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ABSTRACT

Human immunodeficiency virus (HIV) and hepatitis B virus (HBV) are major public health concern worldwide, contributing to
significant morbidity and mortality. Managing co-infection between HIV and HBV presents additional challenges in clinical treat-
ment and patient outcomes. In this article, we developed a comprehensive co-infection model to explore the complex transmission
dynamics between HIV and HBV in the United States. Our model incorporates crucial factors such as infection through birth or
migration, HBV vaccination, and the possibility of reinfection following HBV recovery. Our mathematical analysis started with the
analysis of the two non-co-infection submodels, that is, for HIV-only and HBV-only models. We derived the basic reproduction
number for each submodel and applied the Routh-Hurwitz criterion to assess the local stability of their respective disease-free
equilibrium points. Our investigation revealed that the HIV-only submodel is globally asymptotically stable when its basic repro-
duction number remains below one. Conversely, the HBV-only submodel exhibits a backward bifurcation, meaning that both
disease-free and endemic equilibrium states can coexist even when the reproduction number falls below one. This phenomenon
complicates HBV control strategies under such conditions. However, in the absence of reinfection, the HBV-only model reaches
global stability at the disease-free equilibrium whenever its reproduction number is below one. Using center manifold theory,
we further demonstrated that the full HIV-HBV co-infection model also undergoes backward bifurcation. A sensitivity analysis
was conducted on the basic reproduction numbers of HIV and HBV to identify critical parameters influencing the transmission
dynamics of both infections. Our results indicate a positive correlation between the spread of one infection and the prevalence
of the other. Additionally, we validated the model by fitting it to annual cumulative data on new HIV cases and reported acute
HBYV infections in the United States. Numerical simulations suggest that increasing condom use adherence, enhancing treatment

coverage for both infections, and boosting HBV vaccination rates can substantially reduce the prevalence of HIV, HBV, and their
co-infection.
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1 | Introduction

For many years, infectious disease has become a major health
program in many countries in the world, including the human
immunodeficiency virus (HIV) and hepatitis B virus (HBV). HIV
is a virus that attacks the immune systems of humans, specifically
targeting the T cells. T cells are crucial for maintaining the human
immune response to possible infection by infectious diseases [1].
With this infection, the virus will replicate and damage T cells. At
the end, humans become easier to get infected with infectious dis-
eases, and the symptoms become more severe if HIV progresses
into acquired immunodeficiency syndrome (AIDS), and if it is
left untreated, it can lead to life-threatening illness. First identi-
fied in the early 1980s, HIV has impacted millions globally, with
sub-Saharan Africa being the most severely affected region |2].
According to the Joint United Nations Program on HIV/AIDS
(UNAIDS), as of 2022, approximately 39 million people were
living with HIV, with 1.3 million new infections and 630,000
AIDS-related deaths occurring globally each year [2]. There are
several ways of HIV infections, such as through sexual inter-
course, exposure to infected blood through blood transfusions,
blood products, shared needles (mainly between drug-addicted
individuals), and vertical transmission (from newborns or dur-
ing breastfeeding). Although homosexual contact continues to
be a major route of HIV transmission in the United States, het-
erosexual transmission has become the primary mode of HIV
spread globally [3|. HIV symptoms can range from mild to severe,

depending on the individual. In the initial infections, possible

symptoms are flu, fever, headache, and so forth. When the symp-
toms start to weaken the immune systems, additional symptoms
may arise and become more severe, such as weight loss, diarrhea,
and any other health issues like tuberculosis, meningitis, and can-

cers |4]. Based on these big health issues caused by HIV, inte-

grated interventions have been deployed by governments around
the world, such as advocacy at the local and international levels,
resource mobilization, and other possible interventions. The gov-
ernment prioritizes providing widespread access to antiretroviral
therapy (ART) for infected individuals.

Almost similar to HIV, HBV is also caused by a virus from the
family Hepadnaviridae. HBV infects liver hepatocytes through

the interaction between the HBV surface antigen (HBsAg) and
the sodium taurocholate cotransporting polypeptide (NTCP)
receptor [5, 6]. Similar to HIV, HBV is also a serious and
life-threatening disease if left untreated. Almost one million
deaths per year are reported due to HBV [7]. According to
the report by [8], HBV is very common in many parts of the
Asia-Pacific and sub-Saharan Africa. It is estimated that around
45% of the world’s population resides in high-risk regions for

HBV. However, unlike HIV, a vaccine exists to prevent HBV
infection. Furthermore, treatment is also available for individuals

infected with HBV. HBV may spread among humans through per-

cutaneous or mucosal contact with infected blood and body fluids
|9]. There is a difference in the predominant transmission routes
of HBV between low- and high-risk areas. In low-risk areas, HBV
spreads during adolescence and early adulthood, often linked to
high-risk behaviors such as unprotected sex and injection drug

use [9]. In contrast, HBV is mostly transmitted vertically and hor-
izontally in high-risk areas [10]. However, HBV is not transmitted
through breastfeeding, kissing, sneezing, or sharing food or

|11]. Another important aspect of HBV is that it can remain infec-
tious on moist surfaces for weeks [12, 13]. Since it was first time
implemented massively in 1982, HBV vaccine already give a pro-
tection to vaccinated individuals and significantly reduce global
HBV infections [11, 14]. This HBV vaccine available for any ages.
In the United States, three single-antigen vaccines—- ENGERIX-B,
RECOMBIVAX HB, and HEPLISAV -are licensed, along with two
combination vaccines, PEDIARIX and TWINRIX [11]. Although
HBV vaccine succeeded to reduce the global spread of HBV, it is
still a major concern worldwide because if HBV becomes more
severe, it may lead to high morbidity and mortality rates. A sig-
nificant number of people with HBV remain asymptomatic and
may be oblivious to their illness.

Since it was first introduced by Kermack and McKendrick in
1927, modifications of the compartmental epidemic model have
been widely used to model the spread of diseases in popu-
lations, including HIV, HBV, and co-infections between HIV
and HBV [15-19]. A mathematical model for HIV/AIDS trans-
mission in a population was introduced by Ayele et al. in
[20], authors discussed the impact of screening and treatment
strategies while also considering the effect of media campaigns
on population awareness. They concluded that implementing
both preventive measures and screening together is the most
cost-effective strategy to reduce HBV transmission. Sharomi and
Gumel [21] formulated and rigorously analyzed a deterministic
mathematical model for HIV treatment, accounting for both wild
(drug-sensitive) and drug-resistant strains. Their work provided
insights into the dynamics of these strains and identified effective
control measures for HIV spread. From this research, they con-
cluded that the extensive implementation of therapy for the wild
strain can lead to its eradication from the community, provided
that the reduction in the infectiousness of treated individuals
does not surpass a defined threshold. Omondi et al. [22] devel-
oped and qualitatively analyzed a model to examine the transmis-
sion dynamics of HIV among commercial sex workers and injec-
tion drug users. Their findings indicated that an increased uptake
of pre-exposure prophylaxis (PrEP) correlates with a decrease in
the number of HIV patients receiving ART. Ullah et al. [23] devel-
oped and analyzed a mathematical model to explore the dynam-
ics of HBV, incorporating optimal control analysis with a focus on
the hospitalized population. They introduced three time-varying
control strategies: isolation of infected individuals, intensive pub-
lic education and awareness campaigns, and treatment of hospi-
talized patients, along with early vaccination against HBV. Their
findings indicated that simultaneously implementing all three
strategies could significantly reduce the number of infected indi-
viduals. Khan et al. [24] presented a mathematical model for
the transmission dynamics of acute and chronic hepatitis B epi-
demics in a community. Their study revealed that treatment, 1so-
lation, and vaccination control are effective in eradicating HBV
from the community. Furthermore, same author in | 25] proposed
and qualitatively analyzed a mathematical model for HBV with a
convex incidence rate.

Omede et al. [26] developed a deterministic mathematical
model to investigate the transmission dynamics of HIV and
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Zika virus co-infection, integrating both vertical and horizon-
tal transmission routes. Their research shown that both dis-
eases can endure when their fundamental reproduction num-
bers surpass one. Moreover, they observed that higher HIV
treatment rates substantially lower the prevalence of Zika virus
co-infection. Nwankwo and Okuonghae |27] formulated a math-
ematical model to describe the transmission dynamics of HIV and
syphilis co-infection in a population where syphilis treatment
is readily available. Although numerous models exist for vari-
ous co-infections, relatively few have focused on HIV and HBV
co-infection. Endashaw and Mekonnen [28] constructed and rig-
orously examined a deterministic model to assess the impact
of hepatitis B vaccination and treatment interventions on dis-
ease dynamics. Their findings underscored that extensive immu-
nization against HBV, together with effective treatment for both
HBV and HIV/AIDS, is essential for reducing the transmission
of both illnesses, which pose considerable public health chal-
lenges. Ullah et al. [29] introduced a fractional-order mathemat-
ical model to examine the co-infection dynamics of HBV and
HIV in Taiwan. Their study suggested that expanding HBV vac-
cination programs has a favorable effect in reducing the burden
of co-infection. Endashaw et al. |30] developed a mathematical
framework to evaluate the role of mother-to-child transmission
(MTCT)in shaping HBV and HIV co-infection trends. Their study
revealed that elevated MTCT rates for both viruses exacerbated
the co-infection burden, while a reduction in MTCT rates facili-
tated decreased transmission, potentially resulting in a decline in
HBV and HIV/AIDS co-infection cases over time. James et al. | 31]
proposed a stochastic differential equation (SDE) model featuring

continuous state and parameter spaces to examine the dynamics
of HIV and HBV co-infection.

Recent research has established mathematical models to assess
the dynamics and control tactics of HBV and HIV/AIDS
co-infections, stressing the efficiency of combination therapies
|32, 33]. Advanced modeling techniques have been used to study
HIV transmission patterns, and optimal control strategies have
been developed to prevent the spread of HBV and COVID-19
coepidemics [34-37].

This study enhances prior models by refining the compartmen-
tal framework for HBV infection. We specifically categorized the
HBV-infected population into acute and chronic stages, thereby
rectifying the limitations of prior models that treated HBV infec-
tion as a singular compartment. Moreover, in contrast to other
models that concentrated mostly on mother-to-child HBV trans-
mission, our model integrates the simultaneous transmission
dynamics of both HBV and HIV. Another crucial element of our
research is the categorization of the HIV-infected population into
two distinct subgroups: individuals exhibiting clinical symptoms
of AIDS and those who are asymptomatic—an important differen-
tiation that has been largely overlooked in previous studies. This
study is, to our knowledge, the first to comprehensively incorpo-
rate dual HBV-HIV transmission and the differentiation of HIV.
A rigorous analysis of the proposed model has yielded novel
insights into the dynamics of co-infection. The paper is struc-
tured as follows: We dedicated the model formulation in details
along with all the model assumptions in Section 2; model analysis
on submodel and co-infection model were analyzed in Section 3;
numerical experiments conducted in Section 4; and Section 5 pro-
vides concluding observations.

2 | Model Formulation

We begin our model construction by dividing the total of human
population (N (7)) into 14 compartments based on their health
status respect to HIV and/or HBV as follows:

1. S(7): Susceptible compartment;

2. I4(1): Asymptomatic HIV-infected compartment;
3. A, (1): Symptomatic HIV-infected compartment;
4. Ty (1): HIV-treated compartment;

5. Vp(1): Vaccinated compartment against HBV;

6. I,5(1): HBV-infected acute compartment;

7. I-px(1): HBV-infected chronic compartment;

8. Txz(1): HBV-treated compartment;

9. R(1): Recovered compartment;

10. 1, ,,(1): Asymptomatic HIV with acute HBV infection
compartment;

11. I, p5(1): Asymptomatic HIV with chronic HBV infection
compartment;

12. I, ,5(1): Symptomatic HIV with acute HBV infection com-
partment;

13. I ,-p(1): Symptomatic HIV with chronic HBV infection
compartment;

14. T, 5(1): HIV-HBV-treated compartment.

Based on above description, we have

NB)=SO)+1;,@)+Ay()+Ty(t)+ Vi)
+1,5t)+ 1-5(0)+Tx(t)+ R(@)+ Iy ,5(0)

+1gcp(t) + L 45(t) + 1 ,05() + Typ(2).

We start our model construction as follows. The population of
susceptible compartment. The population of .S increases due to
recruitment from newborn or migration with a constant rate of
z. Fraction ¢, of the newborn or migrated individuals assumed to
be born with HIV, &£, with HBV, and ¢, with both HIV and HBV.
Furthermore, the HIV infection caused by effective contact with

infected individuals of HIV is given by 4,, which is

T A—rz)fy(Iy+c (A + Tyag + Lacp) + Ty +Typ) + Iyap + Iycp)
y=
N

where r is the compliance rate to the usage of condom, z is
the efficacy rate to the usage of condom, g, is the HIV suc-
cessful transmission probability, and ¢, is a modification factor
that reflects the heightened infectiousness associated with ele-
vated viral loads in persons manifesting clinical signs of AIDS,
as contrast to asymptomatic HIV-infected individuals. Likewise,
¢, represents modification parameters that indicate the dimin-
ished transmission risk from patients getting treatment just for
HIV (T, (1)) and those receiving treatment for both HIV and HBV
co-infection (7' B(t)). This decrease arises from treated persons’
awareness of their HIV status and their enhanced knowledge of
preventative strategies to curtail the virus’s transmission.
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Similarly, vulnerable individuals may acquire HBV through
direct contact with HBV-infected persons with a transmission
rate of /lambda ,, defined as follows:

. (1 —rz)g(Iap+ Icg+ Iuap + Igce + Iaag + Laca)
B— 5
N

where f, is the HBV successful transmission probability. Individ-
uals at risk who encounter those infected with HIV contract the
virus at a rate of 4, and subsequently advance to exhibit clinical
signs of AIDS at a rate of . The parameters ¢, and o, denote the
treatment rates for HIV-infected patients who are asymptomatic
and symptomatic with AIDS, respectively. Individuals with HIV
displaying clinical indications of AIDS may perish from the ill-
ness at a rate of 6. Individuals who get infected with HIV, who
do not exhibit clinical signs of AIDS, may acquire HBV by effec-
tive contact with HBV-infected persons at a rate ot e, 4 5, where e,
is a modification parameter indicating heightened sensitivity to
HBV as a result of HIV infection. Individuals exhibiting clinical
signs of AIDS contract HBV at a rate of e, 4 ,, where e, represents
the increased vulnerability linked to HIV infection. Furthermore,
individuals undergoing treatment for HIV alone contract HBV
through effective contact with HBV-infected individuals at a rate
of e; Az, where e, denotes a modification factor that accounts for
the diminished risk of HBV infection attributable to heightened
awareness and education regarding sexually transmitted diseases
during treatment. ¢,6,, signifies the disease-induced mortality
rate among persons with HIV who are receiving therapy, where
¢, represents the decrease in HIV-related fatalities attributable to
the medication.

