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Preface

Nonlinear functional analysis includes the essential and comprehensive field of fixed-
point theory, which is used as a method to solve numerous nonlinear problems in the
science and engineering. Since a couple of years ago, experts in fixed-point theory
have been focusing on how to apply their theories to a variety of physical-related
engineering challenges.

Fixed-point theory has entered a new phase that is inextricably linked to measure-
ments, abstract language, space analysis, and the mining of empirical studies in
engineering. By incorporating the metric fixed-point theory into a plethora of litera-
ture from the fields of computational engineering, quantum dynamics, and medical
research, this was frequently maintained. In the analysis of metric spaces, fixed-
point theory has briefly been mentioned as independent literature while referencing
numerous other mathematical groups. The definition and generalization of the various
metric spaces and the concept of contractions are common applications of metric
fixed-point theory. The expected outcome of these extensions is also a deeper under-
standing of the geometric characteristics of generalized metric spaces, set theory,
and inexpensive mappings.

This book is intended for scholars, doctoral scholars, and educators intrigued by
fixed-point theory. The book will also benefit the mathematical community, profes-
sionals, and scientists. Learners of this book will need at least a basic understanding
of functional analysis and topology. This book contains chapters written by several
notable modern academics in fixed-point theory from around the world. Readers will
discover various valuable tools and approaches to help them advance their knowl-
edge and abilities in modern fixed-point theory. The book includes adequate theory
and applications of fixed points in various fields. The book provides an overview
of existing knowledge and recent cutting-edge advancement by offering fresh novel
contributions by world-renowned experts of fixed-point theory.

Following are salient features of the book:

e Provides a comprehensive and up-to-date assessment of the most recent research
in fixed-point theory, including major breakthroughs and applications within the
environment of various types of generalized metric spaces
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e Offers a unique combination of fixed-point theorems and real-world applica-
tions that benefits students and researchers interested in developing an integrated
research methodology

e Emphasizes the mathematical modeling of nonlinear situation, utilizing the
advantages of technology as appropriate

e Takes a fresh look at fixed-point theory, highlighting linkages and applications to
fields as diverse as optimization, graph theory, and differential equations

e Stresses on the practical applications of fixed-point theory in diverse fields of
research and engineering, making it ideal for scientists researching in engineering
sciences

e Offers thorough descriptions of numerical methods and algorithms for addressing
fixed-point problems, making it a useful resource for scholars and practitioners

e Offers a variety of examples meant to assist readers deepen their comprehension
of the content and apply it to new challenges

e Emphasizes recent advances in fixed-point theory and identifies significant open
problems, making it a valuable resource for academics wishing to contribute to
this dynamic area of research

Chapter Organization

This book is organized into 17 chapters. Chapter “A Careful Retrospection of Metric
Spaces and Contraction Mappings with Computer Simulation” gives a comprehen-
sive outlook of the famous results based on metric fixed-point theory. Illustrative
non-trivial examples, along with graphical representation, are enunciated to under-
stand the nature of inequalities of the historical results in the context of metric
spaces.

Chapter “Fixed Point Theory for Multi-valued Feng—Liu Operators in Vector—
Valued Metric Spaces ” extends Feng and Liu’s fixed-point result for the case of a set
X equipped with a vector-valued metric in the sense of Perov. The results describe
the existence, localization, data dependency, and stability features of a fixed-point
inclusion with a generalized multi-valued Feng-Liu operator. An extension of the
Feng—Liu—Subrahmanyan type of multi-valued contractions is also examined.

In Chapter “Algorithms and Applications for Split Equality Problem with Related
Problems ”, the authors propose a novel study on “Algorithms and applications for
split equality problem with related problems.” The chapter’s goal is to offer a variety
of novel and well-known numerical strategies for addressing the split feasibility
problem, the split equality problem, and other related problems, such as projection,
inertial techniques, relaxed techniques, and so on. The algorithms’ weak (strong)
convergence is presented, and the linear convergence of the methods is emphasized.
An algorithm is enunciated as an application to tackle signal processing and picture
recovery problems.

Chapter “Some Fixed Point Theorems of Generalized Contractions with Appli-
cation to Boundary Value Problem” investigates the development of an exclusive
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rational type generalized contraction involving three self-maps. Furthermore, several
fixed-point findings matching the requirements of a(n,m,6)-generalized rational
contraction are proposed within the setting of complete metric spaces with a partial
order. These findings not only generalize but expand numerous well-known findings
from previous research.

Chapter “Fixed Points of Coset and Orbit Space Actions: An Application of Semi-
hypergroup Theory” is devoted to presenting certain families of left/right coset,
double coset, and orbit spaces that arise from the category of locally compact groups.
The study is concerned with looking at their behavior on compact subsets of generic
locally convex spaces and specific Banach spaces. Utilizing recent discoveries in
abstract harmonic analysis and the theory of semihypergroups, in particular, an
overview of possible characterizations for the existence of common fixed points
of such actions in terms of the amenability of the underlying spaces is presented.

A counterpart of Meir—Keeler’s fixed-point result in suprametric space is proved in
Chapter “Strange Chaotic Attractors and Existence Results via Nonlinear Fractional
Order Systems and Fixed Points”, and an application to strange attractors in the
context of the Atangana—Baleanu derivative is examined.

The existence findings for the n-product of fractional nonlinear equations in Orlicz
spaces are studied in Chapter “On L,-Solutions for n-Product of Fractional Inte-
gral Operators”. A wide range of boundedness and continuity assumptions of the
researched operators in Orlicz space are explored by using different growth condi-
tions. Also, distinct existence theorems on the product of different n-Orlicz spaces
related to the generating N-functions are investigated. The main tools for achieving
the results are the fixed-point hypothesis and the measure of noncompactness.

In the context of complete b-metric spaces, Chapter “New Fixed Point Results
of Multivalued Contraction Mappings in b-Metric Spaces” examines recent find-
ings for generalized contractive type multi-valued mappings. The results add to and
enhance certain recent breakthroughs announced by numerous others with fewer
assumptions.

In the framework of controlled type metric spaces, Chapter “Analysis of Fixed
Points in Controlled Metric Type Spaces with Application” explores the presence
and uniqueness of fixed points using the Ciric-type and Reich-type contractions.
The work intends to offer a more thorough knowledge of fixed-point findings by
including graph theory in these contraction mappings, a contemporary technique in
the current state of the art. The outcomes provided in this chapter demonstrate the
versatility of contraction mappings in nonlinear differential equations and their value
in mathematics.

New classes of (G,«,¢,)-contractions are suggested in Chapter “A Study of Fixed
Point Results in G-Metric Space via New Contractions with Applications”, and
appropriate FP theorems are demonstrated. The uniqueness of these new contrac-
tions resides in the fact that, depending on the selection of parameters, they may
be specialized in a variety of ways. In-depth comparative examples are produced to
verify the presumptions behind the conclusions. In addition, the existence conditions
for solving a boundary value issue utilizing one of the findings are investigated.
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Chapter “A Note on the Existence of Fixed Points for Rational Type Contraction
Map on Orthogonal Metric Spaces” focuses on instigating the existence of fixed
points for rational type contraction maps on orthogonal metric space, a more general
metric space in modern literature. Some examples from this research substantiate the
presented outcomes.

Chapter “Fixed Point Results in Graphical Convex Extended b-metric Spaces”
provides a historical overview of F-contractions. The chapter presents a historical
overview of the new fixed-point approaches for single and multi-valued mappings in
various spaces. Furthermore, certain enhancements, notably the additional conditions
applied to the function F of the contractive condition, are investigated. Researchers
who are interested in F-contractions will find this chapter informative.

Chapter “Existence and Computational Approximation of Fixed Points of Gener-
alized Multivalued Mappings in Banach Space” aims to define graphical convex
extended b-metric space and examine certain vital aspects of the convex structure.
Iterative sequences G-contraction, 7-Mann, and 7T-Agrawal have been addressed in
the context of the instigated space. These iterative methods are used to investigate
the existence of strong fixed-point theorems. Combining the convex structure of
metric spaces with graphs makes the article innovative and appealing to academics
interested in locating fixed points inside the graph structure.

Chapter “Common Fixed Point Results in Soft b-Metric Spaces with Application”
focuses on the presence and computational approximation of fixed points of general-
ized multi-valued mappings in Banach spaces. This chapter introduces multi-valued
generalized-nonexpansive mappings and associated results for fixed-point existence
and approximation. Furthermore, the Picard—Thakur hybrid iterative scheme conver-
gence findings are reviewed and contrasted. It is demonstrated mathematically and
visually that the Picard—Thakur hybrid iterative strategy converges to the fixed-point
quicker than other schemes presented in the literature. The final part provides an
application to integral equations to validate the offered conclusions.

Chapter “Revisiting Darbo’s Fixed Point Theory with Application to a Class
of Fractional Integral Equations” discusses the novel fixed-point findings in soft b-
metric spaces and an application to Volterra integral inclusions. The results of the
study can be expanded to other areas in the future, and new results can be drawn
from them.

In Chapter “New Topologies on Partial Metric Spaces and M-Metric Spaces”,
new definitions for partial metric spaces and M-metric spaces are presented. Various
topological features of the aforementioned metric spaces are addressed. For partial
metric spaces and M-metric spaces, the new topology is demonstrated to be weaker
than the previously established topology.

Chapter “Some Recent Fixed Point Results in S, —Metric Spaces and Applica-
tions” defines a generalized proportional (k, p)-fractional integral operator with a
nonsingular kernel. It is a more generalized version of previously known fractional
integral operators such as the Riemann—Liouville fractional integral operator, the
Hadamard fractional integral operator, the Katugampola fractional integral operator,
etc. Using Darbo’s fixed-point theorem, it is proved that there is a solution to the
generalized proportional (k, p)-fractional integral equation.
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Finally, a relevant example is built to validate the acquired findings.
Kanpur, India Mudasir Younis

Qing Dao, China Lili Chen
Bhopal, India Deepak Singh
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1 An Introduction

Fixed-point theory is the fascinating emerging field of the twenty-first century charac-
terized by a remarkable mixture of nonlinear functional analysis, nonlinear operator
theory, topology, mathematical modeling, and applications. It is one of the major
research areas in nonlinear analysis. Because of the fact that in many real-world
problems, the fixed-point theory is the fundamental mathematical tool employed
to ascertain the existence of solutions to problems that arise naturally in appli-
cations. As a consequence, the fixed-point theory is an essential area of study in
pure and applied mathematics, and it is a blooming area of research. Its scope of
inquiries not only encompasses the geometric theory of infinite dimensional func-
tion spaces and operator-theoretic real-world problems but also widens the range of
interdisciplinary fields ranging from engineering to space science, hydromechanics
to astrophysics, chemistry to biology, theoretical mechanics to biomechanics, and
economics to stochastic game theory. The deep-rooted concepts and techniques pro-
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vide the tools for developing more realistic and accurate models for a variety of
phenomena encountered in various applied fields.

Fixed-point theory sheds light on the methodologies for finding a solution to
nonlinear equations of the type Jx = x, where J is a self-mapping defined on a
subset of a metric space, a normed linear space, a topological vector space, or some
suitable space.

In the subsequent part, N, R*, R denote the set of natural numbers, the set of
all non-negative real numbers and the set of real numbers, respectively.

Definition 1 (Fixed Point) Suppose J is a mapping that takes a set Y into itself. A
fixed point of J is just a point x € Y with J(x) = x.

A map J can have many fixed points (example: the identity map on a set with
many elements) or no fixed points (example: the mapping of “translation-by-one”
x — x + 1 on the real line). The fixed points of a function, mapping a real interval
into itself, can be visualized as the x-coordinates of the points at which function’s
graph intersects the line y = x. We enunciate this idea by plotting the graph for some
nontrivial functions J;,i = 1,2 : R — R:

@) Jilx) = \/log(sinx% + eXt6) 4 sin(% + x)

@ii) h(x) = elz%gbg(xhz)

We determine the fixed points of functions J;(x) and J,(x) by visualizing them on
graph as follows (Figs. 1 and 2):

Definition 2 (Common Fixed Point) Let f and g be two self-mappings on a space
Y. We say that x € Y is a point of coincidence of f and g if fx = gx, and say that
it is a common fixed point of f and g if fx = gx = x.

x 220388
¥: 2.203885

Line J(x)=x
Fixed point=2.26355

e : : \ s

Curve J(x) defined in (i)

Fig. 1 Fixed point of J; (x) = 4/ log(sinx% + ext0) sin(% +x)
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x 348003
¥ 348803

Fixed point=3.48603

o —> Line J(x)=x
Curve J(x) defined in (ii)
AR
P

3

2x+3 3
Fig. 2 Fixed point of J»(x) = e L2 22

x: Common fixed point

v|: Points of Coincidence
z|: Fixed points of f and g

Fig. 3 Common fixed point of mappings f(x) and g(x)

Example 1 Let f(x) = ¢™¢~5 —1.22 and g(x) = <pEE38 — 1.9 for all x €
[0, 00). Then x = 0.95518 is the common fixed point of mappings f and g (Fig.3).

Some very important examples of fixed points, we generally go through in our study,
are as follows:

Example 2 (Initial-Value Problems) From a continuous function g : R> — R and
a point (xo, yo) € R?, we can generate an initial-value problem

y' =g, y), y(x0) = yo. (1)

Geometrically, initial-value problem (1) demands a differentiable function y whose
graph is a smooth “solution curve” in the plane possessing the following properties:
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(i) At each of its points (x, y) the curve has slope g(x, y),

(ii) The curve encompasses the point (xg, yo)-

As a first attempt to solve the differential equation y’ = g(x, y), we might try inte-
grating both sides with respect to x. This results in the following integral equation:

y(x) =0 +/ g(t, y())dr, @)

X0

which is implied by initial-value problem (1) in the sense that each function y sat-
isfying (1) for some interval of x’s containing x, also satisfies integral Eq.(2) for
that same interval. To make a concern with fixed points, let C(R) denote the vector
space of continuous, real-valued functions on R, and consider the integral transform
J : C(R) - C(R) defined by

X

N0 = yo + f ot y(O)dr. x €R.

=xq

Equation (2) can thus be rewritten as Jy = y,sotosay y € C(R) satisfying (1) turns
out to be the same as saying: y is a fixed point of the mapping J.

Example 3 (Newton’s Method) Let us suppose that J is a differentiable function
R — R, with continuous and never vanishing derivative J’ on R. Consider for J its
“Newton” function N, defined by

J(x)
X —
J'(x)

=N(x), xeR.

One can think of N (x) as the horizontal coordinate of the point at which the line
tangent to the graph of J at the point (x, J(x)) intersects the horizontal axis. Since
J’ doesn’t vanish, N is a continuous mapping taking R into itself. Fixed points of
N are explicitly the roots of J (those x € R such that J(x) = 0). Newton’s method
is concerned with the iteration of the Newton function in anticipation of generating
approximations to the roots of J. One starts with an initial guess xp, sets x; =
N(x0), xo = N(x1), ..., and hopes that the resulting sequence of “Newton iterates”
converges to a fixed point of N. Geometrically it appears evident that if the Newton
iterate sequence converges then it must converge to a root of J.

Example 4 (The PageRank algorithm) Google’s prosperity as a web crawler comes
from its calculation: the PageRank calculation algorithm. In this calculation, one
processes a fixed point of a linear map on R”, which is itself a contraction, and this
fixed point (which is, in fact, a vector) yields the requesting of the pages. Further
amalgamation and illustrative insights about “the PageRank calculation algorithm”
can be found in the vignette on How Google works?.
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2 Contraction Mappings: History and Development

A natural question arises that under what conditions on the set Y and the self mapping
J, a fixed point exists?. Theorems which establish the existence and uniqueness of
such points are called Fixed-Point Theorems.

There are three major branches of fixed-point theory in functional analysis and
each branch has its celebrated theorems.

— Metric Fixed-Point Theory,
— Topological Fixed-Point Theory,
— Discrete Fixed-Point Theory.

Historically, the above approaches were initiated by the discovery of three major
theorems:

— Banach’s contraction principle [19],
— Brouwer’s fixed-point theorem [33],
— Tarski’s fixed-point theorem [177].

Historically, the study of fixed-point theory began in 1912 with a theorem given by
famous Dutch mathematician Brouwer [33]. This is the most famous and important
theorem on the topological fixed-point property. It can be formulated as:

% The closed unit ball 2" € R”" has the topological fixed-point property.

He also proved the fixed-point theorems for a square, a sphere and their n-dimensional
counterparts which was further extended by Kakutani [90]. Brouwer’s theorem has
many applications in analysis, differential equation and generally in proving all kinds
of so-called existence theorems for many types of equations.

An important generalization of Brouwer’s theorem was discovered in 1930 by
Schauder [157] it may be stated as follows:

Theorem 1 Let Y be a Banach Space and A is a compact, convex subset of Y. If
the self map J : B — 2B is a continuous, then J admits a fixed point.

The Schauder fixed-point hypothesis has various applications in scientific theory,
approximation theory, and different scientific areas like the improvement theory,
social science, and engineering. The compactness condition on 4 is a solid one, and
most of the analysis results don’t possess a compact setting. It’s natural to prove
the results by relaxing the condition of compactness. Schauder demonstrated the
subsequent theorem:

Theorem 2 Let Y be a Banach space and P be its closed and bounded convex
subset. If J(AB) is compact, where J : B — P is a continuous map, then J admits
a fixed point.
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Meanwhile, the Banach principle came into existence, considered to be one of the
elementary principles in nonlinear analysis. In 1922, Banach [19] proved that a
contraction mapping in the context of a complete metric space admits a unique fixed
point.

In the subsequent part, we focus mainly on the first area, that is, metric fixed-point
theory based on Banach’s contraction.

The term metric fixed-point theory refers to those fixed point theoretical results
in which geometric conditions on the underlying spaces and/or mappings play a
crucial role. The first-ever fixed-point theorem in metric space appeared in explicit
form in Banach’s thesis [19], known as the “Banach’s Contraction Principle”, used
to establish the existence of a solution to an integral equation. Before presenting this
remarkable result, formal definition of the distance introduced in 1905 by Frechet
[60] is worth mentioning.

Definition 3 Let Y be a nonempty set, and let d : ¥ x ¥ — [0, c0) be a given
mapping. We say thatd isametricon Y, ifforall x, y, z € Y, the following conditions
are fulfilled:

(dl) d(x,y)=0ifandonly if x = y;
(d2) d(x,y)=d(y,x);
d3) d(x,y) <d(x,z) +d(z,y).

The pair (Y, d) is called a metric space.

Banach [19] published his fixed-point theorem, also known as “Banach’s Contraction
Principle” which uses the concept of Lipschitz mappings.

Definition 4 Let (Y, d) be a metric space. The self mapping J : ¥ — Y is said to
be Lipschitzian if there exists a constant A > 0 (called Lipschitz constant) such that

d(Jx,Jy) <Ad(x,y), forallx,y €Y. 3)

A Lipschitzian mapping with a Lipschitz constant A < 1 is called contraction.

Theorem 3 (Banach’s Contraction Principle) Let (Y, d) be a complete metric space
and J : Y — Y be a contraction mapping with Lipschitz constant .. < 1. Then J has
a unique fixed point x* € Y and nEToo J'x =x*forallx €Y.

We verify Banach’s contraction principle with an illustrative example along with
its graphical representation, where the surface representing the right-hand side of
the contraction mapping dominates the surface constituting the left-hand side of the
contraction mapping.

