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 A B S T R A C T

Tuberculosis (TB) remains a leading cause of morbidity and mortality worldwide, worsened 
by the emergence of drug-resistant strains. The implementation of vaccination and observed 
treatment still becomes the most popular intervention in many countries. This study develops 
a mathematical model to analyze TB dynamics by considering the impact of integrated 
intervention vaccination and treatment strategy, and also taking into account the possibility 
of treatment failure and drug–resistant. The model constructed by dividing the population 
into six compartments: susceptible 𝑆, vaccinated 𝑉 , latent 𝐿, active TB (I), drug-resistant TB 
𝐷𝑟, and recovered 𝑅. Through a mathematical analysis of the dynamical properties of the 
proposed model, we demonstrated that the disease-free equilibrium point is always locally 
asymptotically stable when the basic reproduction number is less than one and unstable when 
it exceeds one. Moreover, the endemic equilibrium point is shown to exist uniquely only when 
the basic reproduction number is greater than one, and once it exists, it is always locally 
stable. For better visualization of the stability properties, we perform continuation simulations 
to generate a bifurcation diagram of our model, utilizing various bifurcation parameters. The 
Partial Rank Correlation Coefficient (PRCC) approach is used to carry out sensitivity analyses 
to determine the most sensitive parameters to the disease control. Simulation results show 
that increased vaccination rates efficiently reduce the susceptible population to increase the 
vaccinated population, decreasing disease transmission and lowering the burden of active and 
drug-resistant tuberculosis. Recovery rates after second-line treatment have a substantial impact 
on the dynamics of drug-resistant tuberculosis. Higher recovery rates result in faster rises in 
the recovered population and improved disease control. The findings emphasize the need for 
integrated measures, such as vaccination campaigns and enhanced treatment procedures, to 
reduce tuberculosis incidence, minimize drug resistance, and improve public health outcomes. 
These findings lay the groundwork for enhancing tuberculosis control programs, especially in 
countries with limited resources.
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Introduction

Tuberculosis (TB) is a contagious infection caused by the bacterium Mycobacterium tuberculosis [1]. It primarily affects the 
lungs, although other organs can be involved. According to the World Health Organization, TB is one of the top ten causes of death 
worldwide, leading to 1.4 million fatalities in 2019. Its persistence and resurgence in certain regions, despite the availability of 
effective treatment, underscore the intricate interplay of factors influencing its spread, including social determinants, co-infection 
with HIV, and the emergence of multidrug-resistant strains [2]. The burden of TB is not evenly distributed; it disproportionately 
affects socioeconomically disadvantaged populations, where it exacerbates cycles of poverty and ill-health. These statistics reveal not 
only the public health impact of TB but also its broader socioeconomic implications. Understanding the transmission dynamics of TB 
is essential for developing targeted interventions. The disease’s complex life cycle, featuring latent and active stages, poses significant 
challenges for control and elimination efforts. In latent TB infection, individuals harbor the bacterium without showing symptoms, 
and they are not infectious. However, a subset of these individuals may progress to active TB disease, at which point they become 
symptomatic and capable of transmitting the infection to others. Factors such as immune suppression can precipitate this transition, 
which complicates the prediction of outbreak patterns and the impact of public health interventions. Despite the long-established 
use of the Bacillus Calmette-Guérin (BCG) vaccine in the Expanded Program on Immunization (EPI), it remains the sole approved 
vaccine against tuberculosis (TB) and is one of the most commonly administered vaccines globally [3]. However, its effectiveness 
in protecting against pulmonary TB is inconsistent, and the duration of its protection is not well-defined. Tuberculosis remains the 
deadliest single infectious agent worldwide, causing approximately 1.5 million deaths in 2014, with 91% of these being adults. 
Additionally, of the 9.6 million new cases reported that year, 37% went either undiagnosed or unreported [4,5]. This highlights 
the significant need for new preventive strategies, such as novel TB vaccines, especially for protecting adults against pulmonary TB 
which poses clinical management challenges and is a major contributor to ongoing transmission. The consensus is that developing 
new TB vaccines is crucial for achieving the World Health Organization’s (WHO) End TB Strategy goals for 2035 and the goal of 
eliminating TB as a public health issue by 2050. Currently, with 15 vaccine candidates undergoing clinical trials, including one in 
each of phases IIb and III, the pipeline for TB vaccines looks more promising than ever before [6].

Mathematical models have become indispensable tools in epidemiology to understand the dynamics and control of infectious 
disease [7–11], allowing researchers and policymakers to simulate the spread of diseases and assess the potential impact of public 
health interventions [12]. For TB, modeling can help predict outbreak dynamics, understand the roles of different risk factors, 
and evaluate the cost-effectiveness of various control strategies [13]. Traditional models have provided insights into the basic 
mechanics of TB transmission but often fail to encapsulate the disease’s full complexity. As such, there is a critical need for 
more refined models that incorporate the nuances of TB epidemiology, including latency, variable infectiousness, and population 
heterogeneity. [14] developed a mathematical model for tuberculosis that includes seasonality, identification, and treatment, the 
model’s results were evaluated against field data and showed consistency. [15] used mathematical modeling to investigate the 
dynamics of tuberculosis transmission, including reinfection and optimal control. [16] investigated the relationship between COVID-
19 and tuberculosis, whereas [17] used simulations to optimize TB control techniques. [18] investigated how awareness influences 
tuberculosis transmission. [19] investigated a patchy epidemic model for tuberculosis. [20] proposed a dynamic TB disease model 
that considered both hospitalized and non-hospitalized infected populations. [21] presented a model to measure the impact of 
treatment on tuberculosis (TB) and examined infectious persons. Ullah et al. (2020) investigated the stability of tuberculosis 
under partial treatment conditions. Intan et al. [22] used the SEIR framework to study TB transmission, taking into account the 
presence of a latent group and vaccination of vulnerable populations. Their data indicated that increased vaccination rates reduce 
tuberculosis transmission. Numerous studies have presented mathematical models to examine TB’s global stability and the influence 
of heterogeneity on its transmission (Okuonghae 2013; Liu 2011). A mathematical model for tuberculosis to assess the impact of 
vaccination and reinfection was analyzed by the authors in [23], where they show the possible appearance of backward bifurcation 
from their simple model. A more complex model for assessing the novel M72/AS01𝐸 vaccine is discussed by authors in [24]. The 
model involved various sources of infection, such as relapse, reinfection, and treatment failure. The combination between case 
detection and treatment in the tuberculosis model is discussed by the authors in [25]. The authors calibrated their model parameters 
using yearly incidence data. Recently, authors in [26] conducted a mathematical analysis on TB transmission from several countries, 
when the involved medical masks and case detection in their model. [27–41] provide more insights into tuberculosis dynamics.