Susceptible individuals exposed to HBV-infected individuals
becomes acute HBV at a rate of 1; and progress to the chronic
stage at a rate of . HBV vaccination occurs at a rate of a, while
the vaccine wanes over time at a rate of y. The parameters r,
and 7, represent the treatment rates for individuals with acute
and chronic HBV infections, respectively. Individuals receiving
treatment for HBV infection recover at a rate of g, whereas those
infected with HBV alone face disease-induced mortality at a rate
of 6,. The mortality associated with HBV for treated individ-
uals is represented by ¢,6,, where ¢, reflects the decrease in
HBV-related mortality attributable to therapy. Individuals who
have recovered from HBV may experience reinfection at a rate of
eq4 g, Where ey functions as a modification parameter reflecting
the probability of reinfection. Vaccinated individuals may acquire
HIV at a rate of e;4,, where e, represents the influence of the
HBYV vaccine on partial immunity. Those with acute HBV alone
can contract HIV atarate ofe, 4, with e, reflecting a reduction in
sexual activity due to illness. Likewise, individuals with chronic
HBV get HIV at a rate of es4,, where e accounts for reduced
sexual activity resulting from health issues. Individuals infected
with HBV who are undergoing treatment may contract HIV at a
rate of e, 1,;, where e, denotes the decreased risk of HIV infection
attributable to enhanced knowledge and education on sexually
transmitted infections during treatment. Furthermore, those who
have recovered from HBV remain susceptible to contracting HIV
at a rate of eg4,,, where e, reflects the vulnerability of those pre-
viously infected with HBV to HIV.

The population of individuals co-infected with HIV (without
clinical symptoms of AIDS) and acute HBV arises from various

transmission pathways. These include HIV-infected individuals
without AIDS symptoms who contract HBV at a rate of e, 4,
as well as treated HIV-infected individuals who acquire HBV
at a rate of (1 —d)e;4,, where (1 —d) represents the propor-
tion of treated HIV individuals who do not exhibit AIDS symp-
toms. Additionally, acute HBV-infected individuals who acquire
HIV at a rate of e, 4, contribute to this population, along with
treated HBV-infected individuals who contract HIV at a rate of
(1 — p)ec Ay, where (1 — p) is the proportion of HBV-treated indi-
viduals still in the acute infection stage. Furthermore, a fraction
of individuals with both infections from birth or migration enter
this category at a rate of ;7. The treatment rate for individuals
co-infected with HIV (without clinical symptoms of AIDS) and
acute HBV is given by w,, while their disease-induced mortality
occurs at a rate of 6, , 5. The progression rate v determines the
transition from this class to those infected with both HIV (with
clinical symptoms of AIDS) and acute HBV, as well as those pro-
gressing to chronic HBV infection while still in the HIV-infected
(without AIDS symptoms) stage.

The population of individuals infected with both HIV (asymp-
tomatic) and chronic HBV infection comprises those with
chronic HBV infection who contracted HIV at the rate es4,
treated individuals with HBV infection who acquired HIV at the
rate pe. A, (where p represents the fraction of treated individ-
uals with chronic HBV), and the fraction of individuals with
both HIV (asymptomatic) and acute HBV infection who transi-
tioned to the class of individuals with both HIV (asymptomatic)
and chronic HBV infection at the rate (1 — x)v. Note that (1 — x)
denotes the fraction of individuals with both HIV (asymptomatic)
and acute HBV infection that progressed to being infected with
both HIV (asymptomatic) and chronic HBV infection. Further-
more, the rates w, and 6, represent the treatment rate and
the disease-induced mortality rate of infected persons with both
HIV (asymptomatic for AIDS) and chronic HBV infection, respec-
tively. There is a rate &, that shows how fast people move from
having HIV (without symptoms) and chronic HBV infection to
having HIV (with symptoms of AIDS) and chronic HBV infec-
tion. The cohort of individuals infected with both HIV (exhibiting
clinical symptoms of AIDS) and acute HBV infection arises from
HIV-only infected individuals with clinical symptoms of AIDS
who contracted HBV at a rate of e, 4, treated HIV-only individ-
uals who acquired HBV at a rate of de;4; (wWhere d represents
the fraction of treated HIV individuals displaying clinical symp-
toms of AIDS), and the remaining fraction of individuals infected
with both HIV (not exhibiting clinical symptoms of AIDS) and
acute HBV infection who transitioned to the class of individuals
infected with both HIV (showing clinical symptoms of AIDS) and
acute HBV infection at a rate of xv. The numbers w; and 6 445
describe the treatment rate and the disease-related death rate of
people who are infected with HIV (showing symptoms of AIDS)
and acute HBV, respectively. The rate &, denotes the transition
rate from the infected class exhibiting both HIV (with clinical
manifestations of AIDS) and acute HBV infection to the infected
class exhibiting both HIV (with clinical manifestations of AIDS)
and chronic HBV infection. The rates w, and 6 4 represent the
treatment rate and the disease-induced mortality rate of infected
persons with both HIV (exhibiting clinical signs of AIDS) and
chronic HBV infection, respectively. The rates 6, and u rep-
resent the disease-induced mortality rate and the recovery rate of
treated persons with both HIV/AIDS and HBV infections, who
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Wy, W, W, W,

€1,€,, €3

TABLE1 | Description of the model variables and parameters.

Variable Description

S Susceptible individuals.

I, HIV-only-infected individuals with no clinical symptoms of AIDS.

Ay HIV-only-infected individuals with clinical symptoms of AIDS.

Ty Treated individuals with HIV only.

Vg Vaccinated individuals against HBV.

I,p HBV-only-infected individuals with acute infection.

I-p HBV-only-infected individuals with chronic infection.

Ty Treated individuals with HBV only.

R Recovered individuals.

Iyan Infected individuals with both HIV (not showing clinical symptoms of AIDS) and acute HBV
infection.

Iicn Infected individuals with both HIV (not showing clinical symptoms of AIDS) and chronic HBV
infection.

I,.p Infected individuals with both HIV (showing clinical symptoms of AIDS) and acute HBV infection.

Iicp Infected individuals with both HIV (showing clinical symptoms of AIDS) and chronic HBV infection.

Tynr Treated individuals dually infected with both HIV (showing and not showing clinical symptoms of
AIDS) and HBV (acute and chronic) infection.

Parameter Description

T Recruitment rate.

0 Natural death rate.

E1,€9, Eq Fraction of individuals that are infected with HIV, HBV, and both HIV and HBV from birth or
migration.

a HBV vaccination rate.

Pe(Pu) Transmission rate for HBV (HIV).

y waning rate of HBV vaccination.

r Compliance rate to the usage of condom.

Z Efficacy of condom usage.

o, Treatment rate of HIV-only-infected individuals with no clinical symptoms of AIDS.

o, Treatment rate of HIV-only-infected individuals showing clinical symptoms of AIDS.

n Progression rate from I, to A class.

c, Modification parameter that accounts for increase in infectiousness for individual showing clinical
symptoms of AIDS.

C, Modification parameter that accounts for decrease in HIV infectiousness for individuals receiving
HIV treatment.

Oy HIV-only disease-included death rate.

1 Progression rate of individuals from 7, , to I, class.

T Treatment rate for I, , class.

(2 Treatment rate for /., class.

Op HBV-only disease-induced death rate.

by, D, Modification parameters for reduction in disease-induced death while receiving treatment.

q Recovery rate of treated individuals with HBV only.

U The rate at which treated individuals with both HIV and HBV recovers from HBV only and continue

receiving treatment for HIV only.
Treatment rate of individuals in I, , , class, I, class, I, ,, class, and I, class, respectively.
Modification parameters that accounts for increase in susceptibility to HBV infection due to HIV

infection.

(Continues)
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TABLE1 | (Continued)

Variable Description

€45 €5, € Modification parameters that accounts for decrease in sexual activities due to ill health.

e, g, €g Modification parameters.

V Progression rate from I 45 class to either Iy p class or I, 5 class.

K Fraction of individuals in I , , class that progressed to 1, ,  class.

< Progression rate from I, class to I, class.

& Progression rate from 7, , 5 class to 1,5 class.

O AR Disease-induced death rate for individuals in 7, , » class.

Sucn Disease-induced death rate for individuals in I, class.

O4ap Disease-induced death rate for individuals in 7, , 5 class.

OAcR Disease-induced death rate for individuals in 7, class.

OTHB Disease-induced death rate for individuals in 7, 5 class.

d Fraction of HIV-treated individuals that are showing clinical symptoms of AIDS that contracted HBV
infection.

p Fraction of HBV-treated individuals with chronic infection that contracted HIV infection.

ey Ay

FIGURE1 | Flowchart of the HIV-HBV co-infection model. |Colour figure can be viewed at wileyonlinelibrary.com|

recover only from HBV while continuing treatment exclusively —eAgly —(n+o,+0)1,

for HIV (Table 1). i
H

Based on the above formulation and assumptions, the HIV and d‘;{

HBYV co-infection model is given by the following set of nonlinear —= =0, Iy +0,A+ uTyp—esdzT — (6 +0)Ty

differential equations (Figure 1): dd ;
“;‘f = (1—¢& 1y —e,0 45— €31y p)7 dIdIB Sl o L R
Ay + 45)S — (@ +0)S + 1V}, d’:ﬂ = ApS + e, 5 —esAyl g+ eoAgR
%=AHS+51;:1H+€7AHVB+€3/1HR ~ (w548 +0) L,
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d;fﬂ =yl p—esAyglcp — (72 +o0p + Q)ICB:'
% =0l ,pg+ T, 1cp —€AyTp — (q + ¢,0, + B)TB,
‘L—f = qTg — (egdy + egAg + 0)R,
dI;r” mtidals 4l <aleTs ¥ 2 dilin
+ (1= plegAyly +e3mly,p
—(v+ @, + 64,45 +0)Iy4p,
dI;tCB =esAyleg +pecAyTp+ (1 —K)vigy.p
— (&, + @, +ycp + B)IHCB*
dl;:B = e,AgAy +de;AgTy + kvl ,p
— (& + @3+ 6,445+ 0) 1 445,
dI;fB =& Iycp+ &l aap — (@4 + 6,405 +0) 145,
d?:B = Iy g+ @y lycp + @31 4p
+ @yl ycp = (6ryp+ 1 +0)Typ. (1)
where

Ag =

B (1 —-rz)fy (IH +e(Ay + L g+ 1 cp) (T y + 1)+ 1yap + IHCB)

Theorem 1. Let the initial data for the HIV and HBV

co-infection model (1) be S(0)>0, I,(0)>0, Ay(0)>
0, Ty(0) >0, V5(0)20, 1,020, I05=20, Tz(0) >

0, R(0) >0, Ip,5(0)>0, I;cp(0)>0, I,,,(0)>

0, 1,,5(0)>0, Ty 5(0) >0. Then, the solutions (S, I, Ay,

Ty, Vg, L4, Icps Tps R, Iysps Iycps Laags Lacss Tup) Of

the HIV and HBV co-infection model are nonnegative for all time
f 1)

Proof. Lett,=sup{t>0:(S>0,Iy>0,Ay>0,Ty >0,
Vg>0,1,g>0,1-5>0,1T5>0,R>0,E,4,>0,H,>0,H,>
0,H;>0,Iy;>0,1,>0,Ty;>0,S,>0,E, >0,I, > 0)
e [0, ]}.

From the first equation of the HIV and HBV co-infection model
system (1), we have

dS
E — (1 — &yl g~ &l g~ EslﬂAﬂ)’f (2)
— (Ag +45)S — (@ +0)S +yV5.
Solving the above equation, we obtained
%{S(r)[exp( /I(AH(U)+ jﬂ(u))du+(u+9)r)]}
0
= ((1—&y Iy — €145 — €315 48) 7 + 1Vp)X (3)

exp( / (Ag(©) + Ag(v))dv + (a + 9):).
0

, and

B Ll = "Z)ﬁB(IAB +lcp+lgap+ lycp + Laap + IACB)

i
s N

It is pertinent to highlight some of the main assumptions in the
model formulation:

1. Both HIV and HBV can be transmitted from mother to child
during pregnancy or child birth |3, 10].

2. Disease-induced death rate occurs to only HIV-infected
individuals showing clinical symptoms of AIDS.

3. There is no recovery from HIV.
4. Natural death rate is the same in all compartments.

5. Infection can still take place in the treatment classes.

2.1 | Basic Properties of the Model

2.1.1 | Positivity of Solution

The biological validity of the HIV and HBV co-infection model (1)
relies on ensuring that the solution of the system remains positive

for all values of time 7. Thus, it is essential to demonstrate that all
state variables in the HIV and HBV co-infection model (1) remain
nonnegative for all # > 0.

