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Abstract: The solution of large-scale linear algebraic systems of the form , is a critical challenge in scientific computing, with iterative methods playing a pivotal role in addressing these systems efficiently. Building upon prior advancements by Isah et. al., 2022 and Vatti et. al., 2020, this study introduces the Third Refinement of the Parametric Reaccelerated Overrelaxation (TRPROR) method, an iterative scheme that synergizes features of Accelerated Overrelaxation (AOR), Parametric Accelerated Overrelaxation (PAOR), and Reaccelerated Overrelaxation (ROR) methods. The refined method optimizes parameter selection to enhance convergence rates and computational efficiency. The goal in all iterative methods for solving linear systems is to minimize the spectral radius to reduce the number of iterations required for convergence. Numerical examples demonstrated the superior efficiency of the TRPROR method compared to the standard AOR, ROR, PAOR, and PROR method.
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1. Introduction
Consider the following linear system:

												          (1)






where are given, and  is the unknown. Systems of the form (1) commonly arise in various applications, including linear elasticity, fluid dynamics, and constrained quadratic programming (Varga, 2000). When the coefficient matrix  in (1) is large and sparse, iterative methods are generally preferred over direct methods (Ndanusa, 2012). To effectively solve (1) using iterative methods, efficient splitting of  are typically required. For instance, the classical Jacobi and Gauss-Seidel methods involve splitting  into its diagonal and off-diagonal components.
Over the past few decades, significant advancements have been made in iterative methods for solving partial differential equations resulting in systems like (1). The Jacobi (1884) and Gauss-Seidel (1874) methods were early examples of such approaches. In 1950, Young introduced the successive over-relaxation (SOR) method, an extrapolated form of the Gauss-Seidel method, which exhibits faster convergence than the Jacobi or Gauss-Seidel methods.
For the numerical solution of (1), the accelerated over-relaxation (AOR) method was introduced by Hadjidimos in 1978. This method generalizes the SOR method by incorporating two parameters, often achieving a better convergence rate than the Jacobi, Gauss-Seidel, or SOR methods in specific cases. Numerous studies have examined sufficient conditions for the convergence of the AOR method, including contributions from Abdullahi and Ndanusa (2020), Ndanusa (2020), Vatti et al. (2020), and Isah et al. (2022).
To enhance the convergence rate of the AOR method, researchers have proposed the preconditioned AOR (PAOR) method. Authors such as Ndanusa and Adeboye (2012), Wang (2019), Abdullahi and Ndanusa (2020), and Abdullahi et al. (2023) have investigated its performance. While Krylov subspace methods Bai, (2000) and Saad (1996) are widely regarded as efficient iterative techniques for solving large, sparse linear systems owing to their cost-effectiveness and ability to leverage matrix sparsity they can be very slow or even fail to converge when the coefficient matrix of (1) is extremely ill-conditioned or highly indefinite.
Vatti et al. (2020) introduced two variants of the Accelerated Overrelaxation (AOR) method: the Parametric Accelerated Overrelaxation (PAOR) method and the Reaccelerated Overrelaxation (ROR) method, both designed for consistently ordered matrices. They build on these advancements by further enhancing the convergence properties of the AOR method through the development of a new variant called the Parametric Reaccelerated Overrelaxation (PROR) method. Isah et al. (2020) proposed the PROR method, which represents a three-parameter generalization of the Reaccelerated Overrelaxation (ROR) method, further advancing the capabilities of iterative techniques for solving linear systems. The classical AOR, ROR, PAOR and PROR method presented in their work for the solution of equation (1) are given as:

					          (2)

				          (3)

		          (4)

	          (5)