Tuberculosis (TB) remains a major global health challenge, particularly due to the emergence of drug-resistant strains, which 
complicate disease control efforts. Although treatment and vaccine are important approaches to managing tuberculosis, their efficacy 
is frequently restricted by issues including imperfect vaccine quality and possible treatment failure, which last mentioned can lead to 
the emergence of drug-resistant tuberculosis. On the other hand, no mathematical models fully integrate these aspects into a single 
framework, despite the importance of these problems. Therefore, this paper presents a new compartmental model of TB transmission 
that builds upon classical susceptible–infected–recovered (SIR) frameworks while incorporating advancements in the understanding 
of TB pathology and treatment. Furthermore, our model also accommodate the fact that vaccination of TB not give a perfect efficacy 
against TB infection [42] and possibility of treatment failure which may lead to drug-resistant condition [43]. Our model divides 
the population into compartments according to disease status — susceptible, vaccinated, latently infected, infectious, drug-resistant, 
and recovered. These compartments are interconnected through a series of differential equations that describe the rates of transition 
between states, informed by current knowledge of the biological and behavioral processes governing TB spread. The paper is 
organized as follows: The formulation of the TB model and the model description is presented in Section ‘‘Model Formulation’’, 
the dynamical analysis and some basic properties of the proposed model is presented in Section ‘‘Dynamical analysis’’, sensitivity 
analysis of the model with Partial Rank Correlation Coefficient (PRCC) approach is presented in Section ‘‘Sensitivity Analysis’’, and 
results and discussion is presented in Section ‘‘Results and Discussion’’, while the conclusion of the study is presented in Section 
‘‘Conclusion’’.
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Fig. 1. Model’s compartmental flow diagram.

Model formulation

We propose a novel mathematical model that describes the dynamics of tuberculosis (TB) transmission. The model divides 
the human population into six categories based on their health status: susceptible individuals 𝑆(𝑡), vaccinated individuals 𝑉 (𝑡), 
individuals with latent tuberculosis 𝐿(𝑡), individuals with active tuberculosis 𝐼(𝑡), individuals with drug-resistant tuberculosis 𝐷𝑟(𝑡), 
and those who have recovered from tuberculosis 𝑅(𝑡). We assume that individuals in the latent population are infected with TB 
without exhibiting any symptoms. We define individuals in the drug resistance class as those who adopt the first-line treatment of 
TB (early treatment). The susceptible population is populated by immigration or newborns at a constant rate 𝛽 and vaccine wane 
rate at the rate 𝜃, also, the susceptible population is reduced by natural death and vaccine rate at the rate 𝜇 and 𝜙 respectively. 
We assume that TB infection can only be transmitted by active individuals. Thus, the force of infection is given by 𝛼𝑆𝐼 , with 𝛼 is 
the infection rate of TB. We also assume that, vaccinated population are partially protected due to the fact that vaccination is not 
100% effective [44], after a period of time, the vaccinated individuals lose immunity. Thus, individuals vaccinated against TB can 
contract the disease through effective contact with those in the active TB class with a reduced rate 1 − 𝜏 where 𝜏 represents the 
efficacy of the vaccine. We represent the force of infection for vaccinated individuals as 𝛼(1 − 𝜏)𝑉 𝐼 . Latent individuals can progress 
to active TB class after incubation period of 2- 8 years after their initial infection [12,45]. We denote this transition rate from 𝐿 to 
𝐼 compartment with parameter 𝜂. Individuals in the active TB class can recover at a rate 𝜔 with a proportion 𝛾 to recovered class 
through treatment and fraction of 1− 𝛾 moves to drug resistance class as a results of improper or treatment failure [46]. Individuals 
in the active TB class can die as a result of TB infection at a rate 𝛿 while 𝜀 represents the recovery rate after second-line treatment. 
The equations in Eq.  (1) represent the model description above, while the compartmental flow diagram of the model is shown in 
Fig.  1.

𝑑𝑆
𝑑𝑡

= 𝛽 − 𝛼𝑆𝐼 + 𝜃𝑉 − (𝜇 + 𝜙)𝑆,

𝑑𝑉
𝑑𝑡

= 𝜙𝑆 − 𝛼(1 − 𝜏)𝑉 𝐼 − (𝜇 + 𝜃)𝑉 ,

𝑑𝐿
𝑑𝑡

= 𝛼𝑆𝐼 + 𝛼(1 − 𝜏)𝑉 𝐼 − (𝜇 + 𝜂)𝐿,

𝑑𝐼
𝑑𝑡

= 𝜂𝐿 − (𝜔 + 𝜇 + 𝛿)𝐼,

𝑑𝐷𝑟
𝑑𝑡

= (1 − 𝛾)𝜔𝐼 − (𝜇 + 𝜀)𝐷𝑟,

𝑑𝑅
𝑑𝑡

= 𝜀𝐷𝑟 + 𝛾𝜔𝐼 − 𝜇𝑅.