Integrating the above equation at the range [O, ! f] , We obtained

}—S(O)

{S(r)exp [/I(AH(U)‘F/].B(U))dU'F({I'I'Q)Tf
0

= ((1— &0y — &31,5 — €31 548) 7 +7V3)X

/fexp l/ (AH(U)+AB(U))dv+(a+9)xldx.
0 0

So that
S(t) = S(0) exp [_(/D!f(aﬂ(u)uﬂ(u))dw(a+9)rf)l
— [_( / " (A + Ap(0))dv + (a + m)]
X ((1—¢& 1y — €314 — €31y 4p) 7 +1V3) /Urf

exp [/ (Ay(v)+ Ag(v))dv + (a + 0)x|dx > 0.
0

Similarly, it can be shown that I, >0, A, >0, T,; >0, V, >
0, 1,5>0, Io5>0,Tg>0, R>0, I,5>0, Igcp >
0, I4ug >0, I,cp>0,and Ty > 0. O
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2.1.2 | Invariant Region

Lemmal. The region

B =180 di LoV ki T T B

_ b4
IHABJHCB= IAAB* IACB’THB) € Rf - N < E}

is positively invariant and attracts all solution in R'° [38].

Proof. By adding the equations of the HIV and HBV
co-infection model (1), the rate of change of the total population

1S given by
dN

? =E—9N—5H(AH+¢1TH)

(4)

—6p(Iyp+Icp+ D, Tg) =6y aplyan — Sucelucs

- SAABIAA _' 6ACBIACB _ 6THBTHB'

Thus, i—f < 0 whenever N > g. Because it follows that the
right-hand side of the inequality (4) is bounded by # — N, it can
be shown using a standard comparison theorem from |39] that

Nt < NOe™ + 2 (1-e") (5)

Hence, it follows that N () < §= if N(0) < %. Thus, the closed

region €2 is positively invariant and attracts all the solution in Rf‘.
Consequently, the HIV and HBV co-infection model (1) is both
mathematically and biologically well-posed within the region €.
Thus, it is adequate to analyze the dynamics of the HIV and HBV
co-infection model (1) within this region, as established in prior
studies [38, 40]. .

3 | Model Analysis

In this section, we will conduct a thorough analysis of the HIV
and HBV co-infection model (1). Our analysis will include the cal-
culation of the basic reproduction number, an evaluation of the
stability of both the disease-free and endemic equilibria, a sen-
sitivity analysis of the basic reproduction number, and an explo-
ration of how each disease influences the other. To facilitate our
analysis, we will decompose the co-infection model into two sub-
models: one focusing solely on HIV and the other on HBV.

3.1 | HIV-Only Submodel

The HIV-only submodel i1s derived by setting the HBV and
co-infection compartments to zero, specifically Vy = 1,5 =
Icp =Tg=R=1Iy,p=1Iycp =148 =14scp =Typ=01inthe
HIV and HBV co-infection model (1). Consequently, the
HIV-only submodel is represented as follows:

% —_ (]. —EIIH)R'_I].HS_QSz:

dly

W — AHS+£1EIH _(’7+ﬂ.1 +9)1H’

= (6)
drH =nly — (0, +0y4 +0)Ay,

dTy

o oIy +0,Ay — (0 +O0)Ty,

where
(1—=rz)fpUy +c Ay + ;1Y)

N

AH —
[t can be shown that the closed region

iIs positively invariant. Hence, it is adequate to consider the
dynamics of the HIV-only submodel in €, .

3.1.1 | The Disease-Free Equilibrium of the HIV-Only
Submodel (DFEH)

The HIV disease-free equilibrium represents a steady state char-
acterized by the absence of HIV infections within the population.
This equilibrium is achieved by setting the right-hand side of the
HIV-only submodel (6) to zero and ensuring that the infected
variables (specifically I,, = A, =T, = 0) are also set to zero.
Therefore, the disease-free equilibrium for the HIV-only sub-
model is expressed as follows:

' x T * N
XD _(S &I ’AH,TH)_(EEOEOEO) (7)

3.1.2 | HIV Basic Reproduction Number

The HIV basic reproduction number, denoted as R[’;’ , 1S a criti-
cal parameter that influences the transmission dynamics of HIV
within a population. It quantifies the expected number of sec-
ondary infections generated by a single HIV-infected individ-
ual introduced into a completely susceptible population. Under-
standing Ré’ is essential for predicting the potential spread of
the disease and for informing control measures aimed at prevent-
ing transmission. When R ;' exceeds 1, it indicates a potential
outbreak, while a value below 1 suggests that the disease may
not sustain transmission within the population. The HIV basic
reproduction number can be calculated using the next generation
operator method, as outlined in [41]. Following the methodol-
ogy described in (41|, the nonnegative matrix F representing new
infections and the nonsingular matrix V for the remaining tran-
sition terms at the HIV-only disease-free equilibrium are defined

as follows:

A—-rz)fy +&,7 (1 —rz)pyc, (1 —-rz)pyc,

F = 0 0 0 .and
0 0 0
(n+o0,+0) 0 0
- 0, -0, (P04 +0)

Hence, it follows from [41] that R = p(FV~!), where p is the
spectral radius or largest eigenvalue of the matrix FY~'.

Thus,
1—rz KK, +c,nK; +c,(0,K, + no ETT
Rf=( )ﬂH(zg 1A 2(12 ’?2))_{_; (8)
K, K, K, K,

where K, =n+06,+0, K, =0,+ 6y +0,and K; = ¢,64 + 6.
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3.1.3 | Local Stability of the HIV-Only Disease-Free
Equilibrium
Theorem 2. Thedisease-free equilibrium (y," ) of the HIV-only

submodel (6) is locally asymptotically stable if R{f < 1 and unsta-
bleif R > 1.

Proof. We analyzed the local stability of the disease-free equi-
librium of the HIV-only submodel by obtaining the Jacobian
matrix of the HIV-only submodel (6) and evaluating at the HIV
disease-free equilibrium, given by

-0 —(Q-r2)fy+&x) —-(Q-rz)fye, —(1-rz)fyc,.
J(I{?): z ((1 —FZ)ﬁHr:'EHT)—'Kl (1—-!‘2[3”{'1 (l—r;)ﬂncz
—R
0 0, 0, —K3

where K, =n+o0,+60, K, =0,+ 6y +0, and K; = ¢,64 + 0.
The roots of the Jacobian matrix 7 ( ;(({” ) are 4, = —6 and the roots
of the characteristic equation below:

AN =1+ P A +PA+ P, (9)

where

Pr1=K, + K, + K3 — (1 -rz)fy + € 7),
P, = K, K, + K, K; + K, K,

- (1 —rz)py(K, + K, +nc, + 0,¢,) + £, 7(K,, + K,)),
=K KK(0~R;)

Applying the Routh-Hurwitz criterion [42] to the polynomial
in Equation (9), which states that all roots of the characteris-
tic polynomial &/ (4) have negative real parts if %, >0, &, >
0, ;> 0,and L, %, > ;. For all this condition to be satisfied,
R must be less than one (R’ < 1). Thus, the HIV-only sub-
model disease-free equilibrium is locally asymptotically stable if
R <1 O

From a biological perspective, Theorem 2 indicates that if the HIV
basic reproduction number is below one, it is feasible to eradicate
HIV from the population, provided that the initial sizes of the
subpopulations in the HIV-only submodel fall within the basin
of attraction of y,*. This implies that small deviations from the
disease-free state will decrease over time, allowing the system to
return to the disease-free equilibrium. To ensure that the elimina-
tion of HIV is not influenced by the initial subpopulation sizes, it

is essential to establish the global asymptotic stability of the HIV
disease-free equilibrium.

3.1.4 | Global Stability of the HIV-Only Disease-Free
Equilibrium

To investigate the global stability of the HIV-only submodel

where U = {5} represents the uninfected compartment U &€ Ri
and V = {I,,A,, Ty} represents the infected compartments
VER:. X3! = (U*,0) represents the disease-free equilibrium of
the system.

X,  is a globally asymptotically stable equilibrium for the
HIV-only submodel if it satisfies the conditions 7, and 7, below:

Ty : For %=£(U*,O),where U
is globally asymptotically stable,
qV (11)
Ty: For ——=.lyKU",0)V - KU, V),KWU,V)

>0 V L,KeQ,

where ./, K(U*,0) is the Jacobian matrix of (U, V) taken in
(Iy,Ay,Ty) and evaluated at (U*,0) = (%,0,0,0). If the sys-

tem (10) satisfies condition 5, and 7, above, then the following
theorem holds.

Theorem 3. The equilibrium point (U*,0) of the system (10)
is globally asymptotically stable if Ré" < 1, and condition 5, and
T , are satisfied.

Proof. From HIV-only submodel system (6), we obtained
LWU,V)and £(U,V):

(1=rz2)fyUp+ciAg+c;Ty)S
N

LU,V = [ -& ) 05 |.

{I—FI}ﬁH(!H +f.'1 AH +E3TH )S

N
Now, we consider -‘% = L(U*,0) the reduced system from
condition 7 :
S 5 ~8 (12)
dt

(¥ (-g-) 1s a globally asymptotically stable equilibrium point
for the reduced system U = £(U,0) in (12). We note that this

dt
asymptotic dynamics is independent of the initial condition in

Q,. Therefore, the convergence of the solution of the reduced sys-
tem (12) is global in Q,. Hence, we compute

My, KU™,0)
Q-rz)py+en—-—+o,+60) (QA-rz)pyc;, (A -rz)pyc,
= n —(6, + 0y +0) 0 ;
o, P —(¢04 +0)

O~ rWlllo 4 o Az £ czTH)(l - i)

disease-free equilibrium, we used technique implemented by ; ¥
Castillo-Chavez and Feng in [43]. Thus, the HIV-only submodel KU, V)= 0
(6) can be rewritten in the form 0
dU "
F LU,V), Clearly, K(U,V) >0 for all £,K € Q, because S < N. Thus,
IV (10)  this prove that the HIV-only disease-free equilibrium is globally
r'im KW, V), asymptotically stable whenever R;;" < 1. 0
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3.1.5 | Endemic Equilibrium of the HIV-Only
Submodel

In this section, we will determine the conditions necessary for the
existence of an equilibrium where HIV infection is endemic in the
population. This situation arises when at least one of the infected
variables is nonzero (i.e., I, # 0, Ay # 0,0r Ty # 0). To analyze
the endemic equilibrium point, we will solve the equations of the
HIV-only submodel in terms of the “force of infection,” repre-
sented by

(L—~PZ)Pully oA+ G )

N** (13)

*%k
Ay =

where
¥k __ sk % % % % %k
N* =S +IH+AH+TH.

Setting the right-hand sides of the equations of the HIV-only sub-
model (6) to zero (at steady state), we obtained

S** x(Kl _Elﬂ)
/]";;Kl + 9(K1 - Elﬂ')&
. Ay
T AgK, +0(K, —€7m)
14
. by o
A, =

K,(4}; K, +0(K, — £,7))
i Ay (o K, + no,)
i K,K;(A; K, + 0(K, — £,1))

Substituting Equation (14) into Equation (13) and simplifying, we
obtained

X(Ag)=Edy" + Ein =0 (15)

where

16
E, = zK,K,K;(1-R[").

The solution to the quadratic equation in (15) is 47;, =0 and
7K, K,K;(1-R )
n(K,K,+nK,+o0,K,+no,)
disease-free equilibrium. Furthermore root 4,7, > 0 if R{‘]” - |
and 47, <0 if R, < 1. This confirms the existence of a unique
positive endemic equilibrium when R/ > 1. Thus, this result is

summarized below.

Ay = — . The root 47;, = 0 corresponds to the

Theorem 4. The HIV-only submodel (6) has a unique positive
endemic equilibrium whenever R{‘;" > 1 and no endemic equilib-
rium otherwise.

3.2 | HBV-Only Submodel

The HBV-only submodel is obtained by setting the HIV and
the co-infection compartments to zero (i.e., Iy = Ay =Ty =
IHAB — IHCB — IAAB — IACB — THB — 0) lI] the HIV and HBV

co-infection model (1). Thus, the HBV-only submodel is given by

%f. = (1—g,1,5)1 — A4S — (@ +0)S + ¥V,
dVy
3¢ = (y +0)Vy
dl
d‘:B = AgS + eyl g+ egAgR— (y + 1, + 65+ 0)1 45,
o (17)
dfﬂ — "VIAB - (Tz -+ 63 1 Q)ICBa
dTy
_dr — TIIAB+T21CB_(Q+¢’263+9)TB’
dt
where

(1—=rz)ppU g+ Icp)
= :

Ag =
[t can be shown that the closed region

Q= {(S,V L ips Tep: Tys R) € RE

S+VB+IAB+ICB+TB+Rgg}

1s positively invariant. Hence, it is adequate to consider the
dynamics of the HBV-only submodel in €,.