Example 5 Let Y = [0, 10] be a set. Define a function d : Y x Y — [0, 10] by
d(x,y) = |x — y|, then clearly (Y, d) is a complete metric space. Let J be a self-
map on Y defined as

log(2 + )

J(x) = —.
24+ eX +sinx
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FunctionJ /\

\f o
//

Left hand side expression i T Fixed point=0.152003

Fig. 4 Visual verification of Banach’s contraction principle with fixed point

The following figure shows that surface representing the right-hand side is domi-

log(2+e"+?)

24X +sin x and

nating the surface constituting the left-hand side of (3) with J(x) =

11
A= - N
This demonstrates the validity of Banach’s contraction principle, and so, J has a

unique fixed point x = 0.152003 shown by Fig.4.

After the establishment of this significant result, it was generalized and extended in
different ways by several authors (see, e.g., [2, 4, 38, 53, 63, 64, 77, 92, 95, 96,
114, 127, 178]). Authors obtained numerous fixed-point theorems on the following
two approaches.

1. Extending the contraction condition (3) to more general contraction conditions,
and
2. Replacing the complete metric space (Y, d) by specific generalized metric spaces.

In the first-mentioned direction, the results due to Edelstein [54, 55] and Rakotch
[141] created a new milestone in the literature of fixed-point theory. Rakotch [141]
generalized Banach contraction principle in the following way.

Theorem 4 ([141]) Let Y be a complete metric space and suppose J : Y — Y sat-
isfies
d(J(x), J(y)) = a(d(x, y)d(x, y), forallx,y €Y,

where o : RY — [0, 1) is monotonically decreasing. Then J has a unique fixed point
x* and {J"(x)} converges to x* for each x € Y.
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Fig. 5 Visual verification of Rakotch’s theorem and the corresponding fixed point

Example 6 Let Y = [0, co) be a set. Define a function d : Y x ¥ — [0, 0c0) by
d(x,y) = |x — y| then clearly (Y, d) is a complete metric space. Let T be a self-
map on Y defined as 7' (x) = sin(l + %) with a(x) = -

The following figure demonstrates that on invoking function 7 (x) = sin(1 + "5—2)
on (4), the surface representing the right-hand side is superimposing the surface
representing the left-hand side. This demonstrates the validity of Rakotch’s theorem
and so x has a unique fixed point x = 0.920548 shown by adjacent figure (Fig.5).

In 1968, Kannan [91] generalized Banach’s contraction principle in some different
way, where the map involved does not need to be continuous. This theorem gained
quite more attention in the field of metric fixed-point theory.

Theorem 5 ([91]) Let (Y, d) be a complete metric space and J be a self-map on Y
such that, for all x, y € Y, the following condition is satisfied

d(Jx,Jy) = A [d(x, Jx) +d(y, Jy)], “4)

where £ € [0, %). Then J has a unique fixed point x* € Y.

The following example is worked out to verify Kannan’s theorem along with its
visualization.

Example 7 Let Y =] — 00, 0] be a set. A functiond : ¥ x Y — [0, c0) is defined
asd(x, y) = |x — y|, then clearly (Y, d) is a complete metric space. Let J : ¥ — Y
be defined by the following

1
J(x) = 2 log(2cosx + 1).
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Right Hand Side Function

/

Left Hand Side Function

Fig. 6 Pictorial verification of Kannan’s theorem and related fixed point of J

Figure 6 authenticates the domination of the right-hand side of the inequality (4) over
its left-hand side by invoking the function J(x) = % log(2 cos x + 1) with Z = %
Hence, all the conditions of Kannan’s result are contended and J has a unique fixed
point x = 0.23456 shown by Fig. 6.

Kannan’s theorem is also fundamental because Subrahmanyam [176] proved that
Kannan’s theory characterizes the metric completeness, that is, a metric space (Y, d)
is complete if and only if every Kannan mapping on Y has a fixed point. However,
contractions (in the sense of Banach) do not have this property.

The following examples compare Banach’s and Kannan’s contraction conditions.

Example 8 LetY = Rbe ausual metric spaceand J : Y — Y be a mapping defined
by
0, if x € ]—o00,2],

1, if x €]2, +oo[.

J(x) =

In this example, J is not continuous on R; therefore, Banach’s contraction condition

is not satisfied but it satisfies Kannan’s contraction with .J# = é

Example 9 Let Y = [0, 1] and J be the self mapping of non-empty set Y such that,
J(x) = 5 forx € [0, 1].

In this example, Banach’s contraction condition is satisfied but, for x = % and
=0, it does not satisfy Kannan’s contractive condition.

Later, in 1971, Reich [143] established more general and innovate extension of
Banach’s principle for single-valued as well as multi-valued mappings. Since then
Reich-type mappings have been the center of intensive research for many authors.
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Theorem 6 ([143]) Let (Y, d) be a complete metric space and J be a self-map on
Y. There exist some real constants a, B,y € Rt witha + B+ y < 1, such that

d(Jx,Jy) <ad(x,y)+ Bd(x. Jx) +yd(y, Jy), S

forall x,y € Y. Then J has a unique fixed point x* € Y.

The following example validates Reich’s fixed-point theorem.

Example 10 Let ¥ = [0, 1] be a set. A functiond : Y x Y — [0, 0o) is defined
by d(x,y) = |x — y|, then obviously (Y, d) is a complete metric space. Let J be a
self-map on Y defined by the following

4 i T2

IO = S e +50)

Calculating the right-hand side and the left-hand side of the inequality (5), it follows
that the inequality (5) of Reich’s theorem is satisfied for « = 0.39, 8 = 0.29, y =

21, /=oh

0.27 by invoking the function J(x) = iw;x:;»z.
Figure 7 authenticates the validity of inequality (5), where the surface correspond-
ing to the right-hand side is overlaying the surface corresponding to the left-hand

side, and x = 0.217634 is the corresponding unique fixed point.

After that, several authors have introduced a variety of contraction-type conditions
and established fixed-point theorems in the framework of complete metric spaces.
Bianchini [29], Chatterjea [37], Geraghty [65] and Hardy—Roger [68] also extended
Banach'’s result in their manner.

e | /’.
II //
f- A
L A Wl | 7
|Fixed point of | /;'/
3 : W as x=0.217634 | |
Right hand side i i /’/j
function ]
/ \
/'/ f

% Curve of

t function J

48 pal s 2

,/ +
7
7\
4
.
/// I Line x=1
Left hand side function Line y=x

Fig. 7 Visual verification of Reich’s with fixed point
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In 1973, Hardy—Roger [68] gave an innovative extension of Banach’s principle
as follows:

Theorem 7 ([68]) Let (Y, d) be a complete metric space and J be a self-map on
Y. There exist some real constants o, B, v,8,& € RY witha + 8+ y + 8 + &, such
that

d(Jx,Jy) < ad(x, Jx) + Bd(y, Jy) + yd(x, Jy) +8d(y, Jx) + &d(x,y), (6)

forall x,y € Y. Then J has a unique fixed point x* € J.
The following example validates Hardy—Rogers’s theorem.

Example 11 Let Y = [0, 2] be a set. A functiond : ¥ x Y — [0, oo[ is defined by
d(x,y) = |x — y| then clearly (Y, d) is a complete metric space. Let J be a self-map

on Y defined as J (x) = & -

Subsequent figure makes evident that on employing function J(x) = THiog(ixy O0
(6) witha = 0.15, 8 =0.15,y =0.2,5 = 0.1, £ = 0.3, the surface corresponding
to the right-hand side is overlaying the surface corresponding to the left-hand side.
This substantiates Hardy—Rogers’s theorem and so Jx has a unique fixed point x =
0.52594 expressed by Fig. 8.

X —

x—1

Later,in 1974, Ciri¢ [40] presented anew version of Banach’s contraction in a quite
different way. Ciri¢ [40] involved all distances d(Jx, Jy),d(x,y),d(x, Jx),d(y,
fJy),d(x, Jy),d(y, Jx) in his contraction in a linear way, while Banach [19] used
only the first two distances. More precisely, the renowned Ciri¢ [40] for a single-
valued map is the following:

Right hand side
functjon

Fixed point of Tas  osf
x=0.52594 T

Fig. 8 Visual verification of Hardy—Rogers’s result and the corresponding fixed point
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Theorem 8 ([40]) Let (Y, d) be a complete metric space and J be a self-map on Y.
There exists a constant A € [0, 1), such that

d(Jx,Jy) <k AM(x,y), (M
forall x,y € Y, where,
M (x,y) =max{d(x, Jx),d(y, Jy),d(x, Jy),d(y, Jx),d(x, y)}.

Then J admits a unique fixed point x* € J.

The validation of Ciri¢’s result is endorsed by the subsequent example.

Example 12 Let Y = [0, %] be a set. A functiond : Y x Y — [0, 0c0) is defined
by d(x,y) = |x — y|. Then (Y, d) is a complete metric space. Now, define a self
mapping J : Y — Y by the following

er2—1
J(X) = —m————-
1+ sin(1 4+ x)
2o
The following figure shows that on applying the value of function J (x) = \/ﬁﬁ

in (7) with A = 0.91, the surface corresponding to the right-hand side dominates the
surface corresponding to the left-hand side. This substantiates Ciri¢’s theorem with
unique fixed point x = 0.322937 expressed by Fig.9.

In 1969, Boyd and Wong [30] obtained a more general result. In this result, the

authors assumed that ¢ : R — R™ is upper semi-continuous from the right that is

r, 4 r>0= lim sup ¢(r,) < ¢(r). In the same paper, author showed that, if the
n—00

space Y is metrically convex, then the upper semi-continuity assumption on ¢ can be

Right hand side expression | Curve J

\ Fixed point x=0.322937

¢EEE
/ Line y=x

Left hand side expression

Fig. 9 Computer simulation of Ciri¢’s result with fixed point
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dropped. On the other hand, Matkowski in [110] extended the above result claiming
that, if ¢ is assumed to be continuous at 0, then there exists a sequence ¢, | 0 for
which ¢ (¢,) < t,.

Some other generalized results were collected and compared in the well-known
article of Rhoades [145], and later one of Collago and Silva [43]. Further escalations
in the level of complexity can be found in a noteworthy paper by van An et al. [181].
In 2003, Berinde [24] introduced the notion of weak contraction (also known as
almost contraction) and generalized Banach’s result. He enhanced that Banach’s and
Kannan’s mappings are weak contractions. The merit of weak contractions is that
they unify large classes of contractive-type operators including quasi-contractions
whose fixed points can be obtained employing the Picard iteration and for which
both a priori and posteriori estimates are also available.

Berinde [24] adorned the concept of nonlinear-type weak contraction operating a
comparison function in a metric space as follows:

Theorem 9 ([24]) Let (Y, d) be a complete metric space and J : Y — Y be a self
mapping such that there exist . € [0, 1) and some L > 0 such that

d(Jx,Jy) =rd(x,y) + L d(y, Jx), ®)

forall x,y € Y. Then J has one and only one fixed point x* € Y.

Due to symmetry of the distance, the weak contraction condition (8) implicitly
includes the following dual condition:

d(Jx,Jy) =rd(x,y)+ Ld(x,Jy).

The following example substantiates the validity of Theorem 9 due to Berinde.

Example 13 Let Y = [0, %] be a set. Define a function d : ¥ x Y — [0, c0) by
d(x,y) = {max(x, y)}%. Then (Y, d) is a complete metric space. Let J be a self map
defined on Y as follows:

J(x) = g +xlog(l + x%).

Without loss of generality, we take x > y. The subsequent figure presents that on
utilizing the value of operator J(x) = 5 + x log(1 + x3) on the inequality (8) with
A = 0.8and L = 2, the surface corresponding to the right-hand side is superimposing
the surface corresponding to the left-hand side. This validates Berinde’s theorem and
so J has a unique fixed point x = 0 shown by Fig. 10.

In recent investigations, Wardowski [182] considered a new type of contraction,
namely, F-contraction, and proved some fixed-point results in a very general and
natural setting.
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Right hand side of inequality “

Left hand side of inequality

Fized point x=0

Fig. 10 Pictorial verification of Berinde’s result with the fixed point

Definition 5 ([182]) Let (Y, d) be a metric space. A self-mapping J : ¥ — Y is
said to be an F-contraction, if there exists T > 0 such that for every x,y € Y

dUx,Jy)>0=>t+ Fd(Ux,Jy) < Fd(x,y)), 9)

where the function F : Rt — R satisfies the following assertions:

(F1) Fisstrictly increasing, i.e., foralla, b € Rt suchthata < b, F(a) < F(b);
(F2) for all sequence @, € R*, lim «, = 0if and only if lim F(a,) = —o0;
n—oo n—oo

(F3) there exists 0 < k < 1 such that lirr(}+ ofF(a) = 0.
o—>

By considering various types of mappings F in (9), one can obtain a variety of
contractions, some of them are of a type known in the literature. Wardowski [182]
described the class of all functions F satisfying F1, F2 and F3 by .%.

Theorem 10 Let (Y,d) be a complete metric space and J :Y — Y be F-
contraction. Then J has precisely one fixed point.

We verify Wardowski’s theorem by the following non-trivial example.

Example 14 Let Y = [0, 2] be a set. Define a function d : ¥ x ¥ — [0, co) by
d(x,y) = |x — y|. Then (Y, d) is a complete metric space. Let J : ¥ — Y be a self

map defined on Y as follows
— Q1 1
Jx =sin|x + it )

Taking F(a) = loga and T = 0.2, one can easily see that the left-hand side of the
inequality (9) is dominated by its right-hand side as shown in Fig. 11 along with the
corresponding fixed point x* = 0.841525.
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Fig. 11 Verification of inequality T + F(d(Jx, Jy)) < F(d(x, y)) and corresponding fixed point

Later, Secelean et al. [160] and Piri and Kumam [136] extended and refined Definition
(5) by establishing some equivalent conditions over the mapping F.

Secelean et al. [160], utilized an equivalent but a more simple condition (F2’)
instead of condition (F2) as follows:
(F2)inf F = —oc0

or
(F?2') there exists a sequence «, be a sequence of positive real numbers such that
lim F(a,) = —oo.

n—o0

Piri et al. [136] replaced the condition (F3) by (F3') in the Definition (5) as
follows:

(F3') F is continuous on (0, 1).

Detailed description on F-contraction can be also seen in the articles [75, 78,
136, 160, 185, 188, 189] and the related references therein.

In order to prove that a fixed-point theorem is a proper generalization of the Banach
contraction principle, the authors usually show the Banach contraction principle to
be a direct consequence of their result and construct amap J : ¥ — Y to which the
Banach contraction principle is not applicable, while the new one is. For more details
on these counter-examples, see the proofs of [145, Theorem 1], and [43, Sect. 3].

Moreover, there is an enormous number of works that generalized the contraction
on single-valued as well as multi-valued mappings or in terms of space extension. One
of these generalizations was carried out recently by considering on partial contractive-
type mappings in metric spaces endowed with an arbitrary binary relation, a partial
order, and also with a graph.

In 2003, Kirk [105] introduced the notion of cyclic representation which are
cyclic relation and cyclic contraction in metric spaces and investigated the existence
and uniqueness of the fixed point for cyclical condition. Many papers considered
cyclic condition for different contractions and some works introduced new class of
cyclic contraction mappings and further in other spaces such as Neammanee [128]
extended the concept of cyclic for single-valued to set-valued mappings, Shatanawi
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[165] utilized the cyclic mapping for Q2-distance in G-metric spaces, Nashine et al.
[124] presented the new formula of cyclic contractive condition for implicit relation
and proved the existence and uniqueness of the fixed point for the mappings, while in
2014, Nashine [122] got some fixed-point results for cyclic contraction endowed with
implicit relation. In addition, Popa [137] provided cyclic for set-valued mapping,
which is more generalized than [122]. Moreover, Kumari and Panthi [107] also
considered the cyclic contraction for proving fixed-point theorem in the generating
spaces. Moreover, there are many works introduced the new condition of implicit
function that we shall see in [25, 26, 123].

Furthermore, the notion of the pair (%, ) is an upper class which was introduced
by Ansari and Shukla [11]. They involved this pair in a contraction condition and
proved a fixed-point theorem which generalized many existing results. On the other
hand, Samet et al. [156] introduced the notions of @-1-contractive and «-admissible
mappings and proved fixed-point theorems which also unify several existing fixed
point results in the setting of complete metric spaces. Many authors were inspired
by the work of Samet et al. [156] and generalized many other results by using the
notion of a-admissible mappings. Very recently, Karapinar et al. [93] gave a new
type of rational contraction condition for set-valued mappings.

The existence of fixed-point theorems for monotone single-valued mappings in a
metric space endowed with a partial ordering has been a relatively new development
in metric fixed-point theory and it was initially considered by Ran and Reurings
while investigating some applications of matrix equations in [142] (see also [180]).
They proved the following result:

Theorem 11 Let (Y, <) be a partially ordered set such that every pair x, y € Y has
an upper and lower bound and d be a metric on Y such that (Y, d) is a complete
metric space. Let f : Y — Y be a continuous monotone (either order-preserving or
order-reversing) mapping. Suppose that the following conditions hold:

1. There exists ak € (0, 1) with

d(fx, fy) <kd(x,y) forall x>y.

2. There exists an xg € Y with xo < fxo or xo > fxp.

Then f is a Picard Operator(PO), that is f has a unique fixed point x* € Y and for
eachx € Y, lim, o, f"(x) = x*.

Subsequently, Nieto [129, 131] and others [28, 135] modified and improved Ran
and Reurings results. There have been so many exciting developments in the field
of the existence of fixed points in partially ordered metric spaces. For more details,
we can see in the papers by Turinici [179], Nieto and Lépez [130], Agarwal et al.
(3], Ciri¢ et al. [42], Harjani and Sadarangani [70], Jachymski [83] Bhaskar and
Lakshmikantham [28], Samet et al. [154, 155], and the references therein.

In 2012, Samet and Turinici [156] extended the concepts of metric spaces and
partial ordering to define and construct fixed point theorems in metric spaces with
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binary relation. After that Berzig [27] considered to the coincidence and common
fixed points for contractive mappings which investigated on metric spaces endowed
with binary relation. In 2015, Asgari and Mousavi [13] reconsidered this space for
coupled fixed-point theorems while Khan et al. [100] constructed the fixed-point the-
orem in bimetric spaces. Recently, Ahmadullah et al. [7] proved fixed-point theorems
through implicit contractive condition on metric spaces employed with an arbitrary
binary relation and Ayari et al. [15] also proved this space for showing the existence
of coincidence points and common fixed points.

In 2008, Jachymski [84] introduced a new approach in metric fixed-point theory
by replacing the order structure with a graph structure (which subsumes the partial
ordering) on a metric space. He introduced the concept of G-contraction on a metric
space endowed with a graph and obtained some fixed-point results which unified most
of the previous results concerning partial ordering e.g., [28, 129, 131, 135, 142]. In
this way, the results proved in ordered metric spaces are generalized (see also [84] and
the reference therein). After that, Beg et al. illustrated the existence of fixed points
for set-valued mappings in metric spaces with a graph by defining the G-contraction
which can see in [21, 22]. In 2003, Dinevari et al. [48] also considered set-valued
maps which were defined on complete metric space endowed with a directed graph.
They established the fixed-point result for weak G-contraction mapping. Recently,
the concepts of coincidence point common fixed points and common coupled fixed
points were focused on both single-valued and set-valued mappings, in metric spaces,
endowed with a directed graph which see in [1, 67, 106, 175, 185, 187, 190-194]
and the references therein.

The study of new space discoveries in mathematics and their basic properties are
always favorite topics of interest among the mathematical research community.

In this line, multi-valued mappings are of major importance with applications to
control theory, convex optimization, and economics, for example, Nadler [120] was
the first one to define multi-valued contractions and proved a multi-valued version of
the Banach contraction principle in complete metric spaces. Many generalizations
of Nadler’s fixed-point theorem were published soon after. The constructive nature
of any fixed-point theorem makes it interesting for people looking for an algorithm
which computes fixed points.

