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Abstract

Soil-transmitted helminth diseases are highly prevalent in impoverished regions and pose a significant health burden on the
global population. These diseases are primarily transmitted through the contamination of soil with human faces containing
parasite eggs. This study presents a novel deterministic mathematical model to comprehensively investigate the dynamics of
helminth infection transmission through the soil. The mathematical model exhibits two equilibrium points: the diseases-free
equilibrium point (DFE) and the endemic equilibrium point (EEP). The DFE is proven to be locally and globally asymptoti-
cally stable when the basic reproduction number is less than one, indicating the potential for disease eradication. Conversely,
the EEP is locally asymptotically stable when the basic reproduction number exceeds unity, representing a persistent endemic
state. To explore effective intervention strategies for controlling the spread of these infections, optimal control theory is
applied. The study incorporates two time-varying control variables derived from sensitivity analysis: the rate of hygiene
consciousness in the susceptible class and the rate of hygiene consciousness in the infectious class. Numerical simulations
demonstrate that implementing optimal control strategies can successfully curb and mitigate soil-transmitted helminth infec-
tions. Overall, this research highlights the importance of proactive and targeted interventions, emphasizing the significance
of hygiene education and awareness campaigns. By implementing optimal control measures based on the proposed strategies,
the burden of soil-transmitted helminth diseases can be significantly reduced, improving public health in affected regions.
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Introduction

Soil-transmitted helminth (STH) infections are highly prev-
alent worldwide, particularly affecting impoverished and
marginalized communities. Among the major types of STH
infections, Ascaris lumbricoides is responsible for causing
ascariasis, trichuriasis, hookworm, and strongyloidiasis.
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and Ascaris and hookworm in the small intestine. These par-
asites reproduce sexually and produce eggs that are expelled
through human feces and deposited in the environment (Pul-
lan et al. 2014).

STH lay their eggs in the faeces of their (human) hosts,
where they reside in the intestine. Adult worms lay hundreds
of eggs daily in the colon where they reside. These eggs
infect the soil in places with poor sanitation. As a result of
STH, the presence of hookworm infections can affect the
foetus and cause anaemia in the mother during pregnancy,
which can result in low birth weight (Van den Driessche and
Watmough 2002). Infections with STH are more common
in the Americas, China, East Asia, and Sub-Saharan Africa.
STH infections are highly common in the tropics and sub-
tropics, where climatic factors play a significant role in the
spread of these illnesses (Bethany et al. 2006).

It is also known that soil moisture and relative air humid-
ity have an impact on the growth and survival of eggs and
larvae. Soil larval development requires adequate moisture
and a warm temperature (Brooker and Michael 2000; De
Silva et al. 2003). Poverty, insufficient water supply, sanita-
tion, and poor personal hygiene are also important deter-
minants in the epidemiology of STH (De Silva et al. 2003).

The study of infectious diseases relies heavily on math-
ematical models. Mathematical modelling is a crucial tool in
the epidemiology of infectious diseases. It has been used to
investigate and analyze the dynamics of a disease’s transmis-
sion, predict outbreaks, and assess management measures.
This disease has received little attention in the past, which
has resulted in a lack of understanding of the mechanisms
of transmission. There are few models that have been devel-
oped and examined to comprehend the dynamics of helminth
infections, nevertheless, to examine the dynamics of soil-
transmitted helminth infection, the authors in (Lambura et al.
2020b). Developed and assessed a deterministic compart-
mental model. They took into account optimal control of the
model to sensitize the susceptible population and treatment
by mass drug administration and sanitation. The authors
of (Truscott et al. 2016). analyzed attempts to model the
population-level helminth transmission cycle and the impact
of prophylactic chemotherapy on its management and eradi-
cation. To study how helminths affect TB and the effects of
control measures, the authors of (Lambura et al. 2020a).
proposed a compartmental system for the transmission and
control of the co-interaction of helminths and tuberculosis.
Little attention has been paid to this disease in the past, and
this has led to little knowledge of the transmission dynamics.
In view of this, we develop a new mathematical model of
disease dynamics by extending the work of (Lambura et al.
2020a) in this study by incorporating a hygiene-conscious
compartment. These papers provide insights into various
aspects of mathematical modelling of soil-transmitted hel-
minth infections, including transmission dynamics, control
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strategies, and the impact of interventions (Olsen et al. 2021;
Pedersen et al. 2021; Truscott et al. 2020; Chaparro-Narvéez
et al. 2020; Anderson et al. 2019).

