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ABSTRACT
In this paper, we propose a Caputo-based fractional-order derivative model for the transmission dynamics of meningo-
coccal meningitis (MM), incorporating the environmental concentration of Neisseria meningitidis as well as fac-
tors such as vaccination and the hygiene consciousness of susceptible individuals. The existence and uniqueness
of solutions to the model are established using Banach’s and Schauder’s fixed-point theorems. Additionally, we
compute the basic reproduction number and examine the local asymptotic stability of the disease-free equilibrium
using the Routh–Hurwitz criterion. We analyze the stability of the fractional-order meningitis model using the
Ulam–Hyers–Rassias stability method. Furthermore, we fit the model to the cumulative confirmed cases of cere-
brospinal meningitis in Nigeria using data obtained from the Nigeria Centre for Disease Control (NCDC) to validate
the model. The model demonstrates a good fit with the reported cumulative cases. Numerical simulations are con-
ducted for various values of the fractional order. The results reveal an inverse relationship between the fractional
order and the total number of asymptomatic infected individuals (carriers), symptomatic infected individuals, and
the environmental concentration of Neisseria meningitidis. This implies that increasing the order of the fractional
derivative leads to a decrease in the number of infections and bacterial concentration. Moreover, increasing vaccine
uptake and improving hygiene consciousness among susceptible individuals significantly reduce both the number of
infections and the environmental concentration of Neisseria meningitidis.
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1 | Introduction

Meningitis is a medical condition characterized by the inflammation of the meninges, the protective membranes that
encase the brain and spinal cord. These membranes, along with the cerebrospinal fluid, serve to safeguard the central
nervous system and supply it with essential nutrients [1]. Meningitis is a medical emergency that can result in severe
neurological complications and is typically life-threatening if not promptly treated [2–4]. Meningitis ranks among the
four leading global causes of neurological disability-adjusted life years (DALYs) [5]. Meningitis encompasses various
types, including bacterial, viral, fungal, parasitic, noninfectious, and aseptic forms [4]. Bacterial meningitis is a signif-
icant global public health concern, affecting approximately 1.7 million individuals annually and resulting in an estimated
170,000 deaths worldwide. It is considered one of the most severe forms of meningitis, primarily targeting the central
nervous system. The four major pathogens responsible for acute bacterial meningitis are Neisseria meningitidis, Strep-
tococcus pneumoniae, Haemophilus influenzae, and Streptococcus agalactiae [6]. Meningococcal meningitis (MM) is an
acute, respiratory-transmitted infectious disease caused by Neisseria meningitidis (N. meningitidis), characterized by a
high case fatality rate and severe long-term complications among survivors [7, 8].

Neisseria meningitidis (N. meningitidis) is a Gram-negative 𝛽-proteobacterium belonging to the family Neisseriaceae. It is
classified into 13 serogroups based on variations in capsular polysaccharide structures; however, only six serogroups-A, B,
C, W-135, X, and Y-are responsible for the majority of life-threatening infections [9]. Its pathogenicity depends on several
virulence factors, among which the polysaccharide capsule is particularly critical, as it inhibits phagocytosis and facilitates
evasion of the host immune response [10, 11]. It is a rapidly progressing infection that necessitates prompt diagnosis and
timely, effective antibiotic treatment [11, 12]. However, even with appropriate care, up to 15% of cases remain fatal [11].
N. meningitidis is a leading cause of recurrent outbreaks of MM in the African “meningitis belt,” a region in Sub-Saharan
Africa that extends from Ethiopia to Senegal [13]. Epidemics typically begin at the onset of the dry season and subside
rapidly with the arrival of the rains, only to recur when the subsequent dry season commences. While the exact cause
of this pattern is not fully understood, environmental factors-such as absolute humidity, dust concentrations, and an
increased incidence of respiratory tract infections due to cold nights-have been identified as significant contributors [14].
Neisseria meningitidis is known to cause severe clinical manifestations in the form of invasive meningococcal disease
(IMD). IMD arises from the ability of N. meningitidis to colonize the mucosal surfaces of the nasopharynx and invade
sterile tissues, including the meninges, bloodstream, and vital organs. Clinically, IMD often presents as either MM or
septicemia, both of which progress rapidly, leading to death in 10%–15% of cases and permanent disabilities in 20% of
survivors [15–17].

Meningococcal disease rates are highest in young children due to the decline of protective maternal antibodies and sub-
sequently increase again in adolescents and young adults [14]. Certain lifestyle factors prevalent among adolescents and
young adults heighten their risk of meningococcal disease. Everyday activities, such as sharing food, drinks, or utensils, or
engaging in behaviors that involve the exchange of respiratory secretions, throat fluids, or saliva, can facilitate the trans-
mission of the disease. Additionally, other lifestyle factors, such as overcrowded living conditions in college dormitories,
may further contribute to the increased risk [14]. The symptoms of MM include headache, fever, vomiting, photophobia,
neck stiffness, and lethargy. Meningococcal septicemia is characterized by fever, rash, vomiting, headache, flu-like symp-
toms, and abdominal pain [14]. The typical incubation period for meningococcal disease is 3–4 days (range: 1–10 days),
during which the disease is most transmissible. Neisseria meningitidis can be detected in the nose and throat for 2–4 days
and may persist for up to 24 h after the initiation of antibiotic treatment [18, 19]. The reservoir of infection can include a
human case, a carrier, an incubatory contact, a convalescent carrier, or a throat carrier [19, 20]. The carrier is the primary
source of infection [19]. Effective antibiotics promptly inhibit the proliferation of N. meningitidis [14]. All Neisseria menin-
gitidis bacteria in the cerebrospinal fluid are eradicated three to four hours after the initiation of intravenous treatment
with an appropriate antibiotic at the correct dosage [14], and the concentration of meningococcal endotoxin in plasma
decreases by 50% within 2 h [14]. In Africa, the general treatment recommendations during endemic periods include
ceftriaxone (2 g IV once daily for 5 days) in multiple doses to ensure effective treatment. In industrialized countries, the
recommended treatment for adults with suspected acute bacterial meningitis typically involves an extended-spectrum
third-generation cephalosporin. For example, in Sweden, the treatment regimen may include cefotaxime (3 g every 4
h, IV) or ceftriaxone (2 g twice daily or 4 g once daily, IV), often in combination with ampicillin (3 g every 4 h, IV),
or alternatively, monotherapy with meropenem (2 g every 8 h, IV) [14]. In addition to antibiotic prophylaxis for sec-
ondary prevention in close contacts, vaccination may also play a crucial role in controlling meningococcal outbreaks
[21]. Effective vaccines are available for serogroups A, C, W, and Y, and vaccines for serogroup B (MnB) have recently
been approved [21].
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Mathematical models have played a crucial role in analyzing the transmission dynamics of various infectious diseases,
including malaria, HIV, tuberculosis, and COVID-19. The mathematical modeling of infectious diseases has gained grow-
ing importance over time, owing to its capacity to enhance understanding, forecasting, and management of disease
transmission. Numerous studies employing integer-order mathematical models have been conducted to investigate the
dynamics of MM, bacterial meningitis, viral meningitis, and meningitis more broadly (see [22–28]). Musa et al. [29] devel-
oped and analyzed an epidemic model to examine the transmission dynamics of MM, incorporating high- and low-risk
susceptible populations. Their model differentiated between these groups based on access to medical resources, which
influence the level of infection risk. The findings of their study underscore the importance of ensuring adequate medical
resources within communities, particularly in regions endemic to MM, as a key strategy for reducing both incidence and
mortality rates. Blyuss [30] introduced deterministic mathematical models to investigate the key factors influencing the
dynamics of MM. The study highlighted the significant role of temporary immunity within the population, emphasizing
that this factor should be carefully considered in disease surveillance and in evaluating the effectiveness of vaccination
strategies. Crankson et al. [31] developed a novel two-strain deterministic mathematical model to study the transmission
dynamics of bacterial meningitis, incorporating vaccination as a control measure. Their findings revealed that the spread
of bacterial meningitis can be effectively prevented if at least 25% of the population possesses immunity to the disease.
Asamoah et al. [32] proposed an optimal control model for bacterial meningitis that incorporates both vaccination and
treatment influenced by public health education. Numerical simulations from their study indicated that the most effec-
tive strategy for controlling bacterial meningitis involves a combined approach, integrating vaccination with additional
interventions such as treatment and public health education. Elmojtaba and Adam [33] formulated an SVCIRS compart-
mental deterministic model to investigate the impact of vaccination on the transmission of meningitis within a small
human population. Their model differentiated between individuals who recovered with disabilities and those who recov-
ered without disabilities. The findings from their study suggested that effective control of the disease can be achieved if
the vaccine uptake rate is sufficiently high. Amar et al. [34] developed and conducted a qualitative analysis of a determin-
istic mathematical model to explore the transmission dynamics of meningitis, incorporating vaccination and screening
as intervention strategies. Their findings concluded that enhancing both vaccination and screening efforts significantly
reduces the transmission and overall impact of meningitis within the population. Yano and Bitok [35] formulated and
analyzed a two-strain mathematical model to study the transmission dynamics of bacterial meningitis, incorporating key
interventions such as treatment and vaccination while accounting for the presence of antibiotic resistance. Their model
provides insights into how these interventions influence disease dynamics in the context of emerging resistance. Kotola
and Mekonnen [36] developed a mathematical model to examine the co-dynamics of meningitis and pneumonia infec-
tions, incorporating interventions. Their findings highlighted that vaccination against both meningitis and pneumonia,
reducing contact with infected individuals, and providing treatment are all critical factors in significantly reducing the
impact of these diseases within communities. Recently, numerous researchers have studied the use of fractional-order and
optimal control models to better capture disease dynamics and memory effects. These approaches can give more realistic
simulations and successful intervention options [37–39].

Fractional calculus is increasingly recognized as a valuable tool in epidemic modeling, as it enables more precise represen-
tations of disease dynamics, particularly by capturing memory effects and nonlocal interactions. The use of non-integer
order in mathematical modeling is gaining growing attention among scientists and researchers. Unlike traditional epi-
demiological models, which are defined by fixed integer-order derivatives, fractional-order derivative models are char-
acterized by flexible, variable orders, offering a more adaptable framework for understanding complex disease trans-
mission processes. The fractional derivative’s modeling capabilities are enhanced by its nonfixed order [40]. In the field
of fractional calculus, the operators used are differential operators with fractional or non-integer orders, which exhibit
memory-related characteristics. These operators allow for the modeling of systems where the current state depends not
only on the present conditions but also on the history of the system, providing a more accurate representation of processes
with long-term effects or delays [41]. The use of fractional-order models has proven to be highly effective in predict-
ing the dynamics of real-world processes, making mathematical modeling of such phenomena an invaluable tool [41].
Researchers have investigated fractional-order mathematical models for various diseases, including COVID-19 [42, 43],
Chlamydia and Gonorrhea [44], and HIV [45]. Few fractional-order models have been developed to study the dynamics
of meningitis. Elsonbaty et al. [46] proposed a bi-susceptible model for the transmission dynamics of meningitis using the
Caputo fractional-order operator. Furthermore, they conducted an optimal control and cost-effectiveness analysis on the
proposed Caputo fractional-order model. Their findings indicated that Peter et al. [47] developed a mathematical model
based on the Atangana–Baleanu Caputo (ABC) derivative to explore the transmission dynamics of meningitis. This model
incorporates fractional-order derivatives to better capture the complexities of disease spread, offering a more accurate rep-
resentation of the dynamics involved in meningitis transmission. Rashid et al. [48] proposed a deterministic model for the
co-infection of pneumonia and meningitis using the Atangana–Baleanu fractional derivative operator within the Caputo
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framework, accompanied by an optimal analysis. Their results highlighted that adjusting the fractional order from 1 to a
lower value required the rapid implementation of the specified control strategy at the highest possible intensity, with its
sustained application throughout the majority of the pandemic’s duration for effective control.

In this study, we propose a Caputo-based fractional-order model to examine the transmission dynamics of MM, incor-
porating factors such as the concentration of Neisseria meningitidis in the environment (since meningitis transmission
can occur through direct and indirect contact with contaminated surfaces and objects like door handles, light switches,
and furniture), along with vaccination and hygiene consciousness among susceptible individuals. Additionally, we fit the
model to the cumulative confirmed cases of cerebrospinal meningitis in Nigeria. The structure of the paper is as follows:
Section 2 outlines the materials and methods used; Section 3 presents the results; and Section 4 provides the concluding
remarks.

2 | Materials and Methods

2.1 | Preliminaries

Definition 1 ([49]). The Caputo fractional derivative of order 𝛽 > 0 of a function 𝑓 (𝑡) of order 𝛽 ∈ ℝ+ is defined by

𝑐𝛽

𝑡
𝑓 (𝑡) = 𝑑𝛽𝑓 (𝑡)

𝑑𝑡𝛽
= 1

Γ(𝑛 − 𝛽)∫
𝑡

0
(𝑡 − 𝑠)(𝑛−𝛽−1)𝑓 (𝑛)(𝑠)𝑑𝑠, (1)

where 𝑛 is an integer whose definition is 𝑛 − 1 < 𝛽 ≤ 𝑛. Furthermore, the symbol Γ represent Gamma function, and it is
given by

Γ(𝛽) = ∫
∞

0
exp(−𝑠)𝑠𝛽−1𝑑𝑠, Γ(𝛽 + 1) = 𝛽Γ(𝛽), 𝑅𝑒(𝛽) > 0. (2)

Definition 2 ([44]). The fractional integral of order 𝛽 > 0 of a function 𝑓 ∈ ℂ1(0,  ) is defined by

𝛽

𝑡
𝑓 (𝑡) = 1

Γ(𝛽)∫
𝑡

0
(𝑡 − 𝑠)(𝛽−1)𝑓 (𝑠)𝑑𝑠, 𝑡 > 0, (3)

provided the integral part is integrable in ℝ+. For simplicity, suppose 𝑓 (𝑡) = 𝑋, where 𝑋 is any constant, we have

𝛽

𝑡
𝑓 (𝑡) = 1

Γ(𝛽)∫
𝑡

0
(𝑡 − 𝑠)(𝛽−1)(𝑋)𝑑𝑠 = 𝑋

𝑡𝛽

Γ(𝛽 + 1)
. (4)

Definition 3 ([49]). The Laplace transform of the Caputo fractional derivative is given by

ℒ
{
𝑐𝛽

𝑡
𝑓 (𝑡)

}
= 𝑠𝛽𝑓 (𝑠) − 𝑠𝛽−1𝑓 (0), 0 < 𝛽 ≤ 1, (5)

where ℒ is the operator of the Laplace transform.