3.2.1 | The Disease-Free Equilibrium of the
HBV-Only Submodel (DFEB)

The HBV disease-free equilibrium is a steady state where there
is no HBV infection in the population. This is obtained by equat-
ing the right-hand side of the HBV-only submodel (17) to zero
and setting the infected variables to zero (i.e., I, = I =T =
0). Therefore, the disease-free equilibrium of the HBV-only sub-
model is given by

¥ =SSV D

st *
AB’ C‘B"TB"R )

n(y +0) ar (18)

S .k T A—
(9(a+y+9) Oa +y + 0) )

3.2.2 | HBV Basic Reproduction Number

The HBV basic reproduction number, denoted as R[‘.? , 1s a vital
parameter that governs the transmission of HBV within a pop-
ulation. It represents the expected number of secondary infec-
tions generated by a single HBV-infected individual introduced
into a completely susceptible population. Understanding R;}B 1S
essential for predicting the potential spread of the disease and for
implementing effective control measures. When R? exceeds 1,
it indicates a likelihood of an outbreak, whereas a value below
1 suggests that the disease may not be able to sustain trans-
mission in the population. The HBV basic reproduction number
can be calculated using the next generation operator method, as
detailed in [41]. Following the methodology in [41], the nonneg-
ative matrix F for new infections and the nonsingular matrix V
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for the remaining transition terms at the HBV-only disease-free
equilibrium are defined as follows:

ISy gy S
F = 0 0 0|, and
0 0
(W +7,+0p+0) 0 0
V= -y (7, + 05+ 0) 0
-1 ~ Ty (q+ ¢,05+0)

Hence, it follows from [41] that R} = p(FV~!), where p is the
spectral radius or largest eigenvalue of the matrix F V1.

Thus,

B (1=rz)pgly +0)(w + (1, + 05+ 0))

0=(a+y+9)(ly+fl+63+9)(r2+63+9) 19)

ETT

-+ :
(w+1,+05+0)

3.2.3 | Local Stability of the HBV Disease-Free
Equilibrium

Theorem 5. Thedisease-free equilibrium (y, ) of the HBV-only

submodel (17) is locally asymptotically stable if R{"f < 1 and unsta-
ble if Rg" > 1.

Proof. We analyzed the local stability of the disease-free equi-
librium of the HBV-only submodel by obtaining the Jacobian
matrix of the HBV-only submodel (17) and evaluating at the HBV
disease-free equilibrium, given by

(I)3 — Hluz(u3 + u4) -+ u3u4(ul + “2)
+ ay(e,m — u;) — e,mw(uyuy + uytty + uyuty)—

(1 —rz)fpu,(y(u, +u,) +u;(u, +u,) +uu, — ay)
(a + vy +0)

D, = Qusu(a+y+0)(1-Ry).

,

By applying the Routh-Hurwitz criterion [42] to the polynomial
in Equation (20), which states that all roots of the characteristic
polynomial Q(4) have negative real partsift®, > 0, ®, > 0, ®, >
0,and @, ®,P, > ®; + O ®,. For all this condition to be satisfied,
R, must be less than one (R; < 1). Thus, the HBV-only sub-
model disease-free equilibrium is locally asymptotically stable if
RS <1,

3.24 | HBV Endemic Equilibrium

Before exploring the global asymptotic stability of the disease-free
equilibrium for the HBV-only submodel (17), it is important to
determine the potential number of equilibrium solutions that the
model can exhibit. To do this, we will identify the conditions nec-
essary for the existence of an equilibrium where HBV infection is
endemic in the population. This situation arises when at least one
of the infected HBV variables is nonzero (i.e., I, #0, I, # 0,
or T, # 0). Thus, to analyze the endemic equilibrium point, we
will solve the equations of the HBV-only submodel in terms of
the “force of infection,” represented by

a8 _ (1- rz)ﬂB(I:*B F. L) -
B N** ( )

where
*%k __ %% %* % % % s 3¢ ¥
N* =S5 +IAB+ICB+TB + R**,

i y . (1=rz)fpu, L . (1=rz)fgu, 0 0
: (a+y+6) 2 (a+y+6) : : : .
Setting the right-hand side of the equations of the HBV-only sub-
& e . O : Oﬁ 0 0 model (17) to zero, we obtained
=rz)pgu, = —rz)pgu,
J(A’UB) ’ 0 0 e + £, — Uy ey 0O O |
0 0 174 —U, 0O O G Tuyugus(eg Ay’ + 0)(uz — €,1) — eg Ay wquy (T Uy + oY)
(eg Ay + O)N(AG Uy + uyuy — ay)uy — e;3m)ugus + A ey muzu us) — Zy
0 0 Tl TZ —H5 0 s =
0 0 5 0 0 i rwaugus(egAy” + 0)us — €,1) — eg Ay maq(tyuy + 7,y)
9 B (eghl + O)(A5 Uy + uyuy — ay)us — €,70)uyus + A% €y wuyugus) — Z,
A** A#H‘- 9
where uy=a+0, u,=y+0, u, =y +1+65+0, u, = 1**=$
AB “* 4+ 0) (A% u, + uyu, — ay)us — e, ugus + At e muugus) — Zy
T2+5B+gpand“5=q+¢263+9. (Egjﬂ-i_ B i . ’ aika K il .
i Ap Tyuyus(egAy + 0)
The eigenvalues of the Jacobian matrix J(y, ) are 4, = —0, 4, = B (egdy +ON(Aguy +uyuy — ay)us — e,7)ugus + Ay €Uy U4us) — Z,
—u. and the roots of the characteristic polynomial given below: —— Ag muy(eg Ay + 0)(tyuy + T,y)
- (egdy + O)(A5 Uy + uyuy — ay)uz — e,m)ugus + Ay €xuxUsls) — £,y '
_ 14 3 2
Q(/‘.) = A"+ (Dlll -+ (D?_/l -+ (I)3/1 + (1)4 (20) - A’;*}rquz(flu4 + TZW)
(egAyy + O)N(AG U, + uyu, — ay)u; — e;muus + Ay e, muyu us) — Z;
where (22)
a 5 where
—rz)fpu
(ﬂ‘.’ + ' s 3 9) K *%
L) =eghy q(Ag Uy +ujuy —ay)ryuy + 7,p).
D, = u(uy +uy +uy) +uy(u; +uy) +uuy + ay
- (A =rz)fpuy(y +uy +uy +uy) Substituting Equation (22) into Equation (21), we obtained
(a+y+6)
E-m(Uy + Uy + uy), € (A5) = (mA3*+mydy +my) Ay =0 (23)
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where

m, = mweq Us(a + u,)(uy — €,m) + mOuu(y + uy)
+ m(tyuy + @ )(u,(qg + 0) — egq(a + u,))—

meguyus(1 — r)fp(y + uy),

m, = rOuu us(a + uz)(l - RO‘B).

The solution of € (4}°) are 43" = 0 and m; A3,* + myA3" + my = 0.
Here, 43, = 0 represents the HBV-only disease-free equilibrium
point, and its stability has been previously examined. On the
other hand, m, 4} + m, 43" + my = 0 represents the HBV-only
endemic equilibrium. The structure of the polynomial & (47;°)
suggests the occurrence of a backward bifurcation. This phe-
nomenon is typically characterized by the coexistence of a sta-
ble HBV disease-free equilibrium and a stable endemic equi-
librium, even when the associated reproduction number of the
HBV-only submodel is less than one. Backward bifurcation has
been observed in various epidemiological models, as documented
in studies such as [44-47]. From a biological perspective, the
implication of backward bifurcation is that achieving the basic
reproduction number below one (R; < 1) may not be sufficient
for effectively controlling the HBV infection within the popula-
tion. The public health implication of this phenomenon is sig-
nificant: While it is necessary for the reproduction number (R )
to be less than one, this condition alone is no longer adequate
for effective disease control. In essence, the backward bifurca-
tion characteristic of the HBV-only submodel (19) complicates
efforts to manage HBV etfectively within the population. It can
be seen from (23) that m, > 0 (because all the model parame-
ters are nonnegative). Furthermore, m, > 0 whenever R(*? < 1.
and m; > 0 if R7 > 1. Hence, the number of possible positive
real roots of the polynomial € (47;") depends on the sign of m,
and m,. Therefore, there are three cases we have to consider of
my AR + myAy + my = 0:

1. If m, < 0and m; = 0 or m; —4m;m, = 0, then € (4}) has a
unique endemic equilibrium point (i.e. one positive root),
and there is no possibility of backward bifurcation.

2. If my <0, my >0, and m5 —4mym; > 0, then € (4}") has
two endemic equilibrium (i.e., two positive roots), and
therefore, there is possibility of the occurrence of backward
bifurcation.

3. Otherwise, there is none.

Thus, the above examination leads to the following theorem.

Theorem 6. The HBV-only submodel (17) has

1. Precisely one unique endemic equilibrium if m, <0 (i.e.,
R >1)

1i. Precisely one unique endemic equilibrium if m, <0 and

2 _

dmym; = 0.

iii. Precisely two endemic equilibria if my; >0 (i.e, R < 1),

iv. No endemic equilibrium otherwise.

From case iii, the HBV-only submodel exhibits a backward bifur-
cation that occurs when multiple endemic equilibrium exists if
and only if R < 1.

3.2.5 | Possibility of the Existence of Backward
Bifurcation

The existence of the backward bifurcation is explored through the
application of the center manifold theory, a method popularized

by Castillo-Chavez and Song in [46].

Theorem 7. The HBV-only submodel (17) exhibits backward
bifurcation at R® = 1, whenever a > 0.

Proof. To apply the center manifold theorem, we will carry
out some modifications to the HBV-only submodel variables.
letS=x,, Vp=x,, I,p=X3, Icp =x,, Tp = x;, and R = x.

r dx
,Xg) and = =

F(x), with F = (f,,fs» f3» ... fs) . Therefore, the HBV-only
submodel (17) becomes

Using the vector notation x = (xl,xz,x3,

d;;l R —— (1 —rz)fg(x; + x4)x,

Xi+Xs+ X3+ X4+ X+ Xg

— (@ + 0)x; +yx,,

dx,
5 H fr = axy; — (y + 0)x,,
dXx, (1 =rz)fp(x; + x4)x,

= fi=

di Xy X X3+ X4+ X F Xg

eg(1 — rz)fg(x; + x4)x,
Xp+ Xy 1+ X3+ X4+ X5 T Xg

+ E,X4 +

dx,

dxs

d{ — f3 — T1X3 + szq_ — (q -+ ¢263 + 9)x55

dx eq(l —rz X2+ X,)X

2 g fe = qxs o{ Pp(Xs + Xy)Xe Ox.. (24)
[ X1+ Xy + X3+ X4+ X5 + Xg

We considered the HBV transmission rate (f;) as the bifurcation
parameter. Solving for fz = g from R = 1, we obtained

B (H+]/+9)(Ip+r1 +€SB+9)(T2+5B+9)—E2?r(ﬂ+y+9)(fz+1SB+9)
- (1—=rz)y +0)y + (1, + 65 + 0))

Py
(25)

Evaluating the Jacobian of the transformed system (24) at the
HBYV disease-free equilibrium ( z{:f’) with g, = p, we obtained

J(I[]B)lﬂﬂzﬁ;

{l—r:}ﬂguz | {l—rz)ﬁ;uz
o ¥ ( PrrTY ks 52.::) (a+y+0) 6 0
a —u 0 0 0O O
(1—r:]ﬁ;u2 | {l—r:}ﬂ;uz
= O O (a+y+0) * Bl g (a+y+0) 0 O .
0 0 W —Hls O O
0 0 Tl Tz —HS 0
0 0 0 0 qg -0

where H1=af+9, u2=y+9, u3=y/+r1+53+9, u, =
I‘2+5B+9,3.Ildu5=q+¢)253+9.
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The Jacobian matrix J (y,’ ) g, = g has a simple zero eigenvalue (a equilibrium (y,’) are
center), and all other eigenvalues have negative real part (hence,

the center manifold theorem can be applied [45, 46]); the right *f 3 s 3 i o 3 " g
eigenvector, w = (w,, w,, W1, Wy, Ws, We)", associated with the 0x,0X;  0Xx:0X; 0X,0X; 0X40X,
simple zero eigenvalue, can be obtained from 7 ()((;B )| Ba=py, W = 0, 1 =r2)f.0 (1—rz)Beb(y+0)
given by = — i s :
T r(a+y+0)
" ‘ 0° f 0* f 0* f d*f
(1 = rz)fpu, (1 —rz)fu, 3 3 3 3
uywy +yw, — ( @+7+0) + fzf)w:s - ( @+7+0) )w4 =4 0x,0x;3 0Xx30x, 0x;0x;,  0x40X,
— _ (L—rz)pyé (1-— (rz)-fﬂﬂi}fe-;- 0) |
r (a
(1 —rz)fpu, N N (1 —=rz)ppu, e g 3 ' 2
@+r+0) T TB)B T\ T@rr+0 )T 91 TIL JA — BRI+ R &
0X; 0x3 n(a+y+0) 0x7
Yywy —ugwy =0
2 -
W3 + Tywy — Uusws =0 o J f3 i 2(1 rz)ﬁﬁg(}’+9)
0x; m(a+y+6)
quws — Bwg = 0.
(26) ’f,  0*fy  0fy  0f
From the above equation (26), we obtained 0x,0x;  0X30X, 0X,0X; 0X40X,
. u, w, —_— . . ((1—rz)ﬂ3u2+({r+y+9)(52n—u3—lp})w3
W= 50— SNy~ o ey (1= rz2)fou, + (@ + 7 + O,

(7, (L= r2)fuy + (@ +y + Ouy ) — 7, (1 — rz)fpu, + (@ + 7 + 0)(em —uy —y)) Jw,
(A = rz)fyuy + (a + 7 + O)uy us

q(rl ((1 - rz)ﬁguz +(a+y+ 9).*.:4) - T, ((1 - rz)ﬁzuz +(a+y+0)e,mr—uy — w)))w3
((1- rz)fpu, + (@ +y + O)u, )us6 '

