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A B S T R A C T

This study presents a mathematical model of the transmission dynamics of COVID-19 and influenza co-
infection. The potential impacts of the influenza vaccine only on the co-infection dynamics and the potential
impacts of both vaccines on the co-infection dynamics are thoroughly studied. The basic reproduction number
for the two diseases using the next-generation matrix approach and the stability of the sub-model is examined.
The model assessed the scenario whereby both diseases’ waning immunity occurs concurrently to check the
epidemic peaks. The numerical simulation results show that the diseases would continue to be endemic in the
population if the immunity waning rates increase. The epidemic peak can be reduced by increasing vaccination
and vaccine efficacy rates. The results show that the COVID-19 contact rate significantly increases the epidemic
level more than the co-infection contact rate. A similar result was obtained when it was observed that the
COVID-19 post-recovery waning rate has more significant effects on the epidemic peak than the co-infection
post-recovery waning rate. A possible reason for this counter-intuitive occurrence is that two infections cannot
have the same viral load nor the same within-host competitiveness. This means an infectious co-infected person
will transmit the infection with the highest within-host competitiveness. Here, it is suspected that COVID-19
has a within-host competitive advantage over influenza in the co-dynamics.
. Introduction

The novel coronavirus disease 2019 (COVID-19) was discovered
n December 2019 in Wuhan, China [1,2]. The new disease spreads
cross the globe within a short time resulting in over 6.6 million
eaths and over 600 million reported cases as of November 2022 [3].
OVID-19 disease, like the common cold, severe acute respiratory
yndrome (SARS), and Middle East respiratory syndrome (MERS) is
aused by severe acute respiratory syndrome coronavirus 2 (SARS-CoV-
) [4] though COVID-19 is more infectious and deadlier compared
o the aforementioned diseases. In March 2020, the World Health
rganization (WHO) declared the COVID-19 outbreak a pandemic

4,5].
Through the inhalation of infectious aerosols released when an

nfected person talks, sneezes, or coughs, the virus can be spread
irectly from one person to another. A susceptible person may contract
he virus if they come into contact with an infected person by touching,
issing, holding, and other behaviors. The hands are used to touch
he eyes, nose, and mouth in the indirect transmission method, which
equires touching a contaminated surface [6,7].

∗ Corresponding author at: Department of Mathematical and Computer Sciences, University of Medical Sciences, Ondo City, Ondo State, Nigeria.
E-mail address: peterjames4real@gmail.com (O.J. Peter).

The public was urged to concentrate on non-pharmaceutical mea-
sures by the government and decision-makers before vaccines were
introduced. These non-pharmaceutical therapies include good personal
cleanliness, proper coughing technique, social distancing, closure of
schools, quarantine, hospitalization of exposed and infected persons,
contact tracing, and wearing of face masks [8,9]. Rapid vaccination,
intensive medical care, and screening of exposed individuals were also
implemented to limit the number of cases [10,11]. The disease kept
evolving despite the existence of infection controls and prevention
measures in numerous nations around the world. It began with alpha,
progressed through beta, and delta, and it is currently continuing
with the ongoing omicron variant [12,13], which greatly increases the
number of infected people and the fatality rate.

The viral influenza disease usually referred to as the flu, has long
been a source of concern for public health practitioners. Approximately
500,000 individuals per year lose their lives to seasonal influenza
outbreaks, which afflict millions of people [14,15]. Although there
is growing evidence that aerosols are important in the spread of in-
fluenza, it has been shown that only close contact with droplets and
direct contact with an infected person may transfer influenza dynamics
https://doi.org/10.1016/j.health.2023.100240
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[16,17]. Common symptoms include muscle aching, lack of appetite,
fever, cough, headaches, and sore throat. Because of how much these
symptoms resemble COVID-19 symptoms, diagnosis and therapy might
be challenging [14,15].

Due to the seasonality of influenza outbreaks and COVID-19’s on-
going prevalence, influenza and COVID-19 could co-circulate, signif-
icantly raising the chance of co-infection. Although limited informa-
tion is available on the epidemiological and clinical outcomes of co-
infection, the available research has found that co-infection with the
influenza virus increases COVID-19’s infectivity in a wide variety of cell
types [18], while co-infected patients appear to have similar clinical
symptoms and radiological images compared to patients infected with
COVID-19 alone [19]. The clinical presentation, transmission mech-
anism, and characteristics of influenza and COVID-19 are so similar
that diagnosing and initiating proper treatment for the two conditions
are very challenging. In the context of the COVID-19 pandemic, the
co-infection of COVID-19 and influenza could place additional strain
on healthcare services by consuming scarce medical resources, making
treatment more challenging, and increasing prognosis uncertainty. The
World Health Organization (WHO) has long advocated for annual
influenza vaccination as a means of preventing the disease, particularly
in high-risk groups that are more susceptible to illness such as pregnant
women and older adults (aged > 55). Numerous mathematical models
have been formulated since the novel coronavirus disease pandemic in
2020 in order to better understand transmission dynamics and potential
management measures. Some of these studies includes [20–32] and the
references therein. Seasonal influenza vaccine is thought to provide
additional benefits in the challenging COVID-19 pandemic phase, in
addition to serving a significant role in influenza prevention. The
potential danger of respiratory infectious diseases like COVID-19 is
significantly decreased as a result of influenza vaccination, which also
lessens the strain on healthcare systems and frees up resources for the
treatment of more serious illnesses [33]. Additionally, it is thought that
receiving an influenza vaccine improves both the specificity and accu-
racy of COVID-19 surveillance [34]. In the literature, we discovered a
link between the influenza vaccine and a decreased risk of SARS-CoV-
2 infection. One hypothesis is that those who had influenza vaccine
in previous seasons seemed to be more health-conscious, thus they
may have adhered to COVID-19 prevention strategies such as social
distancing and mask use more consistently, lowering their chance of
infection. Additionally, getting vaccinated against influenza may lower
your risk of getting sick, which lowers your risk of visiting the hospital
and contracting SARS-CoV-2 in high-risk settings like hospitals.

One of the challenges faced by medical practitioners in curing the
spread of infectious diseases is the waning of immunity to diseases.
Basically, there are two types of immunity: vaccine-induced immunity
and post-recovery immunity. The immunity to infectious diseases that
vaccines provide is either temporal or permanent. A rise in immune
cells and antibodies that serve as the ‘‘front-line fighters’’ against an
outside invader in the body, such as a virus, occurs days after vacci-
nation. These ‘‘front-line combatants’’ inevitably dwindle or diminish
over time, but they never disappear completely. All vaccines result in
this, which is expected and typical. After this first reaction, the immune
system is still prepared to ‘‘protect’’, with long-lasting ‘‘memory’’ B and
𝑇 cells present in the body that are prepared to create antibodies and
fight the disease they later encounter [35,36].

A few researchers have studied the co-infection dynamics of COVID-
19 and Influenza virus [17,37] other available works are clinical stud-
ies [38–40] and systematic review [41,42]. The co-infection of COVID-
19 and Influenza virus was studied by [37] using two mathematical
models of COVID-19 and co-infection model (SARS-CoV-2 and in-
fluenza virus) using SimBiology toolbox from Matlab v7.11.1.866. Un-
derstanding signaling regulation in COVID-19 and co-infection model
systems aid in the development of network-based models thereby sug-
gesting intervention points for therapeutics. The study shows the aim
of revealing such perturbations to decipher opportune mediating cross-

talks characterizing the virus. The comparative analysis of both the

2

models reveals major signaling protein NFjB and STAT1 which is
responsible for co-infection. Their results show that the co-infection of
both viruses results in higher production of inflammatory proteins indi-
cating that the co-infection state is more dangerous than the COVID-19
or influenza state alone. They further suggest that this condition can be
brought under control if the production of these inflammatory proteins
is regulated at the cellular level.

Using 15 systems of ordinary differential equations and optimal
control theory, [17] studied the co-infection dynamics of COVID-19 and
influenza virus using an endemic model. Their model shows the stabil-
ity of the equilibria (disease-free and endemic) depending on the value
of the reproduction number. Their results show that disease competitive
dynamics in the population are determined by transmission proba-
bilities and threshold quantities. After analyzing the optimal control
problem incorporated into the model, their analyses show that, though
single and two-fold control interventions can be used to reduce the
disease burden, the simultaneous implementation of all three control
strategies will be the most effective way to eliminate COVID-19 and
influenza in the population.

The study carried out by [38] reported 6 cases of co-infection of
COVID-19 and influenza. All patients with COVID-19 diagnoses were
included. All patients with a suspected COVID-19 diagnosis underwent
standard influenza screenings. The radiography of their thorax was
examined for COVID-19 and influenza. 1103 patients with COVID-19
were diagnosed during the study period. Six of them (or 0.54%) were
found to have influenza and other infections with 28 co-infected cases.
Findings from thorax radiography were consistent with COVID-19 in
five patients and influenza in one. Their condition ranged in intensity
from mild to moderate. Patients who died (𝑛 = 2) as well as those who
were ventilator-dependent or receiving mechanical ventilation were
among the cases that were documented in the literature.

The researchers in [41] did a systematic review and metadata
analysis of COVID-19 and influenza co-infection. The findings show
that patients with COVID-19 and co-infection rate with the influenza
virus was 4.5% in Asia and 0.4% in America. There were 30 men and
31 women among the patients in four prevalence studies. Co-infection
with influenza was present in 5.3 and 9.1 percent of men and women
with COVID-19, respectively. A total of 123 patients with COVID-19
were included in eight case reports and seven case series; 29 of these
patients (16 men and 13 women) with a mean age of 48 years had
concurrent infection with influenza viruses A and B.

In this study, a new deterministic co-infection model of COVID-19
and influenza virus incorporating vaccination, vaccine-induced immu-
nity waning, and post-recovery immunity waning is analyzed. The main
idea behind the incorporation of immunity waning was that toward
the middle of 2021, it was reported that vaccinated individuals are
experiencing a breakthrough of infection [43–45] and waning of both
natural and vaccine-induce immunity [35,36]. We believe that the in-
corporation of this phenomenon and its impacts on the co-dynamics of
both diseases will be of great interest not only to public health workers
but also to researchers in the field of mathematical modeling. The aim
of this paper is to analyze the dynamics and stability properties of the
model equations and examine the effects of the COVID-19 vaccine on
the prevalence of influenza and vice versa. We shall also examine the
potential impacts of vaccine efficacy, transmission rates, and immunity
waning on the dynamics of the viruses.

The rest of the paper is structured down as follows. The formulation
of the co-infection model, description of model state variables, model
assumptions, and definition of all model parameters are presented
in Section 2. We analyze the COVID-19-only and the influenza-only
model in Sections 3.1 and 3.2 respectively. The analyses include non-
negativity and boundedness of solutions, reproduction number, and
stability properties of the disease-free and endemic equilibria. The co-
infection-free equilibrium and the reproduction number complete the
section. In Section 4, numerical simulations of the ODE system for
hypothetical scenarios such as the potential effects of the vaccina-
tion and immunity waning are presented. Lastly, modeling results are

extensively discussed in Section 5.
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2. Mathematical model

The co-infection of COVID-19 with other respiratory pathogens,
which could impede COVID-19 diagnosis, treatment, and prognosis, has
recently come to light as a source of concern. These concomitant infec-
tions could even worsen illness symptoms and mortality [41,46]. Wide
administration of vaccines has been one of the most effective preventive
measures but the loss of vaccine-induced immunity and waning of
post-recovery has been a big impediment in curbing the epidemic. A 12-
compartmental co-infection model of COVID-19 and seasonal influenza
is formulated and analyzed. The co-dynamics population at any time
𝑡 is represented by 𝑁(𝑡). The population is stratified into the mutually
exclusive populations of susceptible 𝑆(𝑡), COVID-19 exposed class 𝐸𝑐 (𝑡),
and co-infection exposed class 𝐸𝑐𝑖(𝑡). The vaccinated individuals against
COVID-19, influenza, and both diseases are respectively denoted by
𝑉𝑐 (𝑡), 𝑉𝑖(𝑡) and 𝑉𝑐𝑖(𝑡). The COVID-19, influenza and co-infected individ-
uals respectively denoted by 𝐼𝑐 (𝑡), 𝐼𝑖(𝑡) and 𝐼𝑐𝑖 become recovered and
move to the compartments 𝑅𝑐 (𝑡), 𝑅𝑖(𝑡) and 𝑅𝑐𝑖(𝑡) respectively.

The total population is given by

𝑁 = 𝑆 + 𝑉𝑐 + 𝐸𝑐 + 𝐼𝑐 + 𝑅𝑐 + 𝑉𝑖 + 𝐼𝑖 + 𝑅𝑖 + 𝑉𝑐𝑖 + 𝐸𝑐𝑖 + 𝐼𝑐𝑖 + 𝑅𝑐𝑖, (2.1)

we note here that the individuals in the exposed compartment are the
newly infected individuals that are not yet infectious.