Definition 4 ([50]). Euler’s reflection formula is given by

Γ(𝛽) = 𝜋

Γ(1 − 𝛽) sin(𝜋𝛽)
(6)

Lemma 1 ([50]). Given that 𝛽 ∈ ℝ+, 𝜗1(𝑡) and 𝜗2(𝑡) represents nonnegative functions and 𝜗3(𝑡) represent both the
nonnegative and increasing function for 0 ≤ 𝑡 ≤  ,  > 0, 𝜗3(𝑡) ≤ , where  is a constant. Suppose

𝜗1 ≤ 𝜗2(𝑡) + 𝜗3(𝑡)∫
𝑡

0
(𝑡 − 𝑠)𝛽−1𝜗1(𝑡)𝑑𝑠, (7)

4 Mathematical Methods in the Applied Sciences, 2026
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then

𝜗1 ≤ 𝜗2𝛽
(
𝜗3(𝑡)

𝜋

Γ(1 − 𝛽) sin(𝜋𝛽)
 𝛽

)
(8)

2.2 | Formulation of the Model

In this section, we shall design a model for MM dynamics structured within the human population and the concentration
of Neisseria Meningitidis in the environment. At time 𝑡, we assume that the total human population is constant and of the
size 𝑁 . Similarly, we assume that the concentration of Neisseria Meningitidis in the environment at time 𝑡 is represented
by 𝑄(𝑡). The total human population 𝑁(𝑡) is categorized into seven (7) compartments of susceptible individuals 𝑆(𝑡),
vaccinated individuals 𝑉 (𝑡), exposed individuals 𝐸(𝑡), asymptomatic infected individuals that are carriers of the Neisseria
Meningitidis bacteria 𝐶(𝑡), symptomatic infected individuals 𝐼(𝑡), treated individuals 𝑇 (𝑡), and recovered individuals 𝑅(𝑡).
With this, we can say

𝑁(𝑡) = 𝑆(𝑡) + 𝑉 (𝑡) + 𝐸(𝑡) + 𝐶(𝑡) + 𝐼(𝑡) + 𝑇 (𝑡) + 𝑅(𝑡)

The population of the susceptible individuals is generated by the recruitment of individuals into the population either
by birth or migration at a constant rate Λ. Susceptible individuals are vaccinated against MM at the rate 𝜃, and 𝜓 is
the waning rate of the MM vaccine. Susceptible individuals are exposed to MM when they come in adequate contact
with infected individuals or the concentration of the Neisseria Meningitidis in the environment at the rate (1 −𝜛)𝜁 ; 𝜁
is given by

𝜁 =
𝛼ℎ(𝐶 + 𝐼)

𝑁
+

𝛼𝑒𝑄

𝐾 +𝑄
.

where 𝜛 is the hygiene consciousness rate of susceptible individuals, 𝛼ℎ is the effective contact rate between sus-
ceptible individuals and infected individuals, 𝛼𝑒 is the effective contact rate between susceptible individuals and the
Neisseria Meningitidis bacteria in the environment, and 𝐾 is the carrying capacity of the Neisseria Meningitidis bac-
teria. The exposed individuals progressed to being infected at the rate 𝜑, where a proportion (1 − 𝑞)𝜑 are symp-
tomatic, and the remaining proportion 𝑞𝜑 are asymptomatic. Asymptomatic infected individuals (carriers) progressed
to being symptomatic at the rate 𝜎. 𝜂𝐶 and 𝜂𝐼 are the treatment rates for the asymptomatic and symptomatic infected
individuals, respectively. The rate 𝛿 is the disease-induced death rate of symptomatic infected individuals, and 𝜀𝛿

is the disease-induced death rate of treated individuals (where 𝜀 is a modification parameter that accounts for the
reduction in meningitis-related death while receiving treatment). Treated individuals recover from meningitis at the
rate 𝜙, and recovered individuals become susceptible again at the rate 𝜇. The human natural death rate is given by 𝛾 ,
and it is the same in all human compartments. The concentration of the Neisseria Meningitidis bacteria in the envi-
ronment is generated by the shedding of the bacteria by asymptomatic and symptomatic infected individuals at the
rates 𝜏1 and 𝜏2, respectively. The decay rate of bacteria in the environment is given by 𝜉. The model variables and
parameters are presented in Table 1. The model diagram is also presented in Figure 1. Based on the aforementioned
assumptions and formulation, the Meningitis model is governed by the following system of nonlinear fractional-order
differential equations:

𝑐𝛽

𝑡
𝑆 = Λ − (1 −𝜛)𝜁𝑆 − (𝜃 + 𝛾)𝑆 + 𝜇𝑅 + 𝜓𝑉 ,

𝑐𝛽

𝑡
𝑉 = 𝜃𝑆 − (𝜓 + 𝛾)𝑉 ,

𝑐𝛽

𝑡
𝐸 = (1 −𝜛)𝜁𝑆 − (𝜑 + 𝛾)𝐸,

𝑐𝛽

𝑡
𝐶 = 𝑞𝜑𝐸 −

(
𝜂𝐶 + 𝜎 + 𝛾

)
𝐶,

𝑐𝛽

𝑡
𝐼 = (1 − 𝑞)𝜑𝐸 + 𝜎𝐶 −

(
𝜂𝐼 + 𝛿 + 𝛾

)
𝐼,

𝑐𝛽

𝑡
𝑇 = 𝜂𝐶𝐶 + 𝜂𝐼𝐼 − (𝜙 + 𝜀𝛿 + 𝛾)𝑇 ,

𝑐𝛽

𝑡
𝑅 = 𝜙𝑇 − (𝜇 + 𝛾)𝑅,

𝑐𝛽

𝑡
𝑄 = 𝜏1𝐶 + 𝜏2𝐼 − 𝜉𝑄. (9)

where
𝜁 =

𝛼ℎ(𝐶 + 𝐼)
𝑁

+
𝛼𝑒𝑄

𝐾 +𝑄
(10)
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TABLE 1 | Description of the model variables.

Variable Description

𝑆 Population of susceptible humans.
𝑉 Population of vaccinated humans against meningococcal meningitis.
𝐸 Population of exposed humans to meningococcal meningitis.
𝐶 Population of asymptomatic infected humans (carriers of the Neisseria Meningitidis bacteria).
𝐼 Population of symptomatic infected humans with meningococcal meningitis.
𝑇 Population of treated humans with meningococcal meningitis.
𝑅 Population of recovered humans from meningococcal meningitis.
𝑄 The concentration of Neisseria Meningitidis in the environment.

Parameter Description

Λ Recruitment rate for humans.
𝛾 Natural death rate for humans.
𝛼ℎ Effective contact rate between susceptible humans and infected humans

with meningococcal meningitis infection.
𝛼𝑒 Effective contact rate between susceptible humans and the Neisseria

Meningitidis bacteria in the environment.
𝜛 Hygiene consciousness rate of susceptible individuals.
𝜑 Progression rate from the exposed class to the infected classes with

meningococcal meningitis.
𝑞 Proportion of exposed individuals who progress to being infectious and

are asymptomatic (carriers).
𝜇 Rate at which recovered humans from meningococcal meningitis

become susceptible again.
𝜃 Vaccination rate against meningococcal meningitis.
𝜓 Waning-rate of meningococcal meningitis vaccine.
𝜎 Progression rate from asymptomatic to symptomatic.
𝛿 Disease-induced death rate.
𝜙 Recovery rate of treated individuals.
𝜀 Modification parameter that accounts for reduction in meningococcal

meningitis disease-induced death in the treatment class.
𝜂𝐶 Treatment rate of asymptomatic infected individuals (carriers).
𝜂𝐼 Treatment rate of symptomatic infected individuals.
𝜏1 Shedding rate of Neisseria Meningitidis bacteria in the environment

from asymptomatic infected individuals (carriers) with meningococcal
meningitis only.

𝜏2 Shedding rate of Neisseria Meningitidis bacteria in the environment
from symptomatic infected individuals with meningococcal meningitis

that are exposed to malaria infection.
𝜉 Decay rate of Neisseria Meningitidis bacteria in the environment.
𝐾 Carrying capacity.

6 Mathematical Methods in the Applied Sciences, 2026
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FIGURE 1 | Schematic diagram of the Meningitis model.

With the initial conditions:

𝑆(0) ≥ 0, 𝑉 (0) ≥ 0, 𝐸(0) ≥ 0, 𝐶(0) ≥ 0, 𝐼(0) ≥ 0, 𝑇 (0) ≥ 0, 𝑅(0) ≥ 0, 𝑎𝑛𝑑 𝑄(0) ≥ 0. (11)

2.3 | Invariant Domain

Theorem 1. Given that 𝑆(𝑡), 𝑉 (𝑡), 𝐸(𝑡), 𝐶(𝑡), 𝐼(𝑡), 𝑇 (𝑡), 𝑅(𝑡), are solutions to the model system (9), then the set Θ =
Θ𝐻 ∪ Θ𝑒, where

Θ𝐻 =
{
(𝑆(𝑡), 𝑉 (𝑡), 𝐸(𝑡), 𝐶(𝑡), 𝐼(𝑡), 𝑇 (𝑡), 𝑅(𝑡)) ∈ ℝ7

+ ∶ 𝑆 + 𝑉 + 𝐸 + 𝐶 + 𝐼 + 𝑇 + 𝑅 ≤ Λ
𝛾

}
(12)

and
Θ𝑒 =

{
𝑄 ∶ 𝑄 ≤ 𝜏∗

𝜉

(
Λ
𝛾

)}
, (13)

is positively invariant with respect to the proposed model (9).

Proof. Recall that the expression for the total human population at time 𝑡 is given by

𝑁(𝑡) = 𝑆(𝑡) + 𝑉 (𝑡) + 𝐸(𝑡) + 𝐶(𝑡) + 𝐼(𝑡) + 𝑇 (𝑡) + 𝑅(𝑡).

Thus, adding the equations for the human compartments gives

𝑐𝛽

𝑡
𝑁(𝑡) = 𝑐𝛽

𝑡
𝑆(𝑡) + 𝑐𝛽

𝑡
𝑉 (𝑡) + 𝑐𝛽

𝑡
𝐸(𝑡) + 𝑐𝛽

𝑡
𝐶(𝑡) + 𝑐𝛽

𝑡
𝐼(𝑡) + 𝑐𝛽

𝑡
𝑇 (𝑡) + 𝑐𝛽

𝑡
𝑅(𝑡)

which results in
𝑐𝛽

𝑡
𝑁(𝑡) = Λ − 𝛾(𝑆 + 𝑉 + 𝐸 + 𝐶 + 𝐼 + 𝑇 + 𝑅) − (𝛿𝐼 + 𝜀𝛿𝑇 ) (14)

We have that
𝑐𝛽

𝑡
𝑁(𝑡) ≤ Λ − 𝛾𝑁 (15)
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Applying the Laplace transform to the inequality above, we have

𝑠𝛽Ñ(𝑠) − 𝑠𝛽−1𝑁(0) ≤ Λ
𝑠
− 𝛾Ñ(𝑠),

from which we obtained
Ñ(𝑠) ≤ Λ

𝑠
(
𝑠𝛽 + 𝛾

) +𝑁(0) 𝑠𝛽−1(
𝑠𝛽 + 𝛾

) (16)

Using the method of partial fraction to decompose the above equation, it can be rewritten as

Ñ(𝑠) ≤ Λ
𝛾

(1
𝑠

)
−
(
Λ
𝛾
−𝑁(0)

) ∞∑
𝑘=0

(−𝛾)𝑘

𝑠𝛽𝑘+1 (17)

The inverse Laplace transform of the above inequality gives

𝑁(𝑡) ≤ Λ
𝛾
−
(
Λ
𝛾
−𝑁(0)

)
𝔼𝛽(−𝛾𝑡𝛽), (18)

as 𝑡 → ∞, we have
𝑁(𝑡) ≤ Λ

𝛾
(19)

Giving the condition for the human compartments in Equations (9–11) to be bounded and mathematically posed within
the domain.

Similarly, we recall that the expression for the concentration of Neisseria Meningitidis in the environment is given by

𝑐𝛽

𝑡
𝑄 = 𝜏1𝐶 + 𝜏2𝐼 − 𝜉𝑄.

We have that
𝑐𝛽

𝑡
𝑄 ≤ 𝜏∗(𝐶 + 𝐼) − 𝜉𝑄, (20)

where 𝜏∗ = max
(
𝜏1, 𝜏2

)
.

We let 𝐶 + 𝐼 ≤ Λ
𝛾

since the human population is bounded by Λ
𝛾

, which gives

𝑐𝛽

𝑡
𝑄 ≤ 𝜏∗

(
Λ
𝛾

)
− 𝜉𝑄, (21)

Applying the Laplace transform to the inequality above, we have

𝑠𝛽𝑄̃(𝑠) − 𝑠𝛽−1𝑄(0) ≤ 𝜏∗

𝑠

(
Λ
𝛾

)
− 𝜉𝑄̃(𝑠), (22)

from which we obtain
𝑄̃(𝑠) ≤ 𝜏∗Φ

𝑠
(
𝑠𝛽 + 𝜉

) +𝑄(0) 𝑠𝛽−1(
𝑠𝛽 + 𝜉

) , (23)

where Φ = Λ
𝛾

.

Applying the partial fraction technique, the above inequality can be rewritten as

𝑄̃(𝑠) ≤ 𝜏∗Φ
𝜉

(1
𝑠

)
−
(
𝜏∗Φ
𝜉

−𝑄(0)
) ∞∑

𝑘=0

(−𝜉)𝑘

𝑠𝛽𝑘+1 (24)

Applying the inverse Laplace transform to the above inequality gives

𝑄(𝑡) ≤ 𝜏∗Φ
𝜉

−
(
𝜏∗Φ
𝜉

−𝑄(0)
)
𝔼𝛽(−𝜉𝑡𝛽), (25)

8 Mathematical Methods in the Applied Sciences, 2026

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.70519 by L

ehigh U
niversity, W

iley O
nline L

ibrary on [30/01/2026]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



which can be written as
𝑄(𝑡) ≤ 𝜏∗

𝜉

(
Λ
𝛾

)
−
(
𝜏∗

𝜉

(
Λ
𝛾

)
−𝑄(0)

)
𝔼𝛽(−𝜉𝑡𝛽), (26)

as 𝑡 → ∞, we have

𝑄(𝑡) ≤ 𝜏∗

𝜉

(
Λ
𝛾

)
(27)

Which is the condition for the concentration of Neisseria Meningitidis in the environment to be bounded and well-posed
within the domain ◽

2.4 | Positivity of the Model System Solution

Following the approach described in [44], by contradiction, let us assume that the third equation of the meningitis
fractional-order model (9) is not positively invariant.