To the best of our knowledge, this is the first work on
Soil-Transmitted Helminth with the application of optimal
control with effects of the rate of hygiene consciousness in
the human population. We conducted a qualitative analysis
of the model and proposed two time-varying control strate-
gies: the rate of hygiene consciousness in the susceptible
class and the rate of hygiene consciousness in the infectious
class further understand the impact of hygiene conscious-
ness on the dynamics of the disease. The remainder of the
paper is structured as follows: The model formulation and
fundamental characteristics are discussed under the method
section, the model analysis is presented in the model analy-
sis section, the model's optimal control is discussed, and its
analysis are presented under optimal control section, and the
concluding remarks are presented in the last section.

Method

To gain a better understanding on the transmission dynamics
of the disease, we divide the helminth population into two
namely, the human population N(¢) and parasite population
denoted by M(r). The human population is further subdi-
vided into 5 classes, these are, susceptible S(¢), Exposed
E(?), Infectious I(¢), Hygiene conscious H(¢) and Recovered
R(?). The total human population is expressed as,

N@) = S(t) + E() + I(t) + H(®) + R(t)

The recruitment into the susceptible class S(¢) is at a rate
A, the rate at which recovered individuals becomes sus-
ceptible after recovery is at a rate y, the population is then
reduced by the force of infection A,

__m
T K+M

where f is the rate at which contaminated food or skin-
penetrating larvae are consumed, causing an infection to
spread, and K is the parasite density (carrying capacity).
The rate of hygiene awareness and the natural death rate
in the susceptible class progressively lower the susceptible
population so that,

‘fi—f =A—2S— (a;+u,)S+7R.

The exposed individuals are generated by the force of
infection A. The exposed population is reduced by the pro-
gression from exposed compartment to infectious compart-
ment at the rate p, and human natural death rate y,, so that;
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C;—LZ =AS— (p+yh)E.

The population of the infected class /(¢), is generated by
the movement from the exposed class the to infectious class
at a rate p. The population is further reduced by the rate
of hygiene consciousness of infectious individuals «,, the
recovery rate of infectious class due to strong immune sys-
tem is at a rate g, the recovery rate of infectious individuals
due to treatment is at a rate r, the rate of contamination
of the environment is at a rate o, 6 and y, represent the
disease-induced death rate and natural death rate of human
respectfully so that;

dl

E:pE—(a2+q+T+a+5+/4h)1.

The population of hygiene conscious class H(?), is gen-
erated by the hygiene consciousness in the susceptible and
infectious compartments at rate «; and a, respectively. The
hygiene conscious population is decreased by recovery rate
€, and human natural death rate y,, so that;
daf =S+ a] — (6 + ,uh)H.

dt

The population of the recovered class R(?), is generated
by the recovery rate of infectious individuals due to treat-
ment rate 7, recovery rate of infectious individuals due to
strong immune system g, and recovery rate of individuals
in the hygiene conscious compartment €. The population is
reduced by natural mortality rate y,, and the rate at which
recovered individuals becomes susceptible again y so that;
dR

E:(q+r)]+£H—(y+yh)R.

Fig. 1 Flow chart of the of the
helminth model

The parasite population M(t), is generated by the rate of
contamination of the environment o, and it is reduced by
clearance rate for parasite y,, so that;

— =0l — u,M.
ar 0T e

The illustration above can be represented in the differ-
ential Eq. (1), while the pictorial illustration is presented
in Fig. 1.