(1)

Dynamical analysis

Taking the right-hand side of system (1) equal to zero, we have two types of equilibrium points of the respected model. The first 
equilibrium point is the TB-free equilibrium, denoted by 0 and is given by 

0 =
(

𝑆0, 𝑉 0, 𝐿0, 𝐼0, 𝐷0
𝑟 , 𝑅

0) =
(

𝛽(𝜇 + 𝜃)
𝜇(𝜇 + 𝜙 + 𝜃)

,
𝛽𝜙

𝜇(𝜇 + 𝜙 + 𝜃)
, 0, 0, 0, 0

)

, (2)

which represent an equilibrium when all non susceptible/vaccinated compartment equals to zero. Note that the total population at 
TB-free equilibrium is given by

𝑁 = 𝑆0 + 𝑉 0 =
𝛽(𝜇 + 𝜃)

+
𝛽𝜙

=
𝛽
.

𝜇(𝜇 + 𝜙 + 𝜃) 𝜇(𝜇 + 𝜙 + 𝜃) 𝜇
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The second equilibrium point is the TB-endemic equilibrium point, denoted by 1. This equilibrium represent a condition when the 
infected compartment also exist in the population. By direct calculation, we have 1 is given by: 

1 =
(

𝑆, 𝑉 , 𝐿, 𝐼,𝐷𝑟, 𝑅
)

=
(

𝑆∗, 𝑉 ∗, 𝐿∗, 𝐼∗, 𝐷∗
𝑟 , 𝑅

∗) , (3)

where

𝑆∗ =
𝛽(𝜇 + 𝜃 + 𝛼𝐼∗(1 − 𝜏))

𝛼2(1 − 𝜏)(𝐼∗)2 + 𝛼(𝜃 + 𝜙(1 − 𝜏) + 𝜇(2 − 𝜏))
, 𝑉 ∗ =

𝛽𝜙
𝛼2(1 − 𝜏)(𝐼∗)2 + 𝛼(𝜃 + 𝜙(1 − 𝜏) + 𝜇(2 − 𝜏))

,

𝐿∗ =
𝜔 + 𝜇 + 𝛿

𝜂
𝐼∗, 𝐷∗

𝑟 =
(1 − 𝛾)𝜔
𝜇 + 𝜖

𝐼∗, 𝑅∗ =
𝜔(𝜇𝛾 + 𝜖)
𝜇(𝜇 + 𝜖)

,

with 𝐼∗ is taken from the positive roots of the following polynomial: 
𝐹 (𝐼) = 𝑎2𝐼

2 + 𝑎1𝐼 + 𝑎0 = 0, (4)

and

𝑎2 = −𝛼2(1 − 𝜏)(𝜇 + 𝜂)(𝜔 + 𝜇 + 𝛿),

𝑎1 = 𝛽𝜂(1 − 𝜏)𝛼2 + (𝜇𝜏 − 2𝜇 − 𝜃 − 𝜙(1 − 𝜏))(𝜇 + 𝜂)(𝛿 + 𝜇 + 𝜔)𝛼,

𝑎0 =
(

𝛼𝛽(𝜙(1 − 𝜏) + 𝜇 + 𝜃)
𝜇(𝜇 + 𝜙 + 𝜃)(𝜔 + 𝜇 + 𝛿)(𝜇 + 𝜂)

− 1
)

(𝜇 + 𝜙 + 𝜃)(𝜇 + 𝜂)(𝜔 + 𝜇 + 𝛿)𝜇.

Calculation of the basic reproduction number

The basic reproduction number, 0, is a pivotal parameter in epidemiology, often described as the average number of secondary 
cases produced by an infectious individual in a wholly susceptible population [47]. Our analysis not only derives this parameter but 
also examines its sensitivity to various factors, which can inform targeted control measures. We further explore the local and global 
stability of the model, utilizing Lyapunov functions to demonstrate the conditions under which the disease fades out or persists 
in the population. We use the Next-generation matrix approach introduced by authors in [48] to calculate the basic reproduction 
number of our model in (1). The transition and transmission matrix of sub-infected system of model in (1), denoted by 𝑉  and 𝐹 , 
respectively, is given by:

𝑉 =
⎡

⎢

⎢

⎣

−𝜂 − 𝜇 0 0
𝜂 −𝜔 − 𝜇 − 𝛿 0
0 (1 − 𝛾)𝜔 −𝜇 − 𝜖

⎤

⎥

⎥

⎦

, 𝐹 =

⎡

⎢

⎢

⎢

⎣

0 𝛽(𝜇+𝜃)𝛼
𝜇(𝜇+𝜙+𝜃) +

𝛼(1−𝜏)𝛽𝜙
𝜇(𝜇+𝜙+𝜃) 0

0 0 0
0 0 0

⎤

⎥

⎥

⎥

⎦

.

