting COVID-19 even to the point
of extinction.
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1. Introduction the development of potential malaria vaccines in an attempt to prevent

malaria transmission with the ultimate objective of eradicating the

Malaria is a life-threatening disease spread by mosquitoes. Fever,
chills, and flu-like symptoms are frequently experienced by malaria
patients [1]. Individuals infected with the disease may experience

disease [3].
The SARS-CoV-2 virus is the infectious disease known as coron-

serious problems and eventually pass away if untreated. Infected female
Anopheles mosquitoes, particularly those carrying Plasmodium falci-
parum, transmit malaria to humans when they are feeding on blood.
According to estimates, there are 241 million instances of malaria
worldwide in 2020, and 627,000 people died from it, largely children
in sub-Saharan Africa. In the United States, 2,000 incidences of malaria
are estimated to occur annually. Africa accounts for more than 90%
of malaria deaths, and children make up almost the entire mortality
rate. In 2020, children under the age of five made up more than
80% of the malaria deaths in the area [2]. The goal of reducing the
burden of malaria has become more challenging as a result of the
evolution of treatment resistance to malaria and the absence of an
efficient and secure vaccine. Many organizations have long supported

avirus disease (COVID-19). The infection is referred to as coronavirus
2 severe acute respiratory syndrome (SARS-CoV-2). It creates a con-
dition known as coronavirus disease (COVID-19). The World Health
Organization (WHO) declared the COVID-19 outbreak as a pandemic in
March 2020 [4]. Two to fourteen days following exposure, COVID-19
symptoms and signs may manifest. The incubation period is the interval
between exposure and the onset of symptoms. Coronaviruses is highly
contagious and easily transmitted from one person to another. The
airborne COVID-19 transmission routes include direct transmissions
like close contact and indirect transmissions like coughing and sneez-
ing. Most people who have been infected will have mild to moderate
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respiratory illness and will recover without needing any special treat-
ment. Some, however, would become critically ill and need medical
attention [5-9].

In order to understand how infectious diseases spread and how
to prevent them, mathematical models are often used. The dynamical
model study is used to examine key parameters, forecast future trends,
and assess control methods to offer conclusive information for decision-
making [10]. In recent times, a variety of mathematical models have
been developed to investigate the transmission dynamics of COVID-19;
for examples, see [11-23] and the references listed therein. Malaria
mathematical models are also thoroughly examined in [24-32] and
references are mentioned. Infected individuals with SARS-CoV-2 who
live in malaria-endemic regions run the risk of developing severe
COVID-19 or adverse disease outcomes if they fail to take care of
their malaria condition. Although the list of COVID-19 symptoms is
continually expanding and changing daily, several symptoms of malaria
and COVID-19 are similar. The initial signs of malaria are a fever,
headache, and chills, which typically show 10 to 15 days after the
infective insect bite. On the other hand, those who are infected with
COVID-19 typically have symptoms within 5 days, though this is not
always the case [33]. Few studies have been conducted on the dynamics
of COVID-19 and malaria [34-38]. Studies on disease modelling that
use classical integer order operators have drawbacks since they are
unable to adequately account for the memory effect. Note that the
memory effect implies that the future state of an operator of a given
function depends on the state at a given time and the state’s past
behaviour [39]. This operator’s memory capabilities make it possible
to include more historical data, improving the predictive ability of the
model. This study’s motivation is to incorporate this effect.

It is important to note that fractional order derivatives and integrals
play an important role in epidemiological modelling and other real-
world problems [40-51] because they capture the memory effect and
other nonlocal properties. Many researchers have used fractional-order
models to investigate the dynamics of various diseases. Furthermore,
fractional-order models have been used in research to solve problems
in a variety of disciplines. Many researchers have used the Atangana—
Baleanu fractional operator in particular to answer various questions.
See [52-55] and the references therein for examples of these studies. As
a result, we develop and thoroughly investigate a mathematical model
for COVID-19 and malaria co-infection that takes into account the main
epidemiological and biological traits of each of the two diseases using
a fractional-order mathematical model. In this study, we have develop
a deterministic model of Malaria and COVID-19 co-dynamics some
control strategies by extending the work of Tchoumi, et al. [34] . Thus
we incorporated recovered compartment, COVID-19-induced mortality,
malaria-induced mortality and co-infection-induced mortality rates of
humans respectively to better understand the dynamics and control of
the two disease and transforming the model into fractional order using
Atangana-Baleanu Derivative. The rest of the paper is structured as
follows: Section two deals with the preliminaries of the study, section
three deals with the formulation of the model, the model analysis is
presented in section four, section five deals with results and discussion
while the conclusion of the study is presented in section six.

2. Preliminaries

In this section, we recall some basic concepts such as definitions,
theorems and other properties related fractional calculus that will be
needed in this study.

Definition 1 ([56]). Let w € H'(a,b), a < b,a € [0, 1], therefore, the
Atangana-Baleanu-Caputo (ABC) fractional derivative of @ with order

«a is given by
t _ N\
= / o()E, [—a(’ 2 ]dy, &)
—-a /, a

ABCDE [w(1)] = —

where £(«) is positive and is a normalization function fulfilling £(0) =
£(1) =1 and E, is the Mittag-Leffler function.
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Definition 2 ([56]). Let o € H'(a,b), a < b,a € [0, 1], therefore, the
Atangana-Baleanu Riemann-Liouville (ABR) fractional derivative of w
with order «a is given by

" t o
ABRD® [oo(1)] = 11'(_"2%/ @()E, [—a%] dy. )

Definition 3 ([56]). Let o € H'(a,b), a < b,a € [0, 1], therefore, the
Atangana-Baleanu-Caputo (ABC) fractional Integral of a function w(r)
of order « is given by

ABC ra _l-a o ! el
2L o] = _E(a) w(t) + —S(a)F(a),/a w(o)(t —0)* do. 3)

Definition 4 ([56]). The Laplace transform of Definitions 1 and 2
respectively can be written as

La) p*L{o®}(p) = p*~ @(0) .

LD o0l (p) = T . &)
P l-a
‘L
LD o)) = ) D)D) ®)
e —

where £ is the Laplace transform operator.

Lemma 1 ([56]). Let w € H'(a,b), a < b,a € [0,1], then the following
inequality on [a, b] is satisfied.

2PCLE (47D [0(0)]) = w(0) ~ w(a) (©)

Theorem 2 ([56]). The following inequality holds on a closed interval [a, b]
if w be a continuous function on [a, b]
L(a)

l-—a

12BCDE [w()] || < llo)l| %)
where
loIl = max lo(r)]

Theorem 3 ([56]). The ABC and ABR fractional derivatives satisfy Lips-
chitz condition respectively as follows:

A€ DE [w(n)] —A5€ DE (3] || < Hllo() - g®)]] ®)
IABRD ()] 4 BR D [g0)] || < H l|o(®) — gl ©)

Therefore, according to the Definition 3, the unique solution of the differen-
tial equation with fractional order a can be written as

25D [o(n)] = q(1)

which means
= 1—_(1 L ! _ a—1
o(r) = @ q() + S(a)F(a)/a q(o)t —0)*"do (10)

3. Model formulation

The model under consideration consists of total population of hu-
mans (host) and total population of mosquitoes (vector) denoted by
N, () and N,(¢) respectively. Total population comprises of ten com-
partments. Namely, susceptible humans, .S,(); exposed humans to
COVID-19 only, E (t); exposed humans to malaria only, E,(7); ex-
posed humans to malaria and COVID-19, E,, . (7); infected humans with
COVID-19 only, I.(?); infected humans with malaria only, I,,(r); infected
humans with both malaria and COVID-19, I,,.(t); infected humans
with COVID-19 and exposed to malaria, I p,,(?); infected humans with
malaria and exposed to COVID-19, I,,;.(¢) and recovered humans from
I.(1) as well as I,,(t) is R,(r). Mathematically, the total population of
humans is given by