The susceptible class is populated by the recruitment rate 𝛬 (ei-
ther by migration or by birth), waning immunity rate of COVID-
19, influenza, and co-infected recovered individuals 𝜔𝑐 , 𝜔𝑖, 𝜔𝑐𝑖 (ie.
the post-recovery waning rate of those who recovered from COVID-
19, influenza and both diseases respectively) and waning immunity
rate of COVID-19, influenza and co-infected vaccinated individuals
𝜏𝑐 , 𝜏𝑖, 𝜏𝑐𝑖 (ie. the vaccine waning rate of those who are vaccinated
against COVID-19, influenza and both diseases respectively). The sus-
ceptible class is depopulated by the vaccination rate 𝜃 (where 𝜃 =
𝜃𝑐 (COVID-19 vaccination rate) + 𝜃𝑖(influenza vaccination rate) + 𝜃𝑐𝑖
(co-infection vaccination rate)), natural death rate 𝜇 and 𝜆 = 𝜆𝑐 + 𝜆𝑖 +
𝜆𝑐𝑖 + 𝜆𝑖𝑐 denoting the force of infection for the COVID-19, influenza
and co-infection transmission respectively. The model equation for the
susceptible class is given by
d𝑆
d𝑡

= 𝛬+𝜔𝑐𝑅𝑐 +𝜔𝑖𝑅𝑖 +𝜔𝑐𝑖𝑅𝑐𝑖 + 𝜏𝑐𝑉𝑐 + 𝜏𝑖𝑉𝑖 + 𝜏𝑐𝑖𝑉𝑐𝑖 − (𝜃 + 𝜇 + 𝜆)𝑆. (2.2)

he forces of infection are expressed as

𝑐 =
𝛽𝑐𝐼𝑐
𝑁𝑐

, 𝜆𝑖 =
𝛽𝑖𝐼𝑖
𝑁𝑖

, 𝜆𝑖𝑐 =
𝛽𝑖𝑐𝐼𝑐𝑖
𝑁

and 𝜆𝑐𝑖 =
𝛽𝑐𝑖𝐼𝑐𝑖
𝑁

, (2.3)

where the parameters 𝛽𝑐 , 𝛽𝑖, 𝛽𝑐𝑖 and 𝛽𝑖𝑐 denote the effective contact rate
leading to COVID-19, influenza transmission, and co-infection of both
diseases. We need to mention here that susceptible individuals can be
vaccinated against both diseases since there is no universal vaccine
against both infections which means that immunity against one does
not guarantee immunity against the other.

The COVID-19 vaccinated class is made up of the vaccination rate 𝜃𝑐
and decreases by the breakthrough of infection among the vaccinated
individuals at the rate (1 − 𝜖𝑐 )𝜆𝑉 for all the three infection categories
of COVID-19, influenza and both while the vaccine is assumed to be
imperfect [47–49] with vaccine efficacy rate 𝜖𝑐 where 0 ≤ 𝜖𝑐 ≤ 1. The
population is further decreased by natural death rate 𝜇 and vaccine-
nduced immunity waning rate 𝜏𝑐 so that the compartment is given by

d𝑉𝑐
d𝑡

= 𝜃𝑐𝑆 − (1 − 𝜖𝑐 )𝜆𝑉𝑐 − (𝜏𝑐 + 𝜇)𝑉𝑐 . (2.4)

The Influenza vaccinated class is made up of the vaccination rate 𝜃𝑖
nd decreases by the breakthrough of infection among the vaccinated
ndividuals at the rate (1 − 𝜖𝑖)𝜆𝑉𝑖 for all the three infection categories
f COVID-19, influenza, and both while the vaccine is assumed to
e imperfect with vaccine efficacy rate 𝜖 where 0 ≤ 𝜖 ≤ 1. The
𝑖 𝑖
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population is further decreased by natural death rate 𝜇 and vaccine-
induced immunity waning rate 𝜏𝑖 so that the compartment is given by

d𝑉𝑖
d𝑡

= 𝜃𝑖𝑆 − (1 − 𝜖𝑖)𝜆𝑉𝑖 − (𝜏𝑖 + 𝜇)𝑉𝑖. (2.5)

The class of those who are vaccinated against both diseases is made
up of the vaccination rate 𝜃𝑐𝑖 and decreases by the breakthrough of
infection among the vaccinated individuals at the rate (1 − 𝜖𝑐𝑖)𝜆𝑐𝑖𝑉𝑐𝑖
(where 0 ≤ 𝜖𝑐𝑖 ≤ 1) while the vaccine is assumed to be imperfect with
vaccine efficacy rate 𝜖𝑐𝑖. The population is further decreased by natural
death rate 𝜇 and vaccine-induced immunity waning rate 𝜏𝑐𝑖. Hence, we
have
d𝑉𝑐𝑖
d𝑡

= 𝜃𝑐𝑖𝑆 − (1 − 𝜖𝑐𝑖)𝜆𝑐𝑖𝑉𝑐𝑖 − (𝜏𝑐𝑖 + 𝜇)𝑉𝑐𝑖. (2.6)

he class 𝐸𝑐 of those who are exposed to COVID-19 is populated by the
forces of infection (𝜆𝑐 + 𝜆𝑐𝑖) for COVID-19 and co-infected individuals
moving from the susceptible class, breakthrough of infection from
COVID-19 vaccinated individuals (1 − 𝜖𝑐 )(𝜆𝑐 + 𝜆𝑐𝑖)𝑉𝑐 and influenza
vaccinated individuals (1 − 𝜖𝑖)(𝜆𝑐 + 𝜆𝑐𝑖)𝑉𝑖. The class is decreased by
natural death rate 𝜇 and COVID-19 progression rate from 𝐸𝑐 to 𝐼𝑐
denoted by 𝜎𝑐 . Hence, we have
d𝐸𝑐
d𝑡

= (𝜆𝑐 + 𝜆𝑐𝑖)[𝑆 + (1 − 𝜖𝑐 )𝑉𝑐 ] + (1 − 𝜖𝑖)(𝜆𝑐 + 𝜆𝑐𝑖)𝑉𝑖 − (𝜎𝑐 + 𝜇)𝐸𝑐 . (2.7)

The COVID-19 infected class is decreased by recovery rate 𝛾𝑐 , natural
death rate 𝜇, COVID-19 induced death rate 𝛿𝑐 , and 𝜙𝑖𝜆𝑖 which accounts
for the assumed reduction in susceptibility to COVID-19 after being
already infected with influenza. The class is given by
d𝐼𝑐
d𝑡

= 𝜎𝑐𝐸𝑐 − (𝛾𝑐 + 𝜇 + 𝛿𝑐 + 𝜙𝑖𝜆𝑖)𝐼𝑐 . (2.8)

From the above explanations, the COVID-19 recovered class is given by

d𝑅𝑐
d𝑡

= 𝛾𝑐𝐼𝑐 − (𝜔𝑐 + 𝜇)𝑅𝑐 . (2.9)

The influenza-infected class 𝐼𝑖 is populated by the forces of infection of
influenza and co-infected individuals moving from the susceptible class
(𝜆𝑖 + 𝜆𝑖𝑐 )𝑆, the breakthrough of infection from influenza-vaccinated
individuals (1 − 𝜖𝑖)(𝜆𝑖 + 𝜆𝑖𝑐 )𝑉𝑖 and COVID-19 vaccinated individuals
(1 − 𝜖𝑖)(𝜆𝑐 + 𝜆𝑐𝑖)𝑉𝑖. The class is decreased by natural death rate 𝜇,
recovery rate 𝛾𝑖, and influenza-induced death rate 𝛿𝑖. Hence, we have
d𝐼𝑖
d𝑡

= (𝜆𝑖 + 𝜆𝑖𝑐 )[𝑆 + (1− 𝜖𝑖)𝑉𝑖] + (1− 𝜖𝑐 )(𝜆𝑖 + 𝜆𝑖𝑐 )𝑉𝑐 − (𝛾𝑖 + 𝛿𝑖 +𝜇)𝐼𝑖. (2.10)

From the above explanations, the class of those who recover from
influenza is given by
d𝑅𝑖
d𝑡

= 𝛾𝑖𝐼𝑖 − (𝜔𝑖 + 𝜇)𝑅𝑖. (2.11)

The class 𝐸𝑐𝑖 of those who are exposed to the two diseases is made up
of the force of infection of those who experienced the breakthrough
of infection after being vaccinated against both diseases denoted by
(1− 𝜖𝑐𝑖)𝜆𝑐𝑖𝑉𝑐𝑖, 𝜙𝑖𝜆𝑖 (for influenza as explained above), 𝜙𝑐𝜆𝑐 (for COVID-
19 as explained above). It is being reduced by the progression rate 𝜎𝑐𝑖
from 𝐸𝑐𝑖 to 𝐼𝑐𝑖 and the natural death rate. The class is given by
d𝐸𝑐𝑖
d𝑡

= (1 − 𝜖𝑐𝑖)𝜆𝑐𝑖𝑉𝑐𝑖 + 𝜙𝑖𝜆𝑖𝐼𝑐 + 𝜙𝑐𝜆𝑐𝐼𝑖 − (𝜎𝑐𝑖 + 𝜇)𝐸𝑐𝑖. (2.12)

The class 𝐼𝑐𝑖 of those who are co-infected with both diseases is pop-
ulated by 𝜎𝑐𝑖 and depopulated by the recovery rate 𝛾𝑐𝑖, co-infection-
induced death rate 𝛿𝑐𝑖, and natural death rate 𝜇 so that the class is
iven by
d𝐼𝑐𝑖
d𝑡

= 𝜎𝑐𝑖𝐸𝑐𝑖 − (𝛾𝑐𝑖 + 𝜇 + 𝛿𝑐𝑖)𝐼𝑐𝑖. (2.13)

rom all the above explanations, the class of those who recovered from
oth infections is given by
d𝑅𝑐𝑖 = 𝛾 𝐼 − (𝜔 + 𝜇)𝑅 . (2.14)

d𝑡 𝑐𝑖 𝑐𝑖 𝑐𝑖 𝑐𝑖
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Fig. 1. The Flow-diagram. The population is stratified into the mutually exclusive populations of susceptible 𝑆(𝑡), COVID-19 exposed class 𝐸𝑐 (𝑡), and co-infection exposed class 𝐸𝑐𝑖(𝑡).
he vaccinated individuals against COVID-19, influenza, and both diseases are respectively denoted by 𝑉𝑐 (𝑡), 𝑉𝑖(𝑡) and 𝑉𝑐𝑖(𝑡). The COVID-19, influenza and co-infected individuals
espectively denoted by 𝐼𝑐 (𝑡), 𝐼𝑖(𝑡) and 𝐼𝑐𝑖 become recovered and move to the compartments 𝑅𝑐 (𝑡), 𝑅𝑖(𝑡) and 𝑅𝑐𝑖(𝑡) respectively.
Table 1
Model variables and descriptions.
Variable Description

𝑆 Susceptible population
𝑉𝑐 , 𝑉𝑖 , 𝑉𝑐𝑖 Vaccinated COVID-19, influenza and co-infected populations respectively
𝑅𝑐 , 𝑅𝑖 , 𝑅𝑐𝑖 Recovered individuals from COVID-19, influenza and co-infection respectively
𝐼𝑐 , 𝐼𝑖 , 𝐼𝑐𝑖 COVID-19, influenza and co-infected populations respectively
𝐸𝑐 , 𝐸𝑐𝑖 Exposed COVID-19 and co-infected populations respectively
𝑉