%:A—AS—((X1+M,1)S+7/R

dE

E:/lS—(p+,uh)E
%:pE—(a2+q+T+6+5+Mh)I

6]
dt _ oS+ ayd — (6 + ,uh)H

dr
% =(q+0)I+eH - (v + )R

am

— =0l —u M

dr 00T Hm

Basic properties of the model

Positivity and boundedness of solution

Here, we show that all the state variable of the model are
positive for all time ¢ > 0, for the model to be mathemati-

cally and biologically meaningful in &, given by

Q= {(S,EJ,H,R,M)eRi CS+E+I+H+R< X M< i}
Hp Him

(@)
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Theorem 1 Let the initial value for each of the model vari-
able be

{8(0), £(0),1(0), H(0), R(0), M(0) > 0},

then solution of each of the variable are non-negative with
t>0.

Proof L et t =
sup{t>0:S8S>0,E>0,1>0,H>0,R>0,M>0¢€[0,r]}
Thus, #; > 0.

From the first equation of the model (1),

%:A—AS—(aﬁyh)sz.

Solving the above equation,

dit{s(t) [exp </Ot Almdn + (@, + Mh)t)] }

‘ (3
=(A+yR)exp </ A(m)dn + (al + ,uh)t>.
0

Integrating the above equation at the range [O, tl], we
obtainedso that

{S(ﬁ) exp [/ I A(m)dn + (al + yh)tl] } - S0)
0

L y
=(A+J/R)/0 exp [/0 ﬂ(n)dn+(a1+uh)y]dy,

S(#,) =S(0)exp [—(/ Amydn + (@, + ﬂh)’l)]
0

—(/ ﬂmwn+0h+uﬁn)
0

1 y
X (A + yR)/ exp [/ Amydn + (0‘1 + yh)y] dy > 0.
0 0

4
that,

+ exp

In the same vein, we can show

E>0,1>0,H>0,R>0,M>0.
Invariant region

Lemma 1 T he region

Q= {(S,E,I,H,R,M) ERGS+E+I+H+RS 2 M< ”i} is
h m

non-negative invariant and all the solutions are in Rf’r.

Proof For the total human population, we add the equations
to give
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7—A—(5+6)I—/4hNh (5)

Which can be written as
— S A=,

The parasite population is given as,
am

E=O’I—/4mMSO'—MmM. (6)

So that we have

— <A =N,
dt 7
M @)
E S [0} ”mM'
Following the approach in (Gumel, et al. 2018), thus,
e A it
0 < N,() < N, (0)e ' + = (1 — e™#")
Hp (8)
0 < M(t) < MO)e ™' + 2 (1 — e ).
Furthermore,
0 <N, < A if N,(0)< A and
Hp Hp
o o ©
0<M@n<— if MO)< —.
Hm m

We conclude that, there exist a unique global solution in
the domain Q see Theorem 2.15 in (Stuart and Humphries
1998; Gumel et al. 2018). Thus, the helminth model (1) is a
dynamical system on Q. Conversely, if the solution is outside
the region Q that is,

N0 =2 and M@y 2 (10)
Hp, Hm
Then, by following the procedure above,

dN, M A
" 0 and o 0. N, — m

M(t) » = as t — co. Thus, the region Q is attracting.

Hm

Hence, and

Model analysis

Existence of the disease-free equilibrium point
(DFE)

The disease-free equilibrium point (DFE) is the state where
there is absence of helminth infections in the population.
The DFE is obtained by setting the right hand side of all the
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equations in model (1), and the variable E, I, and M to zero.
Therefore, the DFE denoted by (&, ) is given

A
a +py

& =S EI",H",R",M") = ( 0,0,0,0,0> (11)
To investigate the stability of the DFE point, it is impor-
tant to obtain the threshold parameter called the Basic
reproduction number R,. This is obtained by using the
next generation matrix technique presented in (Van den
Driessche and Watmough 2002). It follows that the matri-
ces F and V represents the new infections terms and the
remaining transfer terms respectively, given by

_ s
000 =
F=[0000 . and
000 O
000 O
[ (p+ my) 0 0 0
-p  (;y+gq+t+o+5+w,) O 0
V=
0 —a, (£+/4h) 0
B 0 —0 0 Hm

Thus, the basic reproduction number, denoted by
Ry = p(FV‘l), where p is the spectral radius or largest
eigenvalues, is given by