Since we have the second and the third row of 𝐹  are zero, the recipes to calculate the next-generation matrix is given by 

𝑁𝐺𝑀 = −𝐸𝑇𝐹𝑉 −1𝐸, with 𝐸 =
⎡

⎢

⎢

⎣

1
0
0

⎤

⎥

⎥

⎦

. By direct calculation, we have: 

𝑁𝐺𝑀 =
[

𝛼𝛽𝜂(𝜙(1 − 𝜏) + 𝜇 + 𝜃)
𝜇(𝜇 + 𝜙 + 𝜃)(𝜔 + 𝜇 + 𝛿)(𝜇 + 𝜂)

]

. (5)

Hence, the basic reproduction number of system (1) is taken from the spectral radius of 𝑁𝐺𝑀 , which is: 

0 =
𝛼𝛽𝜂(𝜙(1 − 𝜏) + 𝜇 + 𝜃)

𝜇(𝜇 + 𝜙 + 𝜃)(𝜔 + 𝜇 + 𝛿)(𝜇 + 𝜂)
. (6)

Several authors have utilized the basic reproduction number) to determine if a disease will persist or go into extinction in the 
population. The basic reproduction number is defined as the estimated number of secondary cases caused by a main case during 
one infectious period in a totally susceptible population. [49]. In most epidemiological models [50–53], it has been shown that a 
disease will persist in the population if the reproduction number is greater than one. Conversely, there is a possibility of disease 
elimination in the population if the basic reproduction number is less than one. For the proposed TB model in (1), we analyze the 
role of the reproduction number derived in (6) in the following subsection.

Existence of equilibrium points

Since the expression of the TB-free equilibrium point 0 is always exist in R+
6  without any condition related to the reproduction 

number, we have the following theorem. 

Theorem 1.  The TB-free equilibrium of system (1) given by 0 in (2) always exist without any condition.
Next, the TB-endemic equilibrium is given in Eq.  (3), which could be positive or negative depends on the roots of polynomial 

𝐹 (𝐼) = 0 in Eq.  (4). If we have at least one positive roots, then we will have exactly one positive TB-endemic equilibrium. Hence, 
we need to adjust the possible existence of a positive roots that satisfies 𝐹 (𝐼) = 0. From the expression of 0, we can see that 𝑎0 of 
𝐹 (𝐼) can be rewritten as:
𝑎0 = (0 − 1)(𝜇 + 𝜙 + 𝜃)(𝜇 + 𝜂)(𝜔 + 𝜇 + 𝛿)𝜇.

4 
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Hence, since 𝑎0 is always negative and 𝑎0 > 0 ↔ 0 > 1, then we will always have a multiplication of the root of 𝐹 (𝐼) is always 
negative, which indicates a unique positive root. Hence, there is always exist a unique TB-endemic equilibrium if 0 > 1.

Next, we analyze the possibility of the existence of positive roots of 𝐹 (𝐼) in the case of 0 < 1. We use a similar gradient 
method approach as the authors in [51]. The idea of this gradient method is to analyze the direction of 𝜕𝐼

𝜕0
 at the branching point 

0 = 1, 𝐼 = 0. If the gradient is positive, then there will be no endemic equilibrium point for any 0 < 1. On the other hand, if 
we can prove that the gradient could be negative in this branching point, then there will be an endemic equilibrium in the case of 
0 < 1.

To analyze this possibility, let 0 as the bifurcation parameter. Hence, we need to rewrite 𝐹 (𝐼) as a function of 0. To do this, 
let we solve 0 = 1 respect to 𝛼, and substitute it to 𝐹 (𝐼). By direct calculation, 𝛼 that satisfies 0 = 1 is given by:

𝛼∗ =
𝜇 (𝜇 + 𝜙 + 𝜃) (𝜔 + 𝜇 + 𝛿) (𝜇 + 𝜂)

𝛽 (𝜇 + 𝜙(1 − 𝜏) + 𝜃) 𝜂
.

Substitute 𝛼∗ into 𝐹 (𝐼), and calculate 𝑑𝑓𝑟𝑎𝑐𝜕𝐼𝜕0 at 𝐼 = 0 gives

𝐴1
𝜕𝐼
𝜕0

+ (𝜇 + 𝜙 + 𝜃)(𝜇 + 𝜂)(𝜔 + 𝜇 + 𝛿)𝜇 = 0,

where

𝐴1 = −
𝜇 (𝜇 + 𝜙 + 𝜃) (𝜔 + 𝜇 + 𝛿)2 (𝜇 + 𝜂)2

[

(𝜏 − 1)2 𝜙2 + (1 − 𝜏) (2(𝜇 + 𝜃) − 𝜇𝜏)𝜙 + (𝜇 + 𝜃)2
]

𝛽 (−𝜙𝜏 + 𝜇 + 𝜙 + 𝜃)2 𝜂
.

Hence, we have
𝜕𝐼
𝜕0

(0 = 1, 𝐼 = 0) = −
(𝜇 + 𝜙 + 𝜃)(𝜇 + 𝜂)(𝜔 + 𝜇 + 𝛿)𝜇

𝐴1
.

Since 2(𝜇 + 𝜃) − 𝜇𝜏 > 2𝜃 + 𝜇(1 − 𝜏) > 0, then we have that 𝐴1 is always negative. Hence, we have that 𝜕𝐼
𝜕0

(0 = 1, 𝐼 = 0) is always 
non-negative.

With these result, we have the following Theorem 

Theorem 2.  TB model in (1) always has a unique endemic equilibrium if 0 > 1, and no TB-endemic equilibrium otherwise.