Let (Y, d) be a metric space. Then, following Nadler [120], we recall

(N-1) CB(Y) = {A € 2" : A is nonempty closed and bounded set},

(N-2) C(Y) ={A € 2" : A is nonempty compact set}.

(N-3) For nonempty subsets A, Bof Yandx € Y d(x,A) =infd(x,a):a € A,
d(A,B) =infd(a,b) :a € A,be B, (A, B)=supd(a,b):aec A,beB
and H(A, B) = max{{supd(a, B) :a € A},supd(A,b) : b € B}. Here
we note that d(A, B) < H(A, B) < 6(A, B). Also

(N-4) 6(A, B) =0ifandonly if A = B = {a}

(N-5) 86(A, B) =6(B, A)

(N-6) 6(A, B) <§(A,C)+68(C, B).

Multitude of generalizations of the multi-valued contraction principle can be seen in
Ciri¢ [41], Khan [99] and Smithson [171]. Sufficient conditions for non-self map-
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pings to ensure the fixed point by proving a result on multi-valued contraction in
complete metrically convex metric spaces were given in [14]. Nonexpansive map-
pings are those maps, which have Lipschitz constant equals to one. These mappings
can obviously be viewed as a natural extension of contraction mappings. However,
the fixed-point problem for nonexpansive mappings differs sharply from that of
the contraction mappings in the sense that additional structure of the domain set is
needed to insure the existence of fixed points. It took almost four decades to see the
first fixed-point results for nonexpansive mappings in Banach spaces following the
publication in 1965 of the work of Browder [32], Gohde [66] and Kirk [104].

The nonexpansive mappings can obviously be viewed as natural extensions of
the contraction mappings. However fixed-point theory for nonexpansive mappings
differs sharply from that of the contraction mappings. This can be seen considering
the following very simple example given in [102].

Example 15 Consider the unit ball B in the Banach space ¢, of all sequences of
real numbers with zero limit and supremum norm. Thus if x = (x1, x3, x3, ...) €
co, lim x; = 0, and ||x|| = max|x,|. It is easy to check that the mapping 7" defined
1—> 00 n
by
T(x) =1 —Ilxll, x1,x2,x3,...)

is nonexpansive, mappings B in to itself and has no fixed points.

With the invention of personal computer and development of recent softwares for
quick and fast computing, a brand new dimension has been given to fixed-point theory.
New fields of study are generated like applied mathematics, numerical analysis,
and algorithms. Fixed-point theory has become the subject of scientific research,
both in deterministic and fuzzy, stochastic circumstances. Because the introduction
of Jungck’s fixed-point theorem on commutative mappings and then relaxing the
condition of commutatively by weak commutatively by the results of Sessa et al.
[163] and similar ideas new flip takes place within the development of fixed point
theory. Forceful probabilities came about with the work of Ciric [39] followed by
the work of Rhoades [144], Krik [103] on nonexpansive mappings and work of Park
[134] and Sadovski [152] have created valuable contribution by considering new
types of mapping conditions.

After the work of Mann [109] and Ishikawa [82] a brand new direction came about
within the field of fixed-point theory for approximating fixed points and convergence
of iterative sequences. Several works were exhausted in this field by several different
authors like Singh et al. [170]. The reason behind this kind of work is that once
the equation might not be able to provide exact solution, some type of approximate
numerical solution is desired. It is ascertained from the above studies that the fixed
points are often achieved either by dynamic the character of mappings or by stressing
upon the studies on the structure of the space including its topological characteristic.

In the second mentioned direction, many types of generalized metric spaces were
introduced by modifying the metric axioms. Some authors showed recently that
fixed-point results on some generalized metric spaces may be derived from certain
results in standard metric spaces, for example, see [10, 51, 52, 59, 69, 85, 88, 101].
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However, it is worth mentioning, and this applies to all mentioned methods, it is
not true that all generalized fixed-point results become trivial in this way. Namely,
these results utilize some contractive conditions, and it is not always clear whether
the given condition remains valid when one considers the problem in the associated
metric space.

In recent times, some new types of generalized metric spaces were introduced
and various spaces constructed as hybrids of the previous types were considered
such as D*-metric spaces [162], b, (s)-metric spaces [114], cone rectangular metric
spaces [16], topological vector space-valued cone metric spaces or fvs-cone metric
spaces [23, 89], generalized cone metric spaces or fvs-G-cone metric spaces [20],
metric-type spaces [97, 98], complex-valued metric spaces [17], partial cone metric
spaces [108], cone symmetric spaces [139], partial-G-metric spaces [153], 2-metric
spaces [61, 195], S-metric spaces [161], metric-like spaces [9], quasi b-metric spaces
[164], G*-metric spaces [146], tvs-cone b-metric spaces [138], quasi-partial met-
ric spaces [94], Gp-metric spaces [5], b-metric-like spaces [8], G ,,-metric spaces
[79], non-Archimedean cone metric spaces [80], complex-valued b-metric spaces
[115], quasi-metric-like spaces [196], M -metric spaces [12], quaternion-valued met-
ric spaces [56], partial b-metric spaces [166], complex-valued fuzzy metric spaces
[168], graphical b-metric spaces [36], graphical rectangular b-metric spaces [187]
and others. The key in constructing these spaces is to weaken axioms of metric spaces
or certain generalized metric spaces.

These papers usually have similar approaches, where the authors introduce the
notion of a generalized metric space and then state some fixed-point theorems in
such spaces. The topological properties of new generalized metric spaces are often
not stated and the relations between fixed-point theorems in these generalized metric
spaces and previously generalized metric spaces are often not considered (see [181]).

3 Some Notable Abstract Spaces

3.1 Partial b-Metric Spaces

In recent years, many works on domain theory deal with to equip the semantics
domain with a notion of distance. The concept of partial metric spaces was proposed
by Matthews [112] in 1992 to solve the problems of computer science, especially,
to domain theory and semantics, by transferring the structure of metric space. The
most important difference of partial metric rather than the standard metric is the real
possibility of non-zero self-distance. In other words, in partial metric, self-distance,
p(x, x), does not need to be zero. The existence of several connections between
partial metrics and topological aspects of domain theory has been lately pointed by
other authors as Neill [133], Waszkiewicz [183, 184], Schellekens [158, 159], Imdad
along with Erduan [57, 81], Escardo [58], Romaguera and Schellekens [149, 150],
Oltra and Valero [132] and Romaguera [148]. See also the presentation by Bukatin



20 M. Younis et al.

et al. [34] where the motivation for introducing non-zero distance (i.e., the ‘distance’
p where p(x, x) = 0 need not hold) is explained, which is also leading to exciting
research in foundations of topology.

The concept of b-metric spaces was introduced by Bakhtin [18], which was fur-
ther extended by Czerwik [44]. Amalgamating these two notions (i.e., partial metric
spaces and b-metric spaces), Shukla [166] introduced another generalization of met-
ric spaces known as partial b-metric spaces. This concept was further modified by
Mustafa [116] to find that each partial b-metric p; generates a b-metric d,. The
advantage of their definition of partial b-metric is that by using it, one can define a
dependent b-metric, which is called the b-metric associated with the partial b-metric.
After the establishment of these spaces, many researchers generalized a series of
fixed-point results in the framework of partial b-metric spaces. Some interesting
results in this connection can be seen in [185, 189].

Definition 6 ([166]) Let Y be a nonempty set and s > 1 be a given real number. A
function p : Y x Y — [0, 00) is called a partial b-metric if for all x, y, z € Y the
following conditions are satisfied:

(pp1) x = yiff pp(x, x) = pp(x,y) = pp(y, ¥);
(Pp2) pr(x,x) < pp(x,y);

(pr3) po(x,y) = pp(y, x);

(Ppa) pPp(x,y) < slpp(x,2) + po(z, ¥)1 — Pz, 2).

The pair (Y, pp) is called a partial b-metric space. The number s > 1 is called the
coefficient of (Y, py).

In the following definition, Mustafa et al. [116] modified Definition (6) in order to
find that each partial b-metric p;, generates a b-metric dp, .

Definition 7 ([116]) Let Y be a nonempty set and s > 1 be a given real number. A
function p : Y x Y — [0, 00) is called a partial b-metric if for all x, y, z € Y the
following conditions are satisfied:

(pp1) x = yiff pp(x, x) = pp(x, y) = pp(y, y);

(pr2) pr(x,x) < pp(x, y);

(Pe3) po(x,y) = po(y, X);

(Poa) Pu(x,y) < s(pp(x,2) + po(z, ¥) — pu(z, 2)) + (5 (Pp(x, %) + pu(y, ¥).

The pair (Y, pp) is called a partial b-metric space. The number s > 1 is called the
coefficient of (Y, py).

Example 16 ([166]) Let Y = R™, ¢ > 1 be a constant and p; : ¥ x ¥ — R* be
defined by
pp(x,y) = [max{x, y}IY + |x — y|?,

for all x, y € Y. Then (Y, p) is a partial b-metric space with the coefficient s =
29-1 > 1, but it is neither a b-metric nor a partial metric space.
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Remark 1 The class of partial b-metric spaces (Y, pp) is effectively larger than the
class of partial metric spaces, since a partial metric space is a special case of a partial
b-metric space (Y, pp) when s = 1. Also, the class of partial b-metric spaces (Y, pj)
is effectively larger than the class of b-metric spaces, since a b-metric space is a
special case of a partial b-metric space (Y, p;) when the self distance p(x, x) = 0.

Proposition 1 ([166]) Let Y be a nonempty set, and let p be a partial metric and d be
a b-metric with the coefficient s > 1 on Y. Then the function p;, : Y x Y — [0, 00)
defined by pp(x,y) = p(x,y) +d(x,y) forall x,y €Y, is a partial b-metric on Y
with the coefficient s.

Proposition 2 ([166]) Let (Y, p) be a partial metric space and q > 1. Then (Y, pp)
is a partial b-metric space with the coefficient s =297, where py, is defined by

pr(x,y) = [p(x, y)]°.

Proposition 3 ([116]) Every partial b-metric p;, defines a b-metric d,,,, where
dp,(x,y) =2pp(x,y) — pp(x,x) — pp(y,y) forall x,y €Y.

Definition 8 ([116]) A sequence {x,} in a partial b-metric space (Y, p,) is said to
be:

1. x, convergent to a point x € Y if p,(x, x) = lim p,(x, x,);
n—0o0
2. a pp-Cauchy sequence if lim pp(x,, x,,) exists (and is finite);
n,m—00

3. a partial b-metric space (Y, pp) is said to be p,-complete if every p,-Cauchy
sequence {x,}in Y p,-converges to a point x € Y, such that

pr(x,x) = lim py(x,, x,,) = lim pp(x, x,).
n,m— 00 n—o0o

Lemma 1 ([116]) Let (Y, py) be a partial b-metric space. Then

1. A sequence {x,} is a pp-Cauchy sequence in (Y, pp) if and only if it is a b-Cauchy
sequence in the b-metric space (Y, dp,);
2. (Y, pp) is py-complete if and only if the b-metric space (Y, d,,) is complete.

Moreover, lim d,, (x,, x) = Oifand only if p,(x, x) = lim py(x,,x) = lim
n—00 n—00 n,m—00

pb(xn, xm)-

Foreveryx € Yandd > 0,take ), (x,8) ={y € Y : pp(x,y) <&+ pp(x,x)}and
B ={PBp,(x,8) 1 x € Y,§ > 0}. Although 2 is not a base for any topology on Y,
hence not a topology defined on Y. However % can be sub-base for some topology
7p, on Y, which is indeed T but need not be 7. For detailed description, we refer
the readers to [62].

It may be noted that the limit of a convergent sequence in a partial b-metric spaces
may not be unique.
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3.2 b-Metric-Like Spaces

Matthews [111] initiated the notion of a partial metric space as a part of the study
of denotational semantics of a dataflow network. In this space, the usual metric is
replaced by a partial metric with an appealing property that the self-distance of any
point of space may not be zero. Further, Matthews illustrated that the Banach con-
traction principle is applicable in a partial metric space and can be applied in program
verifications. Furthermore O’ Neill [133] generalized the concept of a partial met-
ric space by acknowledging negative distances. The partial metric launched by O’
Neill is called the dualistic partial metric. Heckmann [71] extended it by omitting the
small self-distance axiom. The partial metric defined by Heckmann is called a weak
partial metric. Hitzler and Seda [73] presented the notion of dislocated metric space
and projected their generalization of the Banach—Caccioppoli’s theorem. Hitzler and
Seda’s idea was to apply this theorem in order to obtain a unique supported model
for acceptable logic programs. Also, many authors developed the fixed-point the-
ory in the setting of dislocated metric spaces. In 2012 Amini-Harandi rediscovered
the notion of dislocated metric spaces in [9], as a generalization of a partial metric
spaces [112]. These spaces were called metric-like spaces. The hypothesis of the
smallest self distance of partial metric was replaced with a weaker version of trian-
gular inequality. After that, in [8], Alghamdi et al. launched b-metric-like spaces,
which expands the notions of partial metric spaces, b-metric spaces, and metric-like
spaces. Acknowledging this concept, many authors paid attention to this space and
published many research articles. Further synthesis of these spaces can be obtained
in noteworthy papers [8, 125, 126, 197, 198].

Definition 9 ([8]) Let Y be a nonempty set and s > 1 be a given real number. A
function o5, : ¥ x Y — [0, 00) is called a b-metric-like if for all x, y,z € Y the
following conditions are fulfilled:

(op1) op(x,y) =0 implies x = y;

(0b2) op(x,y) = op(y, X);

(0b3) op(x,y) < slop(x, z) + op(z, Y)].
The pair (Y, 0;) is called a b-metric-like space and the number s > 1 is called
the coefficient of (Y, o;,).

Example 17 ([8]) Let Y = R* and the mapping 03, : Y x ¥ — R™ be defined by

op(x, y) = [max{x, y}]%,

forall x, y € Y. Then (Y, 0;) is a b-metric-like space with the coefficients = 2 > 1,
but it is neither a b-metric nor a metric-like space.

Remark 2 The class of b-metric-like spaces (Y, 03,) is effectively more extensive
than the class of metric-like spaces since a metric-like space is a special case of b-
metric-like space (Y, pp) when s = 1. Also, the class of b-metric-like spaces (Y, 03)
is effectively more extensive than the class of b-metric spaces, since a b-metric
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space is a particular case of a b-metric-like space (Y, o) when the self distance
op(x,x) =0.

Each b-metric-like 0, on Y generalizes a topology 7,, on ¥ whose base is the family
of open o,-balls B-o,(x,¢) ={y € Y : |op(x, y) —op(x, x)| < e} forallx € Y and
e>0.

Definition 10 ([8]) A sequence {x,} in a b-metric-like space (Y, o}) is said to be:

1. x,-convergent to a point x € Y if 0, (x, x) = lim o0} (x, x,);
n—oQ

2. aop-Cauchy sequence if lim op(x,, x,,) exists (and is finite).
n,m— oo

Definition 11 ([8]) A b-metric-like space (Y, o}) is said to be o,-complete if every
op-Cauchy sequence {x,} in Y, o,-converges to a point x € Y, such that
op(x,x) = lim op(x,, x,) = lim o,(x, x,).

n,m— 00 n—o00
Definition 12 ([8]) Suppose that (Y, 0;,) is a b-metric-like space. A mapping J :
Y — J is said to be continuous at x € Y, if for every ¢ > 0, there exists § > 0 such
that J (%, (x, 8)) C Ao, (Jx, g). We say that J is continuous on Y if J is continuous
atallx € Y.

Lemma 2 ([8]) Let {y,} be a sequence in a b-metric like space (Y, o) such that

b (Yns Ynt1) < AGH(Yn—15 Yn),

for some A, 0 <A < % and each n € N. Then {y,} is a Cauchy sequence in Y
and lim op(yu, ym) = 0.
n,m—o00

Remark 3 ([8]) Let (Y, 0;) be a b-metric-like space with constant s > 1. Then it is
clear that

o, (x,y) = [204(x, y) — 0p(x, x) — o (y, y)|.

satisfies o (x, x) =0, forallx € Y.

Remark 4 ([35]) Let (Y, 05,) be a b-metric-like space and let J : ¥ — Y be a con-
tinuous mapping. Then lim o3 (x,, x) = 0p(x, x) = lim o, (Jx, Jx,) = op(x, Xx).
n—o00 n—o0

3.3 G-Metric Spaces

The first modification of a 2-metric was a D-metric which was introduced in 1984
by Dhage [45-47]. While for a 2-metric d, d(x, y, z) can be thought as a general-
ization of the area of a triangle with vertices at x, y, z in R2, then, for a D-metric
D, D(x,y,z) can be treated as a generalization of the perimeter of this triangle.
But in 2003, Mustafa and Sims [119] stated some remarks concerning D-metric
spaces and presented some examples which showed that many of the basic claims



24 M. Younis et al.

concerning the topological structure of D-spaces were incorrect, thus nullifying
many of the results claimed for D-spaces. After that, in 2005, various concepts of
open balls in D-metric spaces were studied in the case of certain D-metric spaces
and many results in the literature on such balls were shown to be false by Naidu
et al. [121]. In 2006, to overcome the flaws of D-metric spaces which were pointed
out, Mustafa and Sims [118] introduced the notion of a G-metric space by modifying
axioms of a D-metric. Mustafa provided many examples of G-metric spaces in [117]
and developed some of their properties. For example, he proved that G-metric spaces
are provided with a Hausdorff topology which allows us to consider, among other
topological notions, convergent sequences, limits, Cauchy sequences, continuous
mappings, completeness, and compactness. He also developed further topics in G-
metric spaces such as the properties of ordinary metrics derived from a G-metric,
and he investigated the properties of G-metrics derived from ordinary metrics.

Definition 13 ([118]) Let Y be a nonempty set and let G : ¥ x ¥ x ¥ — [0, 00)
be a function satisfying the following properties:

(G-1) G(x,y,2) =0ifx =y =z,

(G-2) G(x,x,y) > 0,forallx,y e Y withx # y,

(G-3) G(x,x,y) <G(x,y,z),forallx,y,z €Y withy # z,

(G4 G(x,y,2)=G(x,z,y) = G(y,z,x) = - - -, (symmetry in all three variables),
(G-5) G(x,y,2) <G(x,a,a)+ G(a,y, z), forallx,y,z,a €Y.

The function G is called a generalized or a G-metric on Y and the pair (Y, G) is
called a G-metric space.

The previous properties may be easily interpreted in the setting of metric spaces.
Let (Y, d) be a metric space and define G : ¥ x Y x Y — [0, c0) by

G(x,y,2) =d(x,y) +d(x,z2) +d(y,z), for all x,y,z€Y.

Then (Y, G) is a G-metric space. In this case, G(x, y, z) can be interpreted as the
perimeter of the triangle of vertices x, y and z. For example, (G — 1) means that,
with one point, we cannot have a positive perimeter, and (G — 2) is equivalent to
the fact that the distance between two different points cannot be zero. Furthermore,
as the perimeter of a triangle cannot depend on the order in which we consider its
vertices, we have (G —4) and (G — 5) is an extension of the triangle inequality
using a fourth vertex. Maybe, the most controversial axiom is (G — 3) which has an
obvious geometric interpretation: the length of an edge of a triangle is less than or
equal to its semiperimeter, that is,

d(x,y) +d(y,z) +d(z, x)
2

d(x,y) <
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Example 18 If Y is a non-empty subset of R, then the function G : Y x Y x Y —
[0, c0), given by

Gx,y,2)=x—yl+|y—zl+|z—x]|, for all x,y,z€Y,

is a G-metricon Y.