Ny (t) = Sy(O+E (1) + E,,(t) + Epe(t) + 1,(t) + I.(£) + 1,.(t)
+1, 5 @) + L@ + Ry (1) '
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Similarly, total population of mosquitoes (vector) comprises three com-
partments. Namely, susceptible mosquitoes, S, (t); exposed mosquitoes,
E,() and infected mosquitoes I,(r). Mathematically, the total popu-
lation of mosquitoes is given by N,(1) = S,(t) + E,(1) + I,(t) A, and
A, represents the recruitment rates of humans and mosquitoes respec-
tively. o, o., o, and o, are the progressive rates of humans from
exposed to malaria infectious class, progressive rate of humans from
exposed to COVID-19 infectious class, progressive rate of mosquitoes
from exposed to infectious class and proportion of humans moving to
the co-infection class respectively. u and 7 are respectively represent
natural mortality rates of humans and mosquitoes. Also, 4, 4,,, @, and
v are the recovery rates from COVID-19 infected class, infected malaria
class, infected co-infection class and reintegration rate of humans from
recovered to susceptible class respectively. «,,, a, and «a, represents
the probability of transmission of malaria per mosquito bite to sus-
ceptible humans, from infected humans to susceptible mosquitoes and
COVID-19 per contact respectively. §., 6, and §,,. represent COVID-19-
induced mortality, malaria-induced mortality and co-infection-induced
mortality rates of humans respectively. The adjustment parameters
7, and y, represents the risk factor for getting COVID-19 after con-
tracting malaria and risk factor for getting malaria after contracting
COVID-19 respectively where (y;, y, > 0). ¢; and ¢, represents the
malaria infection rate of humans already infected with COVID-19 and
the COVID-19 infection rate of humans already infected with malaria
respectively. Therefore, the population of humans is declined when
susceptible humans develop COVID-19 infection at the rate (4,) defined

I.+1,. +1.
as a,(1 — 9) Q)+Lfm

)\ h .. .
when susceptible humans develop malaria infection at the rate (8,)
Im + 1, mc + ImEc

the population of humans is declined

defined as a,b and the population of mosquitoes

3
is declined when susceptible mosquitoes develop malaria infection at

the rate (§,,) defined as «,,b where ¢ is the fraction of humans

employing personal protection, 51 is the efficacy of personal protection
and b is the biting rate of mosquitoes. From the above formulations with
assumptions, the movement for human and mosquito moving from one
stage to another at different rates can be shown in the flow chart of
the co-infection model below. The Flow chart of the co-infection model
can be represented by the system of first order ordinary differential
equations written below

. I.+1,.+1 I,
S =A, —a.(l —e9) e me ™ TcEm ) 6 _ 4 p Ky
n=Ap —a( €)< N, h~ U N, )
- uS, +oR,

. I, +1,. +1
E, =a,(1 — €9) [ —me——cEm
Np

<I > (I +Imc+IcEm>
m =0, b Sy —a.(l —ed) E,—-(c,+mE,

(l +1,.+1.pm

h— b E.—(o.+ nkE,

I,
E,. =a b<N>E +a,(1-e9) E, — (6 + 1)E,,
h

. I,
I.=c.E, — (i +7re, b(Nh>+5 +/4>[

: I +1,.+1
Im _o-mEm - <}'m + yzac(l L)) (w
Ny,

lmc Ome mc+¢1 cEm+¢2 mEc — (a+5mc +”)[mc
, 1
IL'Em =71amb <Fv> Ic - (¢1 + ,M)ICEm

" I.+1 1
P + +
Inge =10.(1 = €9) (mTM) Ly = (g + ),
h

Ry, =i I, + A1, +al,, —(+ R,

>+5m+ﬂ>lm

. I,+1,. +1,
S, =A, — ayb w>5‘,_n5
Ny
. 1,+1,.+1
E, =a,b <%”’EE> S, — o, E, —nE,
h

jv =oyEy —nl,
an
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with initial conditions
5,(0) >0, E.(0) > 0, E,,(0) > 0, E,,.(0) > 0, I.(0) > 0,
1,,00)>0,1,,.(0) > 0,1,,,(0) > 0, I, .(0) > 0, R,(0) > 0, 12)
Sy(0) 20, Ey(0) 20, I,(0) > 0
To normalize Egs. (11) and (12), we obtain
Sy =Ap — (B + By + WS, + VR,
E, =p. Sy~ (Pn+ 0.+ WE,
Em =0, S —
Eye =BpE. + B.E
T

c

B, + 0, + WE,
Ome + WE,,.
=0 E, = (Ae + 11 B + 6, + w1,
.Im =6, Ey — (A + 120, + 6, + )1, 13)
I =Ome Epe + &1 1epm + G2 lnpe = (@ + 6y + 1)1
Tpm =118l — @1 + 1y,
Ige =12Bdy — (o + W1k,

Ry, =Ad, + Ay, + al,, — @+ R,

Sy =Ay =y Sy — 1S,
. E, =p,S, — o E, — nE,
I, =6,E, —nI,

where 8, = a,(1 — €U, + Ly + Lpy); By = ayb (L, + Lo + Lyg.);
B = a,,bI,; 71,72 = 0 with initial conditions

S4(0) >0, E,(0) > 0, E,,(0) > 0, E,,.(0) > 0, 1,(0) > 0,
1,,(0)>0,1,.0)>0,1.g,~©0) 20,1,0) >0, R,(0) 20, a4
S,(0) > 0, Ey(0) >0, I,(0) > 0

Description of the state variables and the parameters used are shown
in the Table 1 and Table 2 below respectively (see Fig. 1).

3.1. Fractional order of malaria-COVID-19 co-infection model

By considering the model in (13) with the initial conditions (14).
The co-infection model in fractional order form a € [0, 1] can be written
as

ABCDES, =A;, — (B, + By + 1)S), + VR,
3BCDGEC =ﬂcSh -

ABCDUE, =B,,Sy — (B, + 0,y + WE,,

(B +o0.+HWE,

ABC
ABCDYE, =P, E. + B.E,

ABCryag _
ABCDO, =6, E,

= (Ope + WE,,
= (A + 71 + 6, + W,
ABCDE ] =6, Ey — (Ayy + 728, + 8, + W1,
ABC D e =0 B + ®1 g + 2Ly, — (@ + 8y + ) (15)
ABCDE g =11 Bl — (b1 + )] 1
ABCD;ZImEc =181y — (by + W)y,

ABCD“Rh =i, + A I, +al,, —(+ R,

ABCDES, =A, = Sy — 1S,
QBCD;”EV =By S, - oy Ey —nE,
2D, =0y Ey — 1,

where #B€D* shows fractional derivative in ABC sense with initial
conditions
S;,(O) = Sh()’ EC(O) =

ECO’ Em(O) = EmO’ Emc(o) = Ech’

IC(O) ICO’ I (0) mO’ C(O) = Imc()’ IcEm(O) = IcEmO’
IEc(0) = Lygeo> Ry(0) = Ry, Sy(0) = Syp,

E\(0) =

1e)

Eq, 1,(0) = Iy
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Table 1
Details definition of variables.
Variable Description
S, (1) Number of Susceptible humans at time t
E (1) Number of Exposed humans with COVID-19-only at time t
E, () Number of Exposed humans with malaria-only at time t
E,.() Number of Exposed humans with malaria and COVID-19 at time t
1.0 Number of Infected humans with COVID-19-only at time t
1,0 Number of Infected humans with malaria-19-only at time t
L. Number of co-infection humans with COVID-19 and malaria at time t
Ip, () Number of Infected humans with COVID-19 and Exposed to malaria at time t
I,g. (1) Number of Infected humans with malaria and Exposed to COVID-19 at time t
R, (1) Number of Recovered humans at time t
S, Number of Susceptible mosquitoes at time t
E, (1) Number of Exposed mosquitoes at time t
I, Number of Infected mosquitoes at time t
N, (1) Total number of humans at time t
Ny(0) Total number of mosquitoes at time t

Table 2
Details definition of parameters.
Parameter Description
A, Recruitment rate humans
A, Recruitment rate mosquitoes
Oy Progressive rate of humans from exposed to malaria infectious class
o, Progressive rate of humans from exposed to COVID-19 infectious class
o, Progressive rate of mosquitoes from exposed to infectious class
O e Proportion of humans moving to the co-infection I,,, class
Ae Recovery rate of humans from infected COVID-19 class to recovered class
A Recovery rate of humans from infected malaria class to recovered class
v Reintegration rate of humans from recovered to susceptible class
a, Recovery rate of humans from infected co-infection class to recovered class
a,, Probability of transmission of malaria per mosquito bite to susceptible humans
a, Probability of transmission of COVID-19 per contact
a, Probability of transmission of malaria per mosquito bite from infected humans to susceptible mosquitoes
b Mosquito biting rate
€ Fraction of humans employing personal protection
9 Efficacy of personal protection
¢, Malaria infection rate of humans already infected with COVID-19
¢, COVID-19 infection rate of humans already infected with Malaria
5, COVID-19-induced mortality rate of humans
S Malaria-induced mortality rate of humans
Spme Co-infection-induced mortality rate of humans
u Natural mortality rate of humans
n Natural mortality rate of mosquitoes
7 A risk factor for getting COVID-19 after contracting malaria.
72 A risk factor for getting malaria after contracting COVID-19

4. Model analysis

In this section, we first examine the Existence and Uniqueness
of Atangana-Baleanu-Caputo (ABC) with time fractional order co-
infection model solution. Also, we will consider the sub-models frac-
tional order of malaria only and COVID-19 only. Each of these com-
prise the study of positivity and boundedness of the solutions, in-
variant region, condition of existence of equilibrium points and basic
reproduction number (R,) of the model.