Assefa and Teklehaymanot (2021) proposed a second refinement of the Accelerated Overrelaxation (AOR) method, which generalizes the method into a two-parameter refinement. Their work also derived optimal parameter values and extended the concept to the  refinement of accelerated methods. The spectral radius of the iteration matrix and the convergence criteria for the Second Refinement of Accelerated Overrelaxation (SRAOR) method were thoroughly analyzed. Audu (2024) introduces the Third Refinement of Successive Over-Relaxation (TRSOR) and Third Refinement of Accelerated Over-Relaxation (TRAOR) methods to improve the efficiency and convergence of solving linear systems. TRAOR is recommended over TRSOR for applications requiring high efficiency in large-scale linear systems. Many modifications and refinements have been reviewed as in (Ismail et. al., (2023), Vatti et. al., (2018), Eneyew et. al., (2019), Eneyew et. al., (2020), Abdullahi & Muhammad (2021))
The aim of this paper is to introduce an advanced version of the Refined Accelerated Over-Relaxation (RPAOR) method for solving the linear system (1). This new approach, termed the Third Refinement Accelerated Over-Relaxation (TRPAOR) method, includes a discussion on the sufficient conditions necessary for its convergence.
3. Material and Method
a. Derivation of Third Refinement of AOR Method
Considering (1) having the splitting of the form
										          (6)
Where is the diagonal part of  ,  and  the strictly lower and strictly upper parts respectively.  If  for all, then we can multiply the linear system (1) by, arising therefrom the splitting of the matrix  
										          (7)
where,  and . 
Suppose  is a regular splitting of the coefficient matrix, and then the basic iterative method for the solution of system (1) can be expressed in the form 
						          (8)
where is known as the iteration matrix of the method. The iteration (8) is known to converge to the exact solution  for any initial vector value  if and only if the spectral radius.  The smaller the spectral radius the faster the convergence speed of the iterative method. The classical AOR iterative method given by
					          (9)
The refinement proposed by Vatti, (2018) and Ismail et. al., (2023) is given by;

							        (10)
Following the pattern of Ismail et al., (2023) The equation (10) can be expressed as;

							        (11)
The second refinement of (10) is given by

					        (12)
Substitute (12) into (10) we obtained the Third Refinement of the form;

				        (13)
The classical and refinement iterative matrix for RAOR, SRAOR, TRAOR is given by

				        (14)
b. Derivation of Third Refinement of ROR Method
In the same vein, we followed the same pattern from (9) to (13) to obtained the Third refinement of ROR. From (4) and (9) we obtained the refinement of ROR as;

						        (15)
By transforming (15), we have refinement of ROR in (16)

						        (16)
The Second Refinement of ROR from (16) is given in (17)

				        (17)
Put (17) into (15) we have the Third Refinement of ROR given by

			        (18)
The classical and refinement iterative matrix for ROR, SROR, TROR is given by

		        (14)
The Derivation of Third Refinement of (PAOR & PROR) Method follows the same pattern from (9) to (13) and their iterative matrix expressed in (15) and (16)

			        (15)

           (16)
The major concern of these work is the Third Refinement of Parametric Reaccelerated Overrelaxation (TRPROR)
3.1 Convergence of the Methods
Theorem 1
Let  be the coefficient matrix of the linear system . If is consistently ordered, positive definite and the parameter  satisfy
,		
Then, the iterative matrix  has a spectral radius , ensuring the convergence of the  method.
Proof: 
The  iterative matrix  is derivates;
.		        (17)
Where  and  are the strictly Lower and Upper triangular parts of , and  is the identity matrix.
For convergence, the spectral radius . Where  are the eigenvalues of 
If  is positive definite, it guarantees that  (diagonal part of ) is invertible
Consistently ordered matrixes ensure that the splitting  is valid
For  ensures stability,  Control reacceleration and avoids divergence
 present singularity in .
The refinement ensures; 
Where  corresponds to the Parametric Reaccelerated Overrelaxation
Theorem 2
Optimal Parameters 
The spectral radius  is minimized for the following optimal parameters.
 											        (18)
Where  is the eigenvalue of the corresponding Jacobi iteration matrix.
Proof
The spectral radius depends on the eigenvalues  of . Using results from PROR (Isah et al., 2023) analysis.
									        (19)
To minimize , differentiate the above expression with respect to ;
										        (20)
Setting , and solve for 
											        (21)
Substituting  back into  ensures  is minimized
4. Result and Discussion
Various numerical test was executed to validate the superiority of the Third Refinement of Reaccelerated Overrelaxation scheme (TRPROR) over AOR, ROR, PAOR and PROR. The criteria for the convergence is that, the spectral radius of iterative matrix must be less than zero

Problem 1.	(Source: Isah et al. (2022))


Problem 2	(Source: Wu et al. (2007), Abdullahi & Ndanusa (2020))



The results for Problem 1 and 2 are performed with Maple 2019 to yield some comparison results. The reduction of spectral radii for the Refinement, Second Refinement and Third Refinement of AOR, ROR, PAOR and PROR when compared to the AOR, ROR, PAOR and PROR proposed by Hadijimos (1981), Vatti et al., (2020) and Isah et al., (2022) scheme are shown in Table 1-8 respectively.