Δ1 = min
0≤𝑡≤𝑡1

{
(1 −𝜛)𝜁𝑆

𝐸
− (𝜓 + 𝛾)

}
(28)

It follows that
𝑐𝛽

𝑡
𝐸(𝑡) − Δ1𝐸(𝑡) > 0 (29)

Let 𝜆1 be a continuous function. We can say that the following equation can be established

𝑐𝛽

𝑡
𝐸(𝑡) − Δ1𝐸(𝑡) = −𝜆1(𝑡) (30)

Applying the Laplace transform to the equation above gives

𝑠𝛽𝐸̃(𝑠) − 𝑠𝛽−1𝐸(0) − Δ1𝐸̃(𝑠) = −𝜆̃1(𝑠), (31)

We have that

𝐸̃(𝑠) = 𝐸(0) 𝑠𝛽−1

𝑠𝛽 − Δ1
−

𝜆1(𝑠)
𝑠𝛽 − Δ1

= 𝐸(0)
𝑠

(
1 −

Δ1

𝑠𝛽

)−1

−
𝜆1(𝑠)
𝑠𝛽

(
1 −

Δ1

𝑠𝛽

)−1

,

= 𝐸(0)
∞∑
𝑘=0

Δ𝑘
1

𝑠𝛽𝑘+1 − 𝜆1(𝑠)
∞∑
𝑘=0

Δ𝑘
1

𝑠𝛽𝑘+𝛽
(32)

Employing the Mittag-Leffler function and ignoring the negative term, the inverse Laplace transform gives the solution
of (29) satisfying the expression below

𝐸(𝑡) > 𝐸(0)
∞∑
𝑘=0

(
Δ1𝑡

𝛽
)𝑘

Γ(𝛽𝑘 + 1)
= 𝐸(0)𝔼𝛽

(
Δ1𝑡

𝛽
)

(33)

From which the positivity of 𝐸 is given by
𝐸(𝑡) > 𝐸(0)𝔼𝛽

(
Δ1𝑡

𝛽
)
> 0 (34)

This contradict𝐸(𝑡1) = 0. In similar reasoning, suppose𝐶(𝑡1) = 0 which implies that𝑆(𝑡) > 0, 𝑉 (𝑡) > 0,𝐸(𝑡) > 0, 𝐼(𝑡) > 0,
𝑇 (𝑡) > 0, 𝑅(𝑡) > 0, and 𝑄(𝑡) > 0, for 0 ≤ 𝑡 ≤ 𝑡1. We assume that the following expression exists

Δ2 = min
0≤𝑡≤𝑡1

{
𝑞𝜑𝐸

𝐶
− (𝜂𝐶 + 𝜎 + 𝛾)

}
, (35)

Then it follows that
𝑐𝛽

𝑡
𝐶(𝑡) > Δ2𝐶(𝑡) (36)

It follows that a continuous function 𝜆2(𝑡) may be ascertained in a way that the following equation is discovered

𝑐𝛽

𝑡
𝐶(𝑡) − Δ2𝐶(𝑡) = −𝜆2(𝑡) (37)

Mathematical Methods in the Applied Sciences, 2026 9
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Applying the Laplace transform to the above equation yields

𝑠𝛽𝐶̃(𝑠) − 𝑠𝛽−1𝐶(0) − Δ2𝐶̃(𝑠) = −𝜆̃2(𝑠), (38)

which results in

𝐶̃(𝑠) = 𝐶(0) 𝑠𝛽−1

𝑠𝛽 − Δ2
−

𝜆2(𝑠)
𝑠𝛽 − Δ2

= 𝐶(0)
∞∑
𝑘=0

Δ𝑘
2

𝑠𝛽𝑘+1 − 𝜆2(𝑠)
∞∑
𝑘=0

Δ𝑘
2

𝑠𝛽𝑘+𝛽
(39)

Employing the Mittag-Leffler function and ignoring the negative term, the inverse Laplace transform gives the solution
of (36) satisfying the expression below

𝐶(𝑡) > 𝐶(0)
∞∑
𝑘=0

(
Δ2𝑡

𝛽
)𝑘

Γ(𝛽𝑘 + 1)
= 𝐶(0)𝔼𝛽

(
Δ2𝑡

𝛽
)
. (40)

Thus, the positivity of 𝐶 is given by
𝐶(𝑡) > 𝐶(0)𝔼𝛽

(
Δ2𝑡

𝛽
)
> 0 (41)

This contradict 𝐶(𝑡1) = 0. Hence, using the same process, it can be shown that the positivity of the solution 𝑆, 𝑉 , 𝐼 , 𝑇 , 𝑅,
and 𝑄, respectively, is as follows

𝑆(𝑡) > 𝑆(0)𝔼𝛽

(
Δ3𝑡

𝛽
)
> 0,

𝑉 (𝑡) > 𝑉 (0)𝔼𝛽

(
Δ4𝑡

𝛽
)
> 0,

𝐼(𝑡) > 𝐼(0)𝔼𝛽

(
Δ5𝑡

𝛽
)
> 0,

𝑇 (𝑡) > 𝑇 (0)𝔼𝛽

(
Δ6𝑡

𝛽
)
> 0,

𝑅(𝑡) > 𝑅(0)𝔼𝛽

(
Δ7𝑡

𝛽
)
> 0,

𝑄(𝑡) > 𝑄(0)𝔼𝛽

(
Δ8𝑡

𝛽
)
> 0. (42)

2.5 | Existence and Uniqueness of Solution of the Meningitis Model

In this section, we will prove the existence and uniqueness of the solution to the Meningitis model using the Banach
fixed-point theorem, as demonstrated in [50, 51]. Additionally, we will utilize Schafer’s fixed-point theorem to establish
the existence of the solution and demonstrate its boundedness.

Applying the fractional integral to the Caputo fractional derivative of the Meningitis model (9) of order 𝛽 > 0, along with
the appropriate initial conditions (11), we obtain the corresponding Volterra integral equations of the second kind. These
integral equations will represent the solution to the fractional-order Meningitis model (9).

𝑆(𝑡) − 𝑆(0) = 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝐴(𝑠, 𝑆(𝑠))𝑑𝑠,

𝑉 (𝑡) − 𝑉 (0) = 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝑊 (𝑠, 𝑉 (𝑠))𝑑𝑠,

𝐸(𝑡) − 𝐸(0) = 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝑈 (𝑠, 𝐸(𝑠))𝑑𝑠,

𝐶(𝑡) − 𝐶(0) = 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝐹 (𝑠, 𝐶(𝑠))𝑑𝑠,

𝐼(𝑡) − 𝐼(0) = 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝐻(𝑠, 𝐼(𝑠))𝑑𝑠,

𝑇 (𝑡) − 𝑇 (0) = 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝑃 (𝑠, 𝑇 (𝑠))𝑑𝑠,

𝑅(𝑡) − 𝑅(0) = 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝐵(𝑠, 𝑅(𝑠))𝑑𝑠,

10 Mathematical Methods in the Applied Sciences, 2026
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𝑄(𝑡) −𝑄(0) = 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝑍(𝑠,𝑄(𝑠))𝑑𝑠, (43)

We assume that the functions (𝐴,𝑊 ,𝑈, 𝐹 ,𝐻, 𝑃 , 𝐵,𝑍) ∶ [0,  ] ×𝒳 → 𝒳 are continuous such that (𝒳 , ||.||) is the Banach
space and ℍ1([0,  ]) is the Banach space of all the continuous functions defined in [0,  ] → 𝒳 shaped with Cheby-
shev norm.

Subsequently, we demonstrate that the continuous functions 𝐴, 𝑊 , 𝑈 , 𝐹 , 𝐻 , 𝑃 , 𝐵, and 𝑍 satisfies the Lipschitz
condition if

sup
0<𝑡≤

‖‖‖‖ 𝐶𝑁 ‖‖‖‖ ≤ Ω1, sup
0<𝑡≤

‖‖‖‖ 𝐼

𝑁

‖‖‖‖ ≤ Ω2, 𝑎𝑛𝑑 sup
0<𝑡≤

‖‖‖‖ 𝑄

𝐾 +𝑄

‖‖‖‖ ≤ Ω3 (44)

First we have

‖‖𝐴(𝑆1) − 𝐴(𝑆2)‖‖ =
‖‖‖‖‖Λ − (1 −𝜛)

(
𝛼ℎ(𝐶 + 𝐼)

𝑁
+

𝛼𝑒𝑄

𝐾 +𝑄

)
𝑆1 − (𝜃 + 𝛾)𝑆1 + 𝜇𝑅 + 𝜓𝑉

−
(
Λ − (1 −𝜛)

(
𝛼ℎ(𝐶 + 𝐼)

𝑁
+

𝛼𝑒𝑄

𝐾 +𝑄

)
𝑆2 − (𝜃 + 𝛾)𝑆2 + 𝜇𝑅 + 𝜓𝑉

)‖‖‖‖‖
=
‖‖‖‖−(1 −𝜛)𝛼ℎ𝐶

𝑁
(𝑆1 − 𝑆2) −

(1 −𝜛)𝛼ℎ𝐼
𝑁

(𝑆1 − 𝑆2) − 𝜃(𝑆1 − 𝑆2)

−
(1 −𝜛)𝛼𝑒𝑄
𝐾 +𝑄

(𝑆1 − 𝑆2) − 𝛾(𝑆1 − 𝑆2)
‖‖‖‖

≤ (1 −𝜛)𝛼ℎ sup
0<𝑡≤

‖‖‖‖ 𝐶𝑁 ‖‖‖‖‖‖𝑆1 − 𝑆2
‖‖ + (1 −𝜛)𝛼ℎ sup

0<𝑡≤
‖‖‖‖ 𝐼

𝑁

‖‖‖‖‖‖𝑆1 − 𝑆2
‖‖

+ (1 −𝜛)𝛼𝑒 sup
0<𝑡≤

‖‖‖‖ 𝑄

𝐾 +𝑄

‖‖‖‖‖‖𝑆1 − 𝑆2
‖‖ + 𝜃‖‖𝑆1 − 𝑆2

‖‖ + 𝛾‖‖𝑆1 − 𝑆2
‖‖

≤ ℳ𝐴
‖‖𝑆1 − 𝑆2

‖‖, (45)

where ℳ𝐴 =
(
(1 −𝜛)

(
𝛼ℎΩ1 + 𝛼ℎΩ2 + 𝛼𝑒Ω3

)
+ 𝜃 + 𝛾

)
> 0.

Secondly, we have ‖‖𝑊 (𝑉1) −𝑊 (𝑉2)‖‖ = ‖‖‖𝜃𝑆 − (𝜓 + 𝛾)𝑉1 −
(
𝜃𝑆 − (𝜓 + 𝛾)𝑉2

)‖‖‖
= ‖‖−𝜓(𝑉1 − 𝑉2) − 𝛾(𝑉1 − 𝑉2)‖‖
≤ 𝜓‖‖𝑉1 − 𝑉2

‖‖ + 𝛾‖‖𝑉1 − 𝑉2
‖‖

≤ ℳ𝑊
‖‖𝑉1 − 𝑉2

‖‖, (46)

where ℳ𝑊 = (𝜓 + 𝛾) > 0.

Then we have ‖‖𝑈 (𝐸1) − 𝑈 (𝐸2)‖‖ =
‖‖‖‖‖(1 −𝜛)

(
𝛼ℎ(𝐶 + 𝐼)

𝑁
+

𝛼𝑒𝑄

𝐾 +𝑄

)
𝑆 − (𝜑 + 𝛾)𝐸1

−
(
(1 −𝜛)

(
𝛼ℎ(𝐶 + 𝐼)

𝑁
+

𝛼𝑒𝑄

𝐾 +𝑄

)
𝑆 − (𝜑 + 𝛾)𝐸2

)‖‖‖‖‖
= ‖‖−𝜑(𝐸1 − 𝐸2) − 𝛾(𝐸1 − 𝐸2)‖‖
≤ 𝜑‖‖𝐸1 − 𝐸2

‖‖ + 𝛾‖‖𝐸1 − 𝐸2
‖‖

≤ ℳ𝑈
‖‖𝐸1 − 𝐸2

‖‖, (47)

where ℳ𝑈 = (𝜑 + 𝛾) > 0.

We have ‖‖𝐹 (𝐶1) − 𝐹 (𝐶2)‖‖ = ‖‖‖𝑞𝜑𝐸 − (𝜂𝐶 + 𝜎 + 𝛾)𝐶1 −
(
𝑞𝜑𝐸 − (𝜂𝐶 + 𝜎 + 𝛾)𝐶2

)‖‖‖
Mathematical Methods in the Applied Sciences, 2026 11
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= ‖‖−𝜂𝐶 (𝐶1 − 𝐶2) − 𝜎(𝐶1 − 𝐶2) − 𝛾(𝐶1 − 𝐶2)‖‖
≤ 𝜂𝐶

‖‖𝐶1 − 𝐶2
‖‖ + 𝜎‖‖𝐶1 − 𝐶2

‖‖ + 𝛾‖‖𝐶1 − 𝐶2
‖‖

ℳ𝐹
‖‖𝐶1 − 𝐶2

‖‖, (48)

where ℳ𝐹 = (𝜂𝐶 + 𝜎 + 𝛾) > 0.

We have

‖‖𝐻(𝐼1) −𝐻(𝐼2)‖‖ = ‖‖‖(1 − 𝑞)𝜑𝐸 + 𝜎𝐶 − (𝜂𝐼 + 𝛿 + 𝛾)𝐼1 −
(
(1 − 𝑞)𝜑𝐸 + 𝜎𝐶 − (𝜂𝐼 + 𝛿 + 𝛾)𝐼2

)‖‖‖
= ‖‖−𝜂𝐼 (𝐼1 − 𝐼2) − 𝛿(𝐼1 − 𝐼2) − 𝛾(𝐼1 − 𝐼2)‖‖
≤ 𝜂𝐼

‖‖𝐼1 − 𝐼2
‖‖ + 𝛿‖‖𝐼1 − 𝐼2

‖‖ + 𝛾‖‖𝐼1 − 𝐼2
‖‖

≤ ℳ𝐻
‖‖𝐼1 − 𝐼2

‖‖, (49)

where ℳ𝐻 = (𝜂𝐼 + 𝛿 + 𝛾) > 0.