Example 19 Every non-empty set Y can be provided with the discrete G-metric,
which is defined, for all x, y, z € Y, by

0, fx=y=zg
Gx,y,2) = { 1, otherwise.

Example 20 Let Y € [0, co) be the interval of non-negative real numbers and let G
be defined by:

0, if x=y=g;
G(X, Y, Z) - {max{x, v, Z}, otherwise.

Then G is a complete G-metric on Y.

Example 21 If G isa G-metricon Y, then G’ : Y x Y x Y — [0, 00), given by

Gx,y.2)

G/ 9 9 == —7
. .2) 14+G(x,y,2)

for all x,y,z€Y,

is another G-metric on Y.

Basic properties of G-metric spaces:

The following lemma can be obtained easily from the definition of a G-metric space.

Lemma 3 ([118]) Let (Y, G) be a G-metric space. Then, for any x,y, z,a € Y, the
following properties hold.

1.G(x,y,y) <2G(y, x, Xx).

2.G(x,y,2) <Gx,x,y)+ G, x,2).

3.G(x,y,2) <Gx,a,a)+ G(y,a,a) + G(z,a, a).

4.1G(x,y,2) — G(x;a; a)l| <max{G(y,a,a), G(z,a,a).

5IfG(x,y,2) =0, thenx =y = z.

6.G(x,y,2) <Gx,a,z2) +G(a,y,2z).

7.G(x,y,2) < %[G(x, v,a)+Gx,a,z) +G(a,y, 2)]

Relationship between metrics and G-metrics:
Every metric on Y induces G-metrics on Y in different ways.
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Lemma 4 ([118]) If (Y, d) is a metric space, then the functions Gi, Gf (Y >
[0, 00) defined by

Gy, (x.y.2) = max{d(x,y).d(y.2).d(z. 0)}.
and
GY(x,y.2) =d(x,y) +d(y,2) +d(z, x)
forall x,y,z € Y, are G-metrics on Y. Furthermore,
Gy (x.y,2) = G{(x.y,2) <3Gy, (x,y.2)

forallx,y,z€Y.

Conversely, a G-metric on Y also induces some metrics on Y.

Lemma 5 If (Y, G) is a G-metric space, then the functions d°

m? dS‘G Y2 - [07 w)
defined by

dS(x,y) = max{G(x,y,y), G(y, x, x)}

and

dS(x;y) = G(x,y. ), G(y. x,x)

forallx,y €Y, are metricson Y.

Symmetric G-metric spaces: A G-metric space (Y, G) is called symmetric if
Gx,y,y) =G(y,x,x) forallx,y €Y.

The mappings given in Examples 18, 19 and 20 are symmetric G-metrics. More-
over, G¢ and G¢ are symmetric G-metrics on Y. In fact,

Gl(x,y,y) =2G%(x,y,y) =2d(x,y), for all x,yeY

Topology of a G-metric space: Here, we state the canonical Hausdorff topology
of a G-metric space.

Definition 14 The open ball of center x € Y and radius > 0 in a G-metric space
(Y, G) is the subset
Box,r)={yeY G,y y <rk

Similarly, the closed ball of center x € Y andradius 7 > 0 in a G-metric space (Y, G)
is the subset B
Bex,r)y={yeY:Gx,y,y) <r}.
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We immediately conclude that x € Bg(x,r) C %_’G (x,r).
Convergent and Cauchy Sequences:
Definition 15 ([118]) Let (¥, G) be a G-metric space and let {x,} be a sequence of

points of Y. We say that the sequence {x,} is G-convergent to x € Y if

Iim G(x,x,,x,) =0,
n,m——+00

that is, for any ¢ > 0, there exists N € .4 such that
G(x, xp, Xp) <&,

for all m,n > N. We call x the limit of the sequence and write x, — x or

lim «x, = x.
n,m—+00

Proposition 4 ([118]) Let (Y, G) be a G-metric space. Then the following state-
ments are equivalent:

(1) {x,}is G-convergent to x;

(2) G(xu,x5,x) > 0asn — +o00;
(3) G(x,,x,x) —> 0asn — +oo;

(4) G(xu, xpm,x) —> 0asn,m — +o0.

Definition 16 ([118]) Let (¥, G) be a G-metric space. A sequence {x,} is called
G-Cauchy if for every ¢ > 0, there is N € .4 such that

G(xp, X, 1) < &,

foralln,m,l > N, thatis G(x,, x,,, x;)) — 0asn,m,l — +o0.

Proposition 5 ([118]) Let (Y, G) be a G-metric space. Then the following state-
ments are equivalent:

(1) {x,}is G-Cauchy;

(2) Foreverye > 0, thereis N € N suchthat G(x,, x,, X,) < foralln,m > N.

Definition 17 ([118]) A G-metric space (Y, G) is called G-complete if every G-
Cauchy sequence is G-convergent in (Y, G).

3.4 Complex-Valued Metric Spaces

In 2011, Azam et al. [17] introduced and studied complex-valued metric spaces
and established some fixed-point results for maps satisfying a rational inequality.
The idea of complex-valued metric spaces is simply to replace R with the usual
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order by C with a certain order. The authors asserted that the idea of complex-valued
metric spaces can be exploited to define complex normed metric spaces and complex-
valued Hilbert spaces. The idea of complex-valued metric spaces is intended to define
rational expressions which are not meaningful in cone metric spaces and thus many
such results of analysis can not be generalized to cone metric spaces but to complex-
valued metric spaces.

After the establishment of complex-valued metric spaces, Rouzkard and Imdad
[151] established some common fixed-point theorems satisfying certain rational
expressions in these spaces to generalize the result of Azam, Fisher, and Khan [17].
Subsequently, Sintunavarat and Kumam [173] obtained common fixed-point results
by replacing the constant of contractive condition to control functions. Sitthikul and
Seajung [174] established some fixed-point results by generalizing the contractive
conditions in the context of complex-valued metric spaces. Recently, Sintunavarat,
Cho, and Kumam [172] applied it to obtain the common solution of Urysohn integral
equations. Very recently, Singh et al. [169] established certain fixed-point theorems
which generalized numerous preceding results in the setting of complex-valued met-
ric spaces. Furthermore, Azam et al. [6] proved some common fixed-point results
for multi-valued mappings in complex-valued metric space. Afterward, Joshi et al.
[86] generalized the results of Azam et al. [6] in the same setting.

Definition 18 ([17]) Let the set C of complex numbers be equipped with the partial
order’ =’ defined by x X yifandonlyif Re x < Re yand Im x < Im y.LetY be
a non-empty set. Consider a mapping d : Y x ¥ — C is such that

(CM1) 0 2d(x,y)forallx,yeYandd(x,y) =0& x =y;
(CM2) d(x,y)=d(y,x) forallx,y €Y;
(CM3) d(x,y) 3d(x,z2)+d(z,y) forallx,y,z €Y.

Then d is called a complex-valued metric on Y and the pair (Y, d) is called a complex-
valued metric space.

Example 22 Let Y = C be a set of complex number. Defined : C x C — C by
d(z1,22) = |x1 — xa| + ily1 — yal,

where z; = x; +iy; and z, = x» +iy,. Then (C, d) is a complex-valued metric
space.

Example 23 LetY = C.Defineamappingd : ¥ x ¥ — Cbyd(z;, z2) = e*|z; —
22|, where k € [0, Z]. Then (Y, d) is a complex-valued metric space.

Definition 19 ([17]) Suppose that (Y, d) is a complex-valued metric space.

1. We say that a sequence {x,} is a Cauchy sequence if for every 0 < ¢ € C there
exists an integer N such that d(x,, x,,) < cforalln,m > N.
2. We say that {x,} converges to an element x € Y if for every 0 < ¢ € C there

exists an integer N such that d(x,, x) < c for all n > N. In this case, we write

d
X, —> X.
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3. Wesay that (Y, d) is complete if every Cauchy sequence in Y converges to a point
inY.

Lemma 6 ([17]) Let (Y,d) be a complex-valued metric space and let {x,} be a
sequence in Y. Then {x,} converges to x if and only if |d(x,, x)| = 0 as n — oo.

Lemma 7 ([17]) Let (Y,d) be a complex-valued metric space and let {x,} be a
sequence in Y. Then {x,} is a Cauchy sequence if and only if |d(x,, Xn+m)| — 0 as
n — oo.

3.5 Rectangular b-Metric Spaces

In 2000, Branciari [31] introduced the concept of a rectangular (generalized) metric
space where the sum at the right-hand side of triangle inequality of a metric space
was replaced by another inequality which involves four (or more) points instead of
three and proved Banach’s contraction principle in such spaces. Afterward, in 2015,
George et al. [64] launched rectangular b-metric spaces, not necessarily Hausdortf,
and claimed these spaces to be the generalization of other known spaces. Acknowl-
edging the concept of George et al. [64], many authors paid attention to these spaces
and published many research articles along with some applications in engineering
and sciences. On the other hand, the same concept was introduced in [147] (inde-
pendently of [64]) where the authors obtained some remarkable results dealing with
rational-type contractions and almost generalized weakly contractive mappings. A
detailed description of these spaces can be found in [49, 50, 64, 87, 113, 147].

Definition 20 ([64]) A rectangular b-metric on a nonempty set Y is a mapping

b, : Y xY — [0, 00) with s > 1 satisfying the following conditions:

b,M1) b,(x,y)=0ifandonlyifx =y, forallx,y € Y;

(brM2) b(x,y) =b:(y,x), forallx,y € Y;

(r,M3) b.(x,y) <s[b-(x,u)+b,(u,v)+ b, (v,y)], for all x,y € Y and all dis-
tinct points a, b € Y\,

The pair (Y, b,) is called a rectangular b-metric space with coefficient s on Y.

Note that every metric space is a rectangular metric space and every rectangular
metric space is a rectangular b-metric space (with coefficient s = 1). However, the
converse of this implication is not true in general.

Example 24 ([64]) Let Y = N be endowed with rectangular b-metric b, defined
by:

0 ;X =Y,
by(x,y)={m ; x ory¢({l,2} and x £,
4dm ; x,ye{l,2}andx #y,
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where m > 0 is a constant. Then (Y, b, ) is a rectangular b-metric space with coeffi-
cient s = %‘ > 1, but (Y, b,) is not a rectangular metric space, since b,(1,2) =4 >
3=0.(1,3)+0,(3,4) + b,(4,2).

Let (Y, b,) be arectangular b-metric space. Let x € Y and o > 0, then the open ball
with centre x and radius « is defined by

By(x)={yeY:b(x,y) <a}.

The open balls in rectangular b-metric spaces are not necessarily open.

For basic definitions like convergence, Cauchy sequence, completeness, etc., in
these spaces, we refer [64].

The following important remark from [50] is worth mentioning.

Remark 5 (i) Every metric space and every rectangular metric space is rectangular
b-metric space;

(i7) The limit of a sequence in a rectangular b-metric space is not unique;

(iii) Every convergent sequence in a rectangular b-metric space is not necessarily a
Cauchy.

Very recently, in 2019, Dung [53] enunciated a metrization theorem on rectangular
b-metric spaces. He proved a necessary and sufficient for a rectangular b-metric space
to be metrizable by introducing the following theorem.

Theorem 12 ([53]) Let (Y, b,, s) be a rectangular b-metric space such that the limit

of convergent sequence is unique. Then

(i) There exists a metric d on Y such that lim x;, = x in (Y, b,, s) if and only if
t—00

lim x, = x in (Y, d). In particular, (Y, b,, s) is metrizable by the metric d.

=00

(ii) A sequence {x,} is Cauchy in (Y, b,, s) if and only if it is Cauchy in (Y, d).
In particular, (Y, b,, s) is complete if and only if (Y, d) is complete.

3.6 Graphical Rectangular b-Metric Spaces

Inrecent studies, graph theory engages an influential role, especially for metric fixed-
point theory in numerous aspects, and has been at the center of vigorous research
activity. In the last couple of years, some manuscripts in the framework of graphical
metric spaces, in the area of fixed-point theory have emerged significantly. The
condition of possessing a graph on the underlying space becomes more interesting
when the graph has a mathematical or practical significance (for instance, possible
ways of reaching an airport through different routes, tracing a hospital in a crowded
area, etc.). In this direction, here we recall some notable works done in the pioneering
articles [36, 74, 76, 140, 167, 186, 187, 190] based on various applications. While
working on the graph structure, note that we can move from one point to another
point through a specified edge (directed edge) of the directed graph. If we repeat
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these movements for a finite number of times, then we talk about a path between
two points (vertices). This distinctive feature allows us to instigate a new version of
the triangle inequality for graphical metric spaces only on those elements which are
related to each other under the underlying graph structure.

Most recently, in 2019, Younis et al. exhibited an innovative structure, called
graphical rectangular b-metric spaces along with various topological properties,
which extends the concepts given in [36, 64]. Under this graph structure, we can
consider contractive conditions that only hold for binary relations that are not nec-
essarily transitive. If the contractive condition is strong enough, transitivity can be
avoided. Another advantage of graphical metric spaces is the fact that we have only
to check that the triangle inequality is satisfied for all three points placed in a directed
path of the graph. For a detailed summary of this structure, we refer the reader to the
noteworthy and informative article [72].

Recently, Younis et al. [186, 187, 190] took Banach’s contraction principle for
giving an association with graph theory, and with this amalgamation, they established
some remarkable results in existing theory. For a non-void set ., A denotes the
diagonal . x .. The notions V (.#) and E (.#), respectively, denote the set of all
vertices and edges for a digraph .#, where E (.#') accommodates all the loops of .#
(i.e., A C E(#)). We represent the digraph by .# = (V(.#), E(#)). By .47,
we represent the digraph .2 with reversed edges. Additionally the digraph .2 with
symmetric edges is denoted by .Z

Unambiguously, we write E(.#) := E(.#~") U E(#).

A sequence {%_,-}ifzo consisting of (h + 1) vertices with r = 3¢y, ' = 3¢, and
(stj—1, ) € E(A) for j = 1,2, ..., his called a directed path or simply a path.
We say .# to be a connected graph if there is a path between any of its ver-
tices. However if .# is undirected and there endures a path joining every two
of its vertices, then call .Z to be a weakly connected graph. Moreover, a graph
M* = (V(AM*), E(A)) is termed as a subgraph of .# = (V(A), E(A)) if
V() D V(A*)and E(MA) 2 E(M*).

Following are the important notions that will be carried out throughout the
manuscript.

() [r]',={r" € 7 : T apath directing from r to r’ with length 7}.
(i) (rZ#r") 4 denotes the relation &% describing that there exists a path starting
from r to r’.
(iii) If a point r lies on the path (rZr’)_,, we denote itby r € rZr') 4 .
(iv) A sequence {s¢} € . is called .#-term wise connected (.Z-twc) if
(%h%%thl)//l forall h € N.

Using the applicative approach, Younis et al. [186, 187, 190] employed some fixed-
pointresults based on graph structure to find the solutions of some nonlinear problems
describing some physical models from science and engineering. They introduced the
notion of graphical rectangular b-metric spaces [187] as an extension and general-
ization of b-metric spaces, graphical metric spaces, and rectangular metric spaces by
the amalgamation of graph theory with metric spaces.

Following is the formal definition of graphical rectangular b-metric spaces.
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Definition 21 ([187]) Let .# be a graph endowing a non-void set . and let .4}, :
& x & — [0, oo be such that for s > 1, the following conditions are asserted:

(M) My (r,r')=0 < r=r';
(M) My, (r, 1) = My (r, 1) forall r, 7' € .S
(A3) For ¢ )., p.q € rXr'). 4, we have

My, (r, 1) < 5[ My, (r, p) + My, (P, q) + M, (q,1)]

for all r, ¥’ € . and all distinct points (distinct from r and ') p, ¢ € ..
Then the doublet (.#},, ) is termed as a graphical generalized b-metric space
or graphical rectangular b-metric space (gryms) with coefficient s > 1.

Remark 6 ([187])

(i) It may be noted that graphical rectangular b-metric spaces generalize graphical
rectangular metric spaces because a graphical rectangular b-metric space reduces
to a graphical rectangular metric space for s = 1.

(i) A graphical b-metric space with coefficient s is a graphical rectangular b-metric
space with coefficient s2.
However, the converse need not be true in general.

Definition 22 ([187]) Let {5¢,} be a sequence in a graphical rectangular b-metric
space:

(i) {2} is said to be convergent iff there exists r € . such that .4}, (3¢, 3) — 0
whenever h — o0;

(ii) {>e} is said to be Cauchy iff .4}, (5¢,, 5a/) — 0 as h, h' — oo. In other words,
{5¢,} is a Cauchy sequence, if given u > 0, there exists hy € N such that
My, (2, 70w) < 1, Y b, B > hy.

Example 25 ([187]) Let .#), be the rectangular metric endowing the set ./ =
{e,d, c, b, a}. Define the metric by the following:

0 , r=r,
My, (r,r") = ‘/TE , rorr' ¢{b,alandr #r',
3JB . rr elbalandr # v,

with 8 > 0. Then, (., .#},) is a graphical rectangular b-metric space with coeffi-
cient s = 5 equipped with the graph .#, where . = V(.#) and E () describes
all the edges shown in the adjacent figure (Fig. 12).

Definition 23 ([187]) Let (., .#},) be a graphical rectangular b-metric space. An
open ball with center r € . and radius & > 0 is defined by

Boa, o) ={r' € S (R )., , My, (r,7') < p}.
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Fig. 12 Graph .# representing graphical rectangular b-metric space (., .4, , §)

Metric spaces

Rectangular metric
spaces

|

|

Graphical rectangular
metric spaces

b-metric spaces

Rectangular b-metric
spaces

|

Graphical rectangular
b-metric spaces

Fig. 13 Flow diagram showing relationship of various metric spaces

Remark 7 ([187]) Let (-, .#,) be a graphical rectangular b-metric space and
M = (V(A), E(A) be the graph related to (.7, A}, ).

e Every rectangular b-metric space is a graphical rectangular b-metric space.

A graphical rectangular metric space is not necessarily a rectangular metric space.
A graphical rectangular b-metric space is not necessarily a graphical rectangular
metric space.

A graphical rectangular b-metric can quite often be obtained from an ordered
rectangular b-metric space.

The following flow diagram presents a clear picture of the aforesaid findings along
with the results presented in the informative papers [36, 64, 147], where arrows
describe inclusions but reverse inclusions are not true in general (Fig. 13).

There are hundreds of generalizations of contraction mappings and metric spaces,
and comprehensive literature can be found on this topic. It is quite natural that there
have been several attempts to extend these results, concerning metric fixed-point
theory, to a more general setting. However, it is a matter of concern whether these
generalizations and extensions produce new and real results.

Research and development is a non-stop process. For any research to be carried out,
there is always a possibility for better chances of improvement and many approaches
can be disclosed for further work.

Every thing can be optimized
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4 Conclusions

The presented article gives a comprehensive outlook of the famous results based
on metric fixed-point theory. [llustrative non-trivial examples, along with graphical
representation, are enunciated to understand the nature of inequalities of the historical
results in the context of metric spaces. Moreover, the latest developments on the said
theory are discussed with comprehensive literature. In the later part, a brief survey of
the well-known generalizations of metric spaces is propounded with the latest ones,
along with topological aspects, and metrization of some notable metric spaces are
also discussed.
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1 Introduction and Preliminary Considerations
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We start this section by presenting several notations and some notions which are used

throughout this chapter.

Let (X, d) be a metric space and P (X) be the set of all nonempty subsets of X.

We denote:

P(X) :={Y € P(X)| Y is closed},

Py (X) :={Y € P(X)| Y is bounded and closed}.