h
c
t
T
h
t
c
C
i
u
o

t

3

t

The model equation for the total population is given by

d𝑆
d𝑡

= 𝛬 + 𝜔𝑐𝑅𝑐 + 𝜔𝑖𝑅𝑖 + 𝜔𝑐𝑖𝑅𝑐𝑖 + 𝜏𝑐𝑉𝑐 + 𝜏𝑖𝑉𝑖 + 𝜏𝑐𝑖𝑉𝑐𝑖 − (𝜃 + 𝜇 + 𝜆)𝑆,

d𝑉𝑐
d𝑡

= 𝜃𝑐𝑆 − (1 − 𝜖𝑐 )𝜆𝑉𝑐 − (𝜏𝑐 + 𝜇)𝑉𝑐 ,

d𝐸𝑐
d𝑡

= (𝜆𝑐 + 𝜆𝑐𝑖)[𝑆 + (1 − 𝜖𝑐 )𝑉𝑐 ] + (1 − 𝜖𝑖)(𝜆𝑐 + 𝜆𝑐𝑖)𝑉𝑖 − (𝜎𝑐 + 𝜇)𝐸𝑐 ,

d𝐼𝑐
d𝑡

= 𝜎𝑐𝐸𝑐 − (𝛾𝑐 + 𝜇 + 𝛿𝑐 + 𝜙𝑖𝜆𝑖)𝐼𝑐 ,

d𝑅𝑐
d𝑡

= 𝛾𝑐𝐼𝑐 − (𝜔𝑐 + 𝜇)𝑅𝑐

d𝑉𝑖
d𝑡

= 𝜃𝑖𝑆 − (1 − 𝜖𝑖)𝜆𝑉𝑖 − (𝜏𝑖 + 𝜇)𝑉𝑖,

d𝐼𝑖
d𝑡

= (𝜆𝑖 + 𝜆𝑖𝑐 )[𝑆 + (1 − 𝜖𝑖)𝑉𝑖] + (1 − 𝜖𝑐 )(𝜆𝑖 + 𝜆𝑖𝑐 )𝑉𝑐

− (𝛾𝑖 + 𝛿𝑖 + 𝜇 + 𝜙𝑐𝜆𝑐 )𝐼𝑖,
d𝑅𝑖
d𝑡

= 𝛾𝑖𝐼𝑖 − (𝜔𝑖 + 𝜇)𝑅𝑖,

d𝑉𝑐𝑖
d𝑡

= 𝜃𝑐𝑖𝑆 − (1 − 𝜖𝑐𝑖)𝜆𝑐𝑖𝑉𝑐𝑖 − (𝜏𝑐𝑖 + 𝜇)𝑉𝑐𝑖,

d𝐸𝑐𝑖
d𝑡

= (1 − 𝜖𝑐𝑖)𝜆𝑐𝑖𝑉𝑐𝑖 + 𝜙𝑖𝜆𝑖𝐼𝑐 + 𝜙𝑐𝜆𝑐𝐼𝑖 − (𝜎𝑐𝑖 + 𝜇)𝐸𝑐𝑖,

d𝐼𝑐𝑖
d𝑡

= 𝜎𝑐𝑖𝐸𝑐𝑖 − (𝛾𝑐𝑖 + 𝜇 + 𝛿𝑐 )𝐼𝑐𝑖,

d𝑅𝑐𝑖
d𝑡

= 𝛾𝑐𝑖𝐼𝑐𝑖 − (𝜔𝑐𝑖 + 𝜇)𝑅𝑐𝑖

(2.15)
 i

4

with the following initial conditions

𝑆(0) > 0, 𝑉𝑐 ≥ 0, 𝐸𝑐 ≥ 0, 𝐼𝑐 ≥ 0, 𝑅𝑐 ≥ 0, 𝑉𝑖 ≥ 0, 𝐼𝑖 ≥ 0, 𝑅𝑖 ≥ 0,

𝑐𝑖 ≥ 0, 𝐸𝑐𝑖 ≥ 0, 𝐼𝑐𝑖 ≥ 0, and 𝑅𝑐𝑖 ≥ 0. (2.16)

Another assumption of the model is that since two infections cannot
ave the same viral load nor can they have the same within-host
ompetitiveness, this means that an infectious co-infected person will
ransmit the infection that has the highest within-host competitiveness.
herefore, 𝜆𝑐𝑖 is the force of infection that indicates when COVID-19
as the within-host competitive advantage over influenza, while 𝜆𝑖𝑐 is
he force of infection that indicates when influenza has the within-host
ompetitive advantage over COVID-19. The parameter 𝛽𝑐𝑖 indicates that
OVID-19 is transmitted in infectious co-infected individuals, while 𝛽𝑖𝑐

ndicates that influenza is transmitted in infectious co-infected individ-
als. Consequently, if COVID-19 has the highest competitive advantage
ver influenza, then 𝛿𝑐𝑖 = 𝛿𝑐 , and if it is the other way round, then

𝛿𝑖𝑐 = 𝛿𝑖. It is also worth noting that the order of infection does not
matter in the stratification of the co-dynamics population classes i.e
𝐸𝑐𝑖 = 𝐸𝑖𝑐 , 𝑉𝑐𝑖 = 𝑉𝑖𝑐 , 𝐼𝑐𝑖 = 𝐼𝑖𝑐 , 𝑅𝑐𝑖 = 𝑅𝑖𝑐 that is why the reverse-order of
he co-dynamics classes are ignored (see Fig. 1).

The model variables and their descriptions are given in Table 1.
The model parameters and descriptions are given in Table 2.

. Model analysis

In this section, we shall analyze the COVID-19 sub-model qualita-
ively. These analyses include the boundedness of the solution, positiv-
ty of the solution, the existence of disease-free and endemic equilibria,
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Table 2
Model parameters, descriptions, and values.
Parameter Description Value Reference

𝛬 Birth and immigration rate 52,272/year Estimated from [50,51]
𝛽𝑐 Effective contact rate leading to COVID-19 0.5249 [17,52]
𝛽𝑖 Effective contact rate leading to influenza 0.2530 [53]
𝛽𝑐𝑖 , 𝛽𝑖𝑐 Effective contact rate leading to co-infection 0.4320, 0.4320 Assumed
𝜏𝑐 Waning rate of COVID-19 vaccine 0 ≤ 𝜏𝑐 ≤ 1
𝜏𝑖 Waning rate of influenza vaccine 0 ≤ 𝜏𝑖 ≤ 1
𝜏𝑐𝑖 Waning rate of both vaccines 0 ≤ 𝜏𝑐𝑖 ≤ 1
𝜔𝑐 Post-recovery waning rate after COVID-19 infection 0 ≤ 𝜔𝑐 ≤ 1
𝜔𝑖 Post-recovery waning rate after influenza infection 0 ≤ 𝜔𝑖 ≤ 1
𝜔𝑐𝑖 Post-recovery waning rate after co-infection 0 ≤ 𝜔𝑐𝑖 ≤ 1
𝛿𝑐 COVID-19-induced death rate 0.0014 [54,55]
𝛿𝑖 Influenza-induced death rate 0.0210 [56]
𝜃𝑐 COVID-19 vaccination rate 0 ≤ 𝜃𝑐 ≤ 1
𝜃𝑖 Influenza vaccination rate 0 ≤ 𝜃𝑖 ≤ 1
𝜃𝑐𝑖 Vaccination rate of those who take both vaccines 0 ≤ 𝜃𝑐𝑖 ≤ 1
𝜖𝑐 Efficacy of COVID-19 vaccine 0 ≤ 𝜖𝑐 ≤ 1
𝜖𝑖 Efficacy of influenza vaccine 0 ≤ 𝜖𝑖 ≤ 1
𝜖𝑐𝑖 Efficacy of both vaccines 0 ≤ 𝜖𝑐𝑖 ≤ 1
𝜎𝑐 Progression rate from 𝐸𝑐 to 𝐼𝑐 1/2 day−1 [57,58]
𝜎𝑐𝑖 Progression rate from 𝐸𝑐𝑖 to 𝐼𝑐𝑖 1/5 day−1 Assumed
𝜙𝑐 Assumed susceptibility to COVID-19 after influenza infection 0.225 Assumed
𝜙𝑖 Assumed susceptibility to influenza after COVID-19 infection 0.3225 Assumed
𝜇 Natural death rate 0.0121 [59]
𝛾𝑐 Recovery rate after COVID-19 infection 1/7 day−1 [54,60]
𝛾𝑖 Recovery rate after influenza infection 0.1998 [56]
𝛾𝑐𝑖 Recovery rate after co-infection 0.1880 Assumed
w

𝑆

F
s
w

t

E

w

𝑁

and the threshold quantities. We shall also examine the possibility of
backward bifurcation. Lastly, we shall establish the same analyses for
the influenza sub-model.

3.1. Analysis of the COVID-19 sub-model

For the COVID-19 sub-model, we shall set all influenza and co-
infection-related parameters and variables to zero. These variables are
𝑉𝑖 = 𝑉𝑐𝑖 = 𝑅𝑖 = 𝑅𝑐𝑖 = 𝐼𝑖 = 𝐼𝑐𝑖 = 𝐸𝑖 = 𝐸𝑐𝑖 = 0 and the parameters
include 𝛽𝑖 = 𝛽𝑐𝑖 = 𝜏𝑖 = 𝜏𝑐𝑖 = 𝜔𝑖 = 𝜔𝑐𝑖 = 𝛿𝑖 = 𝛿𝑐𝑖 = 0 among others. The
COVID-19 sub-model is given by

d𝑆𝑐
d𝑡

= 𝛬 + 𝜔𝑐𝑅𝑐 + 𝜏𝑐𝑉𝑐 − (𝜃𝑐 + 𝜇 + 𝜆𝑐 )𝑆𝑐 ,

d𝑉𝑐
d𝑡

= 𝜃𝑐𝑆𝑐 − (1 − 𝜖𝑐 )𝜆𝑐𝑉𝑐 − (𝜏𝑐 + 𝜇)𝑉𝑐 ,

d𝐸𝑐
d𝑡

= 𝜆𝑐 [𝑆𝑐 + (1 − 𝜖𝑐 )𝑉𝑐 ] − (𝜎𝑐 + 𝜇)𝐸𝑐 ,

d𝐼𝑐
d𝑡

= 𝜎𝑐𝐸𝑐 − (𝛾𝑐 + 𝜇 + 𝛿𝑐 )𝐼𝑐 ,

d𝑅𝑐
d𝑡

= 𝛾𝑐𝐼𝑐 − (𝜔𝑐 + 𝜇)𝑅𝑐 ,

(3.1)

with the following initial condition 𝑆𝑐 (0) > 0, 𝑉𝑐 (0) ≥ 0, 𝐸𝑐 (0) ≥
0, 𝐼𝑐 (0) ≥ 0, 𝑅𝑐 (0) ≥ 0. The total population is given by 𝑁 = 𝑆𝑐 + 𝑉𝑐 +
𝐸𝑐 + 𝐼𝑐 +𝑅𝑐 and the COVID-19 force of infection is given by 𝜆𝑐 =

𝛽𝑐𝐼𝑐
𝑁 .

3.1.1. Boundedness and non-negativity of the solution
In this section, we shall prove the non-negativity and boundedness

of the solutions of the ordinary differential equations (ODE) system
(3.1). Using the first equation of (3.1) and its positive initial conditions,
we shall show that the solution of this system remains positive. We have

d𝑆𝑐
d𝑡

= 𝛬 + 𝜔𝑐𝑅𝑐 + 𝜏𝑐𝑉𝑐 − (𝜃𝑐 + 𝜇 + 𝜆𝑐 )𝑆𝑐 ,

≥ 𝛬 − (𝜃 + 𝜇 + 𝜆 )𝑆 .
(3.2)
𝑐 𝑐 𝑐

5

Since the above ODE is linear and of first-order, the integrating factor
is given by

𝑈 (𝑡) = exp
{

∫

𝑡

0

[

𝜆𝑐 (𝑠) + 𝜃𝑐 + 𝜇
]

𝑑𝑠
}

,

where 𝜆𝑐 (𝑠) ≡ 𝜆𝑐 (𝑆𝑐 , 𝑉𝑐 , 𝐸𝑐 , 𝐼𝑐 , 𝑅𝑐 ). The standard solution of the linear
ODE in (3.2) using the integrating factor and ignoring the inequality
sign is given by

𝑆𝑐 (𝜉)𝑈 (𝜉) ||
|

𝑡

0
= 𝛬∫

𝑡

0
𝑈 (𝜉) d𝜉,

which gives

𝑆𝑐 (𝑡) exp
{

∫

𝑡

0

[

𝜆𝑐 (𝑠) + 𝜃𝑐 + 𝜇
]

d𝑠
}

≥ 𝑆𝑐 (0) + 𝛬∫

𝑢

0
exp

{

∫

𝑡

0

[

𝜆𝑐 (𝑠) + 𝜃𝑐 + 𝜇
]

d𝑠
}

d𝑢,

here 𝑆𝑐 (0) ≥ 0, which can easily be simplified to

𝑐 (𝑡) ≥ 𝑆𝑐 (0) exp
{

−∫

𝑡

0

[

𝜆𝑐 (𝑠) + 𝜃𝑐 + 𝜇
]

d𝑠
}

+ 𝛬∫

𝑢

0
exp

{

∫

𝑡

0

[

𝜆𝑐 (𝑠) + 𝜃𝑐 + 𝜇
]

d𝑠
}

d𝑢

× exp
{

−∫

𝑡

0

[

𝜆𝑐 (𝑠) + 𝜃𝑐 + 𝜇
]

𝑑𝑠
}

.

(3.3)

rom the above equation, it is guaranteed that 𝑆𝑐 (𝑡) is non-negative
ince 𝑆𝑐 (0) and 𝛬 are both positive. From the second equation of (3.1),
e have 𝑉̇𝑐 (𝑉𝑐 = 0) = 𝜃𝑐𝑆𝑐 . Since 𝑆𝑐 (0) > 0 and 𝑆𝑐 (𝑡) ≥ 0, it is guarantee

that 𝑉𝑐 (𝑡) ≥ 0 for all 𝑡 > 0. Following the same process, it can be shown
hat 𝐸𝑐 (𝑡), 𝐼𝑐 (𝑡) and 𝑅𝑐 (𝑡) are all non-negative for all 𝑡 > 0.

We now proceed to prove the boundedness of the solution of
q. (3.1) at all times 𝑡 > 0. Adding up all equations in (3.1) to have

𝑑𝑁𝑐
𝑑𝑡 = 𝛬 − 𝜇(𝑆𝑐 + 𝑉𝑐 + 𝐸𝑐 + 𝐼𝑐 + 𝑅𝑐 ) − 𝛿𝑐𝐼𝑐

≤ 𝛬 − 𝜇𝑁𝑐 since 𝐼𝑐 ≥ 0,

hose solution is given by

𝑐 (𝑡) ≤
𝛬 +

[

𝑁𝑐 (0) −
𝛬
]

𝑒−𝜇𝑡.