Weg =

Similarly, the left eigenvector, v = (v, v,, U3, U4, Us, Ug), Satisty-
ing v.w = 1, associated with the simple zero eigenvalues, can be _ (1 —rz)pp0(y +0)
obtained from vJ (x,)| ps=p: = 0, given by m(a+y+0)

A2f,  Af,  *f, 0

0X;0X5 a 0X50X, B 0X 40X a 0x50x,
— (1 —rz)pgb(y +0)

— U0y +av, =0

2

n(a+y+0)
(1—-rz)fu
B ( BQ 2 " 52”) 3 >y = ) = o'/, = *h
((la ¥ Y)_;* ) 0X,0x, 0X;0X; 0x,0Xs O0Xc0X,
—rz)pLu
’ ( (a + +39)2 TEgE— “3)U3 +yu, + 105 =0 = G~ FEi Y +5)
a+y ml@+y+0)
_ (ﬂsﬁ) " Pfy _ Ofs _ Pf _ Pf
(@+y+0) 0x,0x; 0Xx3;0X, O0x,0x, 0x,0x,
(1 —-rz)fLu -
W aliin < .}, SR __A=rpy0 +0)
3 T Wity T eyls ;
(@+y+0) m(a+y+0)
— UsUs + qug =0 0% f3 o d° f " 0* f " d° f
_ v, = 0. (27) 0x,0X:  0X:0X; 0x,0Xs 0x:0Xx,
_ (A =rz)fpb(y +0)
ra+y+0)

Solving the above equation (27), we obtained
0° f i g 0° f o

:ﬁxsdxﬁ B 0Xg0X5  0x,0Xx;  0X.0X,

Vv =0, > 0,0, = P Uy =0, >0
1= "1 4 2_({I+}’+9), 3 73 : __(1—!‘2)[339(}’4'9)
e,V + (u; — €,m)v, " m(a+y+0)
Uy = = e =i,
» W+ u, A 0°fy  0°fi 20 —-rz)fpb(y +6) 0°f;
Oxadx, Oxi0%; ma+y+0)  0x,0x,
Because v, = v, = 0fork =1,2,3,4,5, 6, the only nonzero partial 0° £ 2(1 — rz)fz0(y + 6)
derivatives of f,, 1>, fa, ... , f¢ evaluated at the HBV disease-free T 0x,0%y r(a+7y +0)
13 of 35
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o°fy  0°fi - (1 —=rz)(y +0) 0° f3
dx;0f,  0x,0[ a+y+60 dx,0f%
0” 1 - 0
- f3 - - ( FZ)(}’ + ) . (28)
dx40p, a+y+6

Thus, the bifurcation coefficient

recovered individuals [44, 45]|. Models that account for rein-
fection typically lose their backward bifurcation property when
the reinfection parameters are set to zero. Therefore, we will
investigate the impact of the reinfection parameter (e,) on the
backward bifurcation phenomenon of the HBV-only submodel
(17). To do this, we will set the reinfection parameter to zero
(i.e., ¢ = 0) in the HBV-only submodel. The HBV-only sub-

a=

2(v, — 03)w§(1 —rz)fL0(y + 0)

2(vy — V)W, W4 (1 — rz)ﬁ;;ﬂuz(l - ((1 — rz)ﬂ;uz +(a+y+0)eywr —u; — u/))) ( y + 0 1)
(A =rz)fpu, + (@+y +O)uy)x

a+y+0

20y (Usw, + 1ywz)ws(1 — rz)fL0(y + 6)

- -
(a+y+0)r

+
(a+y + 0)rus,

2(v, — Ug)wg(l —rz)fL0(y + 9)((1 — M)ﬂ;w2 +(@+ 7+ OKER — Uy — 1,;/))2

(1-rz)fru, +(a+y+0)u, 2(o: +y+0)n
( ] )

20, (usw, + (1) + 1)wy)w;(1 — rz)fp0(y + 0)((1 — rz)fpu, + (@ + v + 0) (e, — uy — )

-+

(1= rz)fpu, + (@ +y + Ouy ) (@ + y + 0)7us

20,w(q + 0)1,(1 — r2)L0(r + 0)((1 — r2)Buy + (@ +7 + 0)(er7 — uy — y))

((1- rz)fpu, + (@ +y + 9)u4)2(a +y + 0)x0us

20,wi(7y + 7)q(1 = rz)0(y + 0)((1 — rz)fpu, + (@ + v + 0) (e, — uz — y))

2 (29)

(1 —rz)fhu, + (@ +y + Ouy)(a + v + 0)x6us

201W§QT1(1 —rz)p,0(y +6)

203(Qusw, + (0 + q)ryws)ws(1 — rz)pL0(y + 0)

(a +y + 0)mbOus

—

(a +y + 0)mbOus

205(usw, + (1) + 1)w3)w5(1 — rz)f0(y + 0)((1 — rz)fru, + (@ +y + 0) (e — uy — y))

((1 — I"Z)ﬂ;“z +(ax+y+ 9)u4)(a + ¥ + 0)mus

(1 = rz)piu, + (@ + 7 + O)u,) " (a + y + 6)76u

203w (15 + 71)g(1 — rz2)f50(y + 0)((1 — rz)fpu, + (@ +y + 0)(e,w — us — y))

e

(A =rz)fpu, + (@ +y + Ouy)(a +y + 0)m6us

4(v; — Ul)w§(1 —rz)pLo(y + 9)((1 —rz)fpu, + (@ +y +0)(exm —u; — y/))

(A= rz)fuy + (@ +y + Ouy)(a+y+0)x

- (v —v3)w3(1 —rz)(y + 9)((1 — rz)ﬂ;uz +(a+y+0)eymr —uy — u;))

(1= rz)fpuy + (@ + 7 + Ouy)(a +y +6)

(v3 —vpw;3(1 —rz)(y +0)
(x+y+0) '

(30)
Given that the bifurcation coefficient b is positive, Theorem 4.1 in
|46 | indicates that the HBV-only submodel demonstrates a back-
ward bifurcation at R? = 1, provided that the bifurcation coeffi-
cient a is also positive. .

3.2.6 | Global Stability of the HBV-Only Disease-Free
Equilibrium: Special Case

Some primary causes of backward bifurcation include imper-
fect vaccination, vector-borne diseases, and the reinfection of

,_

model (17) in the absence of reinfection can be reformulated
as follows:

=% =Q(G. H)

(31)
¢q _ pG. m,
dt

where G = {S,V, R} and H = {15, I, T} where G repre-
sents the uninfected compartment G € R} and H represents
the infected compartments H € R3. v = (G*,0) represents the

+
HBYV disease-free equilibrium of the system.

x{f is a globally asymptotically stable equilibrium for the
HBV-only submodel if it satisfies the conditions ., and ./,
below:
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dG

o 1 E=Q(G*,O),whera G is the DFE,
7y Ll =9,PG.OH-PG.H).PGH) (D

>0 ¥ G HeO,

where 92 ,P(G*,0) is the Jacobian matrix of P(G, H)

taken in (I p,1-5,T3) and evaluated at (G*,0)=
n(y+0) an 4 L
( @tr10)’ 0atr10)’ 0,0,0, 0). If the system (31) satisfies condition

/1 and ., above, then the following theorem holds:
Theorem 8. The equilibrium point (G*, 0) of the system (31) is

globally asymptotically stable if R; < 1, and conditions ., and
<, are satisfied.

Proof. From HBV-only submodel system (17), we obtained
QWU,V)and P(U,V):

(1=rz)pp(I sp+1cp)S

(1 — &1 4p)7 N i il
Q(G. H) = WF=LF 0 |
qlp —OR
{l—rﬁ)ﬂﬂ(;ﬁﬂ'ufﬂ)s + Ez’rIAB — (l,/ + T, g 63 i Q)IAB
PG, H) = wig = (1,465 +0)cy

TIIAB + T21CB = (q + ¢253 + Q)TB

Now, we consider % = Q(G*,0) the reduced system from
condition .%;:

ﬂz:r—(a'+9)5+yV,
di
dV
= =aS - (a+0)V,, (33)
dt
.
dt

G* = ( n(y+0) an
O(a+y+0)’ O(a+y+0)’

equilibrium point for the reduced system % = Q(G,0) in (33).
We note that this asymptotic dynamics is independent of the ini-
tial condition in Q,. Therefore, the convergence of the solution of
the reduced system (33) is global in €2,. Hence, we compute

O) is a globally asymptotically stable

3.3 | HIV and HBV Co-Infection Model

The disease-free equilibrium of the HIV and HBV co-infection
model (1), denoted by ( Xf B, is obtained by setting all the infected
variables to zero and equating the right-hand side of the HIV and
HBV co-infected model (1) to zero, which is given by

& =Tl T Vel e de

* *
B’ CB"TB"‘R !

Lien Tiin)

.‘-'I'(]/ +9) o

— ,0,0,0,
(9(0:+y+9) Ola+y+0)

* s =
IHAB’ IHCB" IAAB"

,0,0,0,0,0,01,0,0,0).

(34)
Similar to the cases discussed in Sections 3.1.2 and 3.2.2 for the
HIV-only and HBV-only submodels, we can demonstrate, using
the next generation operator method outlined in [41], that the
basic reproduction number for the HIV-HBV co-infection model
(1), denoted as R ;'®, is given by

(y + ORY
HB _ 0 1B
R, _max{(a+y+9),7{0} (35)

Theorem 9. The disease-free equilibrium of the HIV and HBV

co-infection model (1) is locally asymptotically stable if R)'® < 1
and unstable whenever R'% > 1.

Proof. The proof follows a similar approach to that of the
HIV-only and HBV-only submodels. =

Likewise, as observed in the HBV-only submodel, the complete
HIV and HBV co-infection model (1) also exhibits the phe-
nomenon of backward bifurcation.

Theorem 10. The HIV and HBV co-infection model (1) under-
goes backward bifurcation at R'® = 1, whenever a > 0.

The proof is in Appendix A.
3.4 | Sensitivity Analysis of the Basic

Reproduction Numbers

In this section, we shall carry out the sensitivity analysis on
the basic parameters that constitute the HIV-only and HBV-only

(1=rz)fg(y+6) ” (1=rz)fg(y+0)
- +e,x—(w+17,+05+0) - 0
2y P(G,0) = 7 —(1,+ 65 + 6) 0 ,
T, 7, —(q + ¢,05 + 0)

B (y+0) S
(1 —=rz)fg(l p + ICB)( (a+y+0) N )
0

0

P(G,H)

Thus, because -f; < -—{fﬁ-}-, then P(G,H) >0 for Q.P € £, .

(a+y+0)
Hence, this prove that the HBV-only disease-free equilibrium is

globally asymptotically stable whenever R,f < 1, 0

basic reproduction numbers, in order to identify parameters that
can impact the basic reproduction numbers. Sensitivity analysis
notifies us on how significant each parameter is to the disease
transmission. We shall employ the approach presented in [43].
Following the approach in [43], we use the normalized forward
sensitivity index of a variable, “&,’ that depends differentially on
the parameter, “¢,” defined as

EV =.(E.xf_

36
Y odp & (36)
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Bifurcation diagram. [Colour figure can be viewed at

Hence, the sensitivity index of the basic reproduction number of

the HIV-only submodel (8) and the HBV-only submodel (19) with
respect to the parameter, “¢,” are given by

OR
N
do R

OR5B
0 @

RH
oV =
v dp RE

and ®o V, = (37)

Firstly, we compute the sensitivity indices of the HIV-only sub-
model (8) basic parameters.

RH

RiV, =—-02638%V, =0.0418%0 V

&q /4

= —0.0418.

In similar reasoning, we obtained the sensitivity indices of
the basic parameters of the HBV-only submodel (19), given by

(Figure 2)

Rov, =09773R0V, = -0.9021,% V,
= —0.9021,%0 V,, = —0.7540,

RV, =0.4245%0V, =0.5279,R%0V,
= -0.7218, %0V, = —0.6094,

RV, =-01108RV, =0.0227%V,

= 0.0227,%0V, = 0.2436.

3.4.1 | Interpretation of the Sensitivity Indices

The bar chart of the sensitivity indices of the basic reproduction
for the HIV and HBV submodels with respect to the basic param-
eters are depicted in Figures 3 and 4, respectively. Those param-
eters that have positive indices for the HIV and HBV submodels
have great impact on the spread of the diseases in the community
if their values are increasing. Due to the fact that the basic repro-
duction number increases as their values increases. Conversely,
when the parameters with negative indices rise in value, they play
a role in alleviating disease burdens, leading to a decrease in the
basic reproduction numbers.

(1 — FZ)((G'Z + 6y +0),0y +0)+cin(h,6y +0)+c,(0,(0, +0y +0)+ qsz))

0

Pu —

X

(n+o0,+0)0,+0oy +0)p0oy +0)

pyun+o,+0)o,+0y +0)h,0y +0)

(1 —-rz)fy ((0'2 + oy +0)p0y +0)+cyn(P0y +0)+cy(0,(0, +0y +0) + m:rz)) + yelir’

where y = (6, + 0y + 0)(¢,04 + 0).

We have

REG

3.5 | Impactof HIV on HBV Infection

In this section, we shall investigate the impact of HIV infection on
the transmission of HBV using the approached described in | 26].