4.1. Existence and uniqueness of ABC with time fractional order co-
infection model solution

In this subsection, it is important to verify the existence and unique-
ness of solution by applying some basic results from fixed point theory
to the fractional order ABC derivative of the co-infection model (15) so
that it can modify in the following form [571,

ABCDEo(t) = G(1, w(t)),

a7
00)=w;, 0<t<TF <oo.
where the vector w = (S, E,, E., E,c. Iy, I,

me> “m>

1) denotes state variables corresponding to the co-infection model and

me> IcEm’ Ime Rh’ SV’ EV’

G represent a continuous vector function as follows:

G, Ay — (P, + B + 1S, +vR;,
G, B:Sp— B +o.+WE,
G, BuSp— (P, + 0, +1E,
G4 ﬁmEc + ﬁcEm - (Gmc + M)Emc
GS O_cEc_(}'c+y1ﬂm+5c+”)Ic
Gg onE, — (A + 128, + 6, + )1,
G= G7 = O-mcEmc+¢11L'Em+¢21mEc_(a+6mc+”)lmc
GS ylﬂmlc - (¢1 + M)IcEm
Gy V2Pl — (D2 + )15
Gy Ad.+ 4,1, +al,,. —(+ uR,
Gy Ay = BySy — 1Sy
G, BySy —oyE, —nE,
G13 UVEV - ”Iv
whereas

wy = (Sy(0), E,,(0), E.(0), E,0(0), 1,,(0), 1.(0), 1,0 (0), 1 £ (0), L £ (0),
R, (0). 54(0), Ey(0), 1,(0)).

Furthermore, the function G satisfy the Lipschitz condition which can
be written below as

G, @, (1) = G(t, 0, (| < Hl|w, (1) — ()|, H > 0. 18

The existence of a unique solution is proven in the following theorems:
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Fig. 1. Flow chart of the co-infection model.

Theorem 4. There exists a unique solution of the fractional order of
co-infection model (17), if the condition shown in Eq. (19) satisfied:

1-a aH «
( @t Swr@r 1)Tmax> <! a9

Proof. Taking the Atangana—-Baleanu-Caputo integral on the both sides
of Eq. (19), which provides a non-linear Volterra Integral equation
written as follows:

_ 1l-a a ! a1
w(t) = wy + mG(l‘, w(t)) + W A (o)t — w) do (20)

Let J = (0,7), and the operator G : (J,R!%) - (J,R'3) be expressed
as

— l-a a ' a—1
Glo®)] = wy + Ta)G(I’ w(t)) + m /0 w(o)(t —w)* do 21)
Thus, Eq. (21) becomes

(1) = Glo()] (22)

Additional, let ||.|| ; represent the supremum norm over J and define
as:

lodll 7 = sup llo@®ll, @) € C. (23)
te

It is obvious that C(J,R'3) with the corresponding norm ||.|| 7 isa
Banach space. In addition, the inequality expressed as follows:

t
/ Wt Dowdx| < TIW Dl o]l @24)
0

with w(?) € C(J,R13), W(t, x) € C(J> R) that is,
W@, olly = sup [W(, x)].
txeJ
Using Eq. (22) as well as Egs. (18) and (24), we can say that
G [0,®)] = G [0,®] Il 7

(1-a)
S(a‘; (Gt 0, (1) — G(t, 0, (1)) +

t
/0 (t =" (G(x, 0, (x)) = Glx, 0y(x))) dx | 7,

< (1 —a)D
- La)

<l

_*
L(a)I ()

aD %
L) ()

llwy () — 0, ()| 7 +

t
/0 =) o, (x) = 0y (x)dx| 5 »
aD

(1=a)D
S—Q(a) asg; llwy () — w0, (O)|| + —E(a)F(a)X

(/ - x)“_1> dx sup ||w; (x) — @, (x))|
0 wed

(1 —a)D aD » 3
S( @ + @It 1)Tmax> loy () = 2Dl 5

In conclusion, Eq. (25) can be written as follows:

(25)

G, (1) = Gt (| < Hlw (1) — an @, . (26)

(1—-a)D aD Ta
L(a) L(a) (o + 1) max’

If condition given in (19) satisfies then the operator G becomes a
contradiction. Thus, the operator G has a unique fixed point in (17)
which is a solution subject to the initial value problem in (17) and for
this reason it is a solution to the fractional order ABC derivative of the
co-infection model (15). [J

where, H =

4.2. Fractional order of malaria-only model

To obtain fractional order of malaria model only, we set E.(f) =
E,.()=1,0) =1, =1g,® =1,g.() =0 and substitute into model
(15), thus,

ABCDES, =A;, — (B + 1)S), + 0R,,

ABCDYE, =B,,S) — (6, + WE,,

ABCDE ] =6, Eyy — (A + 8,y + 1)1,

ABCDYR), =A, 1, — 0+ WR, @27
3BCD7SV =Ay = By Sy — 1Sy

2BCD;ZEV =ﬂV‘SVV - D-VEV - nEV

ABCDO T, =6, E, — 1,
where g, = a,bl,; B, = a,bl, and ABCD* shows fractional derivative
in ABC sense with initial conditions

S4(0) = Sy, E,(0) = E,po, 1,,0) = 10, R, (0) = Ry,

(28)
8y(0) = Sy, Ey = Ey, 1y(0) = Lyo(1),
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4.2.1. Non-negativity of the solution for malaria-only

For the fractional order of malaria model only in (27) subject to
initial conditions be biologically meaningful and positively invariant
in the region £,,, we state the theorem below,

Theorem 5. The region 2,, = {(S),, E,
Ay A
Zh 2V s positively invariant for the fractional order of malaria only

R;.S,.E,I)ER! : N, <

m’]m’

model in (27) subject to non-negative initial conditions Rzr in (28).

Proof. Let N,, represent the total population of humans for malaria-
only and N, represent the total population of mosquitoes. Since N, =
S,+E,+1,+R;, and N, = S,+E,+1,, applying fractional derivative on
both sides of the total population of humans and the total population of
mosquitoes respectively and substituting Eq. (27) into them, we obtain
ABCDEN,,, = Ay — u(S, + E, + I, + R,) = 5,1, and 2BCDIN, =
A, = n(Sy + E, + I,,) which can be re-written respectively as

ABCD Ny < A = Ny (29)

ABCDIN, < A, — 1N, (30)

Applying the Laplace transform on both Egs. (29) and (30), and the
inverse Laplace expressed as Mittag-Leffler function and taking the
limit as 7 — oo the Egs. (29) and (30) can be written respectively as
Ny < Zh and N, < —Y. For this reason, the fractional order of
malaria-only model in Eq. (”27) has the solution in ,,. Therefore, the

feasible region for the malaria-only model in Eq. (27) is
A A
Q= A SpEpo Ly Ry Sy Ey 1) €R] 0 Npp(n) < 2N, < TV}
U

which is positively invariant. []

4.2.2. Existence of the malaria-only-free equilibrium

The disease-free equilibrium of the fractional ABC for the malaria-
only in model (27) can be obtained by setting the right hand side of
the model (27) as well as E,, = I,, = R, = E, = I, = 0 and we obtain