We have

‖‖𝑃 (𝑇1) − 𝑃 (𝑇2)‖‖ = ‖‖‖𝜂𝐶𝐶 + 𝜂𝐼𝐼 − (𝜙 + 𝜀𝛿 + 𝛾)𝑇1 −
(
𝜂𝐶𝐶 + 𝜂𝐼𝐼 − (𝜙 + 𝜀𝛿 + 𝛾)𝑇2

)‖‖‖
= ‖‖−𝜙(𝑇1 − 𝑇2) − 𝜀𝛿(𝑇1 − 𝑇2) − 𝛾(𝑇1 − 𝑇2)‖‖
≤ 𝜙‖‖𝑇1 − 𝑇2

‖‖ + 𝜀𝛿‖‖𝑇1 − 𝑇2
‖‖ + 𝛾‖‖𝑇1 − 𝑇2

‖‖
≤ ℳ𝑃

‖‖𝑇1 − 𝑇2
‖‖, (50)

where ℳ𝑃 = (𝜙 + 𝜀𝛿 + 𝛾) > 0.

We have

‖‖𝐵(𝑅1) − 𝐵(𝑅2)‖‖ = ‖‖‖𝜙𝑇 − (𝜇 + 𝛾)𝑅1 −
(
𝜙𝑇 − (𝜇 + 𝛾)𝑅2

)‖‖‖
= ‖‖−𝜇(𝑅1 − 𝑅2) − 𝛾(𝑅1 − 𝑅2)‖‖
≤ 𝜇‖‖𝑅1 − 𝑅2

‖‖ + 𝛾‖‖𝑅1 − 𝑅2
‖‖

≤ ℳ𝐵
‖‖𝑅1 − 𝑅2

‖‖, (51)

where ℳ𝐵 = (𝜇 + 𝛾) > 0.

Finally, we have

‖‖𝑍(𝑄1) −𝑍(𝑄2)‖‖ = ‖‖‖𝜏1𝐶 + 𝜏2𝐼 − 𝜉𝑄1 −
(
𝜏1𝐶 + 𝜏2𝐼 − 𝜉𝑄2

)‖‖‖
= ‖‖−𝜉(𝑄1 −𝑄2)‖‖
≤ 𝜉‖‖𝑄1 −𝑄2

‖‖
≤ ℳ𝑍

‖‖𝑄1 −𝑄2
‖‖, (52)

where ℳ𝑍 = 𝜉 > 0.

Theorem 2. If (𝐴,𝑊 ,𝑈, 𝐹 ,𝐻, 𝑃 , 𝐵,𝑍) Γ(1−𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋
< 1, then the meningitis fractional-order model (9–11) has a

unique solution on [0,  ], assuming that (𝐴,𝑊 ,𝑈, 𝐹 ,𝐻, 𝑃 , 𝐵,𝑍) ∶ [0,  ] ×𝒳 → 𝒳 are continuous and satisfies the Lips-
chitz criteria.

Proof. Let consider the mapping 𝜚 ∶ ℍ1([0,  ],𝒳 ) → ℍ1([0,  ],𝒳 ) and given that 𝜚 is defined in

12 Mathematical Methods in the Applied Sciences, 2026
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(𝐴,𝑊 ,𝑈, 𝐹 ,𝐻, 𝑃 , 𝐵,𝑍) ∶ [0,  ] ×𝒳 → 𝒳 . Utilizing (45–52) and ∀ ((𝑆1, 𝑆2), (𝑉1, 𝑉2), (𝐸1, 𝐸2), (𝐶1, 𝐶2), (𝐼1, 𝐼2), (𝑇1, 𝑇2),
(𝑅1, 𝑅2), (𝑄1, 𝑄2))∈ ℍ1([0,  ],𝒳 ) and 0 ≤ 𝑡 ≤  , we obtained

‖‖𝜚(𝑆1(𝑡)) − 𝜚(𝑆2(𝑡))‖‖ =
‖‖‖‖‖𝑆(0) + 1

Γ(𝛽)∫
𝑡

0
(𝑡 − 𝑠)𝛽−1𝐴

(
𝑠, 𝑆1(𝑠)

)
𝑑𝑠

−
(
𝑆(0) + 1

Γ(𝛽)∫
𝑡

0
(𝑡 − 𝑠)𝛽−1𝐴

(
𝑠, 𝑆2(𝑠)

)
𝑑𝑠

)‖‖‖‖‖
≤ 1

Γ(𝛽)∫
𝑡

0
(𝑡 − 𝑠)𝛽−1‖‖‖𝐴(𝑠, 𝑆1(𝑠)

)
− 𝐴

(
𝑠, 𝑆2(𝑠)

)‖‖‖𝑑𝑠
≤ ℳ𝐴

Γ(𝛽)∫
𝑡

0
(𝑡 − 𝑠)𝛽−1‖‖𝑆1(𝑠) − 𝑆2(𝑠)‖‖𝑑𝑠

≤ ℳ𝐴

(  𝛽

Γ(𝛽 + 1)

)‖‖𝑆1 − 𝑆2
‖‖ℍ1

≤ ℳ𝐴

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝑆1 − 𝑆2
‖‖ℍ1 . (53)

In Similar reasoning, we have

‖‖𝜚(𝑉1(𝑡)) − 𝜚(𝑉2(𝑡))‖‖ ≤ ℳ𝑊

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝑉1 − 𝑉2
‖‖ℍ1 ,

‖‖𝜚(𝐸1(𝑡)) − 𝜚(𝐸2(𝑡))‖‖ ≤ ℳ𝑈

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝐸1 − 𝐸2
‖‖ℍ1 ,

‖‖𝜚(𝐶1(𝑡)) − 𝜚(𝐶2(𝑡))‖‖ ≤ ℳ𝐹

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝐶1 − 𝐶2
‖‖ℍ1 ,

‖‖𝜚(𝐼1(𝑡)) − 𝜚(𝐼2(𝑡))‖‖ ≤ ℳ𝐻

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝐼1 − 𝐼2
‖‖ℍ1 ,

‖‖𝜚(𝑇1(𝑡)) − 𝜚(𝑇2(𝑡))‖‖ ≤ ℳ𝑃

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝑇1 − 𝑇2
‖‖ℍ1 ,

‖‖𝜚(𝑅1(𝑡)) − 𝜚(𝑅2(𝑡))‖‖ ≤ ℳ𝐵

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝑅1 − 𝑅2
‖‖ℍ1 ,

‖‖𝜚(𝑄1(𝑡)) − 𝜚(𝑄2(𝑡))‖‖ ≤ ℳ𝑍

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝑄1 −𝑄2
‖‖ℍ1 . (54)

This indicates from the condition that (𝐴,𝑊 ,𝑈, 𝐹 ,𝐻, 𝑃 , 𝐵,𝑍) Γ(1−𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋
< 1. The application of the Banach contrac-

tion mapping principle indicates that the parameter 𝜚 has a unique fixed point in 0 ≤ 𝑡 ≤  , since it is a contraction
mapping. ◽

Next, we shall examine the existence of solutions of the meningitis fractional-order model (9–11) using the Schaefar’s
fixed-point theorem.

Theorem 3. Given that (𝐴,𝑊 ,𝑈, 𝐹 ,𝐻, 𝑃 , 𝐵,𝑍) ∶ [0,  ] ×𝒳 → 𝒳 are continuous and that there exist constants
(ℳ𝐴1,ℳ𝑊 1,ℳ𝑈1,ℳ𝐹1,ℳ𝐻1,ℳ𝑃 1,ℳ𝐵1,ℳ𝑍1) > 0 such that

‖𝐴(𝑡, 𝑆)‖ ≤ ℳ𝐴1(𝑑 + ‖𝑆‖), ‖𝑊 (𝑡, 𝑉 )‖ ≤ ℳ𝑊 1(𝑑 + ‖𝑉 ‖), ‖𝑈 (𝑡, 𝐸)‖ ≤ ℳ𝑈1(𝑑 + ‖𝐸‖),‖𝐹 (𝑡, 𝐶)‖ ≤ ℳ𝐹1(𝑑 + ‖𝐶‖), ‖𝐻(𝑡, 𝐼)‖ ≤ ℳ𝐻1(𝑑 + ‖𝐼‖), ‖𝑃 (𝑡, 𝑇 )‖ ≤ ℳ𝑃 1(𝑑 + ‖𝑇 ‖),‖𝐵(𝑡, 𝑅)‖ ≤ ℳ𝐵1(𝑑 + ‖𝑅‖), ‖𝑍(𝑡, 𝑄)‖ ≤ ℳ𝑍1(𝑑 + ‖𝑄‖),
where 0 < 𝑑 ≤ 1 is an arbitrary number, then (9–11) has atleast one solution.

Proof. The operate 𝜚 is continuous from (53, 54). Let
{
𝑆𝑛+1}

∞,
{
𝑉 𝑛+1}

∞,
{
𝐸𝑛+1}

∞,
{
𝐶𝑛+1}

∞,
{
𝐼𝑛+1}

∞,
{
𝑇 𝑛+1}

∞,{
𝑅𝑛+1}

∞, and
{
𝑄𝑛+1}

∞ be sequences such that 𝑆𝑛+1 → 𝑆𝑛, 𝑉 𝑛+1 → 𝑉 𝑛, 𝐸𝑛+1 → 𝐸𝑛, 𝐶𝑛+1 → 𝐶𝑛, 𝐼𝑛+1 → 𝐼𝑛, 𝑇 𝑛+1 → 𝑇 𝑛,
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𝑅𝑛+1 → 𝑅𝑛, and 𝑄𝑛+1 → 𝑄𝑛 in ℍ1([0,  ],𝒳 ), then for 0 ≤ 𝑡 ≤  we have

‖‖𝜚𝑆𝑛+1(𝑡) − 𝜚𝑆𝑛(𝑡)‖‖ = 1
Γ(𝛽)

‖‖‖‖‖∫
𝑡

0
(𝑡 − 𝑠)𝛽−1𝐴

(
𝑠, 𝑆𝑛+1(𝑠)

)
𝑑𝑠 − ∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝐴(𝑠, 𝑆𝑛(𝑠))𝑑𝑠

‖‖‖‖‖
≤ 1

Γ(𝛽)∫
𝑡

0
(𝑡 − 𝑠)𝛽−1‖‖‖𝐴(𝑠, 𝑆𝑛+1(𝑠)

)
− 𝐴(𝑠, 𝑆𝑛(𝑠))‖‖‖𝑑𝑠

≤ ℳ𝐴1

(  𝛽

Γ(𝛽 + 1)

)‖‖𝑆𝑛+1 − 𝑆𝑛‖‖ℍ1

≤ ℳ𝐴1

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝑆𝑛+1 − 𝑆𝑛‖‖ℍ1 , (55)

where ‖‖𝑆𝑛+1 − 𝑆𝑛‖‖ℍ1 → 0 as 𝑛 → ∞.

Utilizing the same process, we obtained the following results

‖‖𝜚𝑉 𝑛+1(𝑡) − 𝜚𝑉 𝑛(𝑡)‖‖ ≤ ℳ𝑊 1

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝑉 𝑛+1 − 𝑉 𝑛‖‖ℍ1 ,

‖‖𝜚𝐸𝑛+1(𝑡) − 𝜚𝐸𝑛(𝑡)‖‖ ≤ ℳ𝑈1

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝐸𝑛+1 − 𝐸𝑛‖‖ℍ1 ,

‖‖𝜚𝐶𝑛+1(𝑡) − 𝜚𝐶𝑛(𝑡)‖‖ ≤ ℳ𝐹1

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝐶𝑛+1 − 𝐶𝑛‖‖ℍ1 ,

‖‖𝜚𝐼𝑛+1(𝑡) − 𝜚𝐼𝑛(𝑡)‖‖ ≤ ℳ𝐻1

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝐼𝑛+1 − 𝐼𝑛‖‖ℍ1 ,

‖‖𝜚𝑇 𝑛+1(𝑡) − 𝜚𝑇 𝑛(𝑡)‖‖ ≤ ℳ𝑃 1

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝑇 𝑛+1 − 𝑇 𝑛‖‖ℍ1 ,

‖‖𝜚𝑅𝑛+1(𝑡) − 𝜚𝑅𝑛(𝑡)‖‖ ≤ ℳ𝐵1

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝑅𝑛+1 − 𝑅𝑛‖‖ℍ1 ,

‖‖𝜚𝑄𝑛+1(𝑡) − 𝜚𝑄𝑛(𝑡)‖‖ ≤ ℳ𝑍1

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)‖‖𝑄𝑛+1 −𝑄𝑛‖‖ℍ1 , (56)

where ‖‖𝑉 𝑛+1 − 𝑉 𝑛‖‖ℍ1 → 0, ‖‖𝐸𝑛+1 − 𝐸𝑛‖‖ℍ1 → 0, ‖‖𝐶𝑛+1 − 𝐶𝑛‖‖ℍ1 → 0, ‖‖𝐼𝑛+1 − 𝐼𝑛‖‖ℍ1 → 0,

‖‖𝑇 𝑛+1 − 𝑇 𝑛‖‖ℍ1 → 0, ‖‖𝑅𝑛+1 − 𝑅𝑛‖‖ℍ1 → 0, and ‖‖𝑄𝑛+1 −𝑄𝑛‖‖ℍ1 → 0 as 𝑛 → ∞. Therefore, 𝜚 is continuous. ◽

Furthermore, we have to demonstrate that the operator 𝜚 is a one-to-one bounded function on the set ℍ1([0,  ],𝒳 ). For
each 𝑆 ∈ Υ𝑆 , 𝑉 ∈ Υ𝑉 , 𝐸 ∈ Υ𝐸 , 𝐶 ∈ Υ𝐶 , 𝐼 ∈ Υ𝐼 , 𝑇 ∈ Υ𝑇 , 𝑅 ∈ Υ𝑅, 𝑄 ∈ Υ𝑄, and for 𝑥 > 0, there exist a corresponding
value 𝑦 > 0 such that ‖𝜚𝑆‖ ≤ 𝑦, ‖𝜚𝑉 ‖ ≤ 𝑦, ‖𝜚𝐸‖ ≤ 𝑦, ‖𝜚𝐶‖ ≤ 𝑦, ‖𝜚𝐼‖ ≤ 𝑦, ‖𝜚𝑇 ‖ ≤ 𝑦, ‖𝜚𝑅‖ ≤ 𝑦, ‖𝜚𝑄‖ ≤ 𝑦, and the subset
of Banach space of all continuous functions on the interval 0 ≤ 𝑡 ≤  are defined by