(1= rz)By (o, + 6y + 0) 6y + 0) + cyn(d,6y + 0) + ¢,(0,(0, + 65 + 0) + no,))

Pu —

Rav, =0.9582 (38)
Similarly, we obtained the sensitivity index for the rest of the
HIV-only basic parameters, given by

RiV = —0.884570 V= —0.8845%0 V

= —0.5468,%0 V, = —0.0439,

Riv, =—0.1424R0V; =-0.0031,%'V,

H S

= 0.0488.%0 V = 0.2343,

C

(1 —rz)fy (o, + 6y + 0) P16y +0) + e yn(d 6y + 0) + c3(0,(03 + 65 + 0) + noy)) + ye

Firstly, we will express the basic reproduction number of the HBV
(R[‘?) in terms of the basic reproduction number of HIV (Ré" ). To
do this, we expressed the parameter z (because it is common for
both HIV and HBV equilibrium points) in Equation (8) in terms
of R, we obtained

ob _ 1= rBa (KK + oynKs +6(0,K, +103)) | &%
. KIKZKS Kl ’

where Kl =r[+ﬂ'l+9, K2 =O'2+5H + 0, and K3=¢15H + 0.
Solving for z, we have
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Sensitivity index of the HIV basic reproduction number.

Sensitivity Index

0.6 1) :

_0.2} 58 .
0.4} '

-06 1

0.8} a T, :

FIGURE4 |
| Colour figure can be viewed at wileyonlinelibrary.com|

Sensitivity index of the HBV basic reproduction number.

Ré{ K\K;K; — (1 —re)py(Ky, K3 + cinK; + ¢,(01 K, +103))
T =
£, K, K,

(39)

Substituting the expression of 7 in Equation (39) into the HBV
basic reproduction number (Rf) in (19), we obtained Rf in terms
of R}, given as

ORE
ORH

e, K
E1U;

(41)

Thus, it is observed that the partial derivative of R’ with respect
to R;' in (41) is positive. Hence, this result implies that an
increase in HIV infection within the population will enhance the
transmission of HBV positively.

3.6 | Impact of HBV on HIV Infection

Similarly, we investigated the impact of HBV infection on the
transmission of HIV, using the same approach in the previous
section. We expressed the basic reproduction number of HIV
(R,;") in terms of the basic reproduction number of HBV (R});
then, we expressed the parameter x in Equation (19) in terms of
R ; we have that

ELT

(1 —=rz)fgu,(yv + uy,) N
(a + u,)uzu, Us

B
R, =

?

where uy=a+0, u,=y+60, u =y +17,+65+60, u, =
T, +6p+0,and u; = g+ ¢,65 + 0.

We obtained r as

R (a+ uyusuy — (1 — rz)fpu,(w + uy)

(@ + u,)e,uy, (42)

H =

Substituting the expression of = in Equation (42) into the HIV
basic reproduction number (R{f )in (8), we obtained R{‘;’ in terms
of R}, given as

RH _ (1—-rz)py(K,K; + c;nK; + ¢,(0,K, + no,))
’ K, Ky K3

) (43)
" Ry (a+ uy)e uzuy — (1 —rz)fpe uy(y + uy)
(@ + u,)eu, K, ’

where K, =n+o0,+0, K, =0, + 6y +0,and K; = ¢,64 + 6.

Taking the partial derivatives of R/’ in (43) with respect to R,

we have
ORY

B
IR

E1U3
— >0

K, (44)

Similarly, it is observed that the partial derivative of R{f with
respect to R; in (44) is positive. Therefore, this result indicates
that an increase in HBV infection within the population will sig-
nificantly increase the transmission of HIV positively.

Ry €K KyKy — (1 = rz)fye;(Ky Ky + enKs + cy(0, K, + 16,))

1—rz)fpu + uy,)
R(?:( Py >(y 4 +
(a +y + Q)uyu,

where uy=a+0, u,=y+0, u3 =y +1,+65+80, u, =
12+53+9,3.11du5=q+¢253+9.

Taking the partial derivatives of R in (40) with respect to R ',
we have

40
£, K, K3u;, o)

4 | Numerical Simulation

In this section, we shall simulate the HIV and HBV co-infection
model numerically using parameter values in Table 2, in order

to illustrate some of the analytic results obtained in the study. We
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TABLE2 | Parameter values. TABLE 3 | Yearly reported cases of acute HBV in the United State
from 2006 to 2021.
Parameter Value Source
Year Reported cases
7 0.0685 [48]
2006 4713
0.007765 |149]
2007 4519
£1 0.4 126 ]
2008 4029
a - 3 2009 3371
£, 0.07 Assumed 5010 3350
a 0.06 [50] 2011 2903
Py 0.85 Fitted 2013 3050
Y 0.01 [50] 2014 2791
r 0.6 |51] 2015 3370
Z 0.8 |51] 2016 3218
o, 0.2031 Fitted 2017 3409
o, 0.3693 Fitted 2018 3322
= 0.4 [26] 2020 2157
y :
c, 001 26] 2021 2045
B 0.01 [26]
W 0.3292 Fitted shall be utilizing the ODE solver coded in MATLAB for the model
. 09 Fitted simulation (Table 3).
1 .
2 0.0593 Fitted We perform the model data fitting for the HIV and HBV
Op 0.01 | 28] co-infection model with the yearly cumulative cases of new HIV
& 0.001 26] infection and the yearly cumulative reported cases of acute HBV
1 | infection in the United states from 2006 to 2022, in order to val-
D> 0.003 Fitted idate our model (Figures 5 and 6). The HIV yearly data in the
q 0.12 Fitted United State were sourced from AIDSVu [53], and the yearly
" 0.1737 Fitted HBV 3.Cl‘lte data were sourced f}'{)m |54 - 5?] (Table 4).‘ The l:nodel
data fitting was carried out using the fmincon algorithm in the
W 0.3 Assumed MATLAB optimization tool box [57]. This method employs the
w, 0.6 130] least square approach, known for its efficiency and reliability. The
- 05 P —- goal is to align the observed data set, Y,, with the estimated val-
3 ' ues, X, aiming to minimize the sum of the squares errors (SSE),
P4 0.4 Assumed expressed mathematically as (Table 5)
e1, €y, €3 0.3,0.1,04 Assumed )
€4, s, € 0.2,0.1,0.5 Assumed CSF = Z(Yf ~ X,)? (45)
e, eg, €q 0.4,0.32,0.2 Assumed =
V 0.47 Assumed
K 0.5 Assumed _ .
4.1 | Discussion of Results
& 0.2 Assumed
&> 0.4 Assumed Figure 7 is the simulation of the contour plots of the HIV basic
Sz in 0.001 [30] reproduction. Figure 7b,c depicts the contour plot of the HIV
5 006 A q basic reproduction number (R{}" ) as a function of the com-
HCE : wp— pliance rate to condom usage (r) and the treatment rate of
OAAB 0.005 [52] HIV-only-infected individuals with no clinical symptoms of AIDS
.~ 0.2165 Assumed (c,), and the contour plot of the HIV basic reproduction num-
s 0.001 ag ber (J"%é1r ) as a function of the compliance rate to condom usage
L ' [30] (r) and the treatment rate of HIV-only-infected individuals with
d 0.5 Assumed clinical symptoms of AIDS (o, ). It is observed in Figure 7b,c that
p 0.3 Assumed as the compliance rate to condom usage (r) and the treatment
rates (o, and o,) increases, the HIV basic reproduction number
18 of 35 Mathematical Methods in the Applied Sciences, 2025
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FIGURES5 | Data fitting of the cumulative new cases of HIV infec-
tion. [Colour figure can be viewed at wileyonlinelibrary.com|
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FIGURE 6 | Data fitting of the cumulative reported cases of acute
HBYV infection. [Colour figure can be viewed at wileyonlinelibrary.com]

decreases. Similar result is observed in Figure 7a, for the contour
plot of the HIV basic reproduction number (R{f ) as a function
of the treatment rates (o,) and (o,). These results align seam-
lessly with the results from the sensitivity analysis of the HIV
basic reproduction in Section 3.4. Figure 8 depicts the simula-
tions of the contour plots of the HBV basic reproduction number.
Figure 8b,c is the contour plots of the HBV basic reproduction
number (Rg) as a function of the compliance rate to condom
usage (r) and the treatment rate of HBV acute-infected individu-
als (7;) and as a function of the compliance rate to condom usage
(r) and treatment rate of chronic HBV-infected individuals (z,).
It is observed in Figure 8b that if the compliance rate to con-
dom usage (r) and acute HBV treatment rate (r, ) is stepped up to
80%, the HBV basic reproduction number (R(‘?) will be reduced
to 0.6. In Figure 8c, if the compliance rate to condom usage (r)
and chronic HBV treatment rate (z, ) is increased to 60%, the HBV
basic reproduction number (R{‘JB ) will be reduced to 0.4. Figure 8d
is the contour plot of the HBV basic reproduction number (R )

TABLE4 | Yearly reported cases of new HIV infection in the United
State from 2006 to 2021 from AIDSVu.

Year Reported cases
2006 48,600
2007 56,300
2008 47,821
2009 45,315
2010 43,662
2011 41,831
2012 41,009
2013 39713
2014 40,470
2015 40,285
2016 39,962
2017 38,775
2018 37,736
2019 36,817
2020 3,373
2021 36,126

TABLES5 | Values of the impact of one disease on the other.

OR}
R 0.1131
IR}
- 8.8439

0

as a function of the compliance rate to condom usage (r) and the
HBV vaccination rate (a). It is observed in Figure 8d that if the
compliance rate to condom usage (r) and the HBV vaccination
rate (a) is stepped up to 70%, the HBV basic reproduction num-
ber (R?) will be brought to 0.15. Figure 8a is the contour plot
of the HBV basic reproduction number (R["f ) as a function of the
acute HBV treatment rate (z,) and the chronic HBV treatment
rate (z,). It is observed that if the HBV treatment rates r, and 7,
are increased to 80%, the HBV basic reproduction number (R[‘? )
will be reduced to 0.3.

Figure 9 is the simulation of the cumulative new cases of HIV
infection when the HIV basic reproduction number is less than
one (R{," = (0.3604). In Figure 9a-c, it is observed that when the
values of the compliance rate to the usage of condom (r), and the
treatment rates of HIV-infected individuals (¢, and o, ) increases,
the cumulative new cases of HIV decrease. Furthermore, if the
compliance rate to condom usage (r) can be stepped up 70%, the
treatment rate (o,) to 70%, and the treatment rate (o,) to 90%,
the cumulative new cases of HIV will be reduced below 60,000,
53,000, and 60,000, respectively, within 10 years.

Similarly, Figure 10 depicts the simulation of the cumulative new

cases of HBV infection when the HBV basic reproduction num-
ber is less than one (7’33B = (0.4789). In Figure 10a, it is observed
that if the compliance rate to condom usage (r) is increased to
70%, the cumulative new cases of HBV will be reduced below
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FIGUREY9 | Simulations of full model (1) showing the plots for (a) the effect of r on the cumulative new cases of HIV; (b) the effect of &, on the
cumulative new cases of HIV; and (c) the effect of o, on the cumulative new cases of HIV, for the case when Rg" < 1 while varying the treatment rates

and condom usage rate. Parameter values used are as in Table 2 with #; = 0.1 (sothat R’ = 0.3604). The values of the HIV reproduction number when
the treatment rates and condom usage rate are varied can be found in Tables 6-8. [ Colour figure can be viewed at wileyonlinelibrary.com |

TABLE 6 | The values of the HIV reproduction number when the TABLE 7 | The values of the HIV reproduction number when the
treatment rates and condom usage rate are varied. treatment rates and condom usage rate are varied.
H H
r R, o, R,
0.1 0.5625 0.1 0.5306
0.3 0.4817 0.3 0.2851
0.5 0.4008 0.5 0.2095
0.7 0.3199 0.7 0.1729
0.9 0.2391 0.9 0.1512
TABLE8 | The values of the HIV reproduction number when the
50,000 within 10years. In Figure 10d, it is observed that if the  treatmentrates and condom usage rate are varied.
vaccination rate (a) is stepped up to 50%, the cumulative new c, RH
cases of HIV will be reduced below 12,000 within 14 years. In .
Figure 10b, it is observed that if the treatment rate (rz,) for acute 0.1 0.3892
HBV-infected individuals is stepped up to 70%, the cumulative 0.3 0.3631
new cases of HBV infection will decrease to below 60,000 in 0.5 0.3572
12 years. Furthermore, in Figure 10c, it is the treatment rate of 0.7 0.3545
chronic HBV-infected individuals (z,) is increased t0 50%, the ' '

cumulative new cases of HBV will decrease below 20,000 within
10 years.

Figure 11 is the simulation of the effect of the treatment rate
(o,) on HIV on infected individuals with no clinical symptoms
of AIDS (I4(t)), the effect of the treatment rate (¢,) on HIV on

0.9 0.3531

infected individuals with clinical symptoms of AIDS (A4 (7)), the
effect of the treatment rate (z,) on HBV on infected individuals
with acute infection (7 ,3(7)), the effect of the treatment rate (z,)
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cumulative new cases of HBV; (c) the effect of 7, on the cumulative new cases of HBV; and (d) the effect of @ on the cumulative new cases of HBV,
for the case when R < 1 while varying the treatment rates, condom usage rate, and vaccination rate. Parameter values used are as in Table 2 (so that
R? = 0.4789). The values of the HBV reproduction number when the treatment rates, condom usage rate, and vaccination rate are varied can be found

in Tables 9-11. [Colour figure can be viewed at wileyonlinelibrary.com|

on HBV on infected individuals with chronic infection (/- ,(7)),
the effect of the vaccination rate (o) on HBV on infected individu-
als with acute infection (7 4 3(7)), and the effect of the vaccination
rate (a¢) on HBV on infected individuals with chronic infection
(I 5(1)), using parameter values in Table 2 with f,, = 0.1 (so that
R} =0.3604 and R; = 0.4789). Figure 11 illustrates the conver-
gence to the local stability of the disease-free equilibrium in line
with Theorems 2 and 5.