Ah AV
Eo, = (Sps Epy Ly, Ry, Sy By, 1) = (—,0,0,0, —,0,0) (€3]
u n

4.2.3. Basic reproduction number of malaria-only (R,,) model

We derive the basic reproduction number of malaria-only (R,,,)
from malaria-only-free equilibrium (MFE) using next generation matrix
method [58]. Also, the transfer rate of humans infection F(X) to the
compartments V(X) is given by

ba, IS,
0
F(X) =
@0 bay IS,
0
and
(Om+ WE,
VX = Ay + 6+ w1, —0,E,
(oy +ME,
n[v — Oy

Therefore, if F(X) is the new infection and V(X) is the residual trans-
fer then 7(X) and V(X) can be written by using Jacobian Matrix
respectively as

ba, A

0 0 0 —mh
H
0 0 0 0

F= ba A (32)
0 ¥ 0 0
n

0 0 0 0
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and
(G + 1) 0 0 0
—0, (A, + 6, + 1) 0 0
V= m m m 33
0 0 (oy+n) O 33
0 0 -0y n

According to [58], since the matrix of F and the inverse matrix of V
(that is V~1) are non-negative as well as the matrix FV~! which is the
next generation matrix is non-negative. Therefore, the basic reproduc-
tion number R is the dominant or largest eigenvalue corresponding to
the Spectral radius of matrix FV~!. Mathematically, it can be written
as R, = p(FV~!) where p is the Spectral radius. Thus;

R _\/ Pay Ay 6, Ap oy
O N 2 (0 + 1) (A + 8+ 1) 1 (0 +11)

4.2.4. Existence of endemic equilibrium for malaria-only

The endemic equilibrium of the fractional ABC for the malaria-only
in model (27) can be obtained by setting the right hand side of the
model (27) to be zero and putting S, = S}, E,, = E;, I, = I;, R, = R},
Sy =S, E, = E}, I, = I; and we obtain

(34

E,, =Sy E,. 1. Ry, Sy, Ey, L) = (S}, E:; I;;, R;‘l, Sj, E"j, I"f) (35)
by simplification, Eq. (35) can be written as
; _URZ"'Ah B a,bI3 S, . onE
hbIE + O+ H " Apt O, tu 36)
Al A L_wbliS; o
h o+ u V_avbI;+71 A VT oog
The Eq. (36) can be simplified further as
L ki kyky (bks Apayo, +nkykyks u—nviyo,)
h ™ k5o,
= ko ks (bzAhAvamavo'mav —n2ky kg 12— nPky kg om)
" kso,,
e ks (P Ay A, ,0,6,,0, — 1Pky ky y? — 1*ky kg po,y,)
m ks
R - (b? A Ay, 00,0y — 1Pky by y> — P ky ky p16,) Ay 37)
h k5
S = ky ky ks (b Aya, o, +nky ;4) -bAya,0,0 4,0,
v ba,,0,kg
£t ks (D* ApAyy@y0,,0, = 1*ky ky u* = n*ky ky p o)
v oykyke
o ks (bzAhAvamavamav —12ky kg 1% — nPky kg p Gm)

v kyken

where k| = (0, + ), ky = (A4, + 6, + 1), k3 = (0 + p), ky = (o, + 1),

ks = bay(bky ks u Aya,,04 + bks k3 Aya,,0,,0, — bo Aya,A,,0,0,
ks by kg f> + 1k kg ky pi 6,)

kg = ba,, (bky Ayay0,, +nkyky u+nkykyo, —nvi,o,)

4.2.5. Global stability of Malaria-only-Free Equilibrium (MFE)

Theorem 6. If R, < 1 then the malaria-only-free equilibrium (E,,,)

given by Eq. (31) is globally asymptotically stable. Otherwise, it is unstable.

Proof. Using the Lyapunov function of the type [57,59,60],

M =a,,,E, + a1, + a3, E, + a4, 1,

c R,
where Ay = = > Qo = é’ az, = = om
((am + /;%Am + 0, + 1) (A + 6 + 1) a,bA,
o, +
and a,,, = MO T W Z0m | phys, @1y Goms A3y and ay, are all positive.

a,bo,
Therefore, the fractional order derivative of 9t can be written as
ABC ABC ABC ABC
25CDIM =ay,, (4P°DYE,) + ay, (JPCDEL,) + a3, (JPCDEE,)

a a
+ ay, (25€D01)

(38)
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By substituting Eq. (27) into Eq. (38) and simplifying to obtain

ABC pya — bo—mamAh IV _ rl(o_v + 'I)ROmIv
a ! (6 + WAy, + 68, + 1) ba, Ao,
+Roply — 1,
< < bo,,a, Ay _ 1oy + MRy, > I
=\ ulo, + w)(Ay + 6, + 1) ba, A0y M 39
+(Rom = 1) I,

— nzAtham
Ayoyayp(o,, + u)(4, + 6, + 1)

Iv +Im (ROm - 1)

From the above result, 28CD0t < 0 on condition that Ry, < 1 in
addition to AB¢D*M = 0 on condition that R, = 1 or 1, = 0 and
I, = 0. It shows that the highest invariance set in

{(Shs Epps Ipys Ry, Sy Ey, I,) € RT 2 ABCDrR = 0}

which is the singleton MFE (E,,,) and by LaSalle’s invariance principle
according to [61], MFE (E,,,) is globally asymptotically stable in ]Rzr.
The proof of Theorem 6 shows that, malaria would become extinct in
the neighbourhood whenever R, < 1 regardless of the number of

humans in model (27) at initial stage of the population. []
4.3. Global stability of endemic equilibrium for malaria only

Theorem 7. If R, > 1 then model (27) has a unique endemic equilibrium
(E,,,) whenever R,, > 1 and no endemic equilibrium otherwise.

Proof. If the existence of endemic equilibrium point for malaria-
only in Eq. (35) form Eq. (36) as well as (44) then by substituting
I’ in Eq. (44) into the force infection of humans for malaria-only
(B = ba,,I?) becomes

Anb, + B, =0 (40)
where A, = noi,0, — kzA,oya, — nkik,ky and B, = nkik, kyp
(Rgm —1). Hence, Eq. (40) can be defined as g} = _A_m <0 if
B, >0 at R, <1, and endemic equilibrium does not exist. Moreover,
By = ﬁ >0

A
only at mRO,,, > 1. This shows that model (27) has a unique endemic

which is non-negative equilibrium whenever R, > 1. O

if B,, <0 at R, > 1. Thus, 3 the endemic equilibrium

Theorem 8. If R, > 1, then the endemic equilibrium of model (35)
given by E,,, = (S7, E: T, RZ, Sy, ES L) is globally asymptotically stable
in the interior of the region R!.

Proof. Following the approach of [60,62,63], the equation below
consists of the following Goh-Volterra type Lyapunov function:

S E
A, =S, —S; —S;In=+E,—E~EIn—2
¥ E*
+d,,( —I*—I*lnl—’")+d (S, —S*—S*lnﬁ) (41)
ml\im m m I* m2\Pv v v S:;
m
% * EV * * IV
+ dy3(Ey — EX = EfIn —2) +d,y (I, — I} = I} 1In %)
EV lV
a,STIY a,STI" a, S;IE
where d,; = —2 d,, = —2" d,; = —"" and d,, =
. onE) oy ST oy ST
- g*v. Applying fractional order derivative with time on Eq. (41),
o,
we have

* *

S E*
ABC — h \ ABC ABC
A D;’%lm_<1—s—>a D;’Sh+<1—E—'">a DYE,
h m

*

I S
+dyy (1 - l—’") ABCDOL, +dyy (1 - S—“) ABCDrS, (42)
m v

E} I
+ d,g (1 - E—V> ABCDYE, + d,py <1 - 1—V> ABCDeT,
v v
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If R, - R;‘I as t — oo in Eq. (35) then at a steady-state, the equilibrium
relation satisfies

# *, a”‘bSZ I‘j‘ . * N
Ay =anbSHIL + Uy (0 + 1) = =10 A, = aybS; I +nSy:
" 43
o, En a,bIy Sy Ejo, (43)
(A6, + 1) = T i (og+m= BT

Substituting Eq. (43) into model (27) simplifying eq. model (41), we
obtain

KRy a,nS*I* S* s
ABCDIQ,, =S} <2——” —”)+—"’ ) < L X

2- X~ —> +a,bS; I}

S, S ayI* S, S:
<6_ Sy Euy  SE, S; EJ; SVE;I,,,> <0
S, Eil, SIE,r S, E, S:E]I

Finally, since geometric mean is less than arithmetic mean, then the
following inequalities holds:

.
S sy S
-t -k <0, 2-F - <0
S* S»k
h h v v 0O
<6_ Sy Ealy  SEpL, Sy By SVE;I,,,> <o
S, Erl, SZEmIJ Sy EJL,  SYE:) T

Appropriately, ABCDeQ(, < 0 for R, > 1. In view of the fact that all
the parameters are positive with 25¢D¢l,, = 0 provided that S, = S},
E,=E:\I,=1S,=S;, E, = E} and I, = I. Since, it has been
said that R, — Rj as time, r - co and by LaSalle’s invariance princi-
ple [61] then the endemic equilibrium E,,, is globally asymptotically
stable whenever R,, > 1. Epidemiologically, Theorem 8 means that
malaria would establish itself in the neighbourhood whenever R, > 1
irrespective of the number of infectious humans at initial stage of the
population.