BAop

K () + ) (p+ 1) (a + g+ 7+ 0+ + )
12)
The estimated number of secondary infection cases
that would develop as a result of primary infections in a
population that is totally susceptible is known as the basic
reproduction number R, (Van den Driessche and Wat-
mough 2002). It is a threshold measure helpful in figuring
out how quickly a disease is spreading. If R is less than

R():

ay=B,+B,+B;+B,+Bg+pu,

one, the disease will not spread if a few infected people
are put into an entirely vulnerable population. On the other
hand, if R, is more than 1, the disease will eventually
spread since there will be an increase in the population of
infected people with each generation (Omonu et al. 2019).
Using Theorem 2 of (Van den Driessche and Watmough
2002). We establish the following result below.

Local stability of the disease-free equilibrium point

Theorem 2 The disease-free equilibrium &, of the helminth
model is locally asymptotically stable if R, < 1, and unstable
if Ry > 1.

Proof To prove theorem 2 above, we obtained the Jacobian
Matrix of system (1) evaluated at the DFE &, given by

B, 0 0 0 1y —[’j—gl'
- LAY
0 -B, 0 0 O X5,
](go) =1 0 p -B; 0 0 O
¢ 0 a -B, 0 O
0 0 B; € -B; O
| 0 0 o 0 O g, |

where

Bl=(Xl+//lh,Bz=p+,uh,B3=0(2+C]+T+O'+5+/lh,
By=¢+p,Bs=q+7,Bs =71 +

The eigenvalues of J (&, ) are the solutions of the characteristic
polynomial, expressed as,

/16+a0/15 +a1/14+a2/13 +a3/12+a4ﬂ+a5, (13)

where

a; =B, (By+ By + By + B + u,,) + By(B; + By + Bs + ,,) + B3 (B, + B + ,,) + B4(Bg + u,,) + Bg iy,
ay = B\B,)(B; + By + Bg + ,,) + B;(B, + B,) (B4 + Bs + 1,,) + B4 (B, + B,) (B + 1,,) + BBy,
PApo + a,eyKB,
KB, )
a3 = B\B,(B3B, + B3Bg + ByBg + ,,(Bs + B, + Bg)) + B3 (B, + B,) (B4Bs + 14,,(B4 + Bg) ) + BB B,
pApo (B, + B, + Bg) + a,eyKB, (B, + By + u,,) )

+ BB, (B, + B3) — < KB,
pApo (B B, + B Bg + B,Bg)

ay = B B,B;B,(Bs + 1,,) + B\ B,Bgi,,(B; + By) + B3ByBgp,, (B, + B,) — KB
1

— ayey(ByBs + 1, (B, + B3))
_ (BiByBs —aye7) (1 = Ry)
> KB,

@ Springer
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By following the Routh-Hurwitz procedure (Hassan et al.
2022), which states that all roots of the polynomial (13) have
negative real parts provided that the coefficient a; > 0, for
i=1,2,3,4,5. Hence, for as > 0; then R, < 1. Therefore,
the disease-free equilibrium of model (1) is locally asymp-
totical stable.

Global stability of the disease-free equilibrium
point

The helminth model (1) is written as

‘Z—X =F(X,Z)
iz (14)
i G(X, 2), F(X,0)=0,

where X = (S,R) and Z = (E, 1, H,M) with X € R? denot-
ing the number of uninfected compartments and Z € Ri,
denoting the total number of infected compartments. Let

F(X.Z) = <A‘%‘(“l+“h)+VR>
’ (q+r)1+eH—(y+yh)R
25— (p+m)E

pE—(a2+q+r+0'+5+,uh)I
oS+ oyl — (£+/4h)H
O-]_:umM

GX,2)=

Now, we consider ij—f = F(X, 0) the reduced system.