Table 4.1: Comparison of Spectral Radii for Methods
	Methods
	Choice of Parameters
	Spectral Radius

	AOR
	

	0.7512951780

	ROR
	

	0.5689256934

	PAOR
	

	0.5842556518

	PROR
	

	0.5653710677





Table 4.2: Comparison of Spectral Radii for Refinement Methods
	Methods
	Choice of Parameters
	Spectral Radius

	RAOR
	

	0.5644444444

	RROR
	

	0.3236764444

	RPAOR
	

	0.3413546667

	RPROR
	

	0.3196444444





Table 4.3: Comparison of Spectral Radii for Second Refinement Methods
	Methods
	Choice of Parameters
	Spectral Radius

	SRAOR
	

	0.4240643894

	SRROR
	

	0.1841478455

	SRPAOR
	

	0.1994383932

	SRPROR
	

	0.1807177209





Table 4.4: Comparison of Spectral Radii for Third Refinement Methods
	Methods
	Choice of Parameters
	Spectral Radius

	TRAOR
	

	0.3185975309

	TRROR
	

	0.1047664407

	TRPAOR
	

	0.1165230085

	TRPROR
	

	0.1021725709





Problem 2
Table 4.5: Comparison of Spectral Radii for Methods
	Methods
	Choice of Parameters
	Spectral Radius

	AOR
	
	0.8790762378

	ROR
	
	0.8307398051

	PAOR
	
	0.7281216352

	PROR
	
	0.6777675433





Table 4.6: Comparison of Spectral Radii for Refinement Methods
	Methods
	Choice of Parameters
	Spectral Radius

	RAOR
	
	0.7727750319

	RROR
	
	0.6901286237

	RPAOR
	
	0.5301611157

	RPROR
	
	0.4593688427




Table 4.7: Comparison of Spectral Radii for Second Refinement Methods
	Methods
	Choice of Parameters
	Spectral Radius

	SRAOR
	
	0.6793281677

	SRROR
	
	0.5733173183

	SRPAOR
	
	0.3860217785

	SRPROR
	
	0.3113452920





Table 4.8: Comparison of Spectral Radii for Third Refinement Methods
	Methods
	Choice of Parameters
	Spectral Radius

	TRAOR
	
	0.5971812499

	TRROR
	
	0.4762775172

	TRPAOR
	
	0.2810708086

	TRPROR
	
	0.2110197336




4.1	Discussion of Results
The results from Tables 1 to 8 demonstrate the effectiveness of the Third Refinement of Parametric Reaccelerated Overrelaxation (TRPROR) method in improving convergence rates for solving linear algebraic systems. Initially, the classical methods Accelerated Overrelaxation (AOR), Reaccelerated Overrelaxation (ROR), Parametric Accelerated Overrelaxation (PAOR), and Parametric Reaccelerated Overrelaxation (PROR) exhibited relatively high spectral radii, indicating slower convergence. Among them, PROR had the lowest spectral radius, suggesting better performance.
With the introduction of refinements, the spectral radii progressively decreased. The first refinement methods (RAOR, RROR, RPAOR, and RPROR) showed notable improvements, with RPROR having the smallest spectral radius. The second refinement methods (SRAOR, SRROR, SRPAOR, and SRPROR) further enhanced convergence, reducing spectral radii even more, with SRPROR leading in efficiency. Finally, the third refinement methods (TRAOR, TRROR, TRPAOR, and TRPROR) achieved the most significant reduction in spectral radii, with TRPROR emerging as the best-performing method.
Overall, the results confirm that iterative refinements effectively enhance convergence by reducing spectral radii. The TRPROR method, with the lowest spectral radius across all test cases, proves to be the most efficient iterative method for solving large-scale linear systems.

5. Conclusion
The spectral radius of an iterative method for solving linear algebraic systems is a critical factor in ensuring convergence, with smaller spectral radii leading to faster convergence. The primary objective of developing new iterative methods is to enhance the convergence performance of existing methods. In this research, we utilized refinement techniques to propose a Third Refinement of the Parametric Reaccelerated Over-Relaxation (TRPROR) method for solving linear systems. Numerical experiments demonstrated that the TRPROR method outperforms the AOR, PAOR, ROR, RAOR, RPAOR, RROR, TRAOR, TRROR, and TRPAOR methods in terms of convergence.
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