We recall first the following notions:
(1) The distance from a point x € X toasetY € P(X):

Dy(x,Y) :=infld(x,y) | yeY};
(2) The excess of Y over Z (where Y, Z € P(X)):

eq(Y, Z) :=sup{Dy(y, Z),y € Y};
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(3) The Pompeiu—Hausdorff distance between two sets Y, Z € P(X):
Hy(Y, Z) = max{e (Y, Z), eq(Z,Y)}.

Notice that we will renounce to subscript d when the metric we are working is
obvious.
It is well-known that H is a generalized metric in Luxemburg—Jung’ sense on
P, (X) (i.e., H(Y, Z) € R} U {oo}) and becomes a classical metric on Py o (X).
For u € X and r > 0, we denote by

Bu;r):={zeX:d(z,u) <r}

the closed ball centered in u with radius r.
If X isanonempty setand F : X — P(X) is a multi-valued operator, then x € X
is called a fixed point for F if x € F(x). The set

Fix(F):={x € X|x € F(x)}
is the fixed point set of F', while by
Graph(F) :={(x,y) e X x X|y € F(x)}

the graph of the multi-valued operator F.
The following property of the multi-valued operators with closed graph is well-
known.

Lemma 1 Let (X, d) be a metric space and F : X — P(X) be a multi-valued ope-
rator such that Graph(F) is closedin X x X.Then F (x) € P, (X), foreveryx € X.

Remark 1 If X is a nonempty set and F' : X — P(X), then the sequence (x,),eN
satisfying
x0 € X, xp41 € F(x,), foreachn e N

is called an iterative sequence of Picard type for F starting from xy € X.

In 1969, S. B. Nadler Jr. published (see [9]) the first extension, to the case
of a multi-valued operator in a complete metric space, of the classical Banach—
Caccioppoli Contraction Principle. His result is as follows.

Theorem 1 Let (X, d) be a complete metric space and xy € X be arbitrary. Let
F : X — Py (X) be a multi-valued operator for which there exists o €]0, 1[ such
that

H(F(x1), F(x2)) < ad(xy, x2), for every pair (x1, x3) € X x X. (D

Then there exists an iterative sequence {x, },en of Picard type for F starting from x
such that {x,},en converges to a fixed point of F.
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Notice that a multi-valued operator satisfying the above condition (1) is usually
called a multi-valued «- contraction.

One year later, H. Covitz and S. B. Nadler Jr. observed that one can remove the
boundedness assumption of the values of the multi-valued operator. Their result was
published in 1970 (see Corollary 3 in [3]) and is generally known as Multi-valued
Contraction Principle (MCP). We recall it here.

Theorem 2 Let (X, d) be a complete metric space and let xy € X be arbitrary.
If F:X — P,y(X) is a multi-valued a-contraction, then there exists an iterative
sequence {x,},en of Picard type for F starting from xq such that {x,},cN converges
to a fixed point of F.

As a matter of fact, from the proof of the above theorem we get that for each
(x0, x1) € Graph(F) there exists an iterative sequence {x,},cn of Picard type for F
starting from (xg, x;) which converges to a fixed point of F. This remark gives rise
to the following general concepts; see, e.g., [13, 22, 23].

Definition 1 Let (X, d) be a metric space. Then F : X — P(X) is called a multi-
valued weakly Picard operator if for each (x, y) € Graph(F) there exists a sequence
{x,}nen in X such that

@) xo=x, x1 =y;

(i) x,41 € F(x,), foralln € N;
(ii1) the sequence {x,},cn is convergent and its limit x*(x, y) is a fixed point of F.

We remark that a sequence satisfying (i) and (ii) is an iterative sequence of Picard
type for F starting from (xg, x1).

Definition 2 Let (X, d) be a metric space and F : X — P(X) be a multi-valued
weakly Picard operator. We define the multi-valued operator F*° : Graph(F) —
P(Fix(F)) by the formula F*°(x,y) = {x* € Fix(F) | there exists an iterative
sequence of Picard type for F starting from (x, y) which converges to x*}.

Another important concept is given by the following definition.

Definition 3 Let (X, d) beametricspaceand F' : X — P(X)amulti-valued weakly
Picard operator. Then, F is a c-multi-valued weakly Picard operator if ¢ > 0 and
there exists a selection f* of F™ (i.e.,, f®(x,y) € F®(x, y), for every (x,y) €
Graph(F)) such that

d(x, f®(x,y)) <cd(x,y), forall (x,y) € Graph(F).

There are several generalizations of the MCP. One of these generalizations is the
Multi-valued Graph Contraction Principle.

Definition 4 Let (X, d) be a metric space and F : X — P(X) be a multi-valued
operator. Then, F is called a multi-valued graph ar-contraction if there exists « €]0, 1[
such that

H(F(x1), F(x)) < ad(xy, x), forevery pair (x1, x2) € Graph(F). (2)
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It is easy to see that any multi-valued o-contraction is a multi-valued graph o-
contraction, but notreversely, see [18]. The Multi-valued Graph Contraction Principle
was proved in [18].

Theorem 3 Let (X, d) be a complete metric space and F : X — P(X) be a multi-
valued graph o-contraction such that Graph(F) is a closed set in X x X. Then, the
following conclusions hold:

(a) there exists x* € X such that x* € Fix(F"), for each n € N*;

(b) for each (x, y) € Graph(F) there exists a sequence (x,),en of Picard type
for F starting from (x, y) which converges to a fixed point of F;

(c) there exists a selection f* : Graph(F) — Fix(F) of F*™ such that

d(x, f®x,y) < ﬁd(x, y), forall (x,y) € Graph(F).

Using the Definitions 1-3, the above Multi-valued Graph Contraction Principle
can be stated as follows: If (X, d) is a complete metric space and F : X — P(X) is
a multi-valued graph a-contraction with closed graph, then F is a ﬁ-multi—valued
weakly Picard operator.

For related results, examples and applications of the fixed point theory for the

multi-valued graph contraction, see [18].

Another consistent extension of the MCP was given by Feng and Liu in 2006
(see [5]), as follows.

Definition 5 Let (X, d) be a metric space, F : X — P(X) be a multi-valued oper-
ator, B8 €]0, 1] and x € X. Consider the set

Iy :={y € F(x) : Bd(x,y) = D(x, F(x))}.

Then, F is called a multi-valued a-contraction of the Feng—Liu type if there exists
a €]0, B[, such that for each x € X there exists y € 1 g satisfying the following
relation:

D(y, F(y)) < ad(x,y).
The main result of Feng and Liu in [5] is the following theorem.

Theorem 4 Let (X, d) be a complete metric space and F : X — P, (X) be a multi-
valued o-contraction of the Feng—Liu type. Suppose that the functional g : X — Ry
defined by g(x) = D(x, F(x)) is lower semi-continuous. Then, Fix(F) # (.

Notice that any multi-valued «-contraction is a multi-valued graph «-contraction
and any multi-valued graph «-contraction is a multi-valued a-contraction of the
Feng—Liu type.

In this work, we will present an extension of the fixed point result of Feng and Liu
for the case of a set X endowed with a vector-valued metric in the sense of Perov.
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Existence, localization, data dependence and different kinds of stability properties
of a fixed point inclusion with a generalized multi-valued Feng-Liu operator are
presented. An extension to the so-called multi-valued contractions of the Feng—Liu—
Subrahmanyan type is also considered. Some applications are suggested. For the role
and the importance of vector-valued metrics of Perov type in fixed point theory, see,
e.g., [2, 4, 15, 21]. For complementary results, see [1, 68, 16, 17]. For a synthesis
on metric fixed point theory for single-valued and multi-valued operators, see [24].

2 Vector-Valued Metric Spaces and Fixed Point Results

2.1 Vector-Valued Metric Spaces of Perov Type

Let us recall the concept of vector-valued metric in the sense of Perov. For this
purpose, we consider the following notations.
Ifx,yeR", x=(xy,...,xp)and y = (y1, ..., Ym), then, by definition

x < yifandonlyifx; <y;, foreachi € {1,2,...,m}.

Throughout this work, we will make an identification between row and column
vectors in R™.

We can now recall the concept of vector-valued metric in the sense of Perov; see
[11]. We say that (X, d) is a vector-valued metric space if X is a nonempty set and
d: X x X — R satisfies all the axioms of the usual metric, where the inequalities
from the axioms of the metric are in the above-mentioned sense.

We denote by M,, ,, (R;) the set of all m x m matrices with positive elements,
by I, the identity m x m matrix and by O,, the null m x m matrix.

Definition 6 We will say, by definition, that a matrix L € M,, ,, (R}) is convergent
to zero if L" — O,, asn — o0.

The following result will be important for our considerations (see, e.g., [29]).

Theorem 5 Let L € M,, ,, (R.). The following assertions are equivalent:

(i) L" — O,, asn — oo,
(ii) The spectral radius p(L) of L is strictly less than 1, i.e., all the eigenvalues of
L are in the open unit disk;
(iii) The matrix (I,, — L) is nonsingular and

Un—L)'=Ily+L+-+L"+-; 3)

(iv) The matrix (I,, — L) is nonsingular and (I, — L)y~ has nonnegative elements.
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2.2 Fixed Point Theorems

Using the vector-valued metric space context, Perov (see [10, 11]) proved the
following fixed point result for single-valued operators.

Theorem 6 Let (X, d) be a complete vector-valued metric spaceandlet f : X — X
be an L-contraction, i.e., the matrix L € M,, ,, (R.) converges to zero and

d(fx), fO) <X Ld(x,y), forallx,y € X.

Then:

(1) Fix(f) = {x*}, i.e., there exists a unique solution x* € X of the fixed point
equation x = f(x);

(2) The sequence (xp),en» Xn := f" (x0) of Picard iterates of f starting from
any xo € X is convergent to x*;

(3) The following estimation holds:

d (xn, x*) < L" (I, — L)"'d (xo, x1), foreveryn € N. 4)

We will consider now the case of multi-valued operators.
We suppose that

di (x,y)
dx,y) = , forx,y e X.
dp (x,y)
We denote by
Dy (x,Y)
D(x,Y) = ,
Dd ()C, Y)

m

the vectorial distance from a pointx € X toasetY € P(X) and by

Hy (A, B)
H(A,B) = ,
H;, (A, B)

the vectorial Pompeiu—Hausdorff distance on P (X).
A multi-valued variant of Perov’s Theorem was given in [15].

Theorem 7 Let (X, d) be a complete vector-valued metric space and let F : X —
P.(X) be a multi-valued L-contraction, i.e., L € My, ,, (R}) is convergent to zero
and

H(F(x),F () <Ld(x,y), forallx,y € X. (®)]
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Then

(i) Fix(F) #£9;

(ii) For each (x,y) € Graph(F), there exists a sequence (x,),en (With xo = X,
x1 = yand x,41 € F(x,), for each n € N*), such that (x,),eN IS convergent to
a fixed point x* := x*(x, y) of F, and the following relation hold:

d(x,, x*) < L"(I — L) 'd(xg, x1), for eachn € N.

3 Main Results

In this section, we will recall first the main fixed point results for multi-valued
contractions of Feng—Liu type in a complete vector-valued metric space. For details
and related considerations, see [20].

We start this part by recalling the notion of multi-valued vectorial contraction of
the Feng—Liu type.

Definition 7 Let (X, d) be a vector-valued metric space, F : X — P(X) be a multi-
valued operator, B € M,, ,, (R;) be a diagonal matrix with elements by, ..., b, €
10, 1[ and let x € X. Consider the set

Iy :={y e F(x): Bd(x,y) < D(x, F(x))}.

Then, F is called a multi-valued vectorial contraction of the Feng—Liu type if there
exists a matrix A € M,, ,, (R.), such that the matrix B~ 1A is convergent to zero,
and for each x € X there is y € I satisfying the relation

D(y, F(y)) < Ad(x, y).

The main existence and approximation result for a multi-valued vectorial con-
traction of the Feng—Liu type is the following theorem; see also [20].

Theorem 8 Let (X, d) be a complete vector-valued metric space and F : X —
P (X) be a multi-valued vectorial contraction of the Feng—Liu type. Suppose that F
has closed graph. Then, for each xoy € X, there exists an iterative sequence (X,)neN
of Picard type for F starting from xq with the following properties:

(1) (xp)nen converges to x*(xo) € Fix(F);
(2) the following apriori estimation holds:

(X, x*(x0)) < (B AY" (I, — B~ A) ™ d(xo, x1),n € N;
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(3) the following retraction—displacement type condition holds:

d(x0, x*(x0)) < (In — B~ A) " d(x0, x1) < (In — B~'A) ™' B~'D(xo, F(x0)).

Proof Let xy € X be arbitrarily chosen. Then, there exists x; € 1 go such that
D(x1, F(x1)) < Ad(xo, x1).

For x; € X, by the multi-valued vectorial contraction condition of the Feng—Liu type,
there exists x, € I3', such that

D(x2, F(x2)) < Ad(x1, x2).
Since Bd(x, x) < D(x;, F(x1)), we obtain that
d(x1,x2) < B™'D(x, F(x1)) < B~'Ad(x0, x1).

Letusdenote L := B~ A. Notice that B~' A = AB~!. By the above procedure, there
exists a sequence (x,),en in X with the following properties:

(@) xp+1 € Iy, foreachn € N;

(b) d(xp, xp41) = Ld(xy—1, X,) <X -+ < L"d(x9, x1), for each n € N*;

(©) D(Xnt1, F(xp11)) < LD(xy, F(x,)) < -+ < L"'D(xo, F(x0)), for each
neN.

Then, by (b), the sequence (x,),cn is Cauchy in (X, d). Hence, it is convergent
to an element x* := x*(xg) € X. Since (x,),cn is an iterative sequence of the Picard
type of F starting from x¢ and F has a closed graph, it follows that x* € Fix(F).
Moreover, by the relation

A Xnip) < L" (L + L+~ LP7) d(xo, x1) < L" (I, — L) d(x0, x1),
letting p — oo, we obtain the following apriori estimation for the fixed point:

d (X, x*(x0)) < L" (Iy — L)' d(x9, x1),n € N.

Taking n = 0 in the above relation, we obtain the following retraction—displacement
condition:

d(xo, x*(x0)) < (L, — L) " d(x, x1) < (I, — L)' B™' D(xo, F(x0)).

The proof is complete. ]
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Notice that in the conditions of Definition7 we have that I C F(x). Thus, the
following extension of the multi-valued graph contraction principle (see Theorem 3)
can be obtained as a consequence of Theorem 8.

Corollary 1 Let (X, d) be a complete metric space and F : X — P(X) be a multi-
valued operator with closed graph. Suppose there exists matrix A € My, (Ry)
convergent to zero, such that

D(y, F(y)) < Ad(x,y), forall (x,y) € Graph(F).

Then Fix(F) # 0.

We conclude this section with a strict fixed point theorem for a multi-valued
vectorial contraction of the Feng—Liu type. Our next theorem extends a previous
theorem in [1].

Theorem 9 Let (X, d) be a complete metric space and F : X — P(X) be a multi-
valued vectorial contraction condition of the Feng—Liu type with closed graph. Sup-
pose that
(i) F(F(x)) C F(x), foreachx € M;
(i) If Y € Py(X) with F(Y) =Y, then Y is a singleton.
Then, Fix(F) = SFix(F) # 0.

Proof By Theorem 8, we have that Fix(F) # @.Letx* € Fix(F).By the condition
(i), we obtain that F'(x*) is a fixed set for F. Hence, by (ii), we obtain that F(x*)
is a singleton consisting only in {x*}. Thus, x* € SFix(F) and, as a consequence,
Fix(F) C SFix(F). Thus, the conclusion follows. ([l

We now present some stability concepts for the fixed point inclusion x € F(x) in
the setting of a vector-valued metric space.

The concept of the Ulam—Hyers stability is presented in the next definition. For
classical metric spaces see [12].

Definition 8 Let (X, d) be a vector-valued metric space and F : X — P(X) be a
multi-valued operator. The fixed point inclusion x € F(x) is called Ulam—Hyers
stable if there exists a matrix C € M, ,, (R+)\{O,,}, such that for every ¢ :=
(e1, ..., &m) (with & > 0 for each i € {1,2,...,m}) and for each e-fixed point
x € Xof F (i.e., D(x, F(x)) < ¢&), there exists x* € Fix(F), such that

d(x,x*) X Ce.

The well-posedness of the fixed point inclusion x € F(x) in a vector-valued met-
ric space is defined, as follows. For the well-posedness concept for single-valued
operators in classical metric spaces see the papers of Reich and Zaslavski [25, 26].
For the multi-valued case, see also [14, 17].
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Definition 9 Let (X, d) be a vector-valued metric space. Let F : X — P(X) be
a multi-valued operator such that Fix(F) # ¢ and let r : X — Fix(F) be a set
retraction. Then, the fixed point inclusion x € F(x) is called well-posed in the sense
of Reich and Zaslavski if for each x* € Fix(F) and for any sequence {y,},en C
r~1(x*), such that {D(y,, F (y,))}nen converges to zero as n — 00; we have that

Yo — x*asn — oo.

The data dependence property is given in our next definition. Our next theorem
extends some previous theorems from [22, 23].

Definition 10 Let (X, d) be a vector-valued metric space and F : X — P(X) bea
multi-valued operator. Let G : X — P(X) be a multi-valued operator satisfying the
following conditions:

(i) Fix(G) # 0;
(ii) There exists n := (1, ..., nym) (with n; > 0 for each i € {1,2,...,m}), such
that H(F(x), G(x)) < n,forall x € X.

Then, the fixed point inclusion x € F(x) has the data dependence property if for
each u™ € Fix(G) there exists x* € Fix(F), such that

d(u*, x*) < Sp, for some matrix S € M, , (Rj) \{O}.

The notion of the Ostrowski stability property for a fixed point inclusion in the
vector-valued metric space is now presented. For the case of classical metric spaces,
see [17].

Definition 11 Let (X, d) be a vector-valued metric space. Let F : X — P(X) be
a multi-valued operator such that Fix(F) # ¢ and let r : X — Fix(F) be a set
retraction. Then, the fixed point inclusion x € F(x) is said to have the Ostrowski
stability property if for each x* € Fix(F) and for any sequence {z,},eny C 7~ (x*),
such that {D(z,+1, F(2,))}nen converges to zero as n — oo; we have that

n — xFasn — oo.

The following retraction—displacement type condition will be important for our
next results.

Definition 12 Let (X, d) be a vector-valued metric space and let F' : X — P(X)
be a multi-valued operator such that Fix(F) # . Then, we say that F satisfies
the strong vectorial retraction—displacement condition if there exist a matrix Q €
My, (R%) \{O,,} and a set retraction r : X — Fix(F), such that

d(x,r(x)) < OD(x, F(x)), forall x € X. (6)
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An abstract result concerning the above-mentioned stability properties of a multi-
valued operator is given as follows.

Theorem 10 Let (X, d) be a vector-valued metric space and let F : X — P(X)
be a multi-valued operator satisfying the strong vectorial retraction—displacement
condition, such that Fix(F) # (. Then, we have the following conclusions:

(1) the fixed point inclusion x € F(x) has the Ulam—Hyers stability property;

(2) the fixed point inclusion x € F(x) is well-posed in the sense of Reich and
Zaslavski;

(3) the fixed point inclusion x € F (x) satisfies the data dependence property.

Proof Suppose that there exists a matrix Q € M,, (Ri) \{0,,} and a set retraction
r: X — Fix(F), such that

d(x,r(x)) < OD(x, F(x)), forall x € X.

In order to prove the Ulam—Hyers stability property, let us consider ¢ := (ey, ..., &)
(withe; > Oforeachi € {1,2,...,m})and x € X suchthat D(x, F(x)) < &. Then,
by the strong vectorial retraction—displacement condition, we have

d(x,r(X)) = QD(X, F(x)) = Qe.