4.4. Fractional order of COVID-19 only model

To obtain fractional order of COVID-19 model, we substitute E,, () =
Emc(t) = Im(t) = Imc(t) = IcEm(t) = ImEc(t) = Sv(t) = Ev(t) = Iv(t) =0
into model (15)

ABCDES), =Ap, — (B + 1)S), + vR,,
4PDYE, =B.S), — (o, + WE,
ABCDET, =0, E, — (A, + 6, + I,
2PCDI Ry, =A 1. = 0+ )Ry,

(44)

where g, = a,(1 — €9)I, and ABCD* shows fractional derivative in ABC
sense with initial conditions

S5,(0) = Spo, E.(0) = E g, 1,(0) = I, R,(0) = Ryp. (45)

4.4.1. Non-negativity of the solution for COVID-19 model

To make the fractional order of COVID-19 only model in (44)
subject to initial conditions be meaningful mathematically, biologically,
epidemiologically and positively invariant in the region £,,.

. Ay
Theorem 9. The region 2,, = {(S;.E..I.R,) € RY : N, < =)
is positively invariant for the fractional order of COVID-19 only model in

(44) subject to non-negative initial conditions ]th in (45).

Proof. Let N, represent the total population of humans for COVID-19
only. Since N,, = S, + E, + I, + R, using ABC fractional derivative
on the total population of humans for COVID-19 only and substituting
Eq. (44) into it, we have, 4BCDN,. = A, — u(S, + E. + I, + R;) — 6.1,
which is given by

ABCDIN,,. < Ay — uNy,. (46)

By applying Laplace transform in Eq. (46), and the inverse Laplace
expressed as Mittag-Leffler function, we deduce that taking the limit as

A A
t — oo the Eq. (46) is given as N, < Zh and N, < —, therefore, the
H n
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fractional order of COVID-19 only model in Eq. (44) has the solution in
Q.. Therefore, the feasible region of COVID-19 only model in Eq. (44)
is

A
Q. = {(S,,,EC,IC,R,,) €RY 1 Ny () < —”} which is positively
U

invariant. [

4.4.2. Existence of COVID-19 only-free equilibrium

The disease-free equilibrium of the fractional ABC for the COVID-19
model in (44) can be obtain by setting the right hand side of the model
(44) as well as E, = I, = R, = 0 and we obtain

A
Ey, = (S, E,. I, R;) = (7”,0,0,0) (47)

4.4.3. Basic reproduction number of COVID-19-only (R,,.) model

We derive the basic reproduction number of COVID-19 model (R,,)
from the COVID-19 Free Equilibrium (CFE) using next generation ma-
trix method [58]. The transfer rate of humans infection 7(X) to the
compartments V(X) is given by

P(X) = < a.(1 —edl. S, ) :
0
- (o, + WE,
V0= < (ic +5c +:u)[c _GCEC )

Therefore, if F(X) is the new infection and V(X) is the residual trans-
fer, then, F(X) and V(X) can be written by using Jacobian Matrix
respectively as

_ 0 a.(l-€9) \.

F= < 0 0 > H (48)
_ (6. + 1) 0

V= ( -, (e + 6, + ) > (49)

According to [58], since the matrix of F and the inverse matrix of V that
is, V-! are non-negative as well as the matrix FV~! which is the next
generation matrix is non-negative, therefore, the basic reproduction
number R, is the dominant or largest eigenvalue corresponding to the
Spectral radius of matrix FV~!. This can be written as R, = p(FV™!)
where p is the Spectral radius. Thus;

Apa. o, (1—€9)

Ry, =
° u(oe+u)(Ae+6.+u)

c

(50)

4.4.4. Existence of endemic equilibrium for COVID-19-only

The endemic equilibrium of the fractionalABC for the COVID-19-
only in model (44) can be obtained by setting the right hand side of
the model (44) to be zero and substituting S, = S}, E. = E, I, = I7,
R, = R;. Thus,
E,. =(Sh,Ec,lc,Rh)=(S*,EC*,]:,RZ), (51

by simplification, Eq. (51) can be written as

P VRy + Ay . =ac(1_€'9)I:S;:
h ac(l—*e&)lc*+/4 C* o+ H 52)
I _Oefe Ry = Aol
Ao+ 6.+ v+
Also, Eq. (52) can be simplified further as,
_ biby A, 1
" bao,  u Ree
E* =b2 ks (b3Apa,o, = by byp) _ by k3 Ay, (Roe = 1)
¢ byao, (b byky—vi.0,) by Roc
e ks (b3Apa.0. — by byp) _ ksApo, (Rge = 1) G3)
¢ bya. (b byky—vi.o,) by Roe
. e (bsApaco. =bibyu) Ao, (Roe—1)
" bya, (b byks—vic.) by Roe

where by = (6,+u), by = (A48, +1), b3 = (1 —€9),by = (b by k3 — v A.0,)
and recall that k3 = (v + u)
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4.4.5. Global stability of the COVID-19 free equilibrium (CFE)

Theorem 10. If R, < 1, then the COVID-19-only free equilibrium in
Egq. (47) is globally asymptotically stable. Otherwise, it is unstable.

Proof. Following the approach of [57,59,60], we construct the Lya-
punov function of the type

C=b.E + b1,
where b, = (A, + 6, + p) and b,, = (6, + p). This can be seen that b,

and b,, are all positive. Thus, the fractional order derivative of ¢ can
be written as
ABCDYe = by, (ABCDY) E, + by, (ABCDY) 1, (54)
By substituting Eq. (44) into Eq. (54). Thus,
ABCDA¢ =a, 6, (1 — €8) Syl — (o + ) (A + 6, + p) I,
a.0.(1-€9)A

S(%—(ac+ﬂ) (ﬂc+5c+ﬂ)> I, (55)

=(o.+u) (A +8, +p) (Ro. = 1) I.
From the above result, 28D?¢ < 0 provided that R, < 1 in addition
to ABCD*¢ = 0 on condition that R, = 1 or I, = 0. It shows that the
highest invariance set in {(S},. E,. I, R;) € R%} which is the singleton
CFE (E,,) and by LaSalle’s invariance principle according to [61],
CFE (E,,) is globally asymptotically stable in Ri. Epidemiologically,
Theorem 10 show that, COVID-19 would die out in the neighbourhood
whenever R, < 1 regardless of the number of humans in model (44)
at the initial stage of the population. []

4.5. Global stability of endemic equilibrium for COVID-19-only

Theorem 11. If R,. > 1, then model (44) has a unique endemic
equilibrium (E,.) whenever R, > 1 and no endemic equilibrium otherwise.

Proof. If the existence of endemic equilibrium point for COVID-19-
only in Eq. (51) form Eq. (52) as well as Eq. (53) then by substituting
I} in Eq. (53) into the force infection of humans for COVID-19-only
(B = ba,1}) becomes

Afr+B.=0 (56)
where A, = (Aco, — b by k3)R, and B, = k3bAc.a. (Rg, — 1). Hence,

B
Eq. (56) can be defined as g# = _A_C <0 ifB, >0atR, <1,
(4
C

and endemic equilibrium does not exist. Moreover, f = T >0 if
B, <0 at Ry, > 1. Thus, there exists the endemic equilibriuin only at

R, > 1. This shows that model (44) has a unique endemic which is
non-negative equilibrium whenever Ry, > 1. [J

Theorem 12. If R, > 1, then the endemic equilibrium of COVID-19-only
in model (51) given by E,. = (S;,E}, I}, R}) is globally asymptotically

c’c’

. oo . "
stable in the interior of the region R}.