Υ𝑆 =
{
𝑆 ∈ ℍ1([0,  ],𝒳 ) ∶ ‖𝑆‖ ≤ 𝑥

}
,

Υ𝑉 =
{
𝑉 ∈ ℍ1([0,  ],𝒳 ) ∶ ‖𝑉 ‖ ≤ 𝑥

}
,

Υ𝐸 =
{
𝐸 ∈ ℍ1([0,  ],𝒳 ) ∶ ‖𝐸‖ ≤ 𝑥

}
,

Υ𝐶 =
{
𝐶 ∈ ℍ1([0,  ],𝒳 ) ∶ ‖𝐶‖ ≤ 𝑥

}
,

Υ𝐼 =
{
𝐼 ∈ ℍ1([0,  ],𝒳 ) ∶ ‖𝐼‖ ≤ 𝑥

}
,

Υ𝑇 =
{
𝑇 ∈ ℍ1([0,  ],𝒳 ) ∶ ‖𝑇 ‖ ≤ 𝑥

}
,

Υ𝑅 =
{
𝑅 ∈ ℍ1([0,  ],𝒳 ) ∶ ‖𝑅‖ ≤ 𝑥

}
,

Υ𝑄 =
{
𝑄 ∈ ℍ1([0,  ],𝒳 ) ∶ ‖𝑄‖ ≤ 𝑥

}
. (57)

Therefore, for any 0 ≤ 𝑡 ≤  ,
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‖𝜚𝑆‖ ≤ ‖𝑆(0)‖ + 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1‖𝐴(𝑠, 𝑆(𝑠))‖𝑑𝑠

≤ ‖𝑆(0)‖ + ‖𝐴(𝑠, 𝑆(𝑠))‖
Γ(𝛽) ∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝑑𝑠

≤ ‖𝑆(0)‖ +ℳ𝐴1(𝑑 + ‖𝑆‖)(  𝛽

Γ(𝛽 + 1)

)
≤ ‖𝑆(0)‖ +ℳ𝐴1(𝑑 + 𝑥)

(  𝛽

Γ(𝛽 + 1)

)
≤ ‖𝑆(0)‖ +ℳ𝐴1(𝑑 + 𝑥)

(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)
. (58)

Using a similar method, we obtained the following results

‖𝜚𝑉 ‖ ≤ ‖𝑉 (0)‖ +ℳ𝑊 1(𝑑 + 𝑥)
(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)
,

‖𝜚𝐸‖ ≤ ‖𝐸(0)‖ +ℳ𝑈1(𝑑 + 𝑥)
(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)
,

‖𝜚𝐶‖ ≤ ‖𝐶(0)‖ +ℳ𝐹1(𝑑 + 𝑥)
(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)
,

‖𝜚𝐼‖ ≤ ‖𝐼(0)‖ +ℳ𝐻1(𝑑 + 𝑥)
(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)
,

‖𝜚𝑇 ‖ ≤ ‖𝑇 (0)‖ +ℳ𝑃 1(𝑑 + 𝑥)
(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)
,

‖𝜚𝑅‖ ≤ ‖𝑅(0)‖ +ℳ𝐵1(𝑑 + 𝑥)
(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)
,

‖𝜚𝑄‖ ≤ ‖𝑄(0)‖ +ℳ𝑍1(𝑑 + 𝑥)
(
Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)
, (59)

Conversely, let ℏ maps bounded set together with equal continuous sets in ℍ1([0,  ],𝒳 ). if 0 ≤ 𝑡1 < 𝑡2 ≤  , 𝑆 ∈ Υ𝑆 , 𝑉 ∈
Υ𝑉 , 𝐸 ∈ Υ𝐸 , 𝐶 ∈ Υ𝐶 , 𝐼 ∈ Υ𝐼 , 𝑇 ∈ Υ𝑇 , 𝑅 ∈ Υ𝑅, and 𝑄 ∈ Υ𝑄 where 𝑡1, 𝑡2 ∈ [0,  ], then

‖‖𝜚𝑆(𝑡1) − 𝜚𝑆(𝑡2)‖‖ = 1
Γ(𝛽)

‖‖‖‖‖∫
𝑡1

0
(𝑡1 − 𝑠)𝛽−1𝐴(𝑠, 𝑆(𝑠)) + ∫

𝑡2

0
(𝑡2 − 𝑠)𝛽−1𝐴(𝑠, 𝑆(𝑠))

‖‖‖‖‖𝑑𝑠
≤ 1

Γ(𝛽)

‖‖‖‖‖∫
𝑡1

0

(
(𝑡1 − 𝑠)𝛽−1 − (𝑡2 − 𝑠)𝛽−1)𝐴(𝑠, 𝑆(𝑠))𝑑𝑠‖‖‖‖‖

+ 1
Γ(𝛽)

‖‖‖‖‖∫
𝑡2

𝑡1

(𝑡2 − 𝑠)𝛽−1𝐴(𝑠, 𝑆(𝑠))𝑑𝑠
‖‖‖‖‖

≤ ℳ𝐴1(𝑑 + 𝑥)
Γ(𝛽)

‖‖‖‖‖∫
𝑡1

0

(
(𝑡1 − 𝑠)𝛽−1 − (𝑡2 − 𝑠)𝛽−1)𝑑𝑠 + ∫

𝑡2

𝑡1

(𝑡2 − 𝑠)𝛽−1𝑑𝑠
‖‖‖‖‖

≤ ℳ𝐴1(𝑑 + 𝑥)
(  𝛽

Γ(𝛽 + 1)

)(
𝑡
𝛽

1 − 𝑡
𝛽

2 + 2
(
𝑡2 − 𝑡1

)𝛽)
≤
(
ℳ𝐴1(𝑑 + 𝑥)Γ(1 − 𝛽) sin(𝜋𝛽)

𝛽𝜋

)(
𝑡
𝛽

1 − 𝑡
𝛽

2 + 2
(
𝑡2 − 𝑡1

)𝛽)
. (60)

Using a similar process yields the following results
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‖‖𝜚𝑉 (𝑡1) − 𝜚𝑉 (𝑡2)‖‖ ≤
(
ℳ𝑊 1(𝑑 + 𝑥)Γ(1 − 𝛽) sin(𝜋𝛽)

𝛽𝜋

)(
𝑡
𝛽

1 − 𝑡
𝛽

2 + 2
(
𝑡2 − 𝑡1

)𝛽)
,

‖‖𝜚𝐸(𝑡1) − 𝜚𝐸(𝑡2)‖‖ ≤
(
ℳ𝑈1(𝑑 + 𝑥)Γ(1 − 𝛽) sin(𝜋𝛽)

𝛽𝜋

)(
𝑡
𝛽

1 − 𝑡
𝛽

2 + 2
(
𝑡2 − 𝑡1

)𝛽)
,

‖‖𝜚𝐶(𝑡1) − 𝜚𝐶(𝑡2)‖‖ ≤
(
ℳ𝐹1(𝑑 + 𝑥)Γ(1 − 𝛽) sin(𝜋𝛽)

𝛽𝜋

)(
𝑡
𝛽

1 − 𝑡
𝛽

2 + 2
(
𝑡2 − 𝑡1

)𝛽)
,

‖‖𝜚𝐼(𝑡1) − 𝜚𝐼(𝑡2)‖‖ ≤
(
ℳ𝐻1(𝑑 + 𝑥)Γ(1 − 𝛽) sin(𝜋𝛽)

𝛽𝜋

)(
𝑡
𝛽

1 − 𝑡
𝛽

2 + 2
(
𝑡2 − 𝑡1

)𝛽)
,

‖‖𝜚𝑇 (𝑡1) − 𝜚𝑇 (𝑡2)‖‖ ≤
(
ℳ𝑃 1(𝑑 + 𝑥)Γ(1 − 𝛽) sin(𝜋𝛽)

𝛽𝜋

)(
𝑡
𝛽

1 − 𝑡
𝛽

2 + 2
(
𝑡2 − 𝑡1

)𝛽)
,

‖‖𝜚𝑅(𝑡1) − 𝜚𝑅(𝑡2)‖‖ ≤
(
ℳ𝐵1(𝑑 + 𝑥)Γ(1 − 𝛽) sin(𝜋𝛽)

𝛽𝜋

)(
𝑡
𝛽

1 − 𝑡
𝛽

2 + 2
(
𝑡2 − 𝑡1

)𝛽)
,

‖‖𝜚𝑄(𝑡1) − 𝜚𝑄(𝑡2)‖‖ ≤
(
ℳ𝑍1(𝑑 + 𝑥)Γ(1 − 𝛽) sin(𝜋𝛽)

𝛽𝜋

)(
𝑡
𝛽

1 − 𝑡
𝛽

2 + 2
(
𝑡2 − 𝑡1

)𝛽)
. (61)

The expression on the right-hand sides of the inequalities tends to zero as 𝑡1 → 𝑡2. 𝜚 is a continuous function by
Arzela–Ascoli theorem. Lastly, we demonstrate that

ℜ(𝜚) =
{
(𝑆, 𝑉 , 𝐸, 𝐶, 𝐼, 𝑇 , 𝑅,𝑄) ∈ ℍ1([0,  ],𝒳 ) ∶ (𝑆, 𝑉 , 𝐸, 𝐶, 𝐼, 𝑇 , 𝑅,𝑄) = Ψ(𝑆, 𝑉 , 𝐸, 𝐶, 𝐼, 𝑇 , 𝑅,𝑄)

}
is bounded for some Ψ ∈ (0, 1) using Lemma (1). Given that (𝑆, 𝑉 , 𝐸, 𝐶, 𝐼, 𝑇 , 𝑅,𝑄) ∈ ℜ(𝜚), such that
(𝑆, 𝑉 , 𝐸, 𝐶, 𝐼, 𝑇 , 𝑅,𝑄) = Ψ𝜚(𝑆, 𝑉 , 𝐸, 𝐶, 𝐼, 𝑇 , 𝑅,𝑄) for each 𝑡 ∈ [0,  ] yields

‖𝑆(𝑡)‖ ≤ 𝑆(0) + 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1‖𝐴(𝑠, 𝑆(𝑠))‖𝑑𝑠

≤ 𝑆(0) +
ℳ𝐴1

Γ(𝛽) ∫
𝑡

0
(𝑡 − 𝑠)𝛽−1(𝑑 + ‖𝑆(𝑠)‖)𝑑𝑠

≤ 𝑆(0) +
𝑑ℳ𝐴1

Γ(𝛽) ∫
𝑡

0
(𝑡 − 𝑠)𝛽−1𝑑𝑠 +

ℳ𝐴1

Γ(𝛽) ∫
𝑡

0
(𝑡 − 𝑠)𝛽−1‖𝑆(𝑠)‖𝑑𝑠

≤ 𝑆(0) +
(
ℳ𝐴1

Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋

)
+
(
ℳ𝐴1Γ(1 − 𝛽) sin(𝜋𝛽)

𝜋

)
∫

𝑡

0
(𝑡 − 𝑠)𝛽−1‖𝑆(𝑠)‖𝑑𝑠

≤
(
𝑆(0) +

ℳ𝐴1Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋
𝔼𝛽

(
ℳ𝐴1 𝛽

))
< ∞. (62)

Using a similar procedure, we obtained the following results

‖𝑉 (𝑡)‖ ≤
(
𝑉 (0) +

ℳ𝑊 1Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋
𝔼𝛽

(
ℳ𝑊 1 𝛽

))
< ∞,

‖𝐸(𝑡)‖ ≤
(
𝐸(0) +

ℳ𝑈1Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋
𝔼𝛽

(
ℳ𝑈1 𝛽

))
< ∞,

‖𝐶(𝑡)‖ ≤
(
𝐶(0) +

ℳ𝐹1Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋
𝔼𝛽

(
ℳ𝐹1 𝛽

))
< ∞,

‖𝐼(𝑡)‖ ≤
(
𝐼(0) +

ℳ𝐻1Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋
𝔼𝛽

(
ℳ𝐻1 𝛽

))
< ∞,

‖𝑇 (𝑡)‖ ≤
(
𝑇 (0) +

ℳ𝑃 1Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋
𝔼𝛽

(
ℳ𝑃 1 𝛽

))
< ∞,

‖𝑅(𝑡)‖ ≤
(
𝑅(0) +

ℳ𝐵1Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋
𝔼𝛽

(
ℳ𝐵1 𝛽

))
< ∞,

‖𝑄(𝑡)‖ ≤
(
𝑄(0) +

ℳ𝑍1Γ(1 − 𝛽) sin(𝜋𝛽) 𝛽

𝛽𝜋
𝔼𝛽

(
ℳ𝑍1 𝛽

))
< ∞. (63)
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ℜ(𝜚) is bounded as proven, and using Schaefer’s fixed-point theorem, 𝜚 has a fixed point and hence the solution of the
meningitis fractional-order model.

2.6 | Basic Reproduction Number

The basic reproduction number, denoted by ℛ0, is a crucial threshold parameter that determines the potential for disease
spread within a population. It is defined as the expected number of secondary cases of infection that will arise when
a single infected individual is introduced into a completely susceptible population. The basic reproduction number for
the meningitis fractional-order model (9–11) can be determined using the next-generation operator method, which is
described in [52].