From condition W/,

s _

ﬁ_o (15)
dr

Xt = < i; ,O) is a globally asymptotically stable equilib-
A THy,
rium point for the reduced system. ”Z—}: = F(X,0)in (15). We
note that this asymptotic dynamic is independent of the initial
condition in . Therefore, the convergence of the solution of
the reduced system (15) is global in Q. Hence, we compute

BA
~(+m) 0 K )
DZG(X*,0)= p —(0{2+q+r+6+5+/4h)
a, —(5 + ,uh) 0
0 o -ty
ﬂ( A M_S)
K(ay+u,)  K+M
G(X,Z) = 0
0
0
Here, since M < A , it is clear that a(X, Z)>0

&, = (X*, 0) represents the disease-free equilibrium point of
the system (1).

&, is globally asymptotically stable equilibrium for the
model (1) if it satisfies condition W, and W, below.

W, : Cil_)t( = F(X,0), X* is globally asymptotically stable
W, : i’i_f =D.G(X*,0)Z — G(X, Z), G(X, Z) > 0 for all (X, Z) € Q

where D_G(X*,0) is the Jacobian of G(X,Z) taking in
(E,I,H, M) and evaluated at (X*,0) = <<$,0>,0). If the
1 h

system (14) satisfies the conditions, then the following theo-
rem holds.

Theorem 3 The equilibrium points &y = (X*, 0) of the system
(14) is globally asymptotically stable if Ry < 1, and condi-

tion W, and W, are satisfied.

Proof From the system (1) we obtained F(X, Z) and G(X, Z).

@ Springer

K+M = K(ay+my)
for all (X, Z) € Q. Therefore, by Lasalle invariance princi-
ple (La Salle 1976), this proves that the disease-free equi-
librium is globally asymptotically stable.

Existence of endemic equilibrium point

In this section, we will explore the existence of the
endemic equilibrium point. The endemic equilibrium point
is a positive steady state solution where the disease per-
sists in the population. In this case, the infected variables
are non-zero. To derive the endemic equilibrium point,
we solve the system (1) in terms of the force of infection
(4), with
M

ey (16)

Therefore, we have;
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a7

ok ABZB3B4B6
B,B3B,By(A** + B,) — 2**B,Bsyp — A**ayeyp — B,Byayye
. _ A**AB3B, B¢
B,B3B,By(A** + B,) — A*B,Bsyp — A**a,eyp — BBy ye
o A**AB,Bgp
B,B3B,Bg(A** + B,) — A**B,Bsyp — A*a,eyp — B,Byaye
e ABg(B,Bya; + A**ayp)
BZB3B4B6(A** + Bl) — A*BBsyp — A*a,eyp — ByBiayye
R = A(A**B4BSp + B,Ba,e + /1**042p6)
B,B3B,B¢(A** + B,) — A**B,Bsyp — A*a,eyp — B,Bya,ye
MY = A**AB,B¢po

Mo (BzB3B4Bﬁ(ﬂ** + Bl) — A*ByBsyp — A a,eyp — B2B3a1y£)

Substituting M** into the force of infection

oo M
K+ M

We obtained
FOA™) = A A2 + A4 =0 (18)
where

A, = ByB¢(B,B3p, K + Ap) — 1, Ky p(B,Bs + ay€)
A, = ByByp, K (B,Bs (1 — Ry) — ay7€)

Solving the quadratic f(A1**) give the roots 1™ =0
and A** = —=B,Byu, K (ByBg(1 — Ry) —a;ye) <0
whenever R, < 1. Furthermore, for R, > 1, the root
A** = =B,B3y, K (ByBg(1 — Ry) — a,ye) > 0, this confirm
the existence of a unique endemic equilibrium when R, > 1.
This result is summarized below.

Fig.2 Sensitivity index of the

basic Reproduction number R, 15

[=]
L

-15

|

Theorem 4 The helminth model (1) has a unique endemic
equilibrium whenever Ry, > 1, and no endemic equilibrium
otherwise.