𝜇 𝜇



R. Musa, O.J. Peter and F.A. Oguntolu Healthcare Analytics 4 (2023) 100240

i

𝑅

n
i
T
t

T
i

p
u
T
o

3

l
e
i
t

𝑅

𝑁

T
e

𝐷

s

𝐷

𝐷

𝐷

w

𝑀

𝑀

𝐴

r
e
𝑅
s
4
c
t
g
a

T
(
i

p

Taking the limit of both sides as 𝑡 → ∞ gives

lim
𝑡→∞

𝑁𝑐 (𝑡) ≤
𝛬
𝜇

+ lim
𝑡→∞

[(

𝑁𝑐 (0) −
𝛬
𝜇

)

𝑒−𝜇𝑡
]

= 𝛬
𝜇
. (3.4)

This result shows that the total COVID-19 population is bounded by
𝛬∕𝜇 for all 𝑡 > 0. More so, we conclude that the ODE system (3.1) is
well-posed biologically since all the state variables are non-negative for
all 𝑡 > 0.

3.1.2. Disease-free equilibrium and stability analysis
In this subsection, we shall derive the disease-fee equilibrium points,

basic reproduction number, and stability properties which are heavily
dependent on the value of the reproduction number. The DFE is derived
as

𝜁𝑐 = (𝑆̄𝑐 , 𝑉𝑐 , 𝐸̄𝑐 , 𝐼𝑐 , 𝑅̄𝑐 ) =
(

𝛬(𝜏𝑐 + 𝜇)
𝜇(𝜃𝑐 + 𝜏𝑐 + 𝜇)

,
𝛬𝜃𝑐

𝜇(𝜃𝑐 + 𝜏𝑐 + 𝜇)
, 0, 0, 0

)

,

(3.5)

where 𝑆𝑐+(1−𝜖𝑐 )𝑉𝑐
𝑁̄𝑐

= 𝜏𝑐+𝜇+(1−𝜖𝑐 )𝜃𝑐
𝜃𝑐+𝜏𝑐+𝜇

and 𝑁̄𝑐 = 𝑆𝑐 + 𝑉𝑐 =
𝛬
𝜇 .

Using the next generation matrix [61,62], the reproduction number
s computed and given as

𝑐𝑜𝑣 =
𝜎𝑐𝛽𝑐 (𝜏𝑐 + 𝜇 + (1 − 𝜖𝑐 )𝜃𝑐 )

(𝜎𝑐 + 𝜇)(𝛾𝑐 + 𝜇 + 𝛿𝑐 )(𝜃𝑐 + 𝜏𝑐 + 𝜇)
. (3.6)

The reproduction number 𝑅𝑐𝑜𝑣 is defined as the average number of
ew COVID-19 infections generated by a single infection introduced
nto a susceptible population where a fraction of them are vaccinated.
he Theorem 3.1 below explains the condition for the local stability of
he DFE points.

heorem 3.1. The DFE of the model equation (3.1) is locally asymptot-
cally stable (LAS) if 𝑅𝑐𝑜𝑣 < 1, and unstable if 𝑅𝑐𝑜𝑣 > 1.

This theorem implies that COVID-19 can be eliminated from the
opulation when 𝑅𝑐𝑜𝑣 is less than unity if the initial size of the pop-
lation is under the basin of attraction of the DFE, 𝜁𝑐 . The proof of
heorem 3.1 is elementary and can be established using Theorem 2
f [63].

.1.3. Endemic equilibrium and stability analysis
In this subsection, we derive the expressions for the endemic equi-

ibrium points. Due to the complexity and cumbersomeness of the
xpressions, we consider a limiting ODE model where a vaccinated
ndividual can only get infected with COVID-19 after completely losing
heir vaccine-induced immunity. In lieu of this, we set 𝜖𝑐 = 1 in the

model (3.1) for simplification.
The disease-free equilibrium of the reduced model remains the same

as that of Eq. (3.1) only that 𝑆𝑐+(1−𝜖𝑐 )𝑉𝑐
𝑁̄𝑐

= 𝜏𝑐+𝜇+(1−𝜖𝑐 )𝜃𝑐
𝜃𝑐+𝜏𝑐+𝜇

becomes 𝑆𝑐
𝑁̄𝑐

=
𝜏𝑐+𝜇

𝜃𝑐+𝜏𝑐+𝜇
. Consequently, the reproduction number (3.6) reduces to

𝑐𝑜𝑣𝑟 =
𝜃𝑐𝜎𝑐𝛽𝑐 (𝜏𝑐 + 𝜇)

(𝜎𝑐 + 𝜇)(𝛾𝑐 + 𝜇 + 𝛿𝑐 )(𝜃𝑐 + 𝜏𝑐 + 𝜇)
. (3.7)

The endemic equilibrium of (3.1) is denoted by 𝜁∗𝑐 which is represented
as

𝜁∗𝑐 = (𝑆∗
𝑐 , 𝑉

∗
𝑐 , 𝐸

∗
𝑐 , 𝐼

∗
𝑐 , 𝑅

∗
𝑐 ), (3.8)

and the force of infection at the endemic equilibrium point is given by

𝜆∗𝑐 =
𝛽𝑐𝑆∗

𝑐
∗ . (3.9)
𝑁𝑐
t

6

Consequently, the state variables at the endemic equilibrium is given
by

𝑆∗
𝑐 =

𝛬𝑀2𝑀3𝑀4𝑀5

(𝑀2𝑀3𝑀4𝑀5 − 𝜔𝑐𝛾𝑐𝜎𝑐𝑀2)𝜆∗𝑐 +𝑀1𝑀2𝑀3𝑀4𝑀5 − 𝜏𝑐𝜃𝑐𝑀3𝑀4𝑀5
,

𝑉 ∗
𝑐 =

𝛬𝑀2𝑀3𝑀4𝑀5𝜃𝑐
𝑀2(𝑀2𝑀3𝑀4𝑀5 − 𝜔𝑐𝛾𝑐𝜎𝑐𝑀2)𝜆∗𝑐 +𝑀1𝑀2

2𝑀3𝑀4𝑀5 − 𝜏𝑐𝜃𝑐𝑀2𝑀3𝑀4𝑀5
,

𝐸∗
𝑐 =

𝛬𝑀2𝑀3𝑀4𝑀5𝜆∗𝑐
𝑀3(𝑀2𝑀3𝑀4𝑀5 − 𝜔𝑐𝛾𝑐𝜎𝑐𝑀2)𝜆∗𝑐 +𝑀1𝑀2𝑀2

3𝑀4𝑀5 − 𝜏𝑐𝜃𝑐𝑀2
3𝑀4𝑀5

,

𝐼∗
𝑐 =

𝜎𝑐𝛬𝑀2𝑀3𝑀4𝑀5𝜆∗𝑐
𝑀3𝑀4(𝑀2𝑀3𝑀4𝑀5 − 𝜔𝑐𝛾𝑐𝜎𝑐𝑀2)𝜆∗𝑐 +𝑀1𝑀2𝑀2

3𝑀
2
4𝑀5 − 𝜏𝑐𝜃𝑐𝑀2

3𝑀
2
4𝑀5

,

𝑅∗
𝑐 =

𝛾𝑐𝜎𝑐𝛬𝑀2𝑀3𝑀4𝑀5𝜆∗𝑐
𝑀3𝑀4𝑀5(𝑀2𝑀3𝑀4𝑀5 − 𝜔𝑐𝛾𝑐𝜎𝑐𝑀2)𝜆∗𝑐 +𝑀1𝑀2𝑀2

3𝑀
2
4𝑀

2
5 − 𝜏𝑐𝜃𝑐𝑀2

3𝑀
2
4𝑀

2
5

,

∗
𝑐 =

𝛽𝑐𝜎𝑐𝛬𝑀2𝑀3𝑀4𝑀5

𝑀3𝑀4(𝑀2𝑀3𝑀4𝑀5 − 𝜔𝑐𝛾𝑐𝜎𝑐𝑀2)𝜆∗𝑐 +𝑀1𝑀2𝑀2
3𝑀

2
4𝑀5 − 𝜏𝑐𝜃𝑐𝑀2

3𝑀
2
4𝑀5

.

(3.10)

he expressions in (3.10) are substituted into (3.9) so that the non-zero
quilibria satisfy

1𝜆
∗2
𝑐 +𝐷2𝜆

∗
𝑐 +𝐷3 = 0, (3.11)

uch that

1 = (𝛬𝑀3𝑀4𝐴2 − 𝛿𝑐𝜎𝑐𝛬𝑀2𝑀3𝑀4𝑀5)𝐴2𝑀3𝑀4,

2 = 𝑀2
3𝑀

2
4𝑀5(𝑀1𝑀2 − 𝜏𝑐𝜃𝑐 )(𝛬𝑀3𝑀4𝐴2 − 𝛿𝑐𝜎𝑐𝐴1),

3 = 𝛬𝑀2
3𝑀

2
4𝑀

2
3𝑀

2
4𝑀

2
5 (𝑀1𝑀2 − 𝜏𝑐𝜃𝑐 )2(1 − 𝑅𝑐𝑜𝑣𝑟),

here

1 = 𝜃𝑐 + 𝜇,𝑀2 = 𝜏𝑐 + 𝜇,𝑀3 = 𝜎𝑐 + 𝜇,𝑀4 = 𝛾𝑐 + 𝜇 + 𝛿𝑐 ,

5 = 𝜔 + 𝜇, 𝜌𝑐 = 1 − 𝜖𝑐 ,

1 = 𝛬𝑀2𝑀3𝑀4𝑀5, 𝐴2 = 𝑀2(𝑀3𝑀4𝑀5 − 𝜔𝑐𝛾𝑐𝜎𝑐 ).

By expansion and factorization, it can be seen that the sign of 𝐷1
is positive explicitly. The sign of 𝐷2 cannot be explicitly determined
because of the negative sign but 𝐷3 ≥ 0 if and only if 𝑅𝑐𝑜𝑣𝑟 ≤ 1.
The endemic equilibrium (equilibria) of the model can be obtained by
solving for the positive values of 𝜆∗𝑐 in (3.11) and substituting it into
(3.10). These equilibria exist for 𝜆∗𝑐 > 1 and are summarized in the
following theorem.

Theorem 3.2. The ODE model (3.1) has

i. a unique endemic equilibrium if 𝐷3 < 0 ⟺ 𝑅𝑐𝑜𝑣𝑟 > 1;
ii. a unique endemic equilibrium if 𝐷2 < 0 and 𝐷3 = 0 or 𝐷2

2−4𝐷1𝐷3 =
0;

iii. two endemic equilibria if 𝐷3 > 0, 𝐷2 < 0 and 𝐷2
2 − 4𝐷1𝐷3 > 0;

iv. no endemic equilibrium otherwise.

In Theorem 3.2, case (ii) shows the existence of an endemic equilib-
ium but the expression of 𝐷2 is not explicitly negative and 𝐷3 is not
qual to zero (only if 𝑅𝑐𝑜𝑣𝑟 = 1). For the case (iii), though 𝐷3 > 0 if
𝑐𝑜𝑣𝑟 < 1 but 𝐷2 is not explicitly negative and 𝐷2

2 −4𝐷1𝐷3 will contain
ome negative and positive terms which will make the condition 𝐷2

2 −
𝐷1𝐷3 > 0 difficult to satisfy. For this reason, the easiest conclusion we
an make is that the model (3.1) satisfies case (i) (which means that
he endemic equilibrium exists when the reproduction number 𝑅𝑐𝑜𝑣𝑟, is
reater than 1). The existence of backward bifurcation in case (iii) is
lso possible. Hence, we have the following theorem.

heorem 3.3. The endemic equilibrium of the model equation (3.1)
under the condition that 𝜖𝑐 = 1) is locally asymptotically stable (LAS)
f 𝑅𝑐𝑜𝑣𝑟 > 1, and unstable if 𝑅𝑐𝑜𝑣𝑟 < 1.

This theorem implies that COVID-19 can be eliminated from the
opulation when the threshold parameter 𝑅𝑐𝑜𝑣𝑟 < 1 if the initial size of

he population is under the basin of attraction of the DFE, 𝜁𝑐 . The proof
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of Theorem 3.3 is elementary and can be established using Theorem 2
of [63].