Figure 12 depicts the simulation of the infected individuals with

both HIV (not showing clinical symptoms of AIDS) and acute
HBV infection (1 , (7)), infected individuals with both HIV (not

TABLE9 |
treatment rates, condom usage rate, and vaccination rate are varied.

The values of the HBV reproduction number when the

r Rf

0.1 0.8427

0.3 0.6972

0.5 0.5517

0.7 0.4062

0.9 0.2607
22 of 35

TABLE 10 | The values of the HBV reproduction number when the
treatment rates, condom usage rate, and vaccination rate are varied.
B
T R,
0.1 1.3361
0.3 0.9231
0.5 0.7051
0.7 0.5704
0.9 0.4789
TABLE 11 | The values of the HBV reproduction number when the

treatment rates, condom usage rate, and vaccination rate are varied.

T, RS

0.1 0.3465
0.3 0.1887
0.5 0.1528
0.7 0.1369
0.9 0.1279

showing clinical symptoms of AIDS) and chronic HBV infection
(I (D), infected individuals with both HIV (showing clini-
cal symptoms of AIDS) and acute HBV infection (/,,5(?)), and

Mathematical Methods in the Applied Sciences, 2025
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FIGURE 11 | Simulations of full model (1) showing the plots for (a) the etfect of o, on HIV-only-infected individuals with no clinical symptoms of
AIDS; (b) the effect of o, on HIV-only-infected individuals with clinical symptoms of AIDS; (c) the effect of 7; on HBV-only-infected individuals with
acute infection; (d) the effect of 7, on HBV-only-infected individuals with chronic infection; (e) the effect of a on HBV-only-infected individuals with
acute infection; and (f) the effect of @ on HBV-only-infected individuals with chronic infection, for the case when R <1 and R < 1 while varying
the treatment rates and vaccination rate. Parameter values used are as in Table 2 with g, = 0.1 (so that Rf = (0.3604 and R[‘? = 0.4789). The values of
the HIV reproduction number and HBV reproduction number when the treatment rates and vaccination rate are varied can be found in Tables 6-11.

| Colour figure can be viewed at wileyonlinelibrary.com|

infected individuals with both HIV (showing clinical symptoms
of AIDS) and chronic HBV infection (1 ,-5(t)), using param-
eter values in Table 2 with g, =0.1 (so that R’ = 0.3604
and R” = 0.4789) while varying the treatment rates of the co-
infected compartments. Figure 12 illustrates the convergence

of the HIV and HBV co-infection to the local stability of the
disease-free equilibrium in line with Theorem 9. Additionally,
increasing the treatment rates of the respective co-infected com-
partments reduces the burden of HIV and HBV co-infection

(Table 12).
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FIGURE 12 | Simulations of full model (1) showing the plots for (a) the effect of @, on the co-infected class I, ,5; (b) the effect of w, on the
co-infected class I, ,; (c) the effect of w, on the co-infected class I, ,,; and (d) the effect of w, on the co-infected class I, ,, for the case when

RZ <1and R} < 1 while varying the treatment rates. Parameter values used are as in Table 2 with f,; = 0.1 (so that R' = 0.3604, R’ = 0.4789, and
R!F = 0.4789). [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 12 | The values of the HBV reproduction number when the TABLE 13 | The values of the HIV reproduction number when the

treatment rates, condom usage rate, and vaccination rate are varied. treatment rates and condom usage rate are varied.
a R} r R
0.1 0.3183 0.1 4.0497
0.3 0.1218 0.3 3.3624
0.5 0.0771 0.5 2.6750
0.7 0.0573 0.7 1.9877

0.9 0.0461 0.9 1.3004

TABLE 14 | The values of the HIV reproduction number when the

Figure 13 is the simulation of the effect of the treatment rate  treatmentrates and condom usage rate are varied.

of HIV-only-infected individuals showing clinical symptoms of o, R;f

AIDS (o,) on the prevalence of HIV-only-infected individuals

with no clinical symptoms of AIDS (7, (1)) and HIV-only-infected el e
individuals with clinical symptoms of AIDS (A (7)), and the 0.3 1.8792
effects of the treatment rate of chronic HBV-only-infected indi- 0.5 1.4255
viduals (z,) on the prevalence of HBV-only-infected individuals (.7 1.2051
with acute infection (7, 5(f)) and HBV-only-infected individuals 0.9 1.0749
with chronic infection (/.z(f)), when the HIV and HBV basic

reproduction number is less than one (Ry =0.3604 and Rj =  HIV. In Figure 13b, it is observed that if the HIV treatment rate

0.4789). Itis observed in Figure 13a that increasing the HIV treat- (;_;-.-2) is increased to 70%, the number of HIV-only-infected indi-
ment rate (o,) has very little effect in reducing the prevalence of  viduals showing clinical symptoms of AIDS will reduce to below
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FIGURE 13 | Simulations of full model (1) showing the plots for (a) the effect of 6, on HIV-only-infected individuals with no clinical symptoms
of AIDS; (b) the effect of o, on HIV-only-infected individuals with clinical symptoms of AIDS; (c) the effect of 7, on HBV-only-infected individuals
with acute infection; and (d) the effect of r, on HBV-only-infected individuals with chronic infection, for the case when R[*? < 1 and R{‘;" < 1 while
varying the treatment rates. Parameter values used are as in Table 2 with g, = 0.1 (so that R;;" = (0.3604 and R;}B = (0.4789). The values of the HIV
reproduction number and HBV reproduction number when the treatment rates are varied can be found in Tables 15 and 18. |Colour figure can be
viewed at wileyonlinelibrary.com]|

TABLE 15 | The values of the HIV reproduction number when the TABLE 17 | The values of the HBV reproduction number when the

treatment rates and condom usage rate are varied. treatment rates, condom usage rate, and vaccination rate are varied.
o, R{‘:’ T, R f
0.1 2.5768 0.1 2.9706
0.3 2.3548 0.3 2.3868
0.5 2.3043 0.5 1.9948
0.7 2.2819 0.7 1.7134

0.9 2.2693 0.9 1.5016

TABLE 16 | The values of the HBV reproduction number when the TABLE 18 | The values of the HBV reproduction number when the

treatment rates, condom usage rate, and vaccination rate are varied. treatment rates, condom usage rate, and vaccination rate are varied.
r R’ T, R’
0.1 2.6531 0.1 1.0356
0.3 2.1925 0.3 0.4802
0.5 1.7319 0.5 0.3538
0.7 1,.2713 0.7 0.2979

0.9 0.8107 0.9 0.2663

2000 within 6 years. In Figure 13c,d, it is observed that if the HBV and chronic HBV will decrease to below 500 and 1000, respec-
treatment rate (z,) is stepped up to 70%, the prevalence of acute tively, within 6 years.
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Figure 14 is the simulation of the cumulative new cases of HIV
infection when the HIV basic reproduction number is greater
than one (R’ = 2.3314). It is observed in Figure 14a-c that if
the compliance rate to condom usage (r) can be stepped up to
70%, the treatment rate (o,) to 70%, and the treatment rate (o)
to 90%, the values of the cumulative new cases of HIV will be
reduced to below 5,000,000, 300,000, and 800,000 within 16 years.
Figure 15 is the simulations of the effect of the compliance rate
to the usage of condom (r), treatment rates of acute and chronic
HBV-infected individuals (7, and 7,), and the HBV vaccination
rate (@) on the cumulative new cases of HBV infection, for the
case when the HBV basic reproduction number is greater than
one. In Figure 15a, it is observed that if the compliance rate to
the usage of condom (r) is stepped up to 70%, the cumulative

TABLE 19 | The values of the HBV reproduction number when the
treatment rates, condom usage rate, and vaccination rate are varied.
B
a R,
0.1 1.1221
0.3 0.4974
0.5 0.3207
0.7 0.2373
0.9 0.1887
x 10’
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(a)

new cases of HBV infection will be reduced to below 100,000
within 16years. In Figure 15b, it is observed that if the treat-
ment rate for acute HBV-infected individuals (z,) is increased
to 90%, the cumulative new cases of HBV infection will signif-
icantly be reduced to below 100,000 within 12years. It is also
observed in Figure 15c that if the treatment rate for chronic
HBV-infected individuals (z,) is stepped up to 70%, the cumu-
lative new cases of HBV infection will be below 20,000 within
16 years. In Figure 15d, it is observed that when the HBV vac-
cination rate (a) is increased to 70%, the cumulative new cases of
HBYV intection will be within 11,000 in 16 years.

Figure 16 is the simulation of the effect of the treatment rate
(o,) on HIV on infected individuals with no clinical symptoms
of AIDS (1,(1)), the effect of the treatment rate (¢,) on HIV on
infected individuals with clinical symptoms of AIDS (A 4 (7)), the
effect of the treatment rate (z;) on HBV on infected individuals
with acute infection (7 4 3(7)), the effect of the treatment rate (z,)
on HBV on infected individuals with chronic infection (/- 5(7)),
the effect of the vaccination rate (o) on HBV on infected individu-
als with acute infection (7 4 5(7)), and the effect of the vaccination

rate (a«) on HBV on infected individuals with chronic infection
(I-5(1)), using parameter values in Table 2 with y = 0.05 and

y = 0.7 (sothat R! = 2.3314 and R} = 1.5016). Figure 16 illus-
trates the convergence to the endemic equilibrium while varying
the treatment rates of the respective infected compartments (o,

x 10

o
8)

15}

0.5F

Cumulative New Cases of HIV Infection

o

6 7 10 12 14 16
Time (in years)

(b)

o
N -
-
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L 1 1
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FIGURE 14 |

Simulations of full model (1) showing the plots for (a) the effect of » on the cumulative new cases of HIV; (b) the effect of o, on the

cumulative new cases of HIV; and (c) the effect of o, on the cumulative new cases of HIV, for the case when R}’ > 1 while varying the treatment rates
and condom usage rate. Parameter values used are as in Table 2 (so that R/’ = 2.3314). The values of the HIV reproduction number when the treatment
rates and condom usage rate are varied can be found in Tables 13-15. [Colour figure can be viewed at wileyonlinelibrary.com]
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Simulations of full model (1) showing the plots for (a) the effect of » on the cumulative new cases of HBV; (b) the effect of 7, on the

cumulative new cases of HBV; (c¢) the effect of 7, on the cumulative new cases of HBV; and (d) the effect of a« on the cumulative new cases of HBV, for
the case when R > 1 while varying the treatment rates, condom usage rate and vaccination rate. Parameter values used are as in Table 2 with y = 0.05
and y = 0.7 (so that R{‘f = 1.5016). The values of the HBV reproduction number when the treatment rates, condom usage rate, and vaccination rate are

varied can be found in Tables 16-19. [Colour figure can be viewed at wileyonlinelibrary.com]|

and 7,) and the HBV vaccination rate (a). It is observed that an
increase in the treatment rates and vaccination rate reduces the
number of infected individuals of both diseases.

Figure 17 is the simulation of the infected individuals with
both HIV (not showing clinical symptoms of AIDS) and acute
HBYV infection (1 4 5(1)), infected individuals with both HIV (not
showing clinical symptoms of AIDS) and chronic HBV infection
(I (1)), infected individuals with both HIV (showing clini-
cal symptoms of AIDS) and acute HBV infection (/4 ,5(?)), and
infected individuals with both HIV (showing clinical symptoms
of AIDS) and chronic HBV infection (1, (7)), using parameter
values in Table 2 with y = 0.05 and v = 0.7 (so that Ra" = and
R; =1.5016, thus R}'® =1.5016 > 1). Figure 17 illustrates the
convergence to the endemic equilibrium of the HIV and HBV
co-infection while varying the treatment rate rates of the respec-
tive co-infected compartments. It is observed that in the pres-
ence of the endemicity of HIV and HBV co-infection, increasing
the treatment rates of the co-infected compartments will signif-
icantly reduce the burden of the co-infection of HIV and HBV.
Figure 18 depicts the simulation of the effect of the treatment rate
of the HIV-only-infected individuals (showing clinical symptoms
of AIDS) (¢,) on the HIV-only-infected individuals not showing
clinical symptoms of AIDS (7I4(7)), HIV-only-infected individu-

als showing clinical symptoms of AIDS (A (7)), and the effect
of the treatment rate of chronic HBV-infected individuals (z,)
on the acute HBV-only-infected individuals (1 45(7)), for the case
whenR;* > 1and R; > 1 using parameter values in Table 2 with
y = 0.05and y = 0.7 (so that R}/ = 2.3314and R = 1.5016). It
1s observed 1n Figure 18a-d that increasing the treatment rates o,
and 7, significantly reduces the prevalence of infected individuals

with HIV and HBV infection, respectively.