Sensitivity analysis

In this section, we carried out the sensitivity analysis of the
basic reproduction number in order to determine the impact of
each of the model parameters that contribute to the transmis-
sion of helminth infection. We used the approach presented
in (Peter et al. 2020b). To determine the sensitivity index of
the basic parameters, we use the normalized forward sensitiv-
ity index of a variable, ‘p’, that depends differentially on the
parameter, ‘g’, is defined as,

Sp=a_p><§
& odg p
Sensitivity index
o
H
B 7 F i
2]
T

My K a

@ Springer
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Therefore, the sensitivity index of the basic reproduction
number (R,) with respect to the parameter’g” is given by

Optimal control

g = Ry 8
& g Ry
g = Apo Bk () (o4 ) (@ +g+oto+stm)
/ /4;71K(“1+H)(P+/4h)(0!1+q+6+1+5+/4h) BApo
g =1
Similarly, Helminths infections impose a great burden on poor populations
R
I =1
gf = 2 — 00004564
p+ uy
R = a+qg+t+6+pu, — 0.8993
° agtqto+T+6+u, ’
R
Sy, =1
R
C"’KU — _1
a
gh— T~ _0.9995
oy + Hy
5 :_#h(3ﬂj+2uh(a1 ta+q+o+t+8+p)+(+g+o+7+8)(ay+p)+ap) 00000638
Hi (0!1+/4h)(/7+,uh)(a2+q+0'+‘r+5+/4,,)
~Ro o
Sa, =7 = —0.2237
(012+6]+O'+T+6+;4h)
SHES 1 = —0.0399
(012+6]+O'+T+6+;4h)
3 =- . = —0.5965
(,+g+o+t+5+u,)
35 =~ d = -0.0391

(a2+q+0'+r+5+ﬂh)

Interpretation of the Sensitivity indices Fig. 3 shows
the reproduction number's sensitivity indices in relation
to the fundamental factors. If the values of the param-
eters with positive indices increase, it means that they
have a considerable effect on accelerating the spread of
the disease. Therefore, if the value of the parameters with
positive indices increases, the basic reproduction number
also does. As their values increase while others' values
remain constant, the parameters with negative indices, on
the other hand, are in charge of reducing the burden of the
disease. In other words, if the value of the parameters with
negative indices rises, the reproduction number decreases.

@ Springer

in the developing world, yet robust, low-cost and effective pub-
lic health interventions are available to relieve that burden and
provide a better quality of life for people in poor settings. The
concept of optimal control theory is an essential tool in epide-
miological modeling to determine the best control strategies in
combating the spread of an infection, such as discussed in (Peter
et al. 2022). Based on the results gotten from the sensitivity
analysis, we will carry out an analysis to determine an optimal
intervention strategy on two time-varying controls, namely; the
rate of hygiene consciousness in the susceptible class (ar1 ® )
and the rate of hygiene consciousness of infectious individuals
(az(t) ) Using these controls, the helminth model (1) becomes
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ds pMS

—=A——— —(a;()+u,)S+yR
" o~ @O+ m)S+y
dE _ pMS

= — E

d K+M (o m)
gsz—(az(t)+q+r+a+5+/4h)I
d;I (19)
E = (xl(t)S+ az(t)l— (8 + ﬂh)H
%I(q+f)l+6H—(}/+ﬂh)R

am

— =ol—u M

ar 0T Hm

For this, we consider the objective functional

Tay, o] = /O ' [D11+ %(Dzaf(t)+D3a§(t))]dt (20)

where 7 is the final time, and the coefficients D, D,, and D5
are the weight factors to help balance each term in the inte-
grand (20), so that none of the terms dominates. The term
D, I represents the cost associated with monitoring infected
individuals in all stage, while the term D,a;(t) + D3a;(7)
represents the cost associated with the public health educa-
tion campaign to educate the public on personal hygiene.
Our aim is to minimize infection as well as keeping the cost
of the control strategies low. The goal is to find an optimal
control pair a; (f)and a,(¢) such that

J[O(ik, (x;‘] = min J[O(l, 0(2] (21)

a,a,EA

where the control set (A) is defined as

A= { (00 ax(0) € L' (0.17) |y < ey(0) > byoay < ay(0) > bz}

Analysis of the optimal control model

Pontryagin's Maximum Principle (Pontryagin et al. 1962)
reveals the prerequisite that an ideal control pair must meet
with respect to the control pair «;(f) and a,(?), this principle
transforms problems (19) and (20) into a problem of minimiz-
ing a Hamiltonian (H ) pointwise.