Proof. Following the approach of [60,62,63], the equation below
consists of the following Goh-Volterra type Lyapunov function:

* * Sh * * Ec
Qlc=Sh—Sh—Shln§+Ec—E£ _EclnF
I ¢ (57)
+ dcl(lc_Ic* —I:ln I_;)

c

a, (1 —e&)SZIc*

o E*
respect to time on ﬁq.c (57), we have

where d,; = . Applying fractional order derivative with

ABC _ h )\ ABC ¢ |\ ABC
a D;IQ[C—<1—S—>H D;lSh+<l—F>a Z);IEC
h c
1 BC
C
+d, <1—l—>;} D4,

c

(58)
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If R, » R; as time, 1 - oo in Eq. (52) then at a steady-state, the
equilibrium relation satisfies as follows

a, (1-€9) S;I:f

Ap=a(1—eNSPIT +uSy; (6. +p) = = :
c

(59

*
o E;

(&c+5c+}4):

1

Substituting Eq. (59) into model (44) and simplifying Eq. (58), we
obtain

s

AN
;“BCD;'QlC = uS; <2 - S_h - S_'*Z> +a,(1-€ed)S; I}
h h

s S EID SiEL
S, E!. SZECI;k
Finally, since geometric mean is less than arithmetic mean, then the
following inequalities holds:

S* S S* E.T* S, E*I
(2__h__h>§(); (3__"_%_ Zci>50 0
S, Efl, SIEI

c

Appropriately, 48€De9(, < 0 for Ry, > 1. In view of the fact
that all the parameters are positive with #8¢D*2, = 0 provided that
S, =S;, E. = E; and I, = I}. Since it is established that R, — R
as t — oo and by LaSalle’s invariance principle [61], then the endemic
equilibrium E;, is globally asymptotically stable whenever R,. > 1.
Epidemiologically, Theorem 12 means that COVID-19 would establish
itself in the neighbourhood whenever R,. > 1 irrespective of the

number of infectious humans at initial stage of the population.

4.6. Fractional order of malaria-COVID-19 model

The fractional order of Malaria-COVID-19 model in (15) subject
to initial conditions is positively invariant in the region 2., = 2, X
Q

me

Theorem 13. The region

‘Qcm = {(ShaEm7Ec’Emc’Im’Ic’Imc’IcEm’ImEc’Rh’SV’EV’IV)
A A

eRB: N, <L x 2}
H n

is positively invariant for the fractional order of Malaria-COVID-19 model
in (15) subject to non-negative initial conditions R1? in (16)

Proof. Let N, represent the total population of Malaria-COVID-19.
Since Nj, = Ny, + N, thatis, Nh =S, +E,+E.+E, . +1,+1.+1, +
I.gn+1,g.+Ry+S,+E +1,, using ABC fractional derivative on the total
population of Malaria-COVID-19. Next, by substituting Eq. (15) into it,
we have ABCDN, = Ay —u(Sy+ E, + E.+ Epe+ 1, + 1+ 1.+ 1.5, +
Lyge + Ryp) = 8o — 8.1, = 8,1, and 24BCDEN, = Ay — (S, + Ey + 1,).
These can be written as

:BCD?thm < Ah - ”thm

(60)
:BCD?NV < Ah - :qu

By applying Laplace transform in Eq. (15), and the inverse Laplace ex-

pressed as Mittag-Leffler function, we deduce that t — oo then Eq. (15)
is expressed as Ny, < Zh and N, < —. Therefore, the fractional
order of Malaria-COVID-/ld9 model in Eq. (71]5) has the solution in £,,,.
Therefore, the feasible region of Malaria-COVID-19 model in Eq. (15)

1s

‘Qcm = {(Sh’Em’Ec’Emc’Im’Ic’Imc’IcEm’ImEc’Rh’SV’EV’IV)
A A

eRB: N, < L x T}
7R

which is positively invariant. []
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4.6.1. Existence of malaria-COVID-19-free equilibrium

The Malaria-COVID-19-free equilibrium of the fractional ABC for
the Malaria-COVID-19 in model (15) can be obtained by setting thi
right hand side of the model (15) aswellas E,, = E. = E,,, =1, =1, =

m c
I,.=1.gm=1,g. = R, = E, =1, =0 and we obtain

EOcm =(Sh’ Em’ Ec’Emc’ Im’ Ic’ Imc’ IcEm’ ImEc! Rh’ SV’ EV’IV)

Ay A, (61)
=(—,0,0,0,0,0,0,0,0, —,0,0)
H n

4.6.2. Existence of endemic equilibrium for malaria-COVID-19

The endemic equilibrium of the fractional ABC for the Malaria-
COVID-19 in model (15) can be obtained by setting the right hand side
of the model (15) to be zero and putting S, = S;, E. = E}, I, = I},
R, = R} and we obtain

Elcm =(Sh’Em’Ec’Emc’Im’Ic’Imc’ IcEm’ImEc’Rh’SV’EV’IV)
=(S*,E;,E5,E* I;;,I:,I* A RZ,S;,E:,I‘T)

me’ me’ “cEm’ “mEc’®

(62)

4.6.3. Basic reproduction number of COVID-19-only (R,,.) model

Recall that, we have derived the basic reproduction number for
COVID-19 only (R.) and Malaria-19 only (R,,,) then according to [58]
the related basic reproduction number for Malaria-COVID-19 (R,,,,) in
model (15) is given by

ROcm = max{ROc’ 7eOm }. (63)

The subsequent result follows from Theorem 2 in [58].

Theorem 14. If R, < 1 then the Malaria-COVID-19 free equilibrium in
Egq. (61) is globally asymptotically stable. Otherwise, it is unstable.

Theorem 15. If R, > 1 then model (15) has a unique endemic equilib-
rium (E,,,,) whenever R, > 1 and no endemic equilibrium otherwise.

Theorem 16. If R, > 1 then the endemic equilibrium of Malaria-
COVID-19 co-infection in model (15) given by
Ein= (S}, E: E* E}

me’

.11,

me’

. I

* QE ok Tk
cEm mEc’Rh’SV’EV’IV)

is globally asymptotically stable in the interior of the region Rf

4.7. Procedure for solution

There are many numerical methods that can be used to tackle the
solution of fractional order numerically and as a result of this, we
will consider one of the approximate methods. According to [64], we
will combine fundamental theorem fractional calculus mentioned in
the preliminaries and two-step Lagrange interpolation polynomial. To
write the scheme for the developed model, let us consider the fractional
order of the co-infection model (15) subject to the initial conditions
in Eq. (16). Applying the Laplace transform from the Definition 4 of
Eq. (4) on both sides of Eq. (15). Thus,

Dy =L{Ay = (B + B + 1)Sy + 0R,)

D, =LA Sy — By + 0. + WE,}

D3 =L Sy = Be + 0, + WE, )

Vs =LUwEe + B Epy = Ope + W Ep ) 64)
Vs =LA E, — (A + 71 Bp + 6, + 1)1, }

Ve =L{0WEy — (A + 12Be + 8, + )1, }

2)7 =£{O-mcEmc + ¢11cEm + ¢21mEc —(a+ 6mc + ”)Imc}
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EDS :[f{}’lﬂm c ™ (91 + M)IcEm}

Do =LAr b1, — (P + W1}
V1o =LA, + AL, +al,. — 0+ )R,)}
D11 =L{A, — B, Sy — 1Sy}
QJIZ =£{ﬂvSv —oyE, - ”Ev}
D3 =L{oyE, —nl,}
where
_ Lla) pP"L{Sy(D} — “_15;,(0)
l—«a p + _] —
L@ PULIE(D)} - ”—'EC<0)
s “1—a
o Pa +
l—a
£(a) p°L{E, (1)} — p" ' E,(0)
V=1 @
pa + —
1—a
_ @) P"LLE, (D} - p*'E,.(0)
YDy =7

l-a pa+_1a

_ &) pL{L0) ~ p*' 1, 0)
—C)