To calculate the basic reproduction number for the meningitis fractional-order model, it is essential to first determine
the disease-free equilibrium of the model. The MM disease-free equilibrium (MMDFE) represents a steady state in which
there is no infection of MM in the population. This is accomplished by setting the infected variables of the meningitis
fractional-order model (9) (that is 𝐸 = 𝐶 = 𝐼 = 𝑇 = 𝑄 = 0) to zero and equating the right-hand side of the model to zero,
then solving for the remaining variables. Consequently, the MMDFE is obtained as follows:

0 = (𝑆∗, 𝑉 ∗, 𝐸∗, 𝐶∗, 𝐼∗, 𝑇 ∗, 𝑅∗, 𝑄∗) =
(

Λ(𝜓 + 𝛾)
𝛾(𝜃 + 𝜓 + 𝜇)

,
Λ𝜃

𝛾(𝜃 + 𝜓 + 𝜇)
, 0, 0, 0, 0, 0, 0

)
(64)

Subsequently, employing the next-generation operator method in [52], the nonnegative matrix  , which represents the
new infection, and the nonsingular matrix , which represents the remaining transition terms at the MMDFE, are given by

 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

(1 −𝜛)
(
𝛼ℎ(𝐶+𝐼)

𝑁
+ 𝛼𝑒𝑄

𝐾+𝑄

)
𝑆

0
0
0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, 𝑎𝑛𝑑  =

⎡⎢⎢⎢⎢⎢⎢⎣

(𝜑 + 𝛾)𝐸
− 𝑞𝜑𝐸 +

(
𝜂𝐶 + 𝜎 + 𝛾

)
𝐶

− (1 − 𝑞)𝜑𝐸 − 𝜎𝐶 +
(
𝜂𝐼 + 𝛿 + 𝛾

)
𝐼

− 𝜂𝐶𝐶 − 𝜂𝐼𝐼 + (𝜙 + 𝜀𝛿 + 𝛾)𝑇
− 𝜏1𝐶 − 𝜏2𝐼 + 𝜉𝑄

⎤⎥⎥⎥⎥⎥⎥⎦

 =

⎡⎢⎢⎢⎢⎢⎢⎣

0 (1−𝜛)𝛼ℎ𝑆∗

𝑆∗+𝑉 ∗
(1−𝜛)𝛼ℎ𝑆∗

𝑆∗+𝑉 ∗ 0 (1−𝜛)𝛼𝑒𝑆∗

𝐾

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦
,

and

 =

⎡⎢⎢⎢⎢⎢⎢⎣

(𝜑 + 𝛾) 0 0 0 0
− 𝑞𝜑

(
𝜂𝐶 + 𝜎 + 𝛾

)
0 0 0

− (1 − 𝑞)𝜑 −𝜎
(
𝜂𝐼 + 𝛿 + 𝛾

)
0 0

0 −𝜂𝐶 −𝜂𝐼 (𝜙 + 𝜀𝛿 + 𝛾) 0
0 −𝜏1 −𝜏2 0 𝜉

⎤⎥⎥⎥⎥⎥⎥⎦
Note that at disease-free equilibrium 𝑁 = 𝑆∗ + 𝑉 ∗. Thus, it follows from [52], that ℛ0 = 𝜌(𝐹𝑉 −1), where 𝜌 is the largest
eigenvalue or spectral radius of (). Hence, the MM basic reproduction number is given as

ℛ0 =
(1 −𝜛)𝛼ℎ(𝜓 + 𝛾)

(
𝑞𝜑

(
𝜎 + 𝜂𝐼 + 𝛿 + 𝛾

)
+ (1 − 𝑞)𝜑

(
𝜂𝐶 + 𝜎 + 𝛾

))
(𝜃 + 𝜓 + 𝜇)(𝜑 + 𝛾)

(
𝜂𝐶 + 𝜎 + 𝛾

)(
𝜂𝐼 + 𝛿 + 𝛾

)
+

(1 −𝜛)𝛼𝑒Λ(𝜓 + 𝛾)
(
𝜏1𝑞𝜑

(
𝜂𝐼 + 𝛿 + 𝛾

)
+ 𝜏2

(
𝑞𝜑𝜎 + (1 − 𝑞)𝜑

(
𝜂𝐶 + 𝜎 + 𝛾

)))
𝐾𝛾𝜉(𝜃 + 𝜓 + 𝜇)(𝜑 + 𝛾)

(
𝜂𝐶 + 𝜎 + 𝛾

)(
𝜂𝐼 + 𝛿 + 𝛾

) (65)
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2.7 | Local Stability of the Disease-Free Equilibrium

Theorem 4. The MMDFE
(0

)
is locally asymptotically stable if ℛ0 < 1, and unstable whenever ℛ0 > 1.

Proof. We investigate the local asymptotic stability of the meningitis fractional-order model (9–11) by evaluating the
Jacobian matrix of the meningitis fractional-order model system (9–11) at MMDFE, given by

 (0
)
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−𝑋1 𝜓 0 −(1−𝜛)𝛼ℎ𝑆∗

𝑆∗+𝑉 ∗ − (1−𝜛)𝛼ℎ𝑆∗

𝑆∗+𝑉 ∗ 0 𝜇 −(1−𝜛)𝛼𝑒𝑆∗

𝐾

𝜃 −𝑋2 0 0 0 0 0 0
0 0 −𝑋3

(1−𝜛)𝛼ℎ𝑆∗

𝑆∗+𝑉 ∗
(1−𝜛)𝛼ℎ𝑆∗

𝑆∗+𝑉 ∗ 0 0 (1−𝜛)𝛼𝑒𝑆∗

𝐾

0 0 𝑞𝜑 −𝑋4 0 0 0 0
0 0 𝑋5 𝜎 −𝑋6 0 0 0
0 0 0 𝜂𝐶 𝜂𝐼 −𝑋7 0 0
0 0 0 0 0 𝜙 −𝑋8 0
0 0 0 𝜏1 𝜏2 0 0 −𝜉

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
where 𝑋1 = 𝜃 + 𝛾 , 𝑋2 = 𝜓 + 𝛾 , 𝑋3 = 𝜑 + 𝛾 , 𝑋4 = 𝜂𝐶 + 𝜎 + 𝛾 , 𝑋5 = (1 − 𝑞)𝜑, 𝑋6 = 𝜂𝐼 + 𝛿 + 𝛾 , 𝑋7 = 𝜙 + 𝜀𝛿 + 𝛾 , 𝑋8 = 𝜇 +
𝛾 .

The characteristic polynomial of the Jacobian matrix  (0
)

is given by

𝒢 (𝜆) = 𝜆8 + 1𝜆
7 + 2𝜆

6 + 3𝜆
5 + 4𝜆

4 + 5𝜆
3 + 6𝜆

2 + 7𝜆 + 8 (66)

where the expression for 𝑖 (with 𝑖 = 1, 2, 3,… , 8) are in the Appendix section.

Utilizing the Routh-Hurwitz criterion [53, 54], which states that all the roots of the polynomial 𝒢 (𝜆) in (66) are negative
or have negative real part if 𝑖 > 0 (with 𝑖 = 1, 2, 3,… , 8). For the Routh-Hurwitz criterion to be satisfied, ℛ0 must be less
than one for 8 > 0. Hence, the disease-free equilibrium point (0) for the meningitis fractional-order model (9) is locally
asymptotically stable if ℛ0 < 1. ◽

2.8 | Generalized Ulam-Hyers-Russias Stability

In this section, we shall examine the stability of the meningitis fractional-order model (9–11) using the
Ulam-Hyers-Rassias stability method as outlined in [55].

Definition 5. The meningitis fractional-order model (9–11) is generalized Ulam-Hyers-Rassias (UHR) stable with
respect to 𝜆(𝑡) ∈ ℍ1([0,  ],𝒳 ) if there exists a real value 𝜅𝜖 > 0 with 𝜖 > 0 and for all solutions

(𝑆, 𝑉 , 𝐸, 𝐶, 𝐼, 𝑇 , 𝑅,𝑄) ∈ ℍ1([0,  ],𝒳 ) of the following inequalities

|𝑐𝛽

𝑡
𝑆(𝑡) − 𝐴(𝑡, 𝑆(𝑡))| ≤ 𝜆(𝑡), |𝑐𝛽

𝑡
𝑉 (𝑡) −𝑊 (𝑡, 𝑉 (𝑡))| ≤ 𝜆(𝑡),|𝑐𝛽

𝑡
𝐸(𝑡) − 𝑈 (𝑡, 𝐸(𝑡))| ≤ 𝜆(𝑡), |𝑐𝛽

𝑡
𝐶(𝑡) − 𝐹 (𝑡, 𝐶(𝑡))| ≤ 𝜆(𝑡),|𝑐𝛽

𝑡
𝐼(𝑡) −𝐻(𝑡, 𝐼(𝑡))| ≤ 𝜆(𝑡), |𝑐𝛽

𝑡
𝑇 (𝑡) − 𝑃 (𝑡, 𝑇 (𝑡))| ≤ 𝜆(𝑡),|𝑐𝛽

𝑡
𝑅(𝑡) − 𝐵(𝑡, 𝑅(𝑡))| ≤ 𝜆(𝑡), |𝑐𝛽

𝑡
𝑄(𝑡) −𝑍(𝑡, 𝑄(𝑡))| ≤ 𝜆(𝑡),

there exist a solution (𝑆, 𝑉 , 𝐸, 𝐶, 𝐼, 𝑇 , 𝑅,𝑄) ∈ ℍ1([0,  ],𝒳 ) of the model (9–11) with

|𝑆(𝑡) − 𝑆(𝑡)| ≤ 𝜅𝜖𝜆(𝑡), |𝑉 (𝑡) − 𝑉 (𝑡)| ≤ 𝜅𝜖𝜆(𝑡), |𝐸(𝑡) − 𝐸̄(𝑡)| ≤ 𝜅𝜖𝜆(𝑡),|𝐶(𝑡) − 𝐶(𝑡)| ≤ 𝜅𝜖𝜆(𝑡), |𝐼(𝑡) − 𝐼(𝑡)| ≤ 𝜅𝜖𝜆(𝑡), |𝑇 (𝑡) − 𝑇 (𝑡)| ≤ 𝜅𝜖𝜆(𝑡),|𝑅(𝑡) − 𝑅(𝑡)| ≤ 𝜅𝜖𝜆(𝑡), |𝑄(𝑡) −𝑄(𝑡)| ≤ 𝜅𝜖𝜆(𝑡).
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Theorem 5. The meningitis fractional-order model (9–11) is generalized Ulam-Hyers-Rassias stable with regards to 𝜆 ∈
ℍ1([0,  ],𝒳 ) if

(
ℳ𝐴,ℳ𝑊 ,ℳ𝑈 ,ℳ𝐹 ,ℳ𝐻,ℳ𝑃 ,ℳ𝐵,ℳ𝑍

) 𝛽 < 1.

Proof. From Definition (5), let 𝜆 denote a nondecreasing function of 𝑡, then there exist 𝜖 > 0 such that

∫
𝑡

0
(𝑡 − 𝑠)𝛽−1𝜆(𝑠)𝑑𝑠 ≤ 𝜖𝜆(𝑡), (67)

for all 𝑡 ∈ [0,  ]. It has already been proven that the functions 𝐴, 𝑊 , 𝑈 , 𝐹 , 𝐻 , 𝑃 , 𝐵, 𝑍 are continuous and(
ℳ𝐴,ℳ𝑊 ,ℳ𝑈 ,ℳ𝐹 ,ℳ𝐻,ℳ𝑃 ,ℳ𝐵,ℳ𝑍

)
> 0 satisfies the Lipschitz condition as demonstrated earlier from theorem (2),

the meningitis fractional-order model (9–11) has a unique solution

𝑆(𝑡) = 𝑆(0) + 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝐴

(
𝑠, 𝑆(𝑠)

)
𝑑𝑠, (68)

integrating the inequalities in Definition (5), we obtained

|||||𝑆(𝑡) − 𝑆(0) − 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝐴(𝑠, 𝑆(𝑠))𝑑𝑠

||||| ≤ 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝜆(𝑠)𝑑𝑠

≤ 𝜖𝜆(𝑡) 𝛽

Γ(𝛽 + 1)
. (69)

Utilizing Lemma (1) and Equation (69), we have

|𝑆(𝑡) − 𝑆(𝑡)| ≤ |||||𝑆(𝑡) −
(
𝑆(0) + 1

Γ(𝛽)∫
𝑡

0
(𝑡 − 𝑠)𝛽−1𝐴

(
𝑠, 𝑆(𝑠)

)
𝑑𝑠

)|||||
≤ |||||𝑆(𝑡) − 𝑆(0) −

(
1

Γ(𝛽)∫
𝑡

0
(𝑡 − 𝑠)𝛽−1𝐴

(
𝑠, 𝑆(𝑠)

)
𝑑𝑠

+ 1
Γ(𝛽)∫

𝑡

0
(𝑡 − 𝑠)𝛽−1𝐴(𝑠, 𝑆(𝑠))𝑑𝑠 − 1

Γ(𝛽)∫
𝑡

0
(𝑡 − 𝑠)𝛽−1𝐴(𝑠, 𝑆(𝑠))𝑑𝑠

)|||||
≤ |||||𝑆(𝑡) − 𝑆(0) − 1

Γ(𝛽)∫
𝑡

0
(𝑡 − 𝑠)𝛽−1𝐴(𝑠, 𝑆(𝑠))𝑑𝑠

|||||
+ 1

Γ(𝛽)∫
𝑡

0
(𝑡 − 𝑠)𝛽−1||||𝐴(𝑠, 𝑆(𝑠)) − 𝐴

(
𝑠, 𝑆(𝑠)

)||||𝑑𝑠
≤ 𝜖𝜆(𝑡) 𝛽

Γ(𝛽 + 1)
+

ℳ𝐴 𝛽

Γ(𝛽 + 1)∫
𝑡

0
(𝑡 − 𝑠)𝛽−1|||𝑆(𝑡) − 𝑆(𝑡)|||𝑑𝑠

≤ 𝜖𝜆(𝑡) 𝛽

Γ(𝛽 + 1)
𝔼𝛽

(
ℳ𝐴 𝛽

)
. (70)

By setting 𝜅𝛽 =
𝜖 𝛽

Γ(𝛽+1)
𝔼𝛽

(
ℳ𝐴 𝛽

)
, we get

|||𝑆(𝑡) − 𝑆(𝑡)||| ≤ 𝜅𝛽𝜆(𝑡), 𝑡 ∈ [0,  ]. (71)

Employing a similar process, we obtained the following results

|||𝑉 (𝑡) − 𝑉 (𝑡)||| ≤ 𝜅𝛽𝜆(𝑡), ||𝐸(𝑡) − 𝐸̄(𝑡)|| ≤ 𝜅𝛽𝜆(𝑡),
|||𝐶(𝑡) − 𝐶(𝑡)||| ≤ 𝜅𝛽𝜆(𝑡),||𝐼(𝑡) − 𝐼(𝑡)|| ≤ 𝜅𝛽𝜆(𝑡),

|||𝑇 (𝑡) − 𝑇 (𝑡)||| ≤ 𝜅𝛽𝜆(𝑡),
|||𝑅(𝑡) − 𝑅(𝑡)||| ≤ 𝜅𝛽𝜆(𝑡),|||𝑄(𝑡) −𝑄(𝑡)||| ≤ 𝜅𝛽𝜆(𝑡), 𝑡 ∈ [0,  ]. (72)

Therefore, this indicates that the meningitis fractional-order model (9–11) is Ulam-Hyers-Rassias stable with regards to
𝜆(𝑡). ◽
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3 | Result