3.2. Analysis of the influenza sub-model

For the influenza sub-model, we shall set all COVID-19 and co-
infection-related parameters and variables to zero. These variables are
𝑉𝑐 = 𝑉𝑐𝑖 = 𝑅𝑐 = 𝑅𝑐𝑖 = 𝐼𝑐 = 𝐼𝑐𝑖 = 𝐸𝑐 = 𝐸𝑐𝑖 = 0 and the parameters
include 𝛽𝑐 = 𝛽𝑐𝑖 = 𝜏𝑐 = 𝜏𝑐𝑖 = 𝜔𝑐 = 𝜔𝑐𝑖 = 𝛿𝑐 = 𝛿𝑐𝑖 = 0 among others. The
influenza sub-model is given by
d𝑆𝑖
d𝑡

= 𝛬 + 𝜔𝑖𝑅𝑖 + 𝜏𝑖𝑉𝑖 − (𝜃𝑖 + 𝜇 + 𝜆𝑖)𝑆𝑖,

d𝑉𝑖
d𝑡

= 𝜃𝑖𝑆𝑖 − (1 − 𝜖𝑖)𝜆𝑖𝑉𝑖 − (𝜏𝑖 + 𝜇)𝑉𝑖,

d𝐼𝑖
d𝑡

= 𝜆𝑖[𝑆𝑖 + (1 − 𝜖𝑖)𝑉𝑖] − (𝛾𝑖 + 𝛿𝑖 + 𝜇)𝐼𝑖,

d𝑅𝑖
d𝑡

= 𝛾𝑖𝐼𝑖 − (𝜔𝑖 + 𝜇)𝑅𝑖,

(3.12)

with the following initial conditions 𝑆𝑖(0) > 0, 𝑉𝑖(0) ≥ 0, 𝐼𝑖(0) ≥
, 𝑅𝑖(0) ≥ 0. The total population is given by 𝑁 = 𝑆𝑖 + 𝑉𝑖 + 𝐼𝑖 + 𝑅𝑖

nd the influenza force of infection is given by 𝜆𝑖 =
𝛽𝑖𝐼𝑖
𝑁 .

3.2.1. Boundedness and non-negativity of the solution
In this section, we shall prove the non-negativity and boundedness

of the solutions of the ODE system (3.12). Using the first equation of
(3.12) and its positive initial conditions, we shall show that the solution
of this system remains positive. We have
d𝑆𝑖
d𝑡

= 𝛬 + 𝜔𝑖𝑅𝑖 + 𝜏𝑖𝑉𝑖 − (𝜃𝑖 + 𝜇 + 𝜆𝑖)𝑆𝑖,

≥ 𝛬 − (𝜃𝑖 + 𝜇 + 𝜆𝑖)𝑆𝑖.
(3.13)

Since the above ODE is linear and of first-order, the integrating factor
is given by

𝑄(𝑡) = exp
{

∫

𝑡

0

[

𝜆𝑖(𝑠) + 𝜃𝑖 + 𝜇
]

𝑑𝑠
}

,

where 𝜆𝑖(𝑠) ≡ 𝜆𝑖(𝑆𝑖, 𝑉𝑖, 𝐸𝑖, 𝐼𝑖, 𝑅𝑖). The standard solution of the linear
ODE in (3.13) using the integrating factor and ignoring the inequality
sign is given by

𝑆𝑖(𝜂)𝑄(𝜂) ||
|

𝑡

0
= 𝛬∫

𝑡

0
𝑄(𝜂) d𝜂,

which gives

𝑆𝑖(𝑡) exp
{

∫

𝑡

0

[

𝜆𝑖(𝑠) + 𝜃𝑖 + 𝜇
]

d𝑠
}

≥ 𝑆𝑖(0) + 𝛬∫

𝑢

0
exp

{

∫

𝑡

0

[

𝜆𝑖(𝑠) + 𝜃𝑖 + 𝜇
]

d𝑠
}

d𝑢,

where 𝑆𝑖(0) ≥ 0, which can easily be simplified to

𝑆𝑖(𝑡) ≥ 𝑆𝑖(0) exp
{

−∫

𝑡

0

[

𝜆𝑖(𝑠) + 𝜃𝑖 + 𝜇
]

d𝑠
}

+ 𝛬∫

𝑢

0
exp

{

∫

𝑡

0

[

𝜆𝑖(𝑠) + 𝜃𝑖 + 𝜇
]

d𝑠
}

d𝑢

× exp
{

−∫

𝑡

0

[

𝜆𝑖(𝑠) + 𝜃𝑖 + 𝜇
]

𝑑𝑠
}

.

(3.14)

From the above equation, it is guaranteed that 𝑆𝑖(𝑡) is non-negative
since 𝑆𝑖(0) and 𝛬 are both positive. From the second equation of (3.12),
we have 𝑉̇𝑖(𝑉𝑖 = 0) = 𝜃𝑖𝑆𝑖. Since 𝑆𝑖(0) > 0 and 𝑆𝑖(𝑡) ≥ 0, it is guarantee
that 𝑉𝑖(𝑡) ≥ 0 for all 𝑡 > 0. Following the same process, it can be shown
that 𝐼𝑖(𝑡) and 𝑅𝑖(𝑡) are all non-negative for all 𝑡 > 0.

We now proceed to prove the boundedness of the solution of
Eq. (3.12) at all times 𝑡 > 0. Adding up all equations in (3.12) to have
𝑑𝑁𝑖
𝑑𝑡 = 𝛬 − 𝜇(𝑆𝑖 + 𝑉𝑖 + 𝐼𝑖 + 𝑅𝑖) − 𝛿𝑖𝐼𝑖
≤ 𝛬 − 𝜇𝑁𝑖 since 𝐼𝑖 ≥ 0,

7

whose solution is given by

𝑁𝑖(𝑡) ≤
𝛬
𝜇

+
[

𝑁𝑖(0) −
𝛬
𝜇

]

𝑒−𝜇𝑡.

aking the limit of both sides as 𝑡 → ∞ gives

lim
𝑡→∞

𝑁𝑖(𝑡) ≤
𝛬
𝜇

+ lim
𝑡→∞

[(

𝑁𝑖(0) −
𝛬
𝜇

)

𝑒−𝜇𝑡
]

= 𝛬
𝜇
. (3.15)

This result shows that the total COVID-19 population is bounded by
𝛬∕𝜇 for all 𝑡 > 0. More so, we conclude that the ODE system (3.12)
is well-posed biologically since all the state variables are non-negative
for all 𝑡 > 0.

3.2.2. Disease-free equilibrium and stability analysis
In this subsection, we shall derive the disease-fee equilibrium points,

basic reproduction number, and stability properties which are heavily
dependent on the value of the reproduction number. The DFE is derived
as

𝜁𝑖 = (𝑆̄𝑖, 𝑉𝑖, 𝐼𝑖, 𝑅̄𝑖) =
(

𝛬(𝜏𝑖 + 𝜇)
𝜇(𝜃𝑖 + 𝜏𝑖 + 𝜇)

,
𝛬𝜃𝑖

𝜇(𝜃𝑖 + 𝜏𝑖 + 𝜇)
, 0, 0, 0

)

, (3.16)

where 𝑆𝑖+(1−𝜖𝑖)𝑉𝑖
𝑁̄𝑖

= 𝜏𝑖+𝜇+(1−𝜖𝑖)𝜃𝑖
𝜃𝑖+𝜏𝑖+𝜇

and 𝑁̄𝑖 = 𝑆̄𝑖 + 𝑉𝑖 =
𝛬
𝜇 .

Using the next generation matrix [61,62], the reproduction number
s computed as

𝑖𝑛𝑓 =
𝛽𝑖(𝜏𝑖 + 𝜇 + (1 − 𝜖𝑖)𝜃𝑖)

(𝛾𝑖 + 𝜇 + 𝛿𝑖)(𝜃𝑖 + 𝜏𝑖 + 𝜇)
. (3.17)

The reproduction number 𝑅𝑖𝑛𝑓 is defined as the average number of
new influenza infections generated by a single infection introduced into
a susceptible population where a fraction of them are vaccinated. The
theorem below explains the condition for the local stability of the DFE
points.

Theorem 3.4. The DFE of the model equation (3.12) is locally asymp-
totically stable (LAS) if 𝑅𝑖𝑛𝑓 < 1, and unstable if 𝑅𝑖𝑛𝑓 > 1.

This theorem implies that influenza can be eliminated from the pop-
ulation when 𝑅𝑖𝑛𝑓 is less than unity if the initial size of the population
is under the basin of attraction of the DFE, 𝜁𝑖. The proof of Theorem 3.4
is elementary and can be established using Theorem 2 of [63].

3.2.3. Endemic equilibrium and stability analysis
In this subsection, we derive the expressions for the endemic equi-

librium points. Due to the complexity and cumbersomeness of the
expressions, we consider a limiting ODE model where a vaccinated
individual can only get infected with influenza after completely losing
their vaccine-induced immunity. In lieu of this, we set 𝜖𝑖 = 1 in the
model (3.12) for simplification.

The disease-free equilibrium of the reduced model remains the same
as that of Eq. (3.12) only that 𝑆𝑖+(1−𝜖𝑖)𝑉𝑖

𝑁̄𝑖
= 𝜏𝑖+𝜇+(1−𝜖𝑖)𝜃𝑖

𝜃𝑖+𝜏𝑖+𝜇
becomes 𝑆𝑖

𝑁̄𝑖
=

𝜏𝑖+𝜇
𝜃𝑖+𝜏𝑖+𝜇

. Consequently, the reproduction number (3.17) reduces to

𝑖𝑛𝑓𝑟 =
𝛽𝑖(𝜏𝑖 + 𝜇)

(𝛾𝑖 + 𝜇 + 𝛿𝑖)(𝜃𝑖 + 𝜏𝑖 + 𝜇)
. (3.18)

The endemic equilibrium of (3.12) is denoted by 𝜁∗𝑖 which is repre-
sented as

𝜁∗𝑖 = (𝑆∗
𝑖 , 𝑉

∗
𝑖 , 𝐼

∗
𝑖 , 𝑅

∗
𝑖 ), (3.19)

and the force of infection at the endemic equilibrium point is given by

𝜆∗𝑖 =
𝛽𝑖𝑆∗

𝑖
∗ . (3.20)
𝑁𝑖
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Consequently, the state variables at the endemic equilibrium is given
by

𝑆∗
𝑖 =

𝛬𝐵2𝐵3𝐵4
𝐵2(𝐵3𝐵4 − 𝜔𝑖𝛾𝑖)𝜆𝑖 + 𝐵3𝐵4(𝐵1𝐵2 − 𝜏𝑖𝜃𝑖)

,

𝑉 ∗
𝑖 =

𝛬𝐵2𝐵3𝐵4𝜃𝑖
𝐵2
2 (𝐵3𝐵4 − 𝜔𝑖𝛾𝑖)𝜆𝑖 + 𝐵2𝐵3𝐵4(𝐵1𝐵2 − 𝜏𝑖𝜃𝑖)

,

𝐼∗𝑖 =
𝛬𝐵2𝐵3𝐵4𝜆𝑖

𝐵2𝐵3(𝐵3𝐵4 − 𝜔𝑖𝛾𝑖)𝜆𝑖 + 𝐵2
3𝐵4(𝐵1𝐵2 − 𝜏𝑖𝜃𝑖)

,

𝑅∗
𝑖 =

𝛬𝐵2𝐵3𝐵4𝛾𝑖𝜆𝑖
𝐵2𝐵3𝐵4(𝐵3𝐵4 − 𝜔𝑖𝛾𝑖)𝜆𝑖 + 𝐵2

3𝐵
2
4 (𝐵1𝐵2 − 𝜏𝑖𝜃𝑖)

,

∗
𝑖 =

(𝛬𝐵3𝐵2(𝐵3𝐵4 − 𝜔𝑖𝛾𝑖) − 𝜇𝛿𝑖𝛬𝐵2𝐵3𝐵4)𝜆∗𝑖 + 𝛬𝐵2
3𝐵4(𝐵3𝐵4 − 𝜔𝑖𝛾𝑖)

𝜇(𝐵2𝐵3(𝐵3𝐵4 − 𝜔𝑖𝛾𝑖)𝜆𝑖 + 𝐵2
3𝐵4(𝐵1𝐵2 − 𝜏𝑖𝜃𝑖))

.

(3.21)

he expressions in (3.21) are substituted into (3.20) so that the non-
ero equilibria satisfy

4𝜆
∗
𝑖 +𝐷5 = 0, (3.22)

uch that

4 = 𝜇𝛾𝑖 + 𝜔𝑖𝛿𝑖(1 − 𝜇) + 𝜇𝛿𝑖(1 − 𝜇),

5 = 𝛬𝜇(𝛾𝑖 + 𝛿𝑖 + 𝜇)2(𝜔𝑖 + 𝜇)(𝜏𝑖 + 𝜃𝑖 + 𝜇)(1 − 𝑅𝑖𝑛𝑓𝑟).

Clearly, 𝐷4 > 0 since 0 < 𝜇 < 1 and 𝐷5 ≥ 0 whenever 𝑅𝑖𝑛𝑓𝑟 ≤ 1 so
that 𝜆∗𝑐 = −𝐷5

𝐷4
for 𝑅𝑖𝑛𝑓𝑟 < 1.

Therefore, for this case, the linear equation in (3.22) has no positive
solution and as such, has no positive endemic equilibrium whenever
𝑅𝑖𝑛𝑓𝑟 < 1. In this case, the possibility of backward bifurcation is conse-
quently ruled out. This is because bifurcation only occurs when at least
two positive endemic equilibria exist whenever 𝑅𝑖𝑛𝑓𝑟 < 1 [49,64,65].

Hence, we have the following theorem.

heorem 3.5. The endemic equilibrium of the model equation (3.12)
(under the condition that 𝜖𝑖 = 1) is locally asymptotically stable (LAS) if
𝑅𝑖𝑛𝑓𝑟 > 1, and unstable if 𝑅𝑖𝑛𝑓𝑟 < 1.