Thus, the fixed point inclusion x € F(x) is Ulam—Hyers stable.

For the well-posedness property of the fixed point inclusion, let us consider the
sequence {y, }neny C r~1(x*), such that the sequence D(y,, F(y,)) converges to zero
as n — oo. Then, for each n € N, we have r(y,) = x* and, again by the strong
vectorial retraction—displacement condition, we conclude that

d(yn, x*) =d (Y, 7(Yn)) 2 OD(yu, F(y,)) = 0asn — oo.

Let us now prove the data dependence of the fixed point set. Let us consider a
multi-valued operator G : X — P(X) to have the properties:

(i) Fix(G) # 0;

(>i1) There exists n := (91, ..., nm) (Withn; > Oforeachi € {1, 2, ..., m}), such
that H(F(x), G(x)) < n, forall x € X.

Take any u* € Fix(G) and denote x* := r(u*). Then, by the strong vectorial
retraction—displacement condition, we have that

dw”, x*) =dW*, rw)) < D", F(u")) < QH(GW"), F(u")) < On.

The proof is now complete. (]

The following result shows that any multi-valued vectorial contraction of the
Feng-Liu type satisfies the strong vectorial retraction—displacement condition.
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Theorem 11 Let (X, d) be a complete vector-valued metric space and F : X —
P(X) be a multi-valued vectorial contraction of the Feng—Liu type. Suppose that F
has a closed graph. Then, F satisfies the strong vectorial retraction—displacement
condition.

Proof By Theorem8, we know that Fix(F) # () and there exists an iterative
sequence {x, },en of the Picard type for F starting from the arbitrary xo € X, which
converges to a fixed point x*(xo) of F. Moreover, the following relation holds:

d(x0, x*(x0)) < (In — B™'A) ™ B™' D(xo, F(x0)).

Thus, we can define the set retraction r : X — Fix(F), x —> r(x) := x*(x) with
the property

dx,r(x) < (I, — B—IA)‘1 B7'D(x, F(x)),x € X.

Hence, the strong vectorial retraction—displacement condition from Definition 12 is
satisfied. (I

By combining the above two theorems, we obtain the following stability properties
for the multi-valued vectorial contraction of the Feng—Liu type.

Theorem 12 Let (X, d) be a vector-valued metric space and F : X — P(X) be
a multi-valued vectorial contraction of the Feng—Liu type. Suppose that F has a
closed graph. Then, the fixed point inclusion x € F(x) is well-posed in the sense
of Reich and Zaslavsi, has the Ulam—Hyers stability property and satisfies the data
dependence property.

Proof By Theorem 8, we have that Fix(F) # (, while Theorem 11 implies that F
has the strong vectorial retraction—displacement property. The conclusions follow by
Theorem 10. (]

Remark 2 It is an open question to prove the Ostrowski stability property for a
multi-valued vectorial contraction of the Feng—Liu type.

In the last part of this section, we will prove an existence and localization theorem
for a nonself multi-valued vectorial contraction of Feng—Liu type.

Let (X, d) be a vector-valued metric space, xo € X and R = (Ry, ..., R,) with
R; > Oforeachi € {1,...,m}. Let F : B(xo, R) C X — P(X) be a multi-valued
operator, B € ~Mmm (R;) be a diagonal matrix with elements by, ..., b, €]0, 1[.

For each x € B(xg, R), we consider the set
Iy :={y € F(x): Bd(x,y) < D(x, F(x))}.

Then, we have the following result.
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Theorem 13 Let (X, d) be a complete vector-valued metric space, xyo € X and R =
(R, ..., Rp)withR; > 0, foreachi € {1,...,m}. Let F : B(xo, RyCc X —- P(X)
be a multi-valued operator with closed graph and B € M,, ,, (R;) be a diagonal
matrix with elements by, . .., b, €10, 1[. We suppose that there exists a matrix A €
M, (RL) satisfying the following assumptions:

(i) the matrix L := B~' A is convergent to zero;

(ii) for every x| € I;O we have that (I, — L)~ 'd(xo, x;) < R;

(iii) for each x € B(xo, R) there is y € Iy such that

y € B(xo, R) implies D(y, F(y)) < Ad(x, y).

Then, there exists an iterative sequence (X,)nen C B (x0, R) of Picard type for F
starting from xq with the following properties:

(1) (xp)nen converges to x*(xp) € Fix(F) N B(xo, R);
(2) the following apriori estimation holds:

d(xn, x*(x0)) < L" (I — L)™' d(x0, x1). n € N;
(3) the following retraction—displacement type condition holds:

d(xo, x*(x0)) < (Iy — L) " d(x0, x1) < (In — L)™' B™'D(x0, F(x0)).

Proof By (iii) there exists x; € I3° with Bd(xo, x1) < D(xo, F(x¢)). By (ii) we get
that (I,, — L)~ 'd(xo, x;) < Randso x; € E(xo, R). Hence, we also have that

D(x1, F(x1)) < Ad(xo, x1) < AB™'D(xo, F(x0)) = LD(x0, F(x0)).

Notice that we have used the fact that B~'A = AB~!. Now, using (iii), for x; €
B(xo, R) there exists x, € I3' with Bd(xy, x2) < D(x;, F(x1)). Thus

d(x1,x;) < B7'D(x1, F(x1)) < Ld(x0, x1).
Moreover, if x, € B(xo, R), then we can write that
D(xy, F(x2)) = Ad(x1, x2).
Let us show that x, € E(xo, R). Indeed,
d(xo, x2) < d(x0, x1) + d(x1,x2) < d(x0,x1) + B~ D(x1, F(x1)) <
d(xo, x1) + B~ Ad(x0, x1) = d(x0, x1) + Ld(x0, x1) = (I, — L) 'd(x0,x1) < R.

Hence, we also have that
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D(x, F(x2)) X Ad(x1,x) < AB™'D(x, F(x1)) = LD(xy, F(xy)).

By the above procedure, there exists a sequence (x,),cn in X with the following
properties:

(@) xpp1 € Ig'N B(xo, R), for each n € N;

(b) d(x,, xp41) X Ld(xy—1,x,) < --- X L"d(x9, x1), for each n € N*;

(©) D(xXnt1, F(xn11)) < LD(xy, F(x,)) < -+ = L"'D(x0, F(x0)), for each n €
N.

Then, by (b), the sequence (x,),cn is Cauchy in (X, d). Hence, it is convergent
to an element x* := x*(xg) € X. Since (x,),cn is an iterative sequence of the Picard
type of F starting from x( and F has a closed graph, it follows that x* € Fix(F).
Moreover, by the relation

d(Xn, Xnip) X L" (In+ L+ -+ LP7") d(xo, x1) 2 L" (In — L)~ d(x0, x1),
letting p — oo, we obtain the following apriori estimation for the fixed point:
d(xp, X*(x0)) < L" (I — L)' d(x0, x1),n € N,

Taking n = 0 in the above relation, we obtain the following retraction—displacement
condition:

d(xo, x*(x0)) < (L, — L) " d(x0, x1) < (I, — L)™' B™' D(xo, F(x0)).

The proof is complete. ]

A more general concept is given in the last part of this section. The new concept
combines the Feng—Liu contraction condition with the following concept.

Definition 13 Let (X, d) be a metric space and S : X — P(X) be a multi-valued
operator. Then, S is said to be a multi-valued Subrahmanyan contraction if there
exists a function ¢ : X — [0, 1[ such that

(1) H(S(x), S(y)) = ¥ (x)d(x, y), forall (x, y) € Graph(S);

i) v (v) < ¥ (u), for every (u, v) € Graph(S).

The above definition was introduced in [ 19]. Some fixed point results for this class
of multi-valued operators are given in the same paper.

We are ready now to introduce the notion of multi-valued vectorial contraction of
the Feng—Liu—Subrahmanyan type as follows.

Definition 14 Let (X, d) be a vector-valued metric space, xg € X andR = (Ry, ..., R;)
with R; > 0, for each i € {1,...,m}. Let F : B(xo, R) C X — P(X) be a multi-
valued operator with closed graph and B € M,, ,, (R;) be a diagonal matrix with
elements by, ..., b, €]0, 1[. For each x € E(xo, R), let us consider the set
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Iy :={y € F(x) : Bd(x,y) < D(x, F(x))}.

Then, F is called a multi-valued vectorial contraction of the Feng—Liu—Subrahmanyan
type on the ball if there exists a mapping ¥ : B(xo, R) — M,, » (R}), such that
(i) the matrix B~'W(x) is convergent to zero;
(i) W (u) < W(v), for every (u, v) € Graph(F);
(iii) for each x € B(xo, R) there is y € Iy such that the following implication
holds:
y € B(xo, R) implies D(y, F(y)) < W(x)d(x, y).

In particular, if the mapping W is constant (e.g., ¥(x) = A), then we get the
above-mentioned notion of multi-valued vectorial contraction of the Feng—Liu.

A fixed point result for multi-valued vectorial contraction of the Feng—Liu—
Subrahmanyan type on the ball is the following theorem.

Theorem 14 Let (X,d) be a complete vector-valued metric space and F :
B(xo, R) C X — P(X) be a multi-valued vectorial contraction of the Feng—Liu—
Subrahmanyan type on the ball. Suppose that F has closed graph and for every
x| € Ig“ we have that (I,, — B~ "W (x¢))~'d(xo, x1) < R. Then, there exists an iter-
ative sequence (Xp)neN C E(xo, R) of Picard type for F starting from xo with the
following properties:

(1) (xp)nen converges to x*(xo) € Fix(F) N E(xo, R);
(2) the following apriori estimation holds:

d(xy, x*(x0)) < (B~ (@0))" (In — B~ W(x0)) " d(xo, x1),n € N;
(3) the following retraction—displacement type condition holds:

d(x0, x*(x0)) < (In — B~'W(x0)) ™" B~' D(x0, F(x0)).

Proof The proof runs in a similar way to Theorem 13. We will present here the main
ideas. By the assumption (iii) in Definition 14, for given x, there exists x; € 1 ;" with
Bd(xo, x1) < D(xg, F(xp)). Then, since (I,, — B~ W (x0))~'d(xp, x;) < R we get
that x; € é(xo, R). Let us denote L(xg) := B~'W(xy). Notice that B~'W (xq) =
W (xo)B~'. Hence, we obtain

D(x1, F(x1)) < W(xo)d(x0, x1) < B~'W(x0) D(x0, F (x0)) = L(x0) D(x0, F(x0)).

Now, using again (iii) in Definition 14 for x; € E(xo, R) there exists x, € 1 ;‘ with
Bd(x1, x2) X D(x, F(x1)). Thus

d(x1, x2) < B™'D(xy, F(x1)) < L(x0)d(xo, X1).
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Let us show now that x, € E(xo, R). Indeed,
d(xo. x) < d(xo. x1) +d(x1, x2) < d(x0.x1) + B D(x1, F(x1)) <

d(xo, x1) + B~ W (x0)d (x0, x1) = d(x0, x1) + L(x0)d (xo, x1) <

(In — L(x0))~'d(x0. x1) < R.
Hence, we also have that
D(x2, F(x2)) < W(x1)d(x1, x2) < W(x1)B™'D(x1, F(x1)) = L(x;)D(x1, F(x1)).

By the above procedure, there exists a sequence (x,),en in X with the following
properties:

(@) xpp1 € Ig' N B(xo, R), foreachn € N;

(b) d(xy, xp41) X L(xp—1)d(Xp—1, X,) < -+ = (L(x0))"d(x0, x1),foreachn € N*;

(©) D(Xnt1, F(xn11)) < L(x2) D(xyy F(x,)) < -+ < (L(x0))"™ D(x, F(xp)), for
eachn € N.

Then, by (b), the sequence (x,),cn is Cauchy in (X, d). Hence, it is convergent to an
element x* := x*(xo) € X. Since (x,),en is an iterative sequence of the Picard type
of F starting from x¢ and F has a closed graph, it follows that x* € Fix(F).

The rest of the proof is similar to the last part of the proof of Theorem 14. d

4 An Application

In this section, we will present an existence result for a system of operatorial inclusion
in complete metric spaces. The approach is based on the vectorial technique for multi-
valued Feng—Liu operators and it follows the ideas from [20].

Let (X, d;) and (Y, d») be two complete metric spaces and let G| : X x ¥ —
P(X)and G, : X x Y — P(Y) be two multi-valued operators with a closed graph.
We consider the following system of operatorial inclusions:

x e Gi(x,y)
{y € Galx. ). @

Denote by Z := X x Y and define on Z the vectorial metricd : Z x Z — Ri given
by
dl (-xv M)

d((x,y), (u,v) = <d2 (y,v)

) , foreach (x, y), (u,v) € Z.

Let by, b, €]0, 1[ and define the following nonempty sets:
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L = {u € Gi(x,y) : bidi(x,u) < Dy(x, Gi(x,y)} C X

and
I8 = (v € Go(x, y) : bads (3, v) < Da(y, Ga(x, )} C Y,

where D and D, are the distances from a point to a set with respect to d; and d,

respectively.
_ (b O
B = (0 bZ). ®)

Denote also
We suppose that for every (x, y) € X x Y there existu € Ilff‘y) andv € Ib(j’y), such
that

Di(u, Gi(u, v)) < ardi(x, u) + axdz(y, v) 9)
and
Dy (v, G2(u, v)) < azd;(x, u) + asdsr(y, v), (10)
where
_faa
A <a3 a4) (an
is a matrix with nonnegative elements. We also suppose that the matrix
a da
B 'A= (2; Zz) (12)
by by

is convergent to zero.
Under the above assumptions, we have the following existence and approxima-
tion result.

Theorem 15 Let us consider the system of operatorial inclusions (7). Under the
above assumptions, the system (7) has at least one solution (x*,y*) € X x Y.
Moreover, for each (xg, yo) € X X Y, there exist two sequences {x,},eny C X and
{Vn}nen C Y with the following properties:

(A) xy41 € G1(xy, yu) and Yp11 € Go(Xy, Yn), for each n € N;

(B) {x,}nen converges to x* and {y,},en converges to y* as n — o0o;

(©) <d1 (xn,x*)> < (B-'AY" (I, — B*lA)f1 <d1 (xo,xl)) .neN;

dy (yn, ¥y*) d> (yo, y1)
dy (xo, x*) et -1 di (xos x1)
(D) (dz (yo,y*)> = (In—B714) (dz (yo,y1)>

iy ot [ D1 (xo, Gi(xo, o))
< (ln—B714) " B (Dz(yo,Gz(xo,yo)))
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Proof We denote Z := X x Y and, for z := (x, y) € Z, consider the multi-valued
operator G : Z — P(Z) given by G(z) := G1(2) X G»(z). Notice that the fixed
points z* = (x*, y*) of G are solutions for the operatorial inclusion (7).

Let (x,y) € X x Y and (u, v) € Ilff’y) X Ib(f’y), such that

Di(u, Gi(u, v)) < aidi(x, u) + adr(y, v)

and
D> (v, Go(u, v)) < azd | (x, u) + asdr(y, v).

We consider the vectorial gap function

D(z,Z) = <D1(x, X)> .

Di(y, Y)

We denote 157" := {(u,v) € G(x,y) : Bd((x, y), (u,v)) < D((x,y), G(x, y))}.
Then, by our assumptions, the set 75 is nonempty for each (x, y) € Z. More-
over, by (9) and (10), we obtain that for each z := (x, y) € Z, there exists w :=
(u,v) € Il(;x’y), such that

D (w, G(w))) < Ad(z, w),

aa
A= ( P2 ) .
as dg
Thus, G satisfies all the assumptions of Theorem 8. As a consequence, for each z :=

(x0, Yo) € Z there exists an iterative sequence of the Picard type {z,, := (X, Yn)}neN,
which converges to a fixed point z*(zp) € Z of G, and the following relations hold:

where

M) d(za, 2*z0)) < (B A)" (I, — B A) " d(z0,21),n € N;
(D) d(z0.2"(20)) = (I — 13_114)_l d(z0,21) = (In — B_IA)_1 B~'D(z¢, G(20)).

Thus, the proof is complete. |

Remark 3 In the above-mentioned conditions, some stability results (such as well-
posedness in the sense of Reich and Zaslavski, Ulam—Hyers stability and data
dependence property) for the system of operatorial inclusions (7) can be established
by applying the abstract results proved in the main results section.

In particular, an existence and approximation result for the multi-valued alter-
ing points problem can be obtained. We notice that, if (X, d;) and (Y, d») are two
metric spaces and G : ¥ — P(X)and G, : X — P(Y) are two multi-valued oper-
ators, then the following system of operatorial inclusions is called an altering points
problem for multi-valued operators:
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x € Gi(y)
{y € Gy(x). (3)

The above problem has important applications in the theory of multi-valued varia-
tional inequalities (see [28]) or in various systems of integral/differential inclusions.

Theorem 16 Ler (X, dy) and (Y, dy) be two complete metric spaces and let G :
Y - P(X)and G, : X — P(Y) be two multi-valued operators with a closed graph.
Let by, by €]0, 1] and the sets

I = {u € G1(y) t bidi (x, u) < Dy(x, Gi())}

and
I = {v € Ga(x) t badr (y,v) < Da(y, Go(x))}.

We suppose that for every (x, y) € X x Y, there exists (u, v) € .Ib(f’y) X Jb(:’y), such
that
Di(u, G1(v)) = a1di(x, u) + axd>(y, v)

and
D> (v, G2(w)) < azdy(x, u) + asdr(y, v),

A= (a1 a2> .
as dg

is a matrix with nonnegative elements. We also suppose that the matrix
ar d
B~'A= ( o a )
by by

(b1 O
pe(2).
Then, the altering points problem (13) has at least one solution in X x Y. Moreover,
for each (xg, yo) € X X Y, there exist two sequences {x,}neny C X and {yp}neny C Y
with the following properties:
(A) xp11 € G1(yn) and y, 1 € Ga2(xy), for eachn € N;
(B) {xn}nen converges to x* and {y,},en converges to y* as n — 00;

dl (x,,,x*) —1 A\n _ p-1 -1 dl ()C(), xl) .
(C)<d2(yn,y*>>f(3 A (In = B74) <dz<yo,y1>)’”€N’

dy (xo, x*) i g1 i (xo, x1)
(D)(dz(yo,y*>>5(’m B71A) (d2<yo,y1)>

where

is convergent to zero, where
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1 ! po1 [ D1 (xo, G1(0))
<(In—B'A) B <D2(yo,G2(xo)))'

The above results generalize some altering points theorems, as given for the single-
valued case in [27].

In particular, the above result is of interest for solving the following system of
Fredholm—Volterra integral inclusions:

{x(r) € [, Ki(t,s, y($))ds +g1(1) (14)
Y(0) € [, Ka(t,'s, x(5))ds + g2(0),

where K|, K, are multi-valued operators, while g, g, are continuous single-valued
operators, satisfying some appropriate conditions.
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Algorithms and Applications for Split m
Equality Problem with Related Problems | <o

Luoyi Shi, Tong Ling, Xiaolei Tong, Yu Cao, and Yishuo Peng

1 Introduction

The split feasibility problem in finite-dimensional Hilbert spaces (shortly, SFP) was
introduced by Censor and Elfving [45] in 1994, for modeling an inverse problem
which arises from the phase retrievals in medical image reconstruction [13]. The
SFP is formulated as follows:

Find a point x* € C such that Ax* € Q, (D

where C and Q are two nonempty, closed and convex subsets of two Hilbert spaces
H, and H,, respectively. In addition, A : H; — H, is a bounded linear operator.
Denote the set of solutions of the SFP (1) by I' = C N A~!(Q) # 0.