3.1 | Numerical Scheme

Let 𝑡𝑘 = 𝑘ℎ, 𝑘 = 0, 1, 2,… , 𝑚 be the uniform grid points with some integer 𝑚, and ℎ = 𝑇

𝑚
which represent the grid step

size. Consequently, Equation (9) is reduced to the fractional variant of the one-step Adam–Moulten method (corrector
formula) which is achieved by utilizing the piece-wise interpolation with nodes and knots at 𝑡𝑗 , 𝑗 = 0, 1, 2,… , 𝑘 + 1,

𝑆
(
𝑡𝑘+1

)
− 𝑆(0) = ℎ𝛽

Γ(𝛽 + 2)

(
𝑘∑

𝑗=0
𝑢𝑗,𝑘+1𝐴

(
𝑡𝑗 , 𝑆(𝑡𝑗)

)
+ 𝐴

(
𝑡𝑘+1, 𝑆

𝑝
(
𝑡𝑘+1

)))
,

𝑉
(
𝑡𝑘+1

)
− 𝑉 (0) = ℎ𝛽

Γ(𝛽 + 2)

(
𝑘∑

𝑗=0
𝑢𝑗,𝑘+1𝑊

(
𝑡𝑗 , 𝑉 (𝑡𝑗)

)
+𝑊

(
𝑡𝑘+1, 𝑉

𝑝
(
𝑡𝑘+1

)))
,

𝐸
(
𝑡𝑘+1

)
− 𝐸(0) = ℎ𝛽

Γ(𝛽 + 2)

(
𝑘∑

𝑗=0
𝑢𝑗,𝑘+1𝑈

(
𝑡𝑗 , 𝐸(𝑡𝑗)

)
+ 𝑈

(
𝑡𝑘+1, 𝐸

𝑝
(
𝑡𝑘+1

)))
,

𝐶
(
𝑡𝑘+1

)
− 𝐶(0) = ℎ𝛽

Γ(𝛽 + 2)

(
𝑘∑

𝑗=0
𝑢𝑗,𝑘+1𝐹

(
𝑡𝑗 , 𝐶(𝑡𝑗)

)
+ 𝐹

(
𝑡𝑘+1, 𝐶

𝑝
(
𝑡𝑘+1

)))
,

𝐼
(
𝑡𝑘+1

)
− 𝐼(0) = ℎ𝛽

Γ(𝛽 + 2)

(
𝑘∑

𝑗=0
𝑢𝑗,𝑘+1𝐻

(
𝑡𝑗 , 𝐼(𝑡𝑗)

)
+𝐻

(
𝑡𝑘+1, 𝐼

𝑝
(
𝑡𝑘+1

)))
,

𝑇
(
𝑡𝑘+1

)
− 𝑇 (0) = ℎ𝛽

Γ(𝛽 + 2)

(
𝑘∑

𝑗=0
𝑢𝑗,𝑘+1𝑃

(
𝑡𝑗 , 𝑇 (𝑡𝑗)

)
+ 𝑃

(
𝑡𝑘+1, 𝑇

𝑝
(
𝑡𝑘+1

)))
,

𝑅
(
𝑡𝑘+1

)
− 𝑅(0) = ℎ𝛽

Γ(𝛽 + 2)

(
𝑘∑

𝑗=0
𝑢𝑗,𝑘+1𝐵

(
𝑡𝑗 , 𝑅(𝑡𝑗)

)
+ 𝐵

(
𝑡𝑘+1, 𝑅

𝑝
(
𝑡𝑘+1

)))
,

𝑄
(
𝑡𝑘+1

)
−𝑄(0) = ℎ𝛽

Γ(𝛽 + 2)

(
𝑘∑

𝑗=0
𝑢𝑗,𝑘+1𝑍

(
𝑡𝑗 , 𝑄(𝑡𝑗)

)
+𝑍

(
𝑡𝑘+1, 𝑄

𝑝
(
𝑡𝑘+1

)))
. (73)

From the one-step Adams–Bashforth method, the predictor formula is given as follows

𝑆𝑝
(
𝑡𝑘+1

)
− 𝑆(0) = 1

Γ(𝛽)

𝑘∑
𝑗=0

𝑣𝑗,𝑘+1𝐴
(
𝑡𝑗 , 𝑆

(
𝑡𝑗
))
,

𝑉 𝑝
(
𝑡𝑘+1

)
− 𝑉 (0) = 1

Γ(𝛽)

𝑘∑
𝑗=0

𝑣𝑗,𝑘+1𝑊
(
𝑡𝑗 , 𝑉

(
𝑡𝑗
))
,

𝐸𝑝
(
𝑡𝑘+1

)
− 𝐸(0) = 1

Γ(𝛽)

𝑘∑
𝑗=0

𝑣𝑗,𝑘+1𝑈
(
𝑡𝑗 , 𝐸

(
𝑡𝑗
))
,

𝐶𝑝
(
𝑡𝑘+1

)
− 𝐶(0) = 1

Γ(𝛽)

𝑘∑
𝑗=0

𝑣𝑗,𝑘+1𝐹
(
𝑡𝑗 , 𝐶

(
𝑡𝑗
))
,

𝐼𝑝
(
𝑡𝑘+1

)
− 𝐼(0) = 1

Γ(𝛽)

𝑘∑
𝑗=0

𝑣𝑗,𝑘+1𝐻
(
𝑡𝑗 , 𝐼

(
𝑡𝑗
))
,

𝑇 𝑝
(
𝑡𝑘+1

)
− 𝑇 (0) = 1

Γ(𝛽)

𝑘∑
𝑗=0

𝑣𝑗,𝑘+1𝑃
(
𝑡𝑗 , 𝑇

(
𝑡𝑗
))
,

𝑅𝑝
(
𝑡𝑘+1

)
− 𝑅(0) = 1

Γ(𝛽)

𝑘∑
𝑗=0

𝑣𝑗,𝑘+1𝐵
(
𝑡𝑗 , 𝑅

(
𝑡𝑗
))
,

𝑄𝑝
(
𝑡𝑘+1

)
−𝑄(0) = 1

Γ(𝛽)

𝑘∑
𝑗=0

𝑣𝑗,𝑘+1𝑍
(
𝑡𝑗 , 𝑄

(
𝑡𝑗
))
, (74)
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with the weight

𝑣𝑗,𝑘+1 = 𝛽−1ℎ𝛽
(
(𝑘 − 𝑗 + 1)𝛽 − (𝑘 − 𝑗)𝛽

)
(75)

3.2 | Data-Fitting and Parameter Estimation

In this section, we estimate the parameters of the fractional-order meningitis model by fitting it to the cumulative con-
firmed cases of cerebrospinal meningitis reported in Nigeria from epidemiological week 5 to week 19 of 2023. The dataset
was obtained from the Nigeria Centre for Disease Control (NCDC) [56]. The model fitting procedure aligns the cumulative
number of confirmed cases with the corresponding model variable representing the total number of treated symptomatic
infected individuals. Parameter estimation was performed using the fmincon function from the MATLAB Optimiza-
tion Toolbox [57, 58], which implements a constrained optimization algorithm. This approach employs the least squares
method, a well-established and reliable technique for model fitting [58]. The goal is to minimize the discrepancy between
the observed data points, 𝑌𝑖, and the model-predicted values, 𝑋𝑖, by reducing the sum of squared errors (SSE). The SSE is
mathematically expressed as

𝑆𝑆𝐸 =
𝑛∑
𝑖=1

(
𝑌1 −𝑋𝑖

)2
. (76)

The initial conditions of the state variables used for the fitting are 𝑆(0) = 200, 000, 000, 𝑉 (0) = 945043, 𝐸(0) = 150, 000,
𝐶(0) = 1200, 𝐼(0) = 300, 𝑇 (0) = 50, 𝑅(0) = 0, 𝑄(0) = 5000, and the initial value of the total number of the treated symp-
tomatic infected individuals is 21 to align with the observed data of the confirmed cerebrospinal cases of meningitis in
Nigeria. The data for the cerebrospinal cases of meningitis in Nigeria are presented in Table 2, and the outcome of the
fitting is depicted in Figure 2.

3.3 | Numerical Simulation

In this section, we present the numerical simulation of the fractional-order meningitis model using the fractional
predictor-corrector approach. Specifically, the Adams–Bashforth linear multistep method in the Caputo sense was
employed to derive the numerical scheme, ensuring convergence of the method. The initial conditions for the state vari-
ables used in the simulations are as follows: 𝑆(0) = 200,000, 000, 𝑉 (0) = 945,043, 𝐸(0) = 150,000, 𝐶(0) = 1200, 𝐼(0) =
300, 𝑇 (0) = 50, 𝑅(0) = 0, 𝑄(0) = 5000. The corresponding parameter values utilized in the model are summarized in
Table 3.
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FIGURE 2 | Data-fitting of the Meningitis model to the cumulative confirmed cases of cerebrospinal meningitis.
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TABLE 2 | Data on Cerebrospinal Meningitis cases in Nigeria, from week 5 to week 19, 2023.

Week Suspected cases Sample collected Confirmed cases

5 — 68 21

6 — 38 11

7 — 35 15

8 — 30 1

9 — 29 13

10 — 31 18

11 — 52 21

12 — 43 19

13 212 37 1

14 213 14 6

15 219 30 8

16 210 18 4

17 158 27 0

18 113 5 2

19 83 1 0

TABLE 3 | Description of the model variables and parameters.

Parameter Value Source

Λ 0.03295 [59]

𝛾 0.01174 [60]

𝛼ℎ 0.4310 Fitted

𝛼𝑒 0.0741 Fitted

𝜛 0.849352 Fitted

𝜑 0.165843 Fitted

𝑞 0.412506 Fitted

𝜇 0.005 Fitted

𝜃 0.85 Estimated from [61]

𝜓 0.0188 Fitted

𝜎 0.878065 Fitted

𝛿 0.975056 Fitted

𝜙 0.005 Fitted

𝜀 0.97 Fitted

𝜂𝐶 0.499756 Fitted

𝜂𝐼 0.000529 Fitted

𝜏1 0.452542 Fitted

𝜏2 0.441587 Fitted

𝜉 99148.798482 Fitted
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FIGURE 3 | Simulation of the human compartments and the compartment for the concentration of Neisseria Meningitidis in the
environment for different values of the fractional order, 𝛽 = 0.65, 0.75, 0.85, and 0.95. (a) susceptible individuals, (b) vaccinated indi-
viduals, (c) exposed individuals, (d) asymptomatic infected individuals (carriers), (e) symptomatic infected individuals, (f) treated
individuals, (g) recovered individuals, (h) the concentration of Neisseria Meningitidis in the environment.
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3.4 | Discussion of Results

Figure 3 represents the simulation of the human compartments and the compartment for the concentration of Neisseria
Meningitidis in the environment for different values of the fractional order, 𝛽 = 0.65, 0.75, 0.85, and 0.95. Figure 3a is
the simulation of the total number of susceptible individuals against time. It is observed that the susceptible individu-
als decrease as time increases; furthermore, as the fractional order (𝛽) increases, the number of susceptible individuals
decreases. Figure 3b depicts the simulation of the population of vaccinated individuals against time. It is observed that
from within week 1 to week 12, the number of the vaccination population increases as the fractional order increases. The
reverse was the case from week 13 to week 30; it was observed that the number of the vaccinated population decreases as
the fractional order increases. In Figure 3c–f, and h, it is observed that the fractional order rates is inversely proportional
to the number of exposed individuals, asymptomatic infected individuals (Carriers), symptomatic infected individuals
with MM, treated individuals, and the concentration of Neisseria Meningitidis in the environment. It is observed that an
increase in the value of the fractional order results in a decrease in the total number of exposed individuals, asymptomatic
infected individuals (Carriers), symptomatic infected individuals with MM, treated individuals, and the concentration of
Neisseria Meningitidis in the environment. In Figure 3g, it is observed that as the fractional order increases, the number
of recovered individuals increases. Particularly, in week 24, the number of recovered individuals for the highest fractional

FIGURE 4 | Simulation of the effect of the hygiene consciousness rate (𝜛) on the asymptomatic infected population (Carriers) (a)
for 𝛽 = 0.65 (b) for 𝛽 = 0.75 (c) for 𝛽 = 0.85 (d) for 𝛽 = 0.95.
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FIGURE 5 | Simulation of the effect of the hygiene consciousness rate (𝜛) on the symptomatic infected population (a) for 𝛽 = 0.65
(b) for 𝛽 = 0.75 (c) for 𝛽 = 0.85 (d) for 𝛽 = 0.95.

order (which is 0.95) declines while the number of recovered individuals increases for the other fractional orders (0.65,
0.75, 0.85).

Figure 4 is the effect of the hygiene consciousness rate (𝜛) on the asymptomatic infected population (Carriers) for different
value of the fractional order, 𝛽 = 0.65, 0.75, 0.85, and 0.95. In Figure 4a, it is observed that when 𝛽 = 0.65 and the hygiene
consciousness rate is stepped up to around 70%, the maximum number of asymptomatic infected individuals is around
28,000 within 30 weeks. It is observed in Figure 4b that when 𝛽 = 0.75 and the hygiene consciousness rate is stepped
up to around 70%, the number of asymptomatic infected individuals peaked at 22,000 within 10 weeks, and decreases to
20,000 within 30 weeks. In Figure 4c, when 𝛽 = 0.85 and the hygiene consciousness rate is stepped up to around 70%,
the number of asymptomatic infected individuals peaked at 20,000 in week 5–6, and decreases to around 10,000 within
30 weeks. In Figure 4d, when 𝛽 = 0.95 and the hygiene consciousness rate is stepped up to around 70%, the maximum
number of asymptomatic infected individuals is below 20,000 within 5 weeks, and decreases to around 4000 within 30
weeks. This result indicates that at an increased hygiene consciousness rate, the higher the fractional order rate, the lower
the number of asymptomatic infected individuals.
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Figure 5 represents the effect of the hygiene consciousness rate (𝜛) on the symptomatic infected population for different
values of the fractional order, 𝛽 = 0.65, 0.75, 0.85, and 0.95. It is observed in Figure 5a that when 𝛽 = 0.65 and the hygiene
consciousness rate is improved to 70%, the maximum number of the symptomatic infected individuals with meningitis is
around 80,000 within 30 weeks. In Figure 5b, when 𝛽 = 0.75 and the hygiene consciousness rate is increased to 70%, it is
observed that the maximum number of symptomatic infected individuals is around 60,000 in 10 weeks, and decreases to
50,000 within 30 weeks. In Figure 5c, when 𝛽 = 0.85 and the hygiene consciousness rate is increased to 70%, it is observed
that the maximum number of symptomatic infected individuals is around 60,000 within 6 weeks, and decreases to 35,000
within 30 weeks. Figure 5d, when 𝛽 = 0.95 and the hygiene consciousness rate is increased to 70%, it is observed that the
maximum number of symptomatic infected individuals is around 50,000 in 5 weeks, and decreases to 20,000 within 30
weeks.