Figures 19 and 20 depict the simulations of the effect of the vac-
cination rate against HBV (a) on HIV-infected individuals. In
Figure 19a,b, it is observed that when the HIV basic reproduc-
tion number is less than unity, the vaccination rate against HBV
(a) has minimal effect in reducing the number of HIV-infected
individuals showing and not showing clinical symptoms of AIDS
when the rate is increasing. In Figure 20a,b, it is observed that
when the HIV basic reproduction number exceed 1, and the vac-
cination rate against HBV is stepped up to 70%, the number of
individuals infected with HIV not showing clinical symptoms of
AIDS will be reduced below 50,000 with 12 years; furthermore,
the number of individual infected with HIV showing clinical
symptoms of AIDS will be reduced below 10,000 within 12 years.
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FIGURE 16 | Simulations of full model (1) showing the plots for (a) the effect of &, on HIV-only-infected individuals with no clinical symptoms of 5
AIDS; (b) the effect of 6, on HIV-only-infected individuals with clinical symptoms of AIDS; (¢) the effect of 7, on HBV-only-infected individuals with 5
-l:h

acute infection; (d) the effect of 7, on HBV-only-infected individuals with chronic infection; (e) the effect of @ on HBV-only-infected individuals with %
acute infection; and (f) the effect of « on HBV-only-infected individuals with chronic infection, for the case when Rg < 1 and R;;" < 1 while varying S
ﬂ
the treatment rates and vaccination rate Parameter values used are as in Table 2 with y = 0.05 and yw = 0.7 (so that R;;" = 2.3314 and Rg = 1.5016). g
The values of the HIV reproduction number and HBV reproduction number when the treatment rates and vaccination rate are varied can be found in ‘i
- - L L] m
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FIGURE 17 | Simulations of full model (1) showing the plots for (a) the effect of @, on the co-infected class 1, ,5; (b) the effect of w, on the
co-infected class I,.p; (¢) the effect of w, on the co-infected class I, ,p; and (d) the effect of @, on the co-infected class I,.p, for the case when

R,f < 1and Rf < 1 while varying the treatment rates. Parameter values used are as in Table 2 with y = 0.05 and y = 0.7 (so that Rf = 2.3314 and
R, = 1.5016). [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 18 | Simulations of full model (1) showing the plots for (a) the effect of &, on HIV-only-infected individuals with no clinical symptoms of
AIDS; (b) the effect of o, on HIV-only-infected individuals with clinical symptoms of AIDS; (c) the effect of 7, on HBV-only-infected individuals with

acute infection; and (d) the effect of 7, on HBV-only-infected individuals with chronic infection, for the case when R > 1and R > 1 while varying
the treatment rates. Parameter values used are as in Table 2 with y = 0.05 and y = 0.7 (so that R{‘;" = 2.3314 and R[’f = 1.5016). The values of the HBV

reproduction number when the treatment rates, condom usage rate, and vaccination rate are varied can be found in Tables 4-6. [Colour figure can be
viewed at wileyonlinelibrary.com|
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Simulations of full model (1) showing the plots for (a) the effect of al pha on HIV-only-infected individuals with no clinical symptoms

of AIDS and (b) the effect of @ on HIV-only-infected individuals with clinical symptoms of AIDS, for the case when R;;’ < 1. Parameter values used are
as in Table 2 (so that R("f = 0.4789). [Colour figure can be viewed at wileyonlinelibrary.com]|
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Simulations of full model (1) showing the plots for (a) the effect of al pha on HIV-only-infected individuals with no clinical symptoms

of AIDS and (b) the effect of « on HIV-only-infected individuals with clinical symptoms of AIDS, for the case when R? > 1. Parameter values used are
as in Table 2 with y = 0.05 and y = 0.7 (so that R = 1.5016). [Colour figure can be viewed at wileyonlinelibrary.com]

5 | Conclusion

This paper presents a deterministic mathematical model to inves-
tigate the transmission dynamics of HIV and HBV co-infection,
incorporating factors such as infection from birth or migration,
HBYV vaccination, and reinfection after recovery from HBV. We
first conducted a qualitative analysis of two submodels: one for
HIV alone and another for HBV alone. Using the next genera-
tion operator method, we calculated the basic reproduction num-
bers for these submodels and assessed the local stability of their
disease-free equilibrium. The findings indicate that the HIV-only
submodel achieves a globally stable disease-free equilibrium
when the basic reproduction number for HIV is below one. In
contrast, the HBV-only submodel exhibits backward bifurcation
even when its basic reproduction number is less than one. To fur-
ther explore this phenomenon, we applied center manifold the-
ory, demonstrating that the comprehensive model for HIV and
HBYV co-infection also experiences backward bifurcation. Addi-
tionally, we conducted a sensitivity analysis on the basic repro-
duction numbers of both submodels to determine the impact
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of various parameters on the transmission dynamics of HIV
and HBV. Our theoretical analysis was further validated through
numerical simulations of the complete co-infection model. The
key findings of this study include the following:

1. The HIV-only submodel disease-free equilibrium is globally
asymptotically stable when the HIV-only basic reproduc-
tion number is less than one.

2. The HBV-only submodel undergoes the phenomenon of
backward bifurcation when the HBV-associated reproduc-
tion number is less than unity. Consequently, the bifurca-
tion property complicates the eftective control of HBV infec-
tion in the population when the reproduction number is less
than unity.

3. Under the assumption of no reinfection, the HBV-only sub-
model achieves global stability at the disease-free equilib-
rium if its reproduction number is less than one.
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4. 1t is shown using the center manifolds theory that the full

HIV and HBV co-infection model exhibits the occurrence of
backward bifurcation.

5. The sensitivity analysis of the HIV-only and HBV-only sub-
models’ basic reproduction numbers indicates that the top
rank parameters that greatly influenced the HIV and HBV
transmission are HIV transmission rate (f), HBV trans-
mission rate (f), waning rate of HBV vaccination (y), pro-

gression rate from [ 45 to I class (y), recruitment rate (x),
fraction of individuals that are infected with HIV and HBV

from birth or migration (¢, and &,), modification parame-
ter that accounts for increase in infectiousness for individ-

ual showing clinical symptoms of AIDS (¢,), modification
parameter that accounts for decrease in HIV infectiousness

for individuals receiving HIV treatment (c,), and natural
death rate (0).

6. Our findings suggest that an increase in one disease posi-
tively impacts the spread of the other. Notably, HBV infec-
tion has a greater influence on the transmission of HIV than

vice versa, indicating a stronger relationship in how HBV
facilitates the spread of HIV compared to the influence of

HIV on HBV transmission.

7. The outcome of the numerical simulations indicates that
enhancing compliance with condom use, improving treat-
ment rates for both diseases, and increasing the HBV
vaccination rate significantly reduce HIV, HBV, and their
co-infection.

Based on the findings of this study, the following recommenda-
tions are provided for policymakers in the healthcare sector to

effectively address and curb the spread of HIV, HBV, and their
co-infection:

1. Comprehensive awareness and education company should
target both the general and at-risk populations to increase
awareness about the transmission of HIV and HBV. The pro-
grams should cover safer sexual practices, the importance of
vaccination, and the dangers of needle sharing.

2. All infants should be vaccinated against HBV at birth, as
well as unvaccinated adults who are at high risk. Including
those co-infected with HIV.

3. Healthcare providers should strictly adhere to infection con-
trol protocols, including the use of gloves, sterilization of

medical equipment, and proper disposal of sharp objects to
prevent accidental exposure to both viruses.

4. Individuals in high-risk category such as sexually active
people with multiple partners and MSM should undergo
regular HIV and HBV testing. Individuals diagnosed with

either HIV or HBV should also be tested for the other virus
because co-infection is common.

This study can be extended in numerous ways:

1. By reformulating the HIV and HBV co-infection model

and incorporating time-dependent optimal control strate-
gies and carrying out the cost-effectiveness analysis of the
control strategies.

2. The HIV and HBV co-infection model can be reformu-
lated as a Caputo based and Atangana-Baleanu-based
fractional-order model and solved numerically.
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Appendix A
Proof of Theorem 10

Proof. The proofis also based on using the center manifold theory on the
full HIV-HBV co-infection model (1). Similarly, we will carry out some
modifications to the model variables for conveniences. Let S = x,, I, =
Xy, Ag=x3, Typg=x4, VB=Xx5, Iyp=X¢, Ipog =%7, Tg =xg, R=

Xg» Irrap = X100 Iyce = X11> Laap = X12: Lacp = %13, Typ = X14- SO
that N = Z::le- Using the vector notation x = (xy, x,, X3, ... ,xm)T

and % = F(x), with F=(f;, /s[5 .,f14)T. Therefore, the full

HIV-HBYV co-infection model system (1) becomes

dx,
dt fi=(1—&,x; — ;%6 — £3%y9) 7
— (Ag + 4g)x; — (@ + 0)x; + yxs,
dx,
dt = fo=AgXx) +€,7X; + e;Ag X5 + eg Ay Xg
dx;
—= = f3=nmx = edpx; = (02 + 8y +0)x;,
dx,
dt = f4 = 01X, + 0,X3 + puxyy — e3dpx, — (¢ +0)x,
dxs
T — fS = ax, — €7AHJC5 — (¥ +9)x5’
dxg
= = fo = ApX| + E,Xg — €4y Xg + €9gAgXg
—(w+ 1, + 65 +0)xq,
dx-
dr :f? =wx6—€5/1Hx7_ (T2+5B+9)x?’
dxg
dxqg
W = fg — qxﬂ g (ESA‘.H -+ EQAB - & g)xgg

dxy
— (v+ @, + 65,45 +0)xy0,
dxqy
= (51 +®, +0ycp + B)x“,
dx,
o = fi12 = e;,Agxy +deyAgx, + kKvXxy
- (52 +@; + 0,45+ 9)x12=
dxy3 _
3 = f13 = &1 X1 +Ex — ('—"’4 + 0,08t 9)113=
dXyy _
gr = J1a = @1 %30 + @y%y + 3%y,
+ @yx13 — (8gp + 1+ 0)xq,, (Al)
where
(1 = r2)By (X3 + ¢y (X3 + X35 + X13) + €5(x4 + X14) + X30 + X171 )
j’ff - ~ ﬂ”d
N
v (L— fz)ﬁa(xﬁ + X7 + X9 + X1 + X5 +x13)
B — N >
With

N =X T2+ X+ Xy FXe+ X+ XaF X5
+ Xg + X9 + X171 + X5 + X3 + Xq4.
Here, we considered the transmission probability of HBV from infected

individuals to susceptible individuals (ﬂB) as the bifurcation parameter.
Solving for fz = f;, from R'® = 1, we obtained

" (ﬂ'+]’+g)(w+fl +5B+9)(T2+53+9)_52I(ﬂ+}’+9)(’r2+SH+9)
- (1= rz)(y + 0)(y + (1, + 55 + 0))

Py
(A2)

Computing the eigenvalues of the associated Jacobian of the transformed
system (A1) at the disease-free equilibrium (denoted by J(x," ")), it
can be shown that the Jacobian matrix J(x,'”) evaluated at f; = f7,

denoted by J (x,'?)

- has a right eigenvector given by
B=Vpg

T
w = (LU]-.. Wy, Wy, Wy, Ws, Wg, W7, Wy, Wy, Wy, Wy, Wy, W3, wm) ;

where
Dsws nw,
W, = 0, =Ws > DLW = —,
1 o - 2 3 D3
o ((MH +£11r—D2+al)D3+(clMH +az)q)w2
-

(D4 — szH)Ds

ws =ws >0,wg =we >0,w, = D — M ,
A

(A3)
Wiy = Wy = Wiy = W3 =Wy =0,

(TI(D‘! — Mp) + Tz(MB + &,7 +y — D) )wg

Wqg =

?

(D; = M) Dy
o q(rl(DT—MB)+r2(MB+£er+w—Dﬁ))w6
g e e 3
(D; = Mp)6D;
where D, =a+0, D,=n+0,+60, D;y=0,+6y+60, D; =¢,6y +
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(1=rz)fy(r +0)
M, = (a'+yH+9) and Mp =

(1—rz)fp(y +0)
(a+y+60)

Furthermore, the matrix J (z/12)

2 has a left eigenvector, given by

Pe=Py

v = (01, Uy, U3, Uy, Us, Vg, Uy, Ugs Vg, U1 U1y U1, Ug3s Uy ) s

where

vy =01>0,0,=0,>0,03 =03 > 0,05 =g >0,

(Dl "J’)U1
Vi3 = U3 > 0,04 =04 > 0,05 = s
— Us

(My +e5r+ My )v, — (My + 65+ ey My — Dy )v, + (D3 — i) v;

Vg = .
[Tl+ﬂ'2
(MB+EEJT+MB—D5)U6—(MB+E2E+MB)U1
v, = > ap— ,Ug = Uy = 0,
;-
e (MH +&,m+ Mg)v, — Myv, — Mgug — ,0y4
10 = =

€, — Dy
kv(eyMyv, + Mpug + 8013 + 030y, — (¢, My + Myg)v, )
(e27 — Do) Dy

(1 = k)W ( My, + Mgug + & 013 + @04 — (My + Mp)v, )
(£,@ — Dy) Dy

Myvy + Mpug + & 013 + @014 — (MH + MB)Ul
D,

=

ceMyvy, + Mgug + &,013 + 03014 — (C1MH : 2 Mﬂ)“]
Dy,

Uip =

(Ad)
After conducting extensive calculations, we can demonstrate that

20,ws(1 — rz)f 0D ( cnw,
a= w, +

r(a+y+0) D,
20,wswe(1 —rz)ppdD(1 + .7 ,)
r(a+y+0)
20,w5(1 = rz)f 0 Ds
r(a+y+0)
20,w5(1 — rz)py0Dsn(1 + ;)
mDi(a+y+0)
20,w5(1 = rz)p0Dsn(1 + ¢;).
na+y+0)
20w we(1 = rz)(fy + Pg)oDs
m(a+y+0)
20, W, we(1 — rz)(fy + Pp)0Ds.7
n(a+y+0)
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where

(MH +£lﬂ'— D2 +G‘1)D3 -+ (CIMH +ﬂ'2)’?

K= :
1 (D4 — ¢;Mp ) D;

, Mp+em+y— Dy

7 D; — Mpy |

& 71(D; — My) + 7,(Mp + &,m +y — D)
3 (D; — M) Dy |

(Dl —y)e7
C —
T a=

It follows that the HIV and HBV co-infection model (1) exhibits a

backward bifurcation at Rgf B — 1 whenever the bifurcation coefficient
a > (). =
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