Stability analysis of the equilibrium points

Linearization technique will be used to analyze the local stability of TB-free equilibrium around 0. By direct calculation, the 
Jacobian matrix of system (1) around 0 is given by: 

𝐽 (0) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−𝜙 − 𝜇 𝜃 0 − 𝛽(𝜇+𝜃)𝛼
𝜇(𝜇+𝜙+𝜃) 0 0

𝜙 −𝜇 − 𝜃 0 − 𝛼(1−𝜏)𝛽𝜙
𝜇(𝜇+𝜙+𝜃) 0 0

0 0 −𝜂 − 𝜇 𝛽(𝜇+𝜃)𝛼
𝜇(𝜇+𝜙+𝜃) +

𝛼(1−𝜏)𝛽𝜙
𝜇(𝜇+𝜙+𝜃) 0 0

0 0 𝜂 −𝜔 − 𝜇 − 𝛿 0 0
0 0 0 (1 − 𝛾)𝜔 −𝜇 − 𝜖 0
0 0 0 𝛾𝜔 𝜖 −𝜇

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (7)

There are four explicit eigenvalues of 𝐽 (0), i.e.
𝜆1 = −𝜇, 𝜆2 = −𝜇, 𝜆3 = −(𝜇 + 𝜖), 𝜆4 = −(𝜇 + 𝜙 + 𝜃).

the other two eigenvalues are taken from the root of the following polynomial:
𝐺(𝜆) = 𝑏2𝜆

2 + 𝑏1𝜆 + 𝑏0 = 0,

where

𝑏2 = 𝜇(𝜇 + 𝜙 + 𝜃),

𝑏1 = (𝜇 + 𝜙 + 𝜃) (𝛿 + 𝜂 + 2𝜇 + 𝜔)𝜇,

𝑏0 = (1 −0) (𝜇 + 𝜙 + 𝜃) (𝜇 + 𝜂) (𝜔 + 𝜇 + 𝛿)𝜇.

Since 𝑏2 and 𝑏1 are always positive, and 𝑏0 > 0 ↔ 0 < 1, then we will have the roots of 𝐺(𝜆) = 0 will always have a negative real 
part. This result was summarized in the following theorem. 

Theorem 3.  The TB-free equilibrium 0 of the TB model in system (1) is always locally asymptotically stable if 0 < 1 and unstable if 
0 > 1.

For the stability of the endemic equilibrium, we use a center-manifold approach as mentioned in Castillo Chaves and Song 
bifurcation theorem [54]. The result is given in the following theorem.
5 
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Theorem 4.  The Tuberculosis model in (1) always undergoes a forward bifurcation at 0 = 1.

Proof.  Using the center manifold theory introduced by Castillo-Chavez and Song [54], we assume the following:
𝑆 = 𝑥1, 𝑉 = 𝑥2, 𝐿 = 𝑥3, 𝐼 = 𝑥4, 𝐷𝑟 = 𝑥5, 𝑅 = 𝑥6.

As a result, the system (1) can be reformulated as:
𝑓1 = 𝑥′1 = 𝛽 − 𝛼𝑥1𝑥4 + 𝜃𝑥2 − (𝜇 + 𝜙) 𝑥1,
𝑓2 = 𝑥′2 = 𝜙𝑥1 − 𝛼 (1 − 𝜏) 𝑥2𝑥4 − (𝜇 + 𝜃) 𝑥2,
𝑓3 = 𝑥′3 = 𝛼𝑥1𝑥4 + 𝛼 (1 + −𝜏) 𝑥2𝑥4 − (𝜇 + 𝜂) 𝑥3,

𝑓4 = 𝑥′4 = 𝜂𝑥3 − (𝜔 + 𝜇 + 𝛿) 𝑥4, (8)
𝑓5 = 𝑥′5 = (1 − 𝛾)𝜔𝑥4 − (𝜇 + 𝜖) 𝑥5,
𝑓6 = 𝑥′6 = 𝛾𝜔𝑥4 + 𝜖𝑥5 − 𝜇𝑥6.

We choose 𝛼 as the bifurcation parameter. When 0 = 1, solving Eq. (6) yields:

𝛼∗ =
𝜇 (𝜇 + 𝜙 + 𝜃) (𝜔 + 𝜇 + 𝛿) (𝜇 + 𝜂)

𝛽 (−𝜙𝜏 + 𝜇 + 𝜙 + 𝜃) 𝜂
To proceed with the analysis, the Jacobian matrix of system (8) is evaluated at the disease-free equilibrium 0 with 𝛼 = 𝛼∗, resulting 
in the following:

 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−𝜇 − 𝜙 𝜃 0 − (𝜔+𝜇+𝛿)(𝜇+𝜂)(𝜇+𝜃)
(−𝜙𝜏+𝜇+𝜙+𝜃)𝜂 0 0

𝜙 −𝜇 − 𝜃 0 − (𝜔+𝜇+𝛿)(𝜇+𝜂)(1−𝜏)𝜙
(−𝜙𝜏+𝜇+𝜙+𝜃)𝜂 0 0

0 0 −𝜇 − 𝜂 (𝜔+𝜇+𝛿)(𝜇+𝜂)(𝜇+𝜃)
(−𝜙𝜏+𝜇+𝜙+𝜃)𝜂 + (𝜔+𝜇+𝛿)(𝜇+𝜂)(1−𝜏)𝜙

(−𝜙𝜏+𝜇+𝜙+𝜃)𝜂 0 0
0 0 𝜂 −𝜔 − 𝜇 − 𝛿 0 0
0 0 0 (1 − 𝛾)𝜔 −𝜇 − 𝜖 0
0 0 0 𝛾𝜔 𝜖 −𝜇

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

.