Figure 6 is the effect of the hygiene consciousness rate (𝜛) on the concentration of Neisseria Meningitidis in the environ-
ment for different values of the fractional order, 𝛽 = 0.65, 0.75, 0.85, and 0.95. In Figure 6a, it is observed that when the
hygiene consciousness rate is stepped up to 70% and 𝛽 = 0.65, the maximum number of the concentration of Neisseria

FIGURE 6 | Simulation of the effect of the hygiene consciousness rate (𝜛) on the concentration of Neisseria Meningitidis in the
environment (a) for 𝛽 = 0.65 (b) for 𝛽 = 0.75 (c) for 𝛽 = 0.85 (d) for 𝛽 = 0.95.
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Meningitidis in the environment is 50,000 within 30 weeks. In Figure 6b, it is observed that when the hygiene conscious-
ness rate is stepped up to 70% and 𝛽 = 0.75, the maximum number of the concentration of Neisseria Meningitidis in the
environment is below 45,000 within 30 weeks. In Figure 6c, it is observed that when the hygiene consciousness rate is
stepped up to 70% and 𝛽 = 0.85, the highest number of the concentration of Neisseria Meningitidis in the environment
is less than 40,000 in 30 weeks. In Figure 6d, when the hygiene consciousness rate is stepped up to 70% and 𝛽 = 0.95,
the highest number of the concentration of Neisseria Meningitidis in the environment is below 35,000 within 30 weeks.
This result indicates that the fractional order is inversely proportional to the concentration of Neisseria Meningitidis in
the environment as the hygiene consciousness rate increases.

Figure 7 represents the effect of the Vaccination rate (𝜃) on the symptomatic infected population for different values of
the fractional order, 𝛽 = 0.65, 0.75, 0.85, and 0.95. In Figure 7a, when the vaccination rate is increased to at least 80%
and 𝛽 = 0.65, it is observed that the number of symptomatic infected individuals peaked at around 30,000 in 10 weeks,
and decreases to around 25,000 within 30 weeks. In Figure 7b, when the vaccination rate is increased to at least 80% and
𝛽 = 0.75, it is observed that the maximum number of symptomatic infected individuals is around 30,000 within 8 weeks,

FIGURE 7 | Simulation of the effect of the Vaccination rate (𝜃) on the symptomatic infected population (a) for 𝛽 = 0.65 (b) for
𝛽 = 0.75 (c) for 𝛽 = 0.85 (d) for 𝛽 = 0.95.
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and decreases to around 17,500 within 30 weeks. In Figure 7c, when the vaccination rate is increased to at least 80% and
𝛽 = 0.85, it is observed that the maximum number of symptomatic infected individuals is around 29,000 within 6 weeks,
and declines to around 9900 within 30 weeks. In Figure 7d, when the vaccination rate is increased to at least 80% and
𝛽 = 0.95, it is observed that the number of symptomatic infected individuals peaked at around 28,000 within 5 weeks, and
decreases to around 4000 within 30 weeks.

4 | Conclusion

In this study, we developed and thoroughly analyzed a fractional-order model to describe the transmission dynamics of
MM, explicitly incorporating the environmental concentration of Neisseria meningitidis. The existence and uniqueness
of solutions to the model were established using Banach’s and Schauder’s fixed-point theorems. The basic reproduction
number, ℛ0, was derived, and application of the Routh-Hurwitz criterion demonstrated that the disease-free equilib-
rium is locally asymptotically stable whenever ℛ0 < 1. The stability of the model was further examined through the
Ulam-Hyers-Rassias stability framework. To validate the model, we fitted it to cumulative confirmed cases of cerebrospinal
meningitis in Nigeria, spanning from epidemiological week 5 to week 19 of 2023, using data obtained from the NCDC.
The model showed a good fit to the observed data. Numerical simulations revealed an inverse relationship between the
fractional derivative order and the number of asymptomatic carriers, symptomatic infected individuals, and the environ-
mental concentration of Neisseria meningitidis. Specifically, increasing the order of the fractional derivative resulted in
a decrease in both infection levels and bacterial concentration in the environment. Moreover, the results underscore the
effectiveness of increasing vaccine uptake and promoting hygiene awareness among the susceptible population. These
interventions significantly reduce the prevalence of MM and the associated environmental contamination, highlighting
their importance in public health strategies aimed at controlling the disease.
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𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝜏2𝑋

2
2𝑋5

(
𝑋4 +𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝜏2𝑋2𝑋4𝑋5

(
𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝜏2𝑋2𝑋5𝑋7𝑋8

𝐾𝛾(𝜃 + 𝜓 + 𝜇)
,

6 = 𝜉𝑋1𝑋2𝑋3𝑋4
(
𝑋6 +𝑋7 +𝑋8

)
+ 𝜉𝑋1𝑋6

(
𝑋2𝑋3 +𝑋2𝑋4 +𝑋3𝑋4

)(
𝑋7 +𝑋8

)
+𝑋2𝑋3𝑋4𝑋6

(
𝜉 +𝑋1

)(
𝑋7 +𝑋8

)
+ 𝜉𝑋1𝑋7𝑋8

(
𝑋2𝑋3 +𝑋2𝑋4 +𝑋2𝑋6 +𝑋3𝑋4 +𝑋3𝑋6 +𝑋4𝑋6

)
+𝑋7𝑋8

(
𝜉
(
𝑋2𝑋3

(
𝑋4 +𝑋6

)
+𝑋4𝑋6

(
𝑋2 +𝑋3

))
+𝑋1

(
𝑋2𝑋3

(
𝑋4 +𝑋6

)
+𝑋4𝑋6

(
𝑋2 +𝑋3

))
+𝑋2𝑋3𝑋4𝑋6

)
+

(1 −𝜛)𝛼ℎ𝑞𝜑𝜃𝜓𝜎𝑋2
(
𝜉 +𝑋7 +𝑋8

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑞𝜑𝜉𝑋2

(
𝑋1𝑋2 − 𝜃𝜓

)(
𝑋6 +𝑋7 +𝑋8

)
(𝜃 + 𝜓 + 𝜇)

+
(1 −𝜛)𝛼ℎ𝑞𝜑𝜃𝜓𝑋2𝑋6

(
𝑋7 +𝑋8

)
(𝜃 + 𝜓 + 𝜇)

+
(1 −𝜛)𝛼ℎ𝑞𝜑𝜃𝜓𝑋2𝑋7𝑋8

(𝜃 + 𝜓 + 𝜇)
+

(1 −𝜛)𝛼𝑒Λ𝜏1𝑞𝜑𝜃𝜓𝑋2
(
𝑋6 +𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

+
(1 −𝜛)𝛼𝑒Λ𝜏2𝑞𝜑𝜃𝜓𝜎𝑋2

𝐾𝛾(𝜃 + 𝜓 + 𝜇)
−

(1 −𝜛)𝛼ℎ𝑞𝜑𝜎𝜉𝑋1𝑋2
(
𝑋2 +𝑋7 +𝑋8

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑞𝜑𝜎𝜉𝑋2𝑋7𝑋8

(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑞𝜑𝜎𝑋2

2
(
𝜉 +𝑋1

)(
𝑋7 +𝑋8

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑞𝜑𝜎𝑋2𝑋7𝑋8

(
𝑋1 +𝑋2

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝜏2𝑞𝜑𝜎𝑋2𝑋7𝑋8

𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝜏2𝑞𝜑𝜎𝑋1𝑋2

(
𝑋2 +𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝜏2𝑞𝜑𝜎𝑋

2
2
(
𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑞𝜑𝑋2𝑋6

(
𝜉
(
𝑋1 +𝑋2

)
+𝑋1𝑋2

)(
𝑋7 +𝑋8

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑞𝜑𝜉𝑋2𝑋7𝑋8

(
𝑋1 +𝑋2 +𝑋6

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑞𝜑𝑋2𝑋7𝑋8

(
𝑋1𝑋2 +𝑋1𝑋6 +𝑋2𝑋6

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝜏1𝑞𝜑𝑋1𝑋

2
2
(
𝑋6 +𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝜏1𝑞𝜑𝑋2𝑋6

(
𝑋1 +𝑋2

)(
𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝜏1𝑞𝜑𝑋2𝑋7𝑋8

(
𝑋1 +𝑋2 +𝑋6

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝜉𝑋2𝑋5

(
𝑋1𝑋2 − 𝜃𝜓

)(
𝑋4 +𝑋7 +𝑋8

)
(𝜃 + 𝜓 + 𝜇)

− 𝜃𝜓𝜉𝑋3𝑋4
(
𝑋6 +𝑋7 +𝑋8

)
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− 𝜃𝜓𝜉𝑋6
(
𝑋3 +𝑋4

)(
𝑋7 +𝑋8

)
− 𝜃𝜓𝜉𝑋7𝑋8

(
𝑋3 +𝑋4 +𝑋6

)
+

(1 −𝜛)𝛼ℎ𝜃𝜓𝑋2𝑋4𝑋5
(
𝑋7 +𝑋8

)
(𝜃 + 𝜓 + 𝜇)

+
(1 −𝜛)𝛼ℎ𝜃𝜓𝑋2𝑋5𝑋7𝑋8

(𝜃 + 𝜓 + 𝜇)
+

(1 −𝜛)𝛼𝑒Λ𝜏2𝜃𝜓𝑋2𝑋5
(
𝑋4 +𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

− 𝜃𝜓𝑋3𝑋4𝑋6
(
𝑋7 +𝑋8

)
− 𝜃𝜓𝑋7𝑋8

(
𝑋3𝑋4 +𝑋3𝑋6 +𝑋4𝑋6

)
−

(1 −𝜛)𝛼ℎ𝑋2𝑋4𝑋5
(
𝜉
(
𝑋1 +𝑋2

)
+𝑋1𝑋2

)(
𝑋7 +𝑋8

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑋2𝑋5𝑋7𝑋8

(
𝜉
(
𝑋1 +𝑋2 +𝑋4

)
+𝑋1

(
𝑋2 +𝑋4

)
+𝑋2𝑋4

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝜏2𝑋1𝑋

2
2𝑋5

(
𝑋4 +𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝜏2𝑋2𝑋4𝑋5

(
𝑋1 +𝑋2

)(
𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−

(1 −𝜛)𝛼𝑒Λ𝜏2𝑋2𝑋5𝑋7𝑋8
(
𝑋1 +𝑋2 +𝑋4

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

,

7 = 𝜉𝑋4𝑋6𝑋7𝑋8
(
𝑋1𝑋2 +𝑋1𝑋3 +𝑋2𝑋3

)
+ 𝜉𝑋1𝑋2𝑋3𝑋7𝑋8

(
𝑋4 +𝑋6

)
+ 𝜉𝑋1𝑋2𝑋3𝑋4𝑋6

(
𝑋7 +𝑋8

)
+𝑋1𝑋2𝑋3𝑋4𝑋6𝑋7𝑋8 +

(1 −𝜛)𝛼ℎ𝑞𝜑𝜃𝜓𝜉𝑋2
(
𝜎 +𝑋6

)(
𝑋7 +𝑋8

)
(𝜃 + 𝜓 + 𝜇)

+
(1 −𝜛)𝛼ℎ𝑞𝜑𝜃𝜓𝑋2𝑋7𝑋8

(
𝜎 + 𝜉 +𝑋6

)
(𝜃 + 𝜓 + 𝜇)

+
(1 −𝜛)𝛼𝑒Λ𝑞𝜑𝜃𝜓𝑋2

(
𝜏1𝑋6 + 𝜏2𝜎

)(
𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

+
(1 −𝜛)𝛼𝑒Λ𝑞𝜑𝜃𝜓𝜏1𝑋2𝑋7𝑋8

𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑞𝜑𝜉𝑋1𝑋

2
2
(
𝜎 +𝑋6

)(
𝑋7 +𝑋8

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑞𝜑𝜎𝑋2𝑋7𝑋8

(
𝜉
(
𝑋1 +𝑋2

)
+𝑋1𝑋2

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑞𝜑𝜉𝑋1𝑋2𝑋7𝑋8

(
𝑋2 +𝑋6

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑞𝜑𝑋2

2𝑋6𝑋7𝑋8
(
𝜉 +𝑋1

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝑞𝜑𝑋1𝑋

2
2
(
𝜏1𝑋6 + 𝜏2𝜎

)(
𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝑞𝜑𝜏1𝑋2𝑋7𝑋8

(
𝑋1

(
𝑋2 +𝑋6

)
+𝑋2𝑋6

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝜉𝑋2𝑋4𝑋5

(
𝑋1𝑋2 − 𝜃𝜓

)(
𝑋7 +𝑋8

)
(𝜃 + 𝜓 + 𝜇)

+
(1 −𝜛)𝛼ℎ𝜃𝜓𝑋2𝑋5𝑋7𝑋8

(
𝜉 +𝑋4

)
(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼ℎ𝑋2𝑋5𝑋7𝑋8

(
𝜉
(
𝑋1

(
𝑋2 +𝑋4

)
+𝑋2𝑋4

)
+𝑋1𝑋2𝑋4

)
(𝜃 + 𝜓 + 𝜇)

− 𝜃𝜓𝑋4𝑋6𝑋7𝑋8
(
𝜉 +𝑋3

)
− 𝜃𝜓𝜉𝑋3

(
𝑋4𝑋6

(
𝑋7 +𝑋8

)
+𝑋7𝑋8

(
𝑋4 +𝑋6

))
−

(1 −𝜛)𝛼𝑒Λ𝜏2𝑋2𝑋4𝑋5
(
𝑋1𝑋2 − 𝜃𝜓

)(
𝑋7 +𝑋8

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

−
(1 −𝜛)𝛼𝑒Λ𝜏2𝑋2𝑋5𝑋7𝑋8

((
𝑋1𝑋2 +𝑋1𝑋4 +𝑋2𝑋4

)
− 𝜃𝜓

)
𝐾𝛾(𝜃 + 𝜓 + 𝜇)

,

8 = 𝜉𝑋3𝑋4𝑋6𝑋7𝑋8
(
𝑋1𝑋2 − 𝜃𝜓

)(
1 −ℛ0

)
. (A1)
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