This theorem implies that influenza can be eliminated from the
population when the threshold parameter 𝑅𝑖𝑛𝑓𝑟 < 1 if the initial size of
the population is under the basin of attraction of the DFE, 𝜁𝑖. The proof
of Theorem 3.5 is elementary and can be established using theorem 2
of [63].

3.3. Analysis of the co-infection model

Here, we shall discuss the boundedness and positivity of solution of
the co-infection model (2.15). Following the approach in the previous
subsections, it can be shown that the solution of (2.15) is non-negative
and that the solution is bounded in the feasible region 𝛩 ⊂ 12

+ such
that

𝛩 = {(𝑆, 𝑉𝑐 , 𝐸𝑐 , 𝐼𝑐 , 𝑅𝑐 , 𝑉𝑖, 𝐼𝑖, 𝑅𝑖, 𝑉𝑐𝑖, 𝐸𝑐𝑖, 𝐼𝑐𝑖, 𝑅𝑐𝑖) ∈ 12
+ ∶ 𝑁 ≤ 𝑁(0)},

where 𝑁 = 𝑆 + 𝑉𝑐 + 𝐸𝑐 + 𝐼𝑐 + 𝑅𝑐 + 𝑉𝑖 + 𝐼𝑖 + 𝑅𝑖 + 𝑉𝑐𝑖 + 𝐸𝑐𝑖 + 𝐼𝑐𝑖 + 𝑅𝑐𝑖.
n this regard, the co-infection model (2.15) is mathematically and
pidemiologically well-posed in the feasible region 𝛩 and the solutions
re non-negative.

The disease-free equilibrium, 𝜁0, is given by

0 = (𝑆̄0, 𝑉𝑖0, 𝑉𝑐0, 𝑉𝑐𝑖0, 𝐸̄𝑐0, 𝐼𝑐0, 𝑅̄𝑐0, 𝐼𝑖0, 𝑅̄𝑖0, 𝐸̄𝑐𝑖0, 𝐼𝑐𝑖0, 𝑅̄𝑐𝑖0)

=
(

𝑆̄0, 𝑉𝑖0, 𝑉𝑐0, 𝑉𝑐𝑖0, 0, 0, 0, 0, 0, 0, 0, 0
)

,
(3.23)

here

̄0 =
𝛬(𝜏𝑐 + 𝜇)(𝜏𝑖 + 𝜇)(𝜏𝑐𝑖 + 𝜇)

𝜇[(𝜏𝑖 + 𝜇)(𝜏𝑐𝑖 + 𝜇)𝜃𝑐 + (𝜏𝑐 + 𝜇)(𝜏𝑐𝑖 + 𝜇)𝜃𝑖 + (𝜏𝑖 + 𝜇)(𝜏𝑐 + 𝜇)𝜃𝑐𝑖]
,

𝑉𝑐0 =
𝜃𝑐𝛬(𝜏𝑐𝑖 + 𝜇)(𝜏𝑖 + 𝜇)

,

𝜇[(𝜏𝑖 + 𝜇)(𝜏𝑐𝑖 + 𝜇)𝜃𝑐 + (𝜏𝑐 + 𝜇)(𝜏𝑐𝑖 + 𝜇)𝜃𝑖 + (𝜏𝑖 + 𝜇)(𝜏𝑐 + 𝜇)𝜃𝑐𝑖] n
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̄𝑖0 =
𝜃𝑖𝛬(𝜏𝑐𝑖 + 𝜇)(𝜏𝑐 + 𝜇)

𝜇[(𝜏𝑖 + 𝜇)(𝜏𝑐𝑖 + 𝜇)𝜃𝑐 + (𝜏𝑐 + 𝜇)(𝜏𝑐𝑖 + 𝜇)𝜃𝑖 + (𝜏𝑖 + 𝜇)(𝜏𝑐 + 𝜇)𝜃𝑐𝑖]
,

𝑉𝑐𝑖0 =
𝜃𝑐𝑖𝛬(𝜏𝑐 + 𝜇)(𝜏𝑖 + 𝜇)

𝜇[(𝜏𝑖 + 𝜇)(𝜏𝑐𝑖 + 𝜇)𝜃𝑐 + (𝜏𝑐 + 𝜇)(𝜏𝑐𝑖 + 𝜇)𝜃𝑖 + (𝜏𝑖 + 𝜇)(𝜏𝑐 + 𝜇)𝜃𝑐𝑖]
,

and 𝑁̄0 = 𝑆̄0 + 𝑉𝑖0 + 𝑉𝑐0 + 𝑉𝑐𝑖0 = 𝛬
𝜇 . Using the next generation

matrix [61,62], the reproduction number for (2.15) is computed as

𝑅𝑐𝑜𝑓 = max{𝑅𝑐𝑜𝑣, 𝑅𝑖𝑛𝑓 }, (3.24)

where 𝑅𝑐𝑜𝑣 and 𝑅𝑖𝑛𝑓 are as given in Eqs. (3.6) and (3.17) respectively.
Hence, the following result follows.

Theorem 3.6. The DFE of the model equation (2.15) is locally asymp-
totically stable (LAS) if 𝑅𝑐𝑜𝑓 < 1, and unstable if 𝑅𝑐𝑜𝑓 > 1.

4. Numerical simulation using the demography of Israel

Numerical simulations of the sub-models and the co-infection model
are performed to give a broad view of the time evolution of the
infected populations. It will also serve as a tool to understand the
dynamics of the model and a technique to investigate the significance of
some important parameters of the model. The model simulation results
shall help to validate the potential benefits of different vaccination
programs when implemented concurrently or separately in controlling
both COVID-19 and influenza diseases. The contribution of the immu-
nity waning rates as well as the vaccine efficacy rates shall also be
investigated.

Based on the projections of the 2022 United Nations data [59],
the current population of Israel is 9,103,434 which represents 0.11%
of the world population. This makes the total population 𝑁(0) =
9,103,434. Since it is difficult to differentiate between the total COVID-
19 population 𝑁𝑐 and the influenza population 𝑁𝑖, we set 𝑁𝑐 (0) =
𝑁𝑖(0) = 𝑁(0). According to [66], the total COVID-19 confirmed cases
in Israel is 4,760,050, we assume that the initial infected population
at the beginning of this modeling study is given by 𝐼𝑐 (0) = 1,428,015
which is 30% of 4,760,050. The total number of recovered persons,
𝑅𝑐 , is given by 4,735,805 [66], it is assumed that the initial recovered
population at the beginning of the modeling study is given by 30% of
4,735,050 which is 𝑅𝑐 (0) = 1,420,742. At April 3, 2021, [67] reported
that 4,714,932 which is 72.1% of 6 538 911 people aged 16 years and
older were fully vaccinated with two doses of BNT162b.

We set the initial vaccinated population to 𝑉𝑐 (0) = 1,414,480. Since
there is no data for the initial number of the exposed population, we
set 𝐸𝑐 (0) = 300,000. The susceptible population is calculated using the
formula

𝑆(0) = 𝑁(0) − (𝐼𝑐 (0) + 𝑉𝑐 (0) + 𝐸𝑐 (0) + 𝑅𝑐 (0)) = 4,540,197.

The detailed initial conditions are given in Table 3. According to the
world population [59], the current median age in Israel is approxi-
mately 29.9, with a total life expectancy of 82.5 years of age. The
natural death rate is defined as the reciprocal of the total life ex-
pectancy. Hence, 𝜇 = 1

82.5 = 0.0121 per year. In 2021, the total number
of people that migrated to Israel was 27,050 [50] while the current
birth rate for Israel in 2022 is 19.248 births per 1000 people [51]. With
this, we estimate 𝛬 = 52,272. Other parameter values can be found on
Table 2.

5. Discussion of results

In Fig. 2, the numerical solution of the model (3.1) for the disease-
free equilibrium is presented. The initial conditions used are as pre-
sented in Table 3. The vaccination rate used is 𝜃𝑐 = 0.8500 with
𝜖𝑐 = 0.9050 efficacy rate. The vaccine and post-recovery immunity

aning rates are 𝜏𝑐 = 0.15, 𝜔𝑐 = 0.15, corresponding to a reproduction
umber of 𝑅 = 0.8278 which is less than unity. All other parameters
𝑐𝑜𝑣
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Table 3
Model initial conditions. These initial conditions are based on the Israeli statistics as of December 29, 2022. The
influenza susceptible population is computed using 𝑆𝑖(0) = 𝑁𝑖(0) − (𝑉𝑖(0) + 𝐼𝑖(0) + 𝑅𝑖(0)) while the co-infection
susceptible population is computed using 𝑆𝑐𝑖(0) = 𝑁𝑐𝑖(0) − (𝑉𝑐𝑖(0) +𝐸𝑐𝑖(0) + 𝐼𝑐𝑖(0) +𝑅𝑐𝑖(0)). The initial conditions used
for the influenza population are inferred from the Israeli center for disease control ICDC [68].
Variable Value References

𝑁(0) = 𝑁𝑖(0) = 𝑁𝑐 (0) = 𝑁𝑐𝑖(0) 9,103,434 [59]
𝑆𝑐 (0) 4,540,197 Computed from [59]
𝑆𝑖(0) 4,701,979 [67]
𝑉𝑐 (0) 1,414,480 [67]
𝐼𝑐 (0) 1,428,015 [66]
𝐸𝑐 (0) 300,000 Assumed
𝑅𝑐 (0) 1,420,742 [66]
𝑉𝑖(0) 1,700,000 2017/2018 influenza data [68]
𝐼𝑖(0) 1455 2017/2018 influenza data [68]
𝑅𝑖(0) 2,700,000 Inferred from 2017/2018 influenza data [68]
𝑆𝑐𝑖(0) 4,403,433 Assumed
𝑉𝑐𝑖(0) 1,700,000 Assumed
𝐸𝑐𝑖(0) 300,000 Assumed
𝐼𝑐𝑖(0) 1 [69]
𝑉𝑐𝑖(0) 2,700,000 Assumed
Fig. 2. Disease-free dynamics. The time COVID-19 dynamics of the susceptible (𝑆𝑣), vaccinated (𝑉𝑐 ) and recovered (𝑅𝑐 ) populations (left panel), and those for the exposed (𝐸𝑐 )
nd infectious (𝐼𝑐 ), populations (right panel), showing the disease-free equilibrium dynamics. Vaccination rate is 𝜃𝑐 = 0.8500, with vaccine efficacy, 𝜖𝑐 = 0.8900. The vaccine and
ost-recovery immunity waning rates are 𝜏𝑐 = 0.15, 𝜔𝑐 = 0.15, corresponding to a reproduction number of 𝑅𝑐𝑜𝑣 = 0.8278. All other parameters are as given in Table 2.
Fig. 3. Endemic dynamics. The COVID-19 time dynamics of the susceptible (𝑆𝑐 ), Vaccinated (𝑉𝑐 ) and recovered (𝑅𝑐 ) populations (left panel), and the exposed (𝐸𝑐 ) and infectious
𝐼𝑐 ) populations (right panel), for when the disease is endemic in the population. The Vaccination rate is 𝜃𝑐 = 0.8500, with vaccine efficacy, 𝜖𝑐 = 1. The vaccine and post-recovery
mmunity waning rates are 𝜏𝑐 = 𝜔𝑐 = 0.95, corresponding to a reproduction number of 𝑅𝑐𝑜𝑣𝑟 = 1.7403. All other parameters are given in Table 2.
re as given in Table 2. It can be observed from the results in the
ight panel that the infected populations diminish steadily toward zero
ithin the first 250 days while the uninfected populations 𝑆𝑐 , 𝑉𝑐 (see

eft panel) increase steadily and later stabilize at the top. The recovered
opulation 𝑅𝑐 decreases steadily as expected. These results validate
he statement of Theorem 3.1 which means that whenever the COVID-
9 reproduction number becomes less than 1, the disease dies out,
nd both the susceptible and vaccinated populations become stable.
t also means that if the average number of new COVID-19 infections
enerated by a single infection introduced into a susceptible population
n any province in Israel is less than 1, then the COVID-19 virus will be
9