The split equality problem (SEP) was first introduced and studied by Moudafi in
[46]. This problem is formulated as follows: Let H;, H, and Hj be three real Hilbert
spaces. Let C and Q be two nonempty closed and convex subsets of H; and H»,
respectively, and let A : H; — Hz and B : H, — Hj be bounded linear operators
with adjoint operators A* and B*, respectively.

Find x € C and y € Q such that Ax = By. 2)

Obviously, if B = I and H; = H>, the SEP reduces to the SFP (1).

Let H,, H, and H; be three real Hilbert spaces. Let {C;}Y , and {Qj}jV:l be
two families of nonempty closed convex subsets of H; and H,, respectively, and let
A : Hy — Hsand B : H, — Hjbe two bounded linear operators. Then the multiple-
sets split equality problem (MSSEP) is proposed:

Find x € N)L,Ci, y € N, Q; such that Ax = By, 3)
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where N and M are positive integers. If N = M = 1,the multiple-sets split equality
problem reduces to the SEP (2).

The above three problems have received much attention due to its broad applicabil-
ity in vast application problems such as image reconstruction, signal processing and
intensity-modulated radiation therapy, data compression and many more. In the last
30 years, focusing on real world applications, several iterative methods for solving
the above problems have been introduced and analyzed.

The following sections are arranged as follows: in Sect. 2, we state several def-
initions and results that we need subsequently. In Sect. 3, we review and report the
recent progresses on the fixed-point methods and optimization methods for solving
the SFP. To speed up the convergence rate of the algorithms, several acceleration
methods are introduced, such as inertial technique and alternated inertial technique.
Subsequently, current relaxed techniques are presented, including half-space relaxed,
ball relaxed and half-space-intersection relaxed techniques. In addition, we report
several frequently used step-sizes. In Sect. 4, we review the original CQ-algorithm for
SEP firstly. At the same time, we report some achievements in recent years, including
but not limited to the new algorithm with strong convergence. Then we extend SEP
to MSSEP by changing the domains and we report the corresponding algorithms
and convergence analysis. Finally we introduce some special cases derived from
SEP or MSSEP. In Sect.5, we generalize some typical algorithms for solving split
feasibility problems and split equality problems in p-uniformly convex, uniformly
smooth Banach spaces. These algorithms are improved in terms of convergence and
step size selection. In Sect. 6, we consider the linear convergence of some algorithms
under the assumption of bounded linear regularity property. In Sect.7, we present
two applications of the SFP, one is to the signal processing and the other is to the
image recovery.

2 Preliminaries and Basic Concepts

Let H be a real Hilbert space with inner product (-, -) and || - ||, respectively, and
let C be a nonempty closed convex subset of H. Let I denote the identity operator
on H. Projections are an important tool for our work in this chapter. Recall that the
(nearest point or metric) projection from H onto C, denoted Pc, is defined in such
a way that, for each x € H, Pcx is the unique point in C with the property

lx — Pex|| = min{llx — y|| : y € C}.

The following is a useful characterization of projections.

Proposition 3.1 ([10]) Given x € H and 7 € C. Then z = Pcx if and only if

(x—z,y—2) <0 forallyecC.
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Lemma 3.1 ([10]) Basic properties of projections are
(i) Pc is nonexpansive, that is,

[Pcx — Peyll < llx = yll, Vx,yeC;

(ii) | Pcx — z||> < |lx — z||> = | Pcx — x||> forallx € H and z € C;

(iii) (x — y, Pcx — Pcy) > ||Pcx — Pcyl||* forall x,y € H;

(iv) | Pcx — Peyll> < lx = ylII> = | = Pe)x — (I — Pe)yll* forall x, y € H;
(v)If C is a closed subspace of a Hilbert space H, then P is the orthogonal projection
from H onto C: x — Pcx L C or {(x — Pcx,y) =0forallx,y € H;

(vi) For any x, v € H with v # 0, let the half-space T be defined by

T={zeH:(v,z—x)=<0}.
Then, for all u € H, the metric projection Pru on the half-space T is computed by

(v,u—x>}

Pru = u — max {0, 3
[lvl]

We also need other sorts of nonlinear mappings which are introduced below.
Denote by Fix(T) the set of fixed points of T (i.e. Fix(T) ={x € H : Tx = x}).

Definition 3.1 ([10]) Let T : H — H be a mapping. Then T is
(i) nonexpansive if
ITx =Tyl <llx—yl, Vx,yeH.
(i) firmly nonexpansive if
ITx = Tyl* < llx = yI*> = I = T)x = (I = T)yl*>, Vx,y € H.
(iii) averaged if T = (1 — a)I + oS, wherea € (0, 1) and S : H — H is nonexpan-

sive. In this case, we also say that T is a-averaged. A firmly nonexpansive mapping

i 1
is z—avergged. o
(iv) quasi-nonexpansive if

ITx —yll <llx—yll, VYxeH,yeFix(T).
(v) strictly pseudo-contractive if there exists k € [0, 1) such that
ITx = Tyl* < llx — yI> + kll(x = y) = (Tx = Ty)|?, Vx,y € H.
(vi) pseudo-contractive if

ITx = Tyl* < llx = yI> + ll(x = y) = (Tx = Ty)|?, V¥x,y € H.
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(vii) demicontractive (or k-demicontractive) if there exists k € [0, 1) such that

ITx = Tyl < llx = yI? +klITx —x|*, ¥x € H,y e Fix(T),
which is equivalent to

1 -k

(x—=Tx,x —y)> lx —Tx|, Vxe H,ye Fix(T).

Definition 3.2 ([10]) Let A : H — H be a mapping. Then A is
(i) strongly monotone if

(Ax — Ay, x —y) > aflx — y|I>, Vx,yeH.
(ii) a-inverse strongly monotone(a-ism) (or «e-cocoercive) if there exists & > 0 such
that
(Ax — Ay, x —y) > a||Ax — Ay||>, Vx,y e H.

(iii) monotone if
(Ax — Ay, x —y)>0, Vx,yeH.

(iv) strongly pseudomonotone if there exists a number o > 0 such that
(Ax,y —x) =2 0= (Ay,y —x) = allx = y[?, ¥x,ye€H.

(v) pseudomonotone if

(Ax,y —x)>0= (Ay,y —x) >0, Vx,yeH.
(vi) quasi-monotone if

(Ax,y —x)>0= (Ay,y—x) >0, Vx,yeH.
(vii) L-Lipschitz continuous if there exists L > 0 such that

[Ax — Ayl < Lllx —yll, Vx,ye€H.

Proposition 3.2 ([85]) We have the following assertions.
(i) T is nonexpansive if and only if the complement I — T is 5-ism.
(i) If T isv-ismandy > 0, then yT is ﬁ—ism.
(iii) T is averaged if and only if the complement I — T is v-ism for some v > %
Indeed, for o € (0, 1), T is a-averaged if and only if the complement I — T is ﬁ—
ism.

(iv) If Ty is ay-averaged and T, is op-averaged, where a1, o, € (0, 1), then the
composite T T, is a-averaged, where & = o] + oy — 213,
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(v) If T\ and T, are averaged and have a common fixed point, then Fix(TiT,) =
Fix(T)) N Fix(T3).

Lemma 3.2 ([10]) Let H be a real Hilbert space. Then the following results hold:
(i) llx + 1> = llx 1> + 2(x, y) + IyII*, Vx,y € H;

(ii) llx + yII* < 2lxII> + 2|y, Vx,y € H;

(iii) forall x,y € H and « € R,

lox + (1 —a)yl* = allx* + 1 =) IyI* — a1 —a)x — ylI*;

(v)2x —y,x—z)=llx =yl +llx —z|* = lly —zl*>, Vx,y,z€H.

Lemma 3.3 (Demiclosedness principle, see [4]) Let X be a Banach space, C be
a closed convex subset of X, and T : C — C be a nonexpansive mapping with
Fix(T) # @. If {x,} is a sequence in C weakly converging to x and if {(I — T)x,}
converges stronglyto y, then (I — T)x = y. Inparticular, if y = 0, thenx € Fix(T).

Definition 3.3 ([10]) A function f : H — R is said to be weakly lower semi-
continuous (w-Isc) at x if x,, weakly converging to x implies

f(x) <liminf f(x,).
n—oo
Definition 3.4 ([10]) A function f : H — R is called convex if
fOx+ A =y) =Af()+A =2 f(), VAe(0,1),Vx,y€H.
Then a differentiable function f is convex if and only if there holds the relation:

f@)> fx)+(Vf,z—x), Vze€H.

Definition 3.5 ([10]) An element g € H is said to be a subgradient of f : H — R
at x if
f@ = f(x)+(g,z—x), VzeH.

If the function f has at least one subgradient at x, it is said to be subdifferentiable at

x. The set of subgradients of f at the point x is called the subdifferential of f at x,
and is denoted by d f (x), i.e.,

afxy={¢eH: f0=>fx)+& z—x),Yze H}.

A function f is called subdifferentiable if it is subdifferentiable at all x € H.

Definition 3.6 ([10]) Let C be a nonempty subset of H and {x,} be a sequence in
H. {x,} is called Fejér monotone with respect to C if :

1 = 2l < e — x*l, Vx"eC.

Clearly, a Fejér monotone sequence {x,} is bounded and lim,,_, o ||x, — x™|| exists.
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Definition 3.7 ([10]) The normal cone of C at v € C, denoted by N¢(v), is defined
as
Ncw):={de H:{d,y—v) <0 forall y € C}.

Definition 3.8 ([10]) Let A : H = 2/ be a point-to-set operator defined on a real
Hilbert space H. The operator A is called a maximal monotone operator if A is
monotone, i.e.,

(u —v,x —y)>0forallu € A(x) and v € A(y),
and the graph G(A) of A,
G(A) :={(u,v) e Hx H:ue A(x)},

is not properly contained in the graph of any other monotone operator.

It is clearly that a monotone mapping A is maximal if and only if, for any (x, u) €
H x H,if (u —v,x —y) > 0forall (v, y) € G(A), then it follows that u € A(x).

The following results are useful when proving weak and strong convergence of a
sequence.

Proposition 3.3 ([10]) If T : H — H is an averaged mapping with Fix(T) # 0,
then
(i) T is asymptotically regular, that is

lim | T""'x — T"x|| =0 forall x € H.

n—o00
(ii) For any x € H, the sequence {T"x} converges weakly to a fixed point of T.

Proposition 3.4 ([85]) Let f : H — R be a continuously differentiable function
such that the gradient V f is Lipschitz continuous:

IVFfx) =Vl =Llx—yll, x,yeH.
Assume that the minimization problem
min{ f(x) : x € C}

is consistent, where C is a closed convex subset of H. Then, for 0 <y < %, the
sequence {x,} generated by the gradient-projection algorithm

Xnt1 = Pc(x, — )/Vf(xn))

converges weakly to a solution of the minimization problem.
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Lemma 3.4 ([85]) Let f be a convex and differentiable function, and let C be a
closed convex subset of H. Then x € C is a solution of the problem

min f(x)

xeC

if and only if x € C satisfies the following optimality condition:
(Vfiv—x)>0, YveC.

Moreover, if f is, in addition, strictly convex and coercive, then the minimization
problem has a unique solution.

Lemma 3.5 ([51]) Let {x,} be a sequence of Hilbert space H. If {x,} converges
weakly to x, then for any y € H and y # x, we have liminf,_  ||x, — x| <
lim infn—>oo ”xn - }’||

Lemma 3.6 ([59]) Let X be a uniformly convex Banach space and 0 < p <
th <q <1 for all n e N. Let {x,} and {y,} be two sequences of X such that
limsup,_, », [|x.|l < r, limsup,_, o llyull <r, and limsup,_, o l1taX, + (1 — 1) yull
= r hold for some r > 0. Then lim,,_, ||x, — yu|| = 0.

Lemma 3.7 ([40]) Let {x,}, {5,} and {o,} be sequence in [0, +00) such that
Xn+1 = Xp + an(xn - xn—l) + 871:

foralln > 0, ZZOZI 8, < 400 and there exists a real numbera with) < a, < a < 1,
for all n € N. Then the following hold:

(1) Y o1[80 — 8u—ily < 400, where [t] = max{t, 0};

(ii) there exists x* € [0, +00) such that lim,_, o X, = x*.

Proposition 3.5 ([51]) Let C be a nonempty closed convex subset of a Hilbert space
H. Let {x,} be a bounded sequence which satisfies the following properties:

(i) every weak limit point of {x,} lies in C;

(ii) lim,,_, o ||x,, — x|| exists for every x € C.

Then {x,} converges weakly to a point in C.

Lemma 3.8 ([67]) Let {x,,}, {z.} be two bounded sequences in a Banach space, and
let {a,} be a sequence in [0, 1] which satisfies the following condition:

0 < liminf o, <limsupe, < 1.
n—0oQ n—00

Suppose that x,+1 = (1 — ay)x, + a,2, and limsup,_, . |Zp41 — 2ol — 1 Xp41 —
Xp |l <0, then lim,,_, o [z, — x|l = 0.
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Lemma 3.9 ([3]) Let {x,} be a sequence of nonnegative real numbers, {a,} be a
sequence of real numbers in [0, 1] with Y o | a, < 00, {u,} be a sequence of non-
negative real numbers with Y - | u, < 00, and {z,} be a sequence of real numbers
with lim sup,,_, ., z, < 0. Suppose that

Xn+1 = (1 - an)xn + oz, + uy,, Vn € N.

Then lim,,_, o x,, = O.

3 The Split Feasibility Problem

In this section, we will review and report the recent progresses on the fixed point and
optimization methods for solving the split feasibility problem. Several improvement
techniques are introduced, including inertial techniques, relaxed techniques and step-
size improvements.

The original algorithm introduced by Censor and Elfving [45] for solving the split
feasibility problem is generated by the following form:

Xnt1 = AT Po(Pacc) (Axy)),

which involves the computations of the inverse A~! (assuming the existence of the
inverse of A) and thus does not become popular.

A more popular algorithm that solves the SFP (1) seems to be the CQ algorithm
of Byrne [7, 9], which is defined as follows:

Xnr1 = Pc(xy — y A*(I — Po)Axy), “4)

where Pc and Py are the metric projections onto C and Q, respectively, A* : H} —
H{ is the adjoint of A and the stepsize y € (0, ﬁ). Compared with Censor and

Elfving’s algorithm, where the matrix inverse A~! is involved, the CQ algorithm
seems more easily executed since it only deals with metric projections with no need
to compute matrix inverses.

We can look at the CQ algorithm from two different but equivalent ways: opti-
mization and fixed point. The CQ algorithm is found to be a gradient-projection
method (GPM) in convex minimization (it is also a special case of the proximal
forward-backward splitting method). Since the CQ algorithm can be viewed as a
fixed point algorithm for averaged mappings, we can apply Krasnosel’skii-Mann
algorithm to the SFP.

Next, we will review and report the recent progresses on the fixed point and
optimization methods for solving the SFP.
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3.1 Fixed Point Methods

Approximating fixed point problems for nonexpansive mappings has a variety of
specific applications since many problems can be seen as a fixed point problem of
nonexpansive mappings such as convex feasibility problems, monotone variational
inequalities. We can use fixed point algorithms to solve the SFP based upon the
following analysis.

Let y > 0 and assume that x* € I'. Thus Ax* € Q which implies the equation
(I — Pg)Ax* = 0 which in turns implies the equation y A* (1 — Pp)Ax™ = 0, hence
the fixed point equation (I — y A*(I — Pg)A)x* = x*. Requiring that x* € C, we
consider the fixed point equation

Pe(I — y A*(I — Pp)A)x* = x*. (5)

We will see that solutions of the fixed point equation are exactly solutions of the SFP.
The following proposition is due to Byrne and Xu.

Proposition 3.6 ([85]) Given x* € Hy. Then x* solves the SFP if and only if x*
solves the fixed point equation (5).

This fact motivates the use of fixed point algorithms for solving the SFP. In
particular, we recover the CQ algorithm as the following fixed point algorithm:

Xn4+1 = T)C,l, Vn > Oa (6)
where the operator T is given by
T = Pc(I — yA*(I — P)A). ()

When T is an averaged mapping, Byrne proved that the sequence {7"x} con-
verges weakly to a point in Fix(T), where x is any initial point. Therefore, when
y € (0, W), T = Pc(I —yA*(I — Pp)A) is an averaged mapping, and the con-
vergence of CQ algorithm can be obtained.

In order to find a fixed point of a nonexpansive operator 7 : C — C, many
researchers introduced various methods. One of the famous iterative methods is
the Picard iteration process, which was proposed by Picard in 1890, defined by
Xn+1 = Txy.

Next, the generalizations of the Picard iteration are as follows:

(1) The Mann iteration (Mann [43], 1953): The sequence {x,} is defined by

xp€C,
Xn+1 = (I —ay)x, +a,Tx,, Vn >0,

where {o,} is a real sequence satisfying 0 < ¢, < 1. Mann proved that if Z;’;l o,
(1 — o) = o0, then {x,} converges weakly to a fixed point of T'.
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(2) The Krasnosel’skil iteration (Krasnosel’skii [35], 1955): The sequence {x,} is
defined by

Xo € C y
Xnt1 = T%xn = %xn + %TX” = %(xn +Tx,), Vn >0,
(3) The Krasnosel’skii-Mann (KM) approach to finding fixed points of a nonex-
pansive (ne) operator N is quite simple, yet remarkably useful. Given a ne operator
N, let
T=(0-a)l+aN

for some o € (0, 1). The operator T is then said to be averaged (av); note that T
is then also ne. The KM theorem tells us that the sequence defined by equation
Xn+1 = Tx, then converges (weakly) to a fixed point of N whenever such points
exist. As far as we know, the operator Pc is av, as is the operator (I — yVf)if Vf
is Lipschitz continuous and the parameter y is appropriately chosen; the product of
finitely many av operators is av, so the operator Pc(I — y A*(I — Pp)A) is also av.
Therefore, the CQ algorithm is a KM algorithm.
(4) The Schiefer iteration (Schiefer, 1957): The sequence {x,} is defined by

X0 € C,
Xpp1 = (1 = V)x, + ATx,, Vn >0,

where A € (0, 1).

As we know, the sequences {x,,} generated by the above methods converge weakly
to a solution of the SFP. But, in the problems, economics (Khan and Yannelis 1991),
image recovery (Combettes 1996), mechanics (Dautray and Lions 1993), electro-
magnetics (Dautray and Lions 1993), quantum physics (Dautray and Lions 1993),
and control theory (Fattorini 1999), the norm convergence is often much more desir-
able than the weak convergence in infinite dimensional spaces, for it translates the
physically tangible property that the energy

2
llxn — x|

of the error between the iterate x,, and a solution x eventually becomes arbitrarily
small (see [4]). In order to get the strong convergence, some authors considered
the following methods: for example, Xu [84] presented a modified KM algorithm
with strong convergence, Wang and Xu [68] proposed a modified CQ algorithm with
strong convergence, which is defined as follows:

Xnp1 = Pel(1 — o) (xy — y A*(I — Pg)Axy)], ®)
where the parameter {o,} and the stepsize y satisfy the following conditions: (1) 0 <

2 . : . :
Y < aps @ im0y = 0, Y o = 005 (3) either Y 02 |apt1 — @] < 00 or
lim,—  |0ty+1 — |/, = 0. The main idea of this algorithm is to use contractions
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to approximate the nonexpansive mapping I — y A*(I — Pgp)A. They proved that
{x,} defined by (8) converges strongly to the minimum-norm solution of the SFP. In
2012, Yu et al. [69] proved that {x,} generated by (8) is strongly convergent without
the condition (3).