The eigenvalue calculation for   reveals one simple zero eigenvalue, while the remaining five eigenvalues have negative. To identify 
the corresponding right eigenvector 𝑤 = (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5, 𝑤6)𝑇  associated with the zero eigenvalue, we solve the equation 𝑤 = 0, 
yielding the following expressions:

𝑤1 = − (𝜇 + 𝜂)
(

(𝜇 + 𝜃)2 + 𝜙𝜃 (1 − 𝜏)
)

(𝜔 + 𝜇 + 𝛿) (𝜇 + 𝜖) ,
𝑤2 = − (𝜇 + 𝜖) (𝜇(2 − 𝜏) + 𝜙(1 − 𝜏) + 𝜃) (𝜇 + 𝜂)𝜙 (𝜔 + 𝜇 + 𝛿) ,
𝑤3 = (𝜔 + 𝜇 + 𝛿)𝜇 (𝜇 + 𝜖) (𝜇 + 𝜙 + 𝜃) (𝜙(1 − 𝜏) + 𝜇 + 𝜃) ,
𝑤4 = 𝜇 (𝜇 + 𝜖) (𝜇 + 𝜙 + 𝜃) (𝜙(1 − 𝜏) + 𝜇 + 𝜃) 𝜂,
𝑤5 = 𝜔 (1 − 𝛾)𝜇 (𝜇 + 𝜙 + 𝜃) (𝜙(1 − 𝜏) + 𝜇 + 𝜃) 𝜂,
𝑤6 = 𝜔 (𝛾𝜇 + 𝜖) (𝜇 + 𝜙 + 𝜃) (𝜙(1 − 𝜏) + 𝜇 + 𝜃) 𝜂.

Similarly, let 𝑣 = (𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6)𝑇  represent the left eigenvector corresponding to the zero eigenvalue. Solving 𝑣 = 0 produces 
the following results:

𝑣1 = 0, 𝑣2 = 0, 𝑣3 = 𝜂, 𝑣4 = 𝜇 + 𝜂, 𝑣5 = 0, 𝑣6 = 0

Since 𝑣1, 𝑣2, 𝑣5, and 𝑣6 are all zero, it is not necessary to compute the derivatives of 𝑓1, 𝑓2, 𝑓5, and 𝑓6. However, for 𝑓3 and 𝑓4, the 
relevant nonzero second derivatives are as follows:

𝜕2𝑓3
𝜕𝑥1𝜕𝑥4

= 𝛼∗,
𝜕2𝑓3

𝜕𝑥2𝜕𝑥4
= 𝛼∗(1 − 𝜏),

𝜕2𝑓3
𝜕𝑥4𝜕𝛼∗

=
𝛽 (𝜙(1 − 𝜏) + 𝜇 + 𝜃)

𝜇 (𝜇 + 𝜙 + 𝜃)
.

The bifurcation coefficients 𝑎 and 𝑏, which determine the direction of bifurcation depending on their signs, are calculated as follows:

𝑎 =
𝑛
∑

𝑘,𝑖,𝑗=1
𝑣𝑘𝑤𝑖𝑤𝑗

𝜕2𝑓𝑘
𝜕𝑥𝑖𝜕𝑥𝑗

(0, 0)

= −
2𝜂
𝛽
𝜇2 (𝜇 + 𝜂)2 (𝜔 + 𝜇 + 𝛿)2 (𝜇 + 𝜖)2 (𝜇 + 𝜙 + 𝜃)2 …

×
(

(𝜇 + 𝜃)2 + 𝜙𝜃 (1 − 𝜏) + (𝜇(2 − 𝜏) + 𝜙(1 − 𝜏) + 𝜃)𝜙 (1 − 𝜏)
)

< 0

𝑏 =
𝑛
∑

𝑘,𝑖,𝑗=1
𝑣𝑘𝑤𝑖

𝜕2𝑓𝑘
𝜕𝑥𝑖𝜕𝜙

(0, 0)

= 𝛽𝜂2 (𝜙(1 − 𝜏) + 𝜇 + 𝜃)2 (𝜇 + 𝜖) > 0.

Since 𝑎 is negative and 𝑏 is positive, the system exhibits a forward bifurcation. □

A consequences of Theorem  4 is that the endemic equilibrium 1 is locally asymptotically stable for 0 > 1 but close to one. A 
dynamical behavior for any   greater and far beyond one will be discussed numerically in the proceeding section.
0
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Table 1
Model variables and their initial conditions.
 Variable Description ICs Value  
 𝑆(𝑡) Susceptible humans 𝑆(0) 10,000 
 𝑉 (𝑡) Vaccinated humans 𝑉 (0) 3000  
 𝐿(𝑡) Latent humans 𝐿(0) 8300  
 𝐼(𝑡) Active TB humans 𝐼(0) 8010  
 𝐷𝑟(𝑡) Drug resistance humans 𝐷𝑟(0) 0  
 𝑅(𝑡) Recovered humans 𝑅(0) 0  

Table 2
Model parameter values and their interpretation with estimated values.
 Parameter Description Value Source 
 𝛼 Transmission rate 1.57 ×10−8 per year [55]  
 𝛽 Recruitment rate 5 [56]  
 𝜙 Vaccination rate 0.1–0.98 [57]  
 𝜃 loss of immunity 0.10 per year [58]  
 𝜇 Natural death rate 0.0142 per year [59]  
 𝜂 Progression rate from latent to active TB 0.129 per year [12]  
 𝛿 TB induced death rate 0.1 [38]  
 𝜔 Movement rate out of active TB class 0.287 per year [58]  
 𝜀 Rate of recovery after second line treatment 0.287 per year [58]  
 𝜏 Vaccine efficacy 0–1 [60]  
 𝛾 Recovery rate of active TB individuals due to prompt treatment 0.129 per year [12]  
 𝛿 Death rate due to TB 0.1 per year [38]  

Fig. 2. Bifurcation diagram of model (1) with 𝛼, 𝜏, and 𝛿 as the bifurcation parameter represented in panel a, b and c, respectively. The branching point appears 
at 0 = 1. The red and blue curve represent the unstable and stable equilibrium points, respectively.  (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.)