1-a

P+
l-«a
L) pLU,(D)) = pL,(0)
Q.)G —m a
Pt
1_
L) p°L{1, (D)} - p*'1,.(0)
V1=
P+
l-a
_ &) PLU g} = P I £, (0)
s “1—a x
p(l + —
1-—a
@) P LUug O} = P g (0)
Do “1—a
@ p
l-a
s(a) PUL{R, (O} — p* 1R, (0)
Do e .
Pt l—a
S(a) PULLS, ()} — p*71S,(0)
Dy = - o
P+
1l-—a
s(a> PPL{E, (1)} — p* 1 Ey(0)
Dip =

—-a (14
s el 3 p"UtlI 0]
D3 = —a

P+

l—a

Recall that k; =

Sp0)  p"(I-p+p

P*(L(a))
p’d-p+p
pr(L(a)
pP’d-p+p
pr(L(a))
pPPd-p+p
p*(L(a))
p’(A-p)+ P,
P*(E(a))

L{S,0)} = L{A, -

E.(0)

L{E.(0} =

E,©
L{E,®)} = a0

L(E, (1) =Eme©@ |

LM} =

L{p.S) —

L{p,Sy —

L{c.E. -

(Op+1), ky = (Ap+6,+1),ky = (0+p), by =
(4, + 8. + w). Thus, Egs. (64) and (65) can be written as

k7S, +oRy}

(B + bE}

(B + k)E,}

£{ﬂmEn + ﬂcEm - kSEmc}

1B+ 521}
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_1,0)  p"d-p)+p _
L{1,®} = (@) L{o,E, — (rnB, + k)1, }
]mc 0 (1 -
‘C{Ime(t)} = © £ I(Ja(/g?;);-pﬁ{amcEmc +¢IIcEm + k9}
]c m 0 (1 -
T g0y} =2 © ";a(gf’;;pﬁ{ylﬂmfc—<¢]+mI£Em}
ee©) pr(1 -
Ll 0) = Ep() e L L (rsfl = (a4 0
RO (66)
(1 —
CURY) =2 4+ S DL Ll Ay kg = s Ry
S5y  p*(=-p)+p
L£{S,0} = L£{A, - B,S, — 1S
(5,0} @y LA Sy = nSy)
E,0)  p*d=p+p
L{E, (1)} = £{p,S, — o E, — nE
{E (D)} FE@) {B,Sy — oy E, —nE,}
LO)  pd-p+p
L{L,M) = £ PP ri6,E, -1l
{L,) S, LlovE k)
where k; = (B.+B,+1), kg = (Cpe+1), kg = Py 1y pe —(@+8,,. 411 0, ko =

al,

By applying the inverse Laplace transform in Eq. (66), we obtain
P"A-p+p

S, ()=S0 + £ |[m——Z"Lria
WO =S5O+ [P“(E(a)) {
pP*(A=p)+p
p*(L(a))

n— kS, + URh}]

E () =E.(0)+ ! [ L{p.S,— (B, +b)E, }]

Ep(t) =Ey(0) + £ [wﬁ{ﬂmsh ~ (P + kl)Em}]
65) p*(L(a))
E,.(t) =E,, .(0) + £ [%E{ﬁm@ + B.E,, — ks E,,. }]
I.(1) =1,(0)+ £ [%E{QEC - (1B, + bz)Ic}] (67)
L,(t) =I,(0) + £ [%E{amﬂn - (b + kz)Im}]
L (®) =1, (0) + L7 [%t{ O Ene + &1 Lo + kg}]
Ie®) =T () + £71 [%ﬁmﬁm L= @1 + )
Lype(®) =1,,5,(0) + £ [%ﬁ{hﬂc[m =+l }
Ry,(1) =R, (0) + £~ ["—a;}l(;ﬁ;pa{mc + a1, + kg — k3Rh}:
Sy(1) =S,(0) + £ [%E{Av =Sy — nSv}]
©Cctmby=" E ) =E, )+ [wuﬁm oy E, - nEv}]
p*(&(a))
L) =1,0) + £ [%c{aﬂv - nlv}]

The series solutions can be achieved following the expressions below:

(s (s (s oo (s
Sh:ZShn; Ec :ZEcn; Em: ZEmn; Emc :ZE,"C”; IC:ZIL‘M
n=0 n=0 n=0 n=0 n=0
© o o
]mc = Z lmcrt; lcEm = Z lcEmn; lmEc = Z EmEcn;
n=0 n=0 n=0

Ry, = ZRhn; Sy = Z'Svn; E, = ZEvn; I, = Zlvn
n=0 n=0 n=0 n=0

10
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and the non-linear terms from the above can be written as

Sple =Y Ay Splye =Y By Splegn= Y Cpi Sply =Y Fy;
n=0 n=0 n=0 =0

0 0 o
Sva =2Jn; Svac = an; SvaEc = ZQn
n=0 n=0 n=0

Although A, B,,C,, F,, J,,, P, and Q, are further decomposed as follows

n o

n n n—1 n—1
A, = 2 Shi ZICi - Z Shi z L;; B, =
i=0 i=0 i=0 i=0
n n n—1 n—1 n n n—1 n—1
Cn = Z Shi ZlcEmi - Z Shi ZICEmi; Fn = 2 Shi Z Ivi - Z Shi Zlvi;
i=0 i=0 i=0 i=0 i=0 i=0 i=0 =0

i

n

n n n—1 —1
DIRIDITAFEDIE Y I A
i=0 i=0 i=0 =0

i

n n n—1 n—1

n—1 n—1
1_ZSvizIm13 b=, Su
i=0 i=0 i

i=0 i=0 i=0 i=0

n n
J,=Y Sq D1,
i=0 i=0
n n n—1 n—1
Qn = 2 Svi 2 ImEci - 2 Svi Z ImEci
i=0 i=0 i=0 i=0
Thus, recursive formula can be written as
prd=p+p
Pp*(L(a))
pd=p+p c
p*(E&(@))

Sh1)() =S5, (0) + £ [ L{A, — k7.8, + th}]

Ec(n+l)(t) =Ecn(0) + ‘C_I [ {ﬂcSh - (ﬁm + bl)Ec }]

Epusty(0) =Epy (@) + £7! [%uﬂm&, — (b + koEm}]
Emc(n+1)(t) =E,.,(0) + Yot [%E{ﬂmEc +p.E, —kgE,,. }]
Lty (®) =10y (0) + £ [%UQEC — bz)lc}]
Lty (®) =Ly (O) + £ [%E{Gmliﬁ, ~ (b + k2>1,,,}]
Dtrsty® =L yen(©) + L7 [%u% Epe + 61 Lo + kg}]
Legmnsty® =L (0) + L7 [%am Bl — (b + u)IcEm}]
©89)
Deeen® =Ien(©) + £ [%ﬁmﬂclm @+ e }]
Rh(,,+1)(t) =R,;,(0) + ! [%E{ACQ + Apl, + kg — k3R, }]
Setue () =Sgn(0) + L7 [%ﬁmv ~ B8, - nSv}]
Evgu () =Eyy(0) + £~ [%ﬁ{ﬂv& 0, E, - nEV}]
Lyuany (@) =1y, (0) + L7 [%ﬁ{ﬂvﬂl - ﬂlv}] ,

where
Sp(0) = Spo. E.(0) = Eco, E,(0) = E, 9, E,,(0) = E,pp,
1.0) = 1,0, 1,,(0) = 140, 1,3 (0) = Lpe0s Lo £ (0) = 1o pmos
Lygc(0) = Iypcos Rp(0) = Ryp, Sy(0) = Sy,
E(0) = Eqy, I,(0) = Iy

5. Results and discussion

In this section, we consider the numerical solution of the model (15)
using the parameters values given in Table 3 to achieve the graphical
results. We have considered seven different values of fractional order
a to stimulate all the five infectious classes of humans in model (15).
We notice that as we increase the fractional order a so also the solution
converges to the integer order. We use Maple 2018 software package
to carry out the simulation and the initial values for the model in (15)
are listed as follows: S,(0) = 2,500, E.(0) = 1,E,0) = 1,E,.(0) =

11
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Table 3
Details definition of variables and parameters.
Parameter Value Source Parameter Value Source
10000
Ay 59 % 365) [34] a, 0.4531 [34]
A, % [34] a 0.48 [34]
b, 0.0833 [34] b, 0.4 [34]
o, 0.8333 [34] b 4.3 %0.33 [34]
o, 0.6 [34] 6. 0.00286 [34]
o, 0.1 [34] S 0.068 [34]
Ope 0.333 [34] 8¢ 0.0383 [34]
1
A 0.3 [34] u 9% 365 [34]
A 0.25 [34] n 2—11 [34]
) 0.025 [34] " [0-1] [34]
€ 0.5 [34] 9 0.5 [34]
a, 0.125 [34] 2 [0-1] [34]
a, 0.5 Assumed
Tc(t)
T T T V T T
0 20 40 60 80 100 120
Time (days)
----- ,Y1=0 -----,lez ,Y1:.6 -----,Y1=
— R =0—y=2 R=6—1y=

Fig. 2. Simulation of I (r) with respect to time ¢ in days, at different values of y, and
7, where a = 0.98 and other parameters listed in Table 3.