eliminated in the population within 250 days. In Fig. 3, we increased
the waning rates to 𝜏𝑐 = 𝜔𝑐 = 0.95 and 𝜖𝑐 = 1 while 𝛽𝑐 = 0.8520.
Other parameter values remain the same. The corresponding value
of the reproduction number is 𝑅𝑐𝑜𝑛𝑟 = 1.7403. It can be observed
from the right panel that the infected populations increase and remain
stable for 1500 days and beyond. On the left panel, the recovered
population increases because of the endemic state of the disease while
both susceptible and vaccinated populations reduce drastically, but do
not tend to zero. This result shows that the DFE is unstable when
𝑅𝑐𝑜𝑣𝑟 > 1, and as a result, the disease cannot be eliminated from the
population. It also means that if the average number of new COVID-19
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Fig. 4. Disease-free dynamics. The time influenza dynamics of the susceptible (𝑆𝑖), vaccinated (𝑉𝑖), and recovered (𝑅𝑖) populations (left panel), and the infected (𝐼𝑖), populations
right panel), showing the disease-free equilibrium dynamics. Vaccination rate is 𝜃𝑖 = 0.1485, with vaccine efficacy, 𝜖𝑖 = 0.8900. The vaccine and post-recovery immunity waning
ates are 𝜏𝑖 = 0.3190, 𝜔𝑖 = 0.3190 respectively, corresponding to a reproduction number of 𝑅𝑖𝑛𝑓 = 0.7869. All other parameters are as given in Table 2.
Fig. 5. Endemic dynamics. The influenza time dynamics of the susceptible (𝑆𝑖), Vaccinated (𝑉𝑖), and recovered (𝑅𝑖) populations (left panel), and the infected (𝐼𝑖) populations
right panel), for when the disease is endemic in the population. The Vaccination rate is 𝜃𝑖 = 0.1485, with vaccine efficacy, 𝜖𝑖 = 1. The vaccine and post-recovery immunity waning
ates are 𝜏𝑖 = 𝜔𝑖 = 0.95 and 𝛽𝑖 = 0.5230, corresponding to a reproduction number of 𝑅𝑖𝑛𝑓𝑟 = 1.9453. All other parameters are given in Table 2.
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nfections generated by a single infection introduced into a susceptible
opulation in any province in Israel is greater than 1, then the COVID-
9 virus will remain in the population for a longer time. In Fig. 5,
e increased the waning rates to 𝜏𝑖 = 𝜔𝑖 = 0.95 and 𝜖𝑖 = 1 while
ther parameter values remain the same. The corresponding value
f the reproduction number is 𝑅𝑖𝑛𝑓𝑟 = 1.9453. It can be observed
rom the right panel that the infected population increases and remain
table for 1500 days and beyond. On the left panel, the recovered
opulation increases because of the endemic state of the disease while
oth susceptible and vaccinated populations reduced drastically but
o not tend to zero. This result shows that the DFE is unable when
𝑖𝑛𝑓𝑟 > 1, and as a result, the disease cannot be eliminated from the
opulation. It also means that if the average number of new influenza
nfections generated by a single infection introduced into a susceptible
opulation in any province in Israel is greater than 1, then the influenza
irus will remain in the population for a longer time. In Fig. 4, the
umerical solution of the model (3.12) for the disease-free equilibrium
s presented. The initial conditions used are as presented in Table 3.
he vaccination rate used is 𝜃𝑖 = 0.1485 with 𝜖𝑖 = 0.8900 efficacy rate.
he effective contact rate 𝛽𝑖 = 0.2530. The vaccine and post-recovery

mmunity waning rates are 𝜏𝑖 = 0.3190, 𝜔𝑖 = 0.3190, corresponding to
reproduction number of 𝑅𝑖𝑛𝑓 = 0.7869 which is less than unity. All

ther parameters are as given in Table 2. It can be observed from the
esults in the right panel that the infected populations diminish steadily
oward zero within the first 250 days while the uninfected populations
𝑖, 𝑉𝑖 (see left panel) increase steadily and later stabilize at the top. The
ecovered population 𝑅𝑖 decreases steadily as expected. These results
alidate the statement of Theorem 3.4 which means that whenever
he influenza reproduction number becomes less than 1, the disease
ies out, and both the susceptible and vaccinated populations become
10
table. It also means that if the average number of new influenza
nfections generated by a single infection introduced into a susceptible
opulation in any province in Israel is less than 1, then the influenza
irus will be eliminated in the population within 250 days.

Fig. 6 shows the dynamics of the COVID-19 population over time as
he immunity waning rates increase. In the left panel, for the waning
ates 𝜔𝑐 = 0.25, 0.50, 0.75, and 0.90, the corresponding reproduction
umber is 𝑅𝑐𝑜𝑣 = 2.1285 for all values of 𝜔𝑐 . The vaccination, vaccine

efficacy, and vaccine-induced immunity waning rates used are 𝜃𝑐 =
.5, 𝜖𝑐 = 0.85, and 𝜏𝑐 = 0.7 respectively. Other parameter values are
n Table 2. The COVID-19 epidemic peak is approximate 11.4 × 106

nd later stable around 1.5 × 106 for the highest value of the waning
ate 𝜔𝑐 = 0.9. In the right panel, when the values of vaccine-immunity
aning rate are 0.25, 0.50, 0.75, and 0.90, the corresponding values of
𝑐𝑜𝑣 are 1.4498, 1.9014, 2.1740 and 2.2912. The parameter values used
re the same as the left panel. Other parameter values are in Table 2.
he COVID-19 epidemic peak is approximate 2.4 × 106 and later stable
round 1.2 × 106 for the highest value of the waning rate 𝜏𝑐 = 0.9.
t is also observed from Fig. 6 that the post-recovery waning rate
as lesser effects on the disease dynamics compared to the vaccine-
nduced immunity waning rate. One of the reasons for this observation
s that the COVID-19 reproduction number 𝑅𝑐𝑜𝑣 does not depend on the
arameter 𝜔𝑐 because the value of 𝑅𝑐𝑜𝑣 remains constant for all values
f 𝜔𝑐 thereby showing lesser effects on the dynamics of the disease.
he result is completely different from the one on the right panel. The
alues of 𝑅𝑐𝑜𝑣 increase with an increase in 𝜏𝑐 and the disease prevalence
n the population increases as more people lose their vaccine-induced
mmunity. Similar results are obtained in Fig. 7 and the same explana-
ion holds for the dynamics of the influenza population. The influenza
ynamics peak in the left panel is approximate 1.88 × 106 and later
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Fig. 6. COVID-19 epidemic peak for varying immunity waning rates. The dynamics of the COVID-19 population over time for different post-recovery immunity waning rates (left
panel) and vaccine-induced immunity waning rates (right panel). In the left panel, for the waning rates 𝜔𝑐 = 0.25, 0.50, 0.75, and 0.90, the corresponding reproduction number is
𝑅𝑐𝑜𝑣 = 2.1285 for all values of 𝜔𝑐 . The vaccination, vaccine efficacy, and vaccine-induced immunity waning rates used are 𝜃𝑐 = 0.5, 𝜖𝑐 = 0.85, and 𝜏𝑐 = 0.7 respectively. Other parameter
alues are in Table 2. In the right panel, when the values of vaccine-immunity waning rate are 0.25, 0.50, 0.75, and 0.90, the corresponding values of 𝑅𝑐𝑜𝑣 are 1.4498, 1.9014, 2.1740
nd 2.2912 respectively. The parameter values used are the same as the left panel. Other parameter values are in Table 2.
Fig. 7. Influenza dynamics peak for varying immunity waning rates. The dynamics of the influenza population over time for different post-recovery immunity waning rates (left
anel) and vaccine-induced immunity waning rates (right panel). In the left panel, for the waning rates 𝜔𝑖 = 0.25, 0.50, 0.75, and 0.90, the corresponding reproduction number is

𝑅𝑖𝑛𝑓 = 1.6554 for all values of 𝜔𝑖. The vaccination rate, vaccine efficacy, and vaccine-induced immunity waning used are 𝜃𝑖 = 0.5, 𝜖𝑖 = 0.65 and 𝜏𝑖 = 0.7 respectively. Other parameter
values are in Table 2. In the right panel, when the values of vaccine-immunity waning rate are 0.25, 0.50, 0.75, and 0.90, the corresponding values of 𝑅𝑖𝑛𝑓 are 1.7221, 2.0341, 2.2225
nd 2.3036 respectively. The parameter values used are the same as the left panel. Other parameter values are in Table 2.
Fig. 8. COVID-19 epidemic peak for varying vaccination and vaccine efficacy rates. The dynamics of the COVID-19 population over time for different vaccination and vaccine
fficacy rates under post-recovery immunity waning rates(left panel) and vaccine-induced immunity waning rates (right panel). In the left panel, for the vaccination and vaccine
fficacy rates 𝜃𝑐 = 𝜖𝑐 = 0.95, the corresponding reproduction number is 𝑅𝑐𝑜𝑣 = 1.4980 for all values of 𝜔𝑐 while 𝜏𝑐 = 0.7. Other parameter values are in Table 2. In the right panel,
or the vaccination and vaccine efficacy rates 𝜃𝑐 = 𝜖𝑐 = 0.95, the corresponding values of 𝑅𝑐𝑜𝑣 are 0.8372, 1.2545, 1.5499, and 1.6891 respectively. Other parameter values are in
able 2.
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table around 0.98×106 for the highest value of the waning rate 𝜔𝑖 = 0.9.
he influenza dynamics peak in the right panel is approximate 2.6×106

nd later stable around 1.08 × 106 for the highest value of the waning
ate 𝜏𝑖 = 0.9.

Fig. 8 shows the dynamics of the COVID-19 population over time
s the vaccination and vaccine efficacy rates increase. In the left panel,
or the vaccination and vaccine efficacy rates 𝜃 = 𝜖 = 0.95, the
𝑐 𝑐

11
orresponding reproduction number is 𝑅𝑐𝑜𝑣 = 1.498 for all values of
𝑐 and 𝜏𝑐 = 0.7. Other parameter values are in Table 2. The COVID-
9 epidemic peak reduced approximately to 4.7 × 106 and later stable
round 0.95×106 for the highest value of the waning rate 𝜔𝑐 = 0.9. In the
ight panel, when the vaccination and vaccine efficacy rates are 𝜃𝑐 =
𝑐 = 0.95, the corresponding values of 𝑅𝑐𝑜𝑣 are 0.8372, 1.2545, 1.5499,
nd 1.6891. Other parameter values are in Table 2. The COVID-19
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Fig. 9. Influenza dynamics peak for varying vaccination and vaccine efficacy rates. The dynamics of the influenza population over time for different vaccination and vaccine
efficacy rates under post-recovery immunity waning rates (left panel) and vaccine-induced immunity waning rates (right panel). In the left panel, for the vaccination and vaccine
efficacy rates 𝜃𝑖 = 𝜖𝑖 = 0.90, the corresponding reproduction number is 𝑅𝑖𝑛𝑓 = 1.1222 for all values of 𝜔𝑖, while 𝜏𝑖 = 0.7. Other parameter values are in Table 2. In the right panel,
or the vaccination and vaccine efficacy rates 𝜃𝑖 = 𝜖𝑖 = 0.90, the corresponding values of 𝑅𝑖𝑛𝑓 are 0.7625, 1.1426, 1.4117 and 1.5385 respectively. Other parameter values are in
able 2.
Fig. 10. Effects of the contact rates on the co-infection dynamics. The dynamics of the co-infection population over time for different values of the COVID-19 effective contact
rates (left panel) and different values of co-infection contact rates (right panel). In both panels, 𝜖𝑐𝑖 = 𝜖𝑖 = 𝜖𝑐 = 0.6, 𝜃𝑖 = 𝜃𝑐𝑖 = 𝜃𝑐 = 0.45, 𝜔𝑐 = 𝜔𝑖 = 𝜔𝑐𝑖 = 𝜏𝑖 = 𝜏𝑐 = 𝜏𝑐𝑖 = 0.85. Other
parameter values are in Table 2.
epidemic peak reduced approximately to 1.7 × 106 and later stable
around 0.95× 106 for the highest value of the waning rate 𝜏𝑐 = 0.9. It is
also observed from Fig. 8 that the vaccination and vaccine efficacy rates
have significant effects on the disease dynamics as the reproduction
number reduced drastically from its previous value. Although the re-
production number is still greater than unity, this is because the effects
of post-recovery rates are not felt in the reproduction number. The
result on the right panel is more promising than that of the left panel.
The values of 𝑅𝑐𝑜𝑣 decrease with an increase in 𝜃𝑐 , 𝜖𝑐 , and the disease
prevalence in the population decrease as more people get vaccinated.
The COVID-19 epidemic peak reduced approximately to 1.7 × 106 and
later stable around 0.92 × 106 for the highest value of the waning rate
𝜏𝑐 = 0.9. It is also evident that the reproduction number moved from
an endemic state to a disease-free state in the right panel.

Similar results are obtained in Fig. 9 and the same explanation holds
for the dynamics of the influenza population. The influenza dynamics
peak in the left panel reduced approximately to 0.36 × 106 and later
stable around 0.33 × 106 for the highest value of the waning rate
𝜔𝑖 = 0.9. The influenza dynamics peak in the right panel reduced
approximately to 1.4 × 106 and later stable around 0.8 × 106 for the
ighest value of the waning rate 𝜏𝑖 = 0.9. The result on the right
anel is more promising than that of the left panel. The values of
𝑖𝑛𝑓 decrease with an increase in 𝜃𝑖 and 𝜖𝑖 and the disease prevalence

in the population decreases as more people get vaccinated. It is also
evident that the reproduction number moved from an endemic state to
a disease-free state in the right panel.