Bifurcation diagram

Here in this section we simulate our analytical results in the previous section using a bifurcation diagram. We use a parameter 
values as shown in Table  2, and conduct the numerical simulation using MATCONT  which is based on MatLab. The first bifurcation 
diagram is shown in Fig.  2(a) where 𝛼 becomes the bifurcation parameter. For a small 𝛼 less than 4.89 × 10−6, we have a stable 
disease-free equilibrium, which is denoted by the solid blue curve. The stability of disease-free equilibrium maintain until it meets 
the Branching Point (BP) at 𝛼 = 4.89 × 10−6. Meeting BP, the stability of disease-free equilibrium changes into unstable equilibrium. 
In the same time, the endemic equilibrium start to arise and keep increasing as 𝛼 increases.

The second bifurcation diagram is shown in Fig.  2(b) where we choose 𝜏 as the bifurcation parameter. It can be seen when 
𝜏 = 0, we have a stable endemic equilibrium (denoted by the blue curve) and unstable disease-free equilibrium (denoted by the red 
curve). As 𝜏 increases, the endemic equilibrium decreases. The stability types for both equilibrium do not changes, until we meet 
the bifurcation point BP at 𝜏 = 0.9172. Passing this BP, the endemic equilibrium extinct, and the disease free equilibrium changes it 
stability into a stable equilibrium. A similar interpretation gives for Fig.  2(c) when we use 𝛿 as the bifurcation parameter. The BP 
is given at 𝛿 = 1.744.
7 
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Key biological conclusion from analytical results

In this section, we have presented a detailed analysis of our model, starting with the calculation of equilibrium points, the 
reproduction number, and an analysis of the bifurcation diagram. These calculations are crucial in determining the long-term 
behavior of our TB model, particularly in assessing the impact of vaccination and treatment failure. Our analysis shows that the TB-
free equilibrium is always locally asymptotically stable when the reproduction number is less than one (see Theorem  3). Furthermore, 
we have demonstrated that the TB-endemic equilibrium exists and is locally stable only when the reproduction number exceeds one 
(see Theorem  4). These results indicate that, in our proposed model, the reproduction number serves as the sole endemic indicator, 
determining whether TB persists or disappears. Lowering the reproduction number below one is essential to ensure the eventual 
eradication of TB from the population. We use a bifurcation diagram to visualize our analytical results, clearly showing that an 
increase in the infection rate 𝛼 leads to a larger TB-endemic equilibrium. Conversely, increasing vaccine efficacy 𝜏 and the TB-
induced death rate 𝛿 reduces the size of the TB-endemic equilibrium. However, the latter option is not feasible from a public health 
perspective.

Sensitivity analysis

The Partial Rank Correlation Coefficient (PRCC) approach is used to carry out sensitivity analyses on the parameters in the 
proposed tuberculosis (TB) model. This technique quantifies the sensitivity of the key model outputs, specifically the infected 
population and the basic reproduction number (0), to the individual input parameters listed in Table  2, while accounting for 
the interdependence of other parameters. To do the analysis, we use Latin Hypercube Sampling (LHS) to produce a wide range 
of parameter combinations. The model is then simulated over time with these parameter sets and the PRCC values are calculated 
to determine how each parameter affects the result variables. Calculating the PRCC allows us to determine how each parameter 
affects the dynamics of the disease. Table  1 describes the initial values of the compartments for the simulation: 𝑆(0) = 10000, 
𝑉 (0) = 3000, 𝐿(0) = 8300, 𝐼(0) = 8010, 𝐷𝑟(0) = 0, and 𝑅(0) = 0. LHS generates 1000 parameter sets from the provided minimum 
and maximum ranges, ensuring that the parameter space is sampled representatively. The PRCC technique rates the influence of 
each parameter based on how strongly it correlates with the output variable while accounting for the influence of other parameters. 
Positive PRCC values indicate a direct relationship between the parameter and the output, whilst negative PRCC values imply 
an inverse relationship. This research provides vital information on the parameters that most strongly control the dynamics of 
tuberculosis transmission and recovery, which will help guide future model development and policy interventions. The PRCC result is 
presented in Fig.  3, Ithe relatively low impact of vaccination aligns with the findings that the BCG vaccine has limited efficacy in adults, 
highlighting the need for more effective TB vaccines. Additionally, TB-induced death (𝛿), recovery (𝜔, 𝜀), and movement out of 
active TB all negatively affect TB prevalence, highlighting the importance of effective treatment, drug resistance management and 
strengthening the health system. In general, these findings are consistent with the public health literature, emphasizing transmission 
reduction, early case detection, and improved treatment strategies as the most effective approaches to controlling TB. Fig.  4 is the 
violin plot of PRCC values for the parameters of the TB model (generated distributions around the PRCC values) which visualizes 
the Partial Rank Correlation Coefficients (PRCC) of various parameters in the TB model, with the purpose of determining how each 
parameter affects the fundamental reproduction number. The position of the violin indicates the central tendency of the PRCC values, 
with violins centered near the top indicating a positive connection with R0 and those placed near the bottom indicating a negative 
relationship. Individual points inside the violins emphasize the spread of the created synthetic PRCC values around the mean, giving 
a clear picture of each parameter’s importance. This figure aids in identifying parameters with significant or consistent influence on 
the model’s output, distinguishing those with a steady, predictable impact from those with greater variability or uncertainty.