1,1,(0) = 20,1,,(0) = 10,1,,(0) = 3,1,£,,0) = 3,1,,1.(0) = 1,R,(0) =
20, S,(0) = 10,000, E,(0) = 8,1,(0) = 10. We demonstrate the effect of
7, and y, parameters which represent A risk factor for getting COVID-
19 after contracting malaria and A risk factor for getting malaria after
contracting COVID-19 respectively, where {y, € [0,1] and y, € [0,1] }
as well as the effect of « € [0, 1].

Fig. 2 is the simulation of the number of humans infected with
COVID-19-only (1,(1)) with respect to time 7 in days, at different values
of the risk factor for getting COVID-19 after contracting malaria (y;)
and A risk factor for getting malaria after contracting COVID-19 (,)
where ¢ = 0.98 and other parameters listed in Table 3. This shows
that the number of humans infected COVID-19-only decreases from 20
to 16 in less than 1 day thereafter, it increases rapidly for 40 days to
reach the maximum number of 26 people before a rapid decrease until
after 55 days when the number of infected COVID-19-only becomes
extinct.

Fig. 3 is the simulation of the number of humans infected with
Malaria-only ([,,(7)) with respect to time ¢ in days, at different values
(y;) and (y,) where a = 0.98 and other parameters listed in Table 3. This
shows that the number of humans infected with malaria-only decrease
from 10 to 7 in less than 3 days thereafter, it increases rapidly from
39 days to reach the maximum number of 320 people before a rapid
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3001
2501
200
Im(t)
1501
100
501
0 20 40 60 8 100 120
Time (days)
..... ,Yl 0.....,Y1:2 Y1:~6.....Y1:
—p-0—n- n-6—1p-

Fig. 3. Simulation of I,,(r) with respect to time ¢ in days, at different values of y, and
7, where @ =0.98 and other parameters listed in Table 3.

51 B

Fig. 4. Simulation of I,,.(r) with respect to time ¢ in days, at different values of y, and
7, where a = 0.98 and other parameters listed in Table 3.

decrease until after 60 days when the number of people infected with
malaria-only decreases.

Fig. 4 is the simulation of the number of humans infected with
malaria and COVID-19 (I,,. (1)) with respect to time ¢ in days, at different
values of (y;) (y,) where « = 0.98 and other parameters listed in
Table 3. This shows that the number of humans infected with malaria
and COVID-19 decrease rapidly from 3 to below 1 in less than 10 days
and increases rapidly for 40 days to reach the maximum number of 5
people before a rapid decrease until after 60 days when the number of
infected with malaria and COVID-19 becomes extinct.

Fig. 5 is the simulation of the number of humans infected with
COVID-19 and Exposed to malaria (1., (#)) with respect to time 7 in

12
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IcEm(t)

Fig. 5. Simulation of I, (1) with respect to time ¢ in days, at different values of y,
and y, where a = 0.98 and other parameters listed in Table 3.

ImEc(t)

Fig. 6. Simulation of I, (r) with respect to time r in days, at different values of y,
and y, where a = 0.98 and other parameters listed in Table 3.

days, at different values of (y;) and (y,) where ¢ = 0.98 and other
parameters listed in Table 3. This shows that the number of humans
infected humans with COVID-19 and Exposed to malaria decrease
gradually from 3 to below 2 in less than 30 days thereafter, y; =
0 continues to decrease until it becomes extinct. Meanwhile others
increase at different values to reach their maximum number of people
and y, = 1 has highest number of 12 people before a rapid decrease as
well as others until after 60 days when the number of infected humans
with COVID-19 and Exposed to malaria becomes extinct.

Fig. 6 is the simulation of the number of humans infected humans
with malaria and Exposed to COVID-19 (I, (1)) with respect to time
t in days, at different values of the relative infectiousness humans
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251
204
154
Te(t)
10
5_
0 20 40 60 80 100 120
Time (days)
o =.80 o =.85 oa=90 —/a=.93
— o =.95 o =98 —a =1.00

Fig. 7. Simulation of I (r) with respect to time 7 in days, at seven different fractional
order between 0 and 1. All other parameters listed in Table 3.

3007
2501
2007
Im(t) 150]
1007

507

0 20 40

60 80 100 120

Time (days)
a=.85 a=.90 — a=.93
oa=98 —a=1.00

a=.80
— a=.95

Fig. 8. Simulation of I,,(r) with respect to time ¢ in days, at seven different fractional
order between 0 and 1. All other parameters listed in Table 3.

developing COVID-19 subsequent malaria disease (y;) and relative in-
fectiousness humans developing malaria subsequent COVID-19 disease
(7o) where a = 0.98 and other parameters listed in Table 3. This shows
that the number of humans infected humans with malaria and Exposed
to COVID-19 decrease gradually from 1 person to nearly 0 in less than
8 days thereafter, y, = 0 continues to decrease until it becomes extinct.
Meanwhile others increase at different values to reach their maximum
number of people and y, = 1 has highest number of over 2 people
before a rapid decrease as well as others until after 50 days when the
number of infected humans with malaria and Exposed to COVID-19
becomes extinct.
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4_
3_
Imc(t)
2_
1_
0 20 40 60 80 100 120
Time (days)
o=.80 o=.85 oa=90 — a=.93
— a=.95 o=98—a=1.00

Fig. 9. Simulation of I, (¢) with respect to time 7 in days, at seven different fractional
order between 0 and 1. All other parameters listed in Table 3.

IcEm(t)

20 40 60 80 100

Time (days)
o=.85 a=90 — a=.93
a=98—a=1.00

120

o A

a=.80
— a=.95

Fig. 10. Simulation of I,,,(r) with respect to time ¢ in days, at seven different fractional
order between 0 and 1. All other parameters listed in Table 3.

The dynamics of co-infection of malaria and COVID-19 with seven
different values of fractional order (a) as well as different classes are
given in Figs. 7, 8, 9, 10 and 11.

6. Conclusion

In this paper, we have studied the co-infection of malaria and
COVID-19 model under Atangana-Baleanu-Caputo fractional order
derivative. Existence and the uniqueness of the co-infection have been
proved. We also considered the dynamics of malaria-only and COVID-
19-only, and their basic reproduction numbers. We have carried out
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1.8
1.67
1.4
1.24

ImEc(t) 107

—
100 120

0 20 40 60 80
Time (days)
o=.80 " a=.85 a=90 — a=.93
—oa=95"—"""0a=98 — a=1.00

Fig. 11. Simulation of I,,; (1) with respect to time 7 in days, at seven different fractional
order between 0 and 1. All other parameters listed in Table 3.

global stabilities of malaria-only-free, COVID-19-only-free and their co-
infection-free for both existences and endemics equilibria by means
of Lyapunov function. From our analysis, we have shown risk factor
for getting COVID-19 after contracting malaria and risk factor for
getting malaria after contracting COVID-19 in order to understand the
dynamics and control of the two disease. It can be deduced from our
simulations that, reducing the risk of malaria and COVID-19 by taking
preventive measures will reduce the risk factor for getting COVID-19
after contracting malaria and will also reduce the risk factor for getting
malaria after contracting COVID-19 even, to the point of extinction. The
findings of our study suggest the significance of control techniques in
reducing the prevalence of two diseases.
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