Fig. 10 shows the dynamics of the co-infection population for the co-
infection model (2.15) over time for different values of the COVID-19
effective contact rates (left panel) and different values of co-infection
12
contact rates (right panel). In both panels, 𝜖𝑐𝑖 = 𝜖𝑖 = 𝜖𝑐 = 0.6, 𝜃𝑖 =
𝜃𝑐𝑖 = 𝜃𝑐 = 0.45, 𝜔𝑐 = 𝜔𝑖 = 𝜔𝑐𝑖 = 𝜏𝑖 = 𝜏𝑐 = 𝜏𝑐𝑖 = 0.85. Other parameter
values are in Table 2. It can be shown on the left panel that an increase
in the effective contact rate of COVID-19 will plunge the co-infection
population into more problems and the disease will be endemic for a
longer period of time. On the right panel, an increase in the effective
contact rate for the co-infection dynamics does not produce any notable
effects on the co-infection dynamics. This may be a result of our initial
assumption that two infections cannot have the same viral load nor
can they have the same within-host competitiveness, this means that
an infectious co-infected person will transmit the infection that has
the highest within-host competitiveness. Here, it is suspected that the
COVID-19 transmission rate has a within-host competitive advantage.
This is also in tandem with the claim that two viral infections involving
SARS-COV-2 do not always go well together in the same cell [70,71].

In Fig. 11, we checked the effects of COVID-19 vaccine-induced
immunity waning rate and waning rates for both vaccines on the
dynamics of the co-infection model (2.15). The dynamics of the co-
infection population over time for different values of the COVID-19
vaccine-induced immunity waning rates is on the left panel while the
effect of waning rate for both vaccines is on the right panel. In the
left panel, 𝜖𝑐𝑖 = 𝜖𝑖 = 𝜖𝑐 = 0.6, 𝜃𝑖 = 𝜃𝑐𝑖 = 𝜃𝑐 = 0.45, 𝜔𝑐 = 𝜔𝑖 =
𝜔𝑐𝑖 = 𝜏𝑖 = 𝜏𝑐𝑖 = 0.85. In the right panel, 𝜖𝑐𝑖 = 𝜖𝑖 = 𝜖𝑐 = 0.6, 𝜃𝑖 =
𝜃𝑐𝑖 = 𝜃𝑐 = 0.45, 𝜔𝑐 = 𝜔𝑖 = 𝜔𝑐𝑖 = 𝜏𝑖 = 𝜏𝑐 = 0.85. Other parameter
values are in Table 2. As in the previous figures such as Figs. 6 and 7,
the infected population remains endemic as long as more vaccinated
people lose their vaccine-induced immunity waning. Moreover, it can
be observed here that the vaccine-induced immunity waning for those
that got the two vaccines is more significant than for those who
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Fig. 11. Effects of the vaccine-induced immunity waning rates on the co-infection dynamics. The dynamics of the co-infection population over time for different values of the
COVID-19 vaccine-induced immunity waning rates (left panel) and different values of waning rates for both vaccines (right panel). In the left panel, 𝜖𝑐𝑖 = 𝜖𝑖 = 𝜖𝑐 = 0.6, 𝜃𝑖 = 𝜃𝑐𝑖 =
𝑐 = 0.45, 𝜔𝑐 = 𝜔𝑖 = 𝜔𝑐𝑖 = 𝜏𝑖 = 𝜏𝑐𝑖 = 0.85. In the right panel, 𝜖𝑐𝑖 = 𝜖𝑖 = 𝜖𝑐 = 0.6, 𝜃𝑖 = 𝜃𝑐𝑖 = 𝜃𝑐 = 0.45, 𝜔𝑐 = 𝜔𝑖 = 𝜔𝑐𝑖 = 𝜏𝑖 = 𝜏𝑐 = 0.85. Other parameter values are in Table 2.
Fig. 12. Effects of the post-recovery immunity waning rates on the co-infection dynamics. The dynamics of the co-infection population over time for different values of the
post-recovery immunity waning rates (left panel) and different values of waning rates for both diseases (right panel). In the left panel, 𝜖𝑐𝑖 = 𝜖𝑖 = 𝜖𝑐 = 0.6, 𝜃𝑖 = 𝜃𝑐𝑖 = 𝜃𝑐 = 0.45, 𝜔𝑖 =
𝑐𝑖 = 𝜏𝑖 = 𝜏𝑐𝑖 = 0.85. In the right panel, 𝜖𝑐𝑖 = 𝜖𝑖 = 𝜖𝑐 = 0.6, 𝜃𝑖 = 𝜃𝑐𝑖 = 𝜃𝑐 = 0.45, 𝜔𝑐 = 𝜔𝑖 = 𝜏𝑖 = 𝜏𝑐 = 0.85. Other parameter values are in Table 2.
Fig. 13. Effects of the vaccination rates on the co-infection dynamics. The dynamics of the co-infection population over time for different values of the influenza vaccination rates
(left panel) and different values of vaccination rate for both diseases (right panel). In the left panel, 𝜖𝑐𝑖 = 𝜖𝑖 = 𝜖𝑐 = 0.6, 𝜃𝑐𝑖 = 𝜃𝑐 = 0.45, 𝜔𝑖 = 𝜔𝑐𝑖 = 𝜏𝑖 = 𝜏𝑐 = 𝜏𝑐𝑖 = 0.85. In the right
panel, 𝜖𝑐𝑖 = 𝜖𝑖 = 𝜖𝑐 = 0.6, 𝜃𝑖 = 𝜃𝑐 = 0.45, 𝜔𝑐 = 𝜔𝑖 = 𝜏𝑖 = 𝜏𝑐 = 0.85. Other parameter values are in Table 2.
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lost their COVID-19 vaccine-induced immunity waning only. A similar
explanation can be given for Fig. 12, that is the higher the post-recovery
immunity waning, the higher the infection in the community. However,
it appears that the COVID-19 post-recovery immunity waning has more
effects on the co-infection dynamics than the co-infection post-recovery
immunity waning. The previous explanation about the possibility of
COVID-19 having a higher competitive advantage may be the reason
for this counter-intuitive occurrence. The dynamics of the co-infection
population over time for different values of the influenza vaccination
rates (left panel) and different values of vaccination rate for both
diseases (right panel) is shown in Fig. 13. In the left panel, 𝜖𝑐𝑖 = 𝜖𝑖 =
𝜖𝑐 = 0.6, 𝜃𝑐𝑖 = 𝜃𝑐 = 0.45, 𝜔𝑖 = 𝜔𝑐𝑖 = 𝜏𝑖 = 𝜏𝑐 = 𝜏𝑐𝑖 = 0.85. In the right
anel, 𝜖 = 𝜖 = 𝜖 = 0.6, 𝜃 = 𝜃 = 0.45, 𝜔 = 𝜔 = 𝜏 = 𝜏 = 0.85. Other
𝑐𝑖 𝑖 𝑐 𝑖 𝑐 𝑐 𝑖 𝑖 𝑐 e

13
arameter values are in Table 2. In this figure, the effects of vaccination
n reducing the spread of infection are evident. The more people get
accinated, the lower the spread of the disease in the population. It
an also be observed that when more people get both COVID-19 and
nfluenza vaccines, the disease will reduce and eventually die out or be
ept under control.

. Conclusion

We developed and analyzed an endemic model for the co-infection
ynamics of COVID-19 and the influenza virus using sets of first-
rder non-linear differential equations. The model incorporates the
ffects of immunity-waning rates for both diseases. The co-dynamics
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population at any time 𝑡 is represented by 𝑁(𝑡). The population is
stratified into 12 mutually exclusive populations involving the suscepti-
ble 𝑆(𝑡), COVID-19 exposed 𝐸𝑐 (𝑡), and co-infection exposed population
𝑐𝑖(𝑡). The vaccinated individuals against COVID-19, influenza, and
oth diseases are respectively denoted by 𝑉𝑐 (𝑡), 𝑉𝑖(𝑡) and 𝑉𝑐𝑖(𝑡). The
OVID-19, influenza and co-infected individuals respectively denoted
y 𝐼𝑐 (𝑡), 𝐼𝑖(𝑡) and 𝐼𝑐𝑖 become recovered and move to the compartments
𝑐 (𝑡), 𝑅𝑖(𝑡) and 𝑅𝑐𝑖(𝑡) respectively. A fraction of the population loses

heir immunity-waning rates a few days after getting vaccinated.

After establishing the boundedness and positivity of the solution
hrough some Theorems and Lemmas, the disease-free and endemic
quilibria for both COVID-19 and influenza virus were presented. This
as followed by the calculation of the reproduction number for both
iseases as well as the co-dynamics model. The local asymptotic stabil-
ty of both the disease-free and endemic equilibria was presented using
ome theorems, although, the detailed proofs were ignored for being
lementary calculations. It was observed from the results that when
he reproduction number is less than unity, the infected populations
iminish steadily toward zero within the early period of the infection
hile the uninfected populations increase steadily and later stabilize at

he top. The recovered population decreases steadily as expected. This
eans that whenever the COVID-19/influenza reproduction number

ecomes less than 1, the disease dies out, and both the susceptible and
accinated populations become stable. It also means that if the average
umber of new COVID-19/influenza infections generated by a single
nfection introduced into a susceptible population in any province in
srael is less than 1, then the virus will be eliminated in the population.
n the other hand, if the COVID-19/influenza reproduction number

s greater than unity, the virus becomes endemic for the foreseeable
uture.

In the numerical simulation section, the demography of Israel was
sed. We explained how the initial conditions were extracted and calcu-
ated as appeared in Table 3. How the parameter values were deduced,
ssumed, or calculated was also discussed and properly referenced in
able 2. The effects of some key parameters of both the sub-model and
he co-infection models were properly investigated. We make use of
he ode45 package in MATLAB R2022b for the simulation. The COVID-
9 epidemic peak was at the highest level for the highest value of
he post-recovery immunity waning rate 𝜔𝑐 = 0.9. A similar result
as obtained for the effects of the vaccine-induced immunity waning

ate whose increase increases the COVID-19 reproduction number. It
as also observed that the post-recovery waning rate has lesser effects
n the disease dynamics compared to the vaccine-induced immunity
aning rate. One of the reasons for this observation is that the COVID-
9 reproduction number 𝑅𝑐𝑜𝑣 does not depend on the parameter 𝜔𝑐
ecause the value of 𝑅𝑐𝑜𝑣 remains constant for all values of 𝜔𝑐 thereby
howing lesser effects on the COVID-19 dynamics. Similar results were
btained in the numerical simulation of the effects of immunity waning
n the influenza dynamics.

We further investigated the dynamics of the COVID-19 and in-
luenza populations over time under vaccination strategies with varying
accine efficacy rates. The COVID-19 epidemic peak reduced drastically
hen the vaccination and vaccine efficacy rates are at the highest

evel. For this scenario, the reproduction numbers also changed from an
ndemic state to a disease-free state as the vaccination rate increased.
his shows that the vaccination and vaccine efficacy rates have sig-
ificant effects on the disease dynamics as the reproduction number
educed drastically from its previous value. Although the reproduction
umbers were still greater than unity in some cases because they are
ndependent of the post-recovery immunity waning rates.

Next, we showed the dynamics of the co-infection population over
ime for different values of the COVID-19 effective contact rates and
ifferent values of co-infection contact rates. It was discovered that

n increase in the effective contact rate of COVID-19 will plunge the

14
o-infection population into more problems and the disease will be en-
emic for a longer period of time. More so, an increase in the effective
ontact rate for the co-infection dynamics does not produce any notable
ffects on the co-infection dynamics. This may be, is as a result of our
nitial assumption that two infections cannot have the same viral load
or can they have the same within-host competitiveness, this means
hat an infectious co-infected person will transmit the infection that has
he highest within-host competitiveness. Here, it is suspected that the
OVID-19 transmission rate has a within-host competitive advantage
ver influenza. This is also in tandem with the claim that two viral
nfections involving SARS-COV-2 do not always go well together in the
ame cell [70].

Next, we further checked the effects of the COVID-19 vaccine-
nduced immunity waning rate and the waning rates for both vaccines
n the dynamics of the co-infection model. We observed that the
nfected population remains endemic as long as more vaccinated people
ose their vaccine-induced immunity waning. Moreover, it was also ob-
erved here that the vaccine-induced immunity waning of those that got
he two vaccines has more significant impact on diseases dynamics than
hose who lost their COVID-19 vaccine-induced immunity waning only.
owever, it appears that the COVID-19 post-recovery immunity waning
as more effects on the co-infection dynamics than the co-infection
ost-recovery immunity waning rate. The previous explanation about
he possibility of COVID-19 having a higher competitive advantage may
e the reason for this counter-intuitive occurrence.

Lastly, we investigated the dynamics of the co-infection population
ver time for different values of the influenza vaccination rates and
ifferent values of vaccination rates for both diseases. It was observed
hat the effects of vaccination in reducing the spread of infection are
vident and more pronounced in the co-infection population than that
n the influenza population who only got the influenza vaccine. The
ore people get vaccinated, the lower the spread of the disease in the
opulation. It can also be observed that when more people get both
OVID-19 and influenza vaccines, the disease will reduce more and
ventually die out in a short while. The findings of this study will also
ssist the government and Non-Governmental Organisations (NGOs) to
ome up with policies and programs formulations vaccination policies
n disease control to achieve an optimum result

An interesting and important future study would involve fitting the
ub-model or the co-infection model to the reported case of COVID-19
nd influenza in Israel where the estimated parameters would then be
sed to study the severity of COVID-19 and influenza in different cities.
nother future direction would be to stratify the COVID and influenza
ub-model into different age groups such that they interact with each
ther. This would make it easy to study the contribution of each age
roup to the disease dynamics.
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