The Hamiltonian is given by;

where A, 4,, A3, A4, A5, and A are the adjoint functions with
respect to the state variables in (19), by applying the Pontry-
agin’s Maximum Principle (Pontryagin et al. 1962) and the
existence result for the optimal control pair a, (f) anda,(f),
the theorem below is established.

Theorem 5 There exists an optimal control pair
aj(t) and aj(t), and corresponding solution
(S*,E*,I*,H*,R*, and M*) that minimize J(a,(1), a(1))
over A. Furthermore, there exist adjoint functions, A
(i=1,2,3,...,6) such that,

di, BM* pM*

= (R w0 em) ) - e —mos
di,

22 = (p+ ) Ay — pA

a (ﬂ I‘h) 2 = PA3

di,

7 =-D, + (a2(1)+q+1+6+5 +;4h)/13 — (A4 — (g +1)As — O g

dis (23)

i (€ + up) Ay — €45

da
d_15 =2+ (r +my)2s

dig _ pKS*
dr (K + M)

(/11 - /12) + Uy g

with transversality conditions

Alt) =0, i=1,2,3,..,6. (24)

The following characterization holds;

a;(f) = min [max <a1, DL(AI - /14)S*,bl>]
’ (25)

a;(t) = min [max <a2, DL</13 - /14)]*’172)].

3

Proposition 1 Corollary 4.2 of (Fleming and Reshel
1975) gives the existence of an optimal control pair
(al(t) and az(t)) due to the convexity of the integrand of J
with respect of (al (t) and az(t)), a prior boundedness of the
state solutions, and the local Lipschitz property of the model
(19) with respect to the variables.

Proof of the theorem 5 Using Pontryagin’s Maximum Prin-
ciples, we have,

° 1 pMS
H =D+ E(Dzalz(t) +D3ay(1)) + 44 [A “KIM (@) + uy)S +vR
pMS

+A4 |, (DS + ay (O] — (€ + ) H]
+25[(q + ) +eH — (v + p, )R] + 46|01 — u,,M],
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Table 1 Description of the model variables and parameters

Variable Description
S() Susceptible class
E(r) Exposed class
1(t) Infectious class
H() Hygiene conscious class
R() Recovered class
M(t) Parasite population
Parameter Description Value Source
A Recruitment rate in the susceptible class @ day™! Lambura et al. (2020a)
a Rate of hygiene consciousness in the susceptible class 0.4 Assumed
a, Rate of hygiene consciousness in the infectious class 0.6 Assumed
p Intake rate of egg in contaminated food or larvae that have penetrated the skin 0.4 Assumed
p Progression rate from exposed class to infectious class 11_0 day™! Lambura et al. (2020a)
q Recovery rate of infectious individuals perhaps due to strong immune system 21_8 day™ Lambura et al. (2020a)
T Recovery rate of infectious individuals due to treatment % day™! Assumed

Rate at which recovered individuals becomes susceptible again 1 day™! Lambura et al. (2020a)
o Rate of contamination of the environment 0.09 day™! Lambura et al. (2020a)
€ Recovery rate of hygiene conscious infectious individuals 0.03 Assumed
m Natural death rate for humans L day™ Lambura et al. (2020a)

(60%365)
o Clearance rate for parasites % day™! Lambura et al. (2020a)
K Density of the parasites (carrying capacity) 10° parasites Lambura et al. (2020a)
1) Diseases-induced death rate %day‘] Lambura et al. (2020a)
% - _%, i (1) =0, f;al] = Dyay(t) — 4,5 + 4, 8" =0
% = _aaiE’ A1) =0, This implies that
da oH'
d_t3 =T A3(1) =0, ay(t) = DL(M — 44)S* (29)
di, oH (26) 2
ar ~  oH’ /14(5‘) =0, Similarly, for the control,a(#), we obtained
% = As(t;) =0, oH _ .
t OR ’ — =Dy, (t) — A3 + Ayl

dig e oa,
— = Mlr) =0,

and considering the optimality condition;

OH _ ana 22—,

oa, da, @7

The optimal control pair (af and a;) can be solved for,
subject to the state variables. Taking into account the
bounds on the control, the characterization in (15) can be
obtained. This yield;

For the control,af(t), we obtained

@ Springer

This implies that

o (1) = l(,g — M)l

D, (30)

It is observed that the optimality conditions obtained
by taking the derivatives of the Hamiltonian with respect
to the controls only hold in the interior of the control set.