Results and discussion

The results presented in this section are based on numerical simulations of the tuberculosis (TB) transmission model. In Figs.  5
and 6, we explore the impact of transmission rates 𝛼 on the dynamics of tuberculosis (TB) in different compartments. Susceptible 
𝑆, vaccinated 𝑉 , latent 𝐿, active 𝐼 , drug-resistant 𝐷𝑟, and recovered 𝑅 populations. We also investigated the effects of vaccination 
rates 𝜙 on the dynamics of TB in these compartments over time. These compartments depict the various phases of infection and 
immunity within the population. Simulating different 𝛼 values allowed us to investigate how transmission dynamics affect the 
compartments of the TB model. These insights can be used to drive public health initiatives and inform TB epidemic management 
strategies. For instance, in Fig.  6, the simulation shows how the vaccination rate (𝜙) influences the dynamics of tuberculosis across 
several compartments. The findings reveal that increasing vaccination rates dramatically reduces the number of individuals at risk, 
lowering the number of people who can develop latent or active tuberculosis. Higher vaccination rates also increase the vaccinated 
population. Fig.  7 shows simulation results of TB dynamics: (a) Active TB (𝐼) with varying 𝛾, (b) drug-resistant TB (𝐷𝑟) with varying 
𝛾, and (c) the effect of 𝛾 on the recovered population (𝑅). Fig.  7a shows that as 𝛾 rates increase, individuals with active tuberculosis 
(I) recover more quickly. This means that fewer people remain in the active tuberculosis compartment over time. If treatment is 
highly effective (𝛾 is high), the population in the active TB compartment will fall rapidly, potentially reaching zero by the end of the 
simulation time (𝑡 = 20). In Fig.  7b, when 𝛾 = 0.25, recovery from active tuberculosis is delayed. This suggests that more patients will 
remain in the active TB compartment (I), with some transitioning to the drug-resistant TB compartment (𝐷𝑟). Higher 𝛾 levels lead 
to direct recovery from drug-resistant tuberculosis, resulting in a lower 𝐷𝑟 population. In Fig.  7c, recovery from active tuberculosis 
is most effective when 𝛾 = 1.0. Individuals in the active TB compartment (I) migrate to the recovered (R) compartment faster than 
8 
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Fig. 3. PRCC result. .

Fig. 4. Violin plot of PRCC values for TB model parameters (Generated distributions around PRCC values).

those with lower values of 𝛾. As a result, the recovered population (R) will expand faster and attain a higher value than when 𝛾
is lower. In Fig.  8, the results show that higher recovery rates (𝜀) result in a faster reduction of drug-resistant and active TB cases, 
leading to a healthier and larger population. Lower recovery rates, for example, when 𝜀 = 0.1, slow disease control leads to more 
infections and slower population growth. Higher recovery rates improve the effectiveness of second-line treatments in managing 
drug-resistant tuberculosis and promoting population recovery. Furthermore, the results show that higher values 𝜀 (0.4 and 0.5) 
result in faster recovery from drug-resistant tuberculosis and a greater increase in the recovered population (R) over time. As more 
people with drug-resistant tuberculosis recover, fewer people remain infected, reducing the active TB (I) and drug-resistant TB 𝐷𝑟
populations.
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Fig. 5. Impact of Transmission Rates (𝛼) on the Dynamics of Tuberculosis (TB) in Different Compartments: Susceptible (S), Vaccinated (V), Latent (L), Active 
TB (I), Drug-Resistant TB (𝐷𝑟), and Recovered (R) Populations over Time.

Conclusion

Tuberculosis (TB) is an infectious disease that spreads from human to human and has been a major public health issue in 
many countries for years. Numerous mathematical models, each with its own specific features, have been introduced by various 
authors to understand the spread of TB within populations; see [24,26] for recently published studies. Unlike previous works 
that focus primarily on specific vaccine implementations without addressing the potential emergence of drug-resistant strains, 
this article presents a TB vaccination model that also considers treatment failure and the development of drug resistance. The 
model constructed with six compartments that account for susceptible, vaccinated, latent, active, drug resistant, and recovered 
populations. We established through careful mathematical analysis that in the absence of that is, the disease-free equilibrium is 
locally asymptotically stable when the basic reproduction number is less than unity, implying that the disease can be eradicated 
under certain conditions. In contrast, when the reproduction number reaches one, the endemic equilibrium exists and remains 
stable, highlighting the survival of tuberculosis in such settings. Our simulations offer vital information about the mechanics of 
tuberculosis transmission. The results show that increased vaccination rates successfully lower the susceptible population, limiting 
both latent and active tuberculosis cases. Increased vaccination rates also help grow the vaccinated population, illustrating the 
importance of vaccination programs in disease prevention. Furthermore, the study emphasizes the relevance of recovery rates in 
tuberculosis management. Improved recovery rates for active and drug resistant tuberculosis were found to significantly improve 
disease control efforts by reducing infected populations while increasing the number of recovered individuals. Finally, this study 
shows that effective tuberculosis control requires a combination of higher coverage of the vaccine, greater efficacy of the treatment, 
and lower transmission rates. These findings can help policymakers, public health practitioners, and researchers create and execute 
treatments to prevent tuberculosis, especially in resource-constrained areas where the illness remains a serious public health concern. 
Although our model already addresses the complexity of TB spread in the population by considering several important factors, such 
as the effects of vaccination, reinfection, treatment failure, and multidrug resistance, there are still several aspects that can be 
improved. The first improvement is the incorporation of incidence data to calibrate the model with real-world scenarios. Another 
aspect not yet included in our model is the consideration of socioeconomic characteristics, healthcare resource limitations, and the 
impact of diagnostic and treatment delays, which could help optimize TB control strategies. Therefore, these aspects can be explored 
as directions for future work.
10 
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Fig. 6. Dynamic Effects of Vaccination Rates (𝜙) on TB in Different Compartments: Susceptible (S), Vaccinated (V), Latent (L), Active TB (I), Drug-Resistant TB 
(𝐷𝑟), and Recovered (R) Populations over Time.
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Fig. 7. Simulation results of TB dynamics: (a) Active TB (𝐼) with varying 𝛾, (b) Drug-resistant TB (𝐷𝑟) with varying 𝛾, and (c) Effect of 𝛾 on the recovered 
population (𝑅).

Fig. 8. Effect of recovery rate after second-line treatment.
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