This end the proof.
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Fig.3 Simulation of the model
showing the effect of the rate
of hygiene consciousness in
the susceptible class (al ) on
the transmission dynamics of
helminth disease
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Fig.4 Simulation of the model
showing the effect of the rate
of hygiene consciousness in
the infectious class (az) on

the transmission dynamics of
helminth disease
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Fig.5 Simulation of the model
showing the effect of the rate
of hygiene consciousness in the
susceptible class (al ) and rate
of hygiene consciousness in the
infected class (az) on the trans-
mission dynamics of helminth
disease
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Numerical simulation for the helminth model
with optimal control

The numerical simulations for the optimal control model are
performed in this part utilizing the forward—backward sweep
method described in (Abioye et al. 2020; Abioye et al. 2021;
Ayoola et al. 2021; Peter et al. 2020a, b, 2021, 2022). and the
parameter values listed in Table 1. The procedure starts with
an initial guess on the control variables. The adjoint system
(23) is then solved backward in time while the state sys-
tem (19) is simultaneously solved forward in time using the
Runge—Kutta fourth order approach. By updating the con-
trols and adding the new state and adjoint system values to
the characterization, the procedure is repeated until conver-
gence is reached. The initial conditions used are S(0) = 700,
E(0) =200,/(0) = 100,H(0) = 70,R(0) = 20,M(0) = 1000.

Result and discussion

Figure 3 depicts the simulations of the effect of the rate of
hygiene consciousness in the susceptible class (al) on each
of the compartments. It is observed that when the control
(a,) is applied, the susceptible individuals, exposed indi-
viduals, infectious individuals, and the parasite population
decreases while the recovered individuals and hygiene con-
scious individuals increases significantly.

Figure 4 depicts the simulations of the effect of the rate of
hygiene consciousness in the infectious class ( az) on each of
the compartments. It is observed that when the control ((xz)
is applied, the infectious individuals and the parasite popu-
lation decreases over time. The exposed individuals experi-
ences no change when the control (az) was applied, while
the susceptible individuals, hygiene conscious individuals
and the recovered individuals increases slightly.

Figure 5 depicts the simulations of both the effects of the
rate of hygiene consciousness in the susceptible class (oz1 ) and
the rate of hygiene consciousness in the infectious class (az) on
each of the compartments. When both controls (al ) and (az)
was applied, it is observed that there is a significant drop in the
number of susceptible individuals, exposed individuals, infec-
tious individuals and the parasite population to without the two
control strategies. It is also observed that the recovered indi-
viduals recorded is a significant increase compared to without
the control strategies.

Conclusion

In this study, we present a deterministic mathematical
model for the dynamics of helminth infections transmit-
ted through soil. After qualitatively analyzing the model,
we incorporated two time-varying controls to prevent

@ Springer

the diseases from spreading further. The findings from
the study shows that, the helminths model has a locally
asymptotically stable disease-free equilibrium whenever
the basic reproduction number is less than unity. The
model also has a unique endemic equilibrium whenever
the basic reproduction number is greater than unity. The
sensitivity analysis performed on the basic reproduction
number of the model indicates that some parameters are
very significant in reducing the burden of helminth infec-
tions if their values are on increasing, such parameters are
the clearance rate for parasites, rate of hygiene conscious-
ness for the susceptible individuals, rate of hygiene con-
sciousness for the infectious individuals, recovery rate of
infectious individuals due to treatment etc. This will help
policy makers in making effective decision on combating
the spread of helminth infections. The numerical simula-
tions reveal that if both control strategies are properly and
effectively implemented, the burden of helminth infections
will be mitigated. The study can be extended in numerous
ways, such as introducing age structured model to gain
more insight into the dynamics of helminth infections in
various age groups. Also, the co-dynamics of soil-trans-
mitted helminths infections and other infectious diseases
can be investigated.
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