Dang and Gao [19] presented a strongly convergent KM-CQ-like algorithm which
combines the KM algorithm with the CQ algorithm by introducing two parameter
sequences. It has the following iterative process:

Xpp1 = (1 = B)xy + BuTu(xy),

where T, (x,) = Pc[(1 — o, )Ux,],U =1 — yA*(I — Pg)A, {o,} and {B,} are two
real sequences in (0, 1).
Several strongly convergent fixed point algorithms are also described below.
(5) The Halpern iteration (Halpern [31], 1967): for any fixed u € C, the sequence
{x,} is defined by
Xnt1 = Agut + (1 = A)Tx,, Yn >0,

where {A,} is a real sequence satisfying 0 < X, < 1. Halpern proved the strong
convergence of the iterative sequence in a Hilbert space.
(6) The Ishikawa iteration (Ishikawa [34], 1974): The sequence {x,} is defined by

Xo € C,
Yn = (1 - ,Bn)xn + ,BnT-xns
Xn+l = (1 - an)xn + anTyn’ Vn > 07

where {«,} and {B,} are the sequences of real numbers satisfying 0 < «,, B, <
1. He proved that if 0 < o, By < 1, limyo0 B =0, Y oo 0tu By = 00, then {x,}
converges strongly to a fixed point of 7.
(7) The Noor iteration (Noor [50], 2000): The sequence {x,} is defined by, for any

xp € C,

in = (1 - yn)xn + ynTxnv

Yo = = B)x, + BTz,

Xnt1 = (1 - Oln)xn + anTYH» Vn = 0»

where {«, }, {8,} and {y, } are the sequences of real numbers satisfying 0 < «,,, B, ¥»
< 1. Clearly, Mann and Ishikawa iterations are special cases of Noor iteration, and
Mann iteration is a special case of Ishikawa iteration.

Based on Noor iteration, Dang et al. [20] proposed a three-step KM-CQ-like
algorithm: The algorithm can be viewed as an extension of KM-CQ-like algorithm.
When y,, =0, 8, # 0, itis atwo-step KM-CQ-like algorithm; When y,, = 0, 8, =0,
it is a KM-CQ-like algorithm.
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Algorithm 1 Three-step KM-CQ-like algorithm

For any arbitrary initial point xo, {x, },>0 is generated by the iteration

zZn = (1 = yn)xn + yu Pcl(1 — A1) Uxyl,
Yo =1 = Bu)xn + B Pcl(1 — 2n)Uzy],
Xn+1 = (1 —an)xy + oy Pcl(1 — A)Uynl, ¥n > 0,

where U =1 — yA*(I — Pg)A, {yn}, {An}, {Bn}, and {, } are four real sequences in (0, 1).

Theorem 3.1 ([20]) Let {y,}, {A}, {Bn}), and {a,} are four real sequences in (0, 1).
Suppose they satisfy the following conditions:

() limy oo hy =0, Y 02| Ay = 00, limy 00 B = 05

(ii) lim, o0 [An — Apg1] = 0, im0 [V — Vag1l = 0, limy o0 |81 — Bug1l = 0;
(iii) 0 < liminf,_, o @, <limsup,_, o, < L.

Then, {x,} generated by Algorithm I converges strongly to a point in T.

(8) The Nakajo and Takahashi iteration (Nakajo and Takahashi [48], 2003): Nakajo
and Takahashi introduced the following hybrid projection method to study the fixed
point problem of nonexpansive mappings: The sequence {x,} is defined by, for any
xp € C,

Yn = QuXp + (1 — )Xy,

Co ={u € Clllyn —ull = llxp — ull},

Qn = {u € C|(xn —u, xo _xn> = 0}7

Xnr1 = Pc,no, X0, n>0.

This algorithm constructs two closed convex sets with dominant structures and com-
putes the projection on the intersection of the two closed convex sets per iteration,
resulting in a sequence {x, } with strong convergence.

(9) The Takahashi iteration (Takahashi [70], 2008): Takahashi et al. proposed the
following smooth projection algorithm to solve fixed point problem: The sequence
{x,} is defined by, for any xo € C and Cy = C,

Yn = QpXp + (1 - [xn)xm
Corr = {u € Cylllyn —ull = llxn — ull},
Xp+1 = Pcn+1x0, n>0.

Compared with the hybrid projection algorithm (8), the closed convex set sequence
generated iteratively by this algorithm also has a shrinking structure, that is,
Cu+1 C C, C ... C Cy. Under appropriate conditions, the iterative sequence {x,}
constructed by hybrid projection algorithm and smooth projection algorithm con-
verges strongly to x* = Pr;,(r)Xo. Because the closed convex half-space makes the
projection mapping easy to calculate and does not involve contractive mapping and
strongly monotone mapping, the two projection algorithms are also widely used in
many problems.
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(10) The Moudafi viscosity iteration (Moudafi [44], 2000): The sequence {x,} is
defined by
xo€C,
Xn+l = )\nf(xn) + (1 - )"n)Txm vn > 0,

where f : Hl — H, is a contractive mapping and {1, } is a real sequence satisfying
0 < X, < 1. Moudafi proved the strong convergence of the iterative sequence in a
Hilbert space.
(11) The SP-iteration (Suantai [52], 2011): The sequence {x,} is defined by, for

any xo € C,

in = (1 - yn)xn + VnTxna

Yn = (1- lgn)zn + ,BnTZm

Xnt+1 = (1 - an))’n + anTym Vn > 0,

where {y,}, {«,} and {8, } are the sequences of real numbers satisfying 0 < y,,, a,,, B
<1
(12) The Feng iteration (Feng [18], 2019): The sequence {x,} is defined by, for
any xo € C,
Zn = = y)Xn + YuT xn,
Yn = (1- ,Bn)zn + ,BnTZny
Xngl = (I —oa,)Tz, +anTyny Vn > 0,

where T = Pc(I =y A*(I = Pg)A), y € (0, ), and {ya}, {on), {Bu} are the
sequences of real numbers satisfying 0 < y,, @y, B < 1. She proved that the
sequence {x,} converges weakly to a point in I.

Theorem 3.2 Let {x,} be the sequence generated by Feng iteration. Then {x,} con-
verges weakly to a point in T.

Proof Taking a point x* € F(T'). Since T is nonexpansive, we have

lz, — X*” =1 = v)x, + vaTx, — X*”
< (= y)llxn = x* | 4+ vull Tx, — X7

<A =y)llxp = x| + vallx, — x7|
= [lx, — x™|.
ie.,
llzn = x*I < [l — x™|. (10)

Similarly, we obtain
yn — x| < llxn — x*|I. (11)
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Combining (10) and (11), we get

%011 _x*” =[[(1 —a)Tzy + 0, Ty, —)C*”
< (U =a)Tzn — X* || + aull Ty, — x*||
< (I —a)llzn — x*| + anllyn — x*|l (12)

< (I —ap)llx, _X*” + anllx, — x*”

= [lx, — x*|.

Since x* is chosen arbitrarily in F(T), one deduces that {||x, — x*||}, is decreasing,
then lim,,_, o ||x, — x™|| exists for any x* € F(T).

Suppose that
lim ||x, — x*|| = a(a > 0). (13)
n— o0
By (10) and (11), we have
limsup ||z, — x*|| < a and limsup ||y, — x*|| < a. (14)
n—oo n—oQ

Since T is nonexpansive mapping, we obtain

1T xy — X1 < llow = X* M T 20 — X" < Mz = X" Ty — X5 < llyn — x7I-
15)
Taking the superior limit on both sides, we get

limsup |Tx, — x*|| < a,limsup ||Tz, — x*| < a,limsup ||Ty, —x*|| <a.
n—00 n—00 n—00

(16)
Since
a=lim [x =37 = lim [[(1 = @) (T2, = x) + o (Ty, =<, (A7)
combining (16) and (17), from Lemma 3.6, we infer that
lim (| Tz, — Ty,ll = 0.
n—00
Now .
Xpi1 — X | = 1Tz — x*) — a,(Tz, — Ty,
llXn-+1 =1 ) ( yll (18)

< Tzn = x* | + anllTzn — Tyl

which implies that
a < liminf || Tz, — x*|. (19)
n— 00
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From (16) and (19), we obtain

lim | Tz, — x*|| = a.
n—0o0
Moreover,
ITzy = x*| < Tz0 — Tyull + 1Ty, — x| (20)
= ”TZn - Tyn” + ”yn —.X*”,
which implies that
a < liminf ||y, — x*||. 2n
n— o0
Combining (14) and (21), we obtain
lim |y, —x*|| = a.
n— o0
Similarly, we can obtain lim,,_, «, ||z, — x*|| = a. Hence,
a = lim |z, — x¥|
n—0oQ
= n]Lnt;lo 11— v)xn + yuTx, — -X*” (22)

Jim (L= y) G — XY + Yu (Txy — x)||.
Combining (13), (16) and (22), from Lemma 3.6, we infer that
lim ||x, — Tx,|| = 0.

n—o00

Next, we show that the subsequences of {x,} only have a weak limitin (7). Let {x,, }
and {x,;} be two sequences of {x,}, the weak limits of {x,,} and {x,,} are denoted
by u and v, respectively. Then we have lim,,_,  [|Xn, — Txp, || =0.By 3.3, 1 =T is
demiclosed at zero. Hence, we gain Tu = u,i.e.,u € F(T). Similarly, we can prove
that v € F(T).

Next, we show the uniqueness of weak limit. Suppose that u # v, according to
Lemma 3.5, we have

lim ||x, —u| = lim |x,, —ul < lim |x,, — vl
n—o00 n;—o0 n;—o0
= lim ||x, —v| = lim |x, —v
Jim e, — vl = fim_ [z, = ol 23)
< lim |lx,, —u| = lim [x, —u|.
n_,~>oo n—o0

This is clearly contradictory, hence, u = v. Therefore, {x,} converges weakly to a
point in F(T), that is, the sequence {x,} converges weakly to a point in I". The proof
is completed.
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3.2 Optimization Methods

In this section, we will introduce some optimization methods for solving the split
feasibility problem.

3.2.1 Gradient-Projection Method

It is well known that the Gradient-projection method (GPM) is one of the powerful
methods for solving constrained optimization problems. Consider the constrained
optimization problem:

min f(x).

xekK

where f : H — Ris acontinuously differentiable function and X is a closed convex
subset of a real Hilbert space H. The GPM takes the following iterative form:

Xnp1 = P (Xn — iV f (x2)). (24)

We will reformulate the SFP as an optimization problem so that the GPM is
applicable. Indeed, x € I' meansthatthereisanx € C suchthat Ax — g = Oforsome
q € Q. This motivates us to consider the distance function d(Ax, g) = ||Ax — ¢q||
and the minimization problem

. lA 5
Ipelcnzll x—qll.

9€Q

Minimizing with respect to ¢ € Q first makes us consider the minimization
. 1 2
min f(x) := = [|[Ax — PpAx|". (25)
xeC 2

The objective function f is continuously differentiable with gradient given by
Vf(x) = A*(I — Pg)Ax. (26)

(Here A* is the adjoint of A). Due to the fact that I — Py is (firmly) nonexpansive,

we find that V f is Lipschitz continuous with Lipschitz constant L := ||A||>. The

GPM (24) thus applies to solve (25). This method with gradient V f given as in (26)
is referred to as the CQ algorithm and generates a sequence {x,} via the procedure

Xni1 = Pc(I —yV f)x,, Yn 20, 27

where the initial guess xo € H; and y > 0 is a parameter.
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3.2.2 Gradient Method

We now consider the minimization of a convex and differential function f and assume
that the minimum point x* and f(x*) = f* exist. One of the most popular methods
for solving this problem is the gradient method that takes the following iterative
form:

Xng1 = Xy — pV f(Xy). (28)

Here, the stepsize «, > 0 may be selected using various ways. Among them, Polyak
[54] suggested the following way to select the stepsize:

= f(xn)_f*

n—""nTS £ N0 29
IV f () 12 29

with X, € (0, 2). Then the sequence {x,} is weakly convergent to some minimum
point if V f(x,) is bounded on the set {x € H : ||x — xo|l < ||x* — x0]l}.
It is clear that solution of the SFP amounts to unconstrained minimization of

1 2 1 2
S =S = Po)x ™+ S = Po) Ax|".

Since Vf =1 — Pc + A*(I — Pp)A and f* = 0 in this specific case, the method
is thus reduced to the following algorithm:

Algorithm 2 Polyak’s gradient algorithm with weak convergence

Choose an arbitrary initial guess xo. Assume x, has been constructed. If

llw — Pexn + A*(I — Pg)Axy|| =0,
then stop; otherwise, continue and construct x,4 via the formula:
Xnt1 = Xp — Tul(n — Poxn) + A*(I — Pg)Axy], (30)
where the stepsize 1, is given by

0 = Pexall® + 1 = Po) Ax |I*

2H(xn_Pan)'i'A*(I_PQ)Axn”z. (31)

Tn = An

Theorem 3.3 ([77]) If 0 < € < A, <4 — ¢, then the sequence {x,} generated by
Algorithm 2 converges weakly to a solution x* of the SFP.

Since Algorithm 2 has only weak convergence, Wang [77] also established a
strong convergent algorithm.
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Algorithm 3 Polyak’s gradient algorithm with strong convergence
Let u € H; and start an initial guess xo € Hj. Assume x, has been constructed. If

llxn — Pcxn + A*(I — Pg)Axy| =0,
then stop; otherwise, continue and construct x,4 via the formula:
Xt = ntt + (1 = @n)[xXn — T ((tn — Poxn) + A*(I = Pg)Axn)], (32)
where the stepsize t, is given by

X0 — Pexall® 4+ I — P)Ax, 12
"2l (xy — Pcxn) + A*(I — Pg)Axy |2

(33)

Tn =

o0
Theorem 3.4 ([77))If0 <€ <), <4—¢, lim o, =0and »  a, = oo, then the
n—o0

n=0
sequence {x,} generated by Algorithm 3 converges strongly to a solution 7 = Pru

of the SFP.

3.2.3 Douglas-Rachford Splitting Method

The Douglas-Rachford splitting method introduced in [26] is a popular method to
solve structured optimization problems. Let g and & be proper lower semicontinuous
convex functions from a Hilbert space H to (—o00, +00). Consider the structured
optimization problem:

fcréig g(x) 4+ h(x).

Given the initial guess x¢, the Douglas-Rachford splitting method generates the
iterative sequence via the following scheme:

Y1 = argmingep{g(y) + 5=y = xa %),
Znp1 = argmingep{h(2) + z-11z = Qyap — x) 1%, (34)
Xn+1 = X + Oln(zn-‘rl - yn+l)a

where {o, },eny C (0, 2) is a parameter sequence and {A, },eny C (0, 00) is the proxi-
mal parameter sequence of the regularization terms. Note that the scheme (34) with
{an}nen C (0, +00) was called the general splitting method in [36] and becomes the
Peaceman-Rachford splitting method when {o,, },eny C [2, +00).

To use the general splitting method to solve the SFP, we rewrite the SFP as the
following unconstrained minimization:

minfic(x) + f(0}, (35)
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where f(x) = %I|(I — PQ)Ax||2 and (¢ (x) is the indicator function of the set C
defined by
0, xe(C;

00, otherwise. (36)

te(x) = {

Recall that the gradient of f(x) is V f(x) = A*(I — Pg)Ax. Letting g = f and
h = ¢ in (34) and using the linearization technique, in [22], Dong et al. recently
proposed the following general splitting methods with linearization to solve the SFP.

Algorithm 4 General splitting method with linearization

Generate (yn+1, Zn+1, Xn+1) by

Y1 = Xn — AV f (xn),
Zn+1 = Pc2ynt1 — Xn),
Xn+1 = Xn + 0 (Znt+1 — Yut1)s

where {o, }nen is a sequence of positive numbers and

S ) H
h = | VTG VS ) #0,
0, otherwise.

and y € (0, 2).

The weak convergence of the Algorithm 4 was established under the standard
conditions.

Based on Algorithm 4, Dong et al. also proposed an alternated inertial general
splitting method with linearization for the SFP (see [23] for details).

3.24 Regularization Method

We know that most applied problems are ill-posed problems in the sense, they do
not satisfy at least one of the following three requirements: (1) The problem is
solvable; (2) Its solution is unique; (3) The problem is stable in the sense, any small
change in the input data leads to only small changes in the output data (the solution
of the problem) (see, e.g., [30]). Thus SFP and its related problems are also ill-
posed problems. One popular effective method for solving the ill-posed problems
is the Tikhonov regularization method which is introduced by Tikhonov (see, e.g.,
[1, 75]).
The minimization problem

. 1 2
anelg fx) = §||Ax — PoAx|~.

is, in general, ill-posed. So regularization is needed. We consider Tikhonov’s
regularization
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. 1 2 1 2
min f,(x) := < [|Ax — PoAx|” + sallx]|”, (37)
xeC 2 2

where a > 0 is the regularization parameter. The regularized minimization (37) has
a unique solution which is denoted as x,. The following result is easily proved and
thus its proof is omitted.

Proposition 3.7 ([85]) If the SFP (1) is consistent, then the strong limg_, oo X €xists
and is the minimum-norm solution of the SFP (1).

First, observing that the gradient
Vie=Vf+al =AU — Po)A+al

is ||A]|? + a-Lipschitz and a-strongly moontone, the mapping Pc(I — y)V f, is a
contraction with coefficient

1
VI—yQa—y(AIP +a) <1 - o,

where 0 < y < IAHa—ZJra'
Xu [85] proposed the following regularization method for solving the SFP:

Algorithm 5 Regularization algorithm
Generate {x,41} by

Xpt1 = Pc( — anfof,,)xn = Pc((1 — anyn)xn — VnA*(I - PQ)Axn)~

Theorem 3.5 ([85]) Assume that {«,} and {y,} satisfy the following conditions:
()0 <y, < ”A”‘ﬁﬁfor all (large enough) n;

(ii) oy, — O and y,, — 0;

(iii) Zzio OpYn = OO,

(iv) (IVus1 — Vul + Vulotugr — O5;1|)/(C'5n+lyn+l)2 — 0.

Then {x,} converges in norm to the minimum-norm solution of the SFP.

3.3 Acceleration Methods

In this section, we will report several acceleration methods, including inertial tech-
niques and alternated inertial techniques.
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3.3.1 Inertial Technique

To accelerate the convergence rate of the algorithms, in 1964, Polyak [53] considered
the second-order dynamical system for solving smooth convex minimization problem
(SCMP):

(1) +yx(0) +Vfx@) =0,

where y > 0 represents a friction parameter and V f is the gradient of f. This
dynamic system is called the Heavy Ball with Friction (HBF).
Next, consider the discretization of this dynamic system (HBF):

Xn4+1 — 2xn + Xn—1 + Xn — Xp—1

h? h

+Vf(x,) =0, Vn =0,
which can be written as follows:

Xpp1 = Xp + By — xp—1) —aV f(xy), Vn =0,
where 8 = 1 — yh and « = A2, then it can be written as follows:

Yn = Xp + ,B(xn — Xp—1),
Xn1 = Yn —aV f(x,), Vn > 0.

Remark 3.1 (a) This iteration is called the inertial extrapolation algorithm (ITEA)
or the heavy ball method (HBM);

(b) the term x,, — x,,_ is called the momentum;

(c) the term B(x, — x,—1) is called the extrapolation point, it gives inertia to the
motion, will lead to motion along the ‘essential’ direction, thus acting as an acceler-
ation;

(d) B €10, 1) is called an extrapolation factor.

As far as we know, most previous algorithms only use the current point to get
the next iteration and converge more slowly. The main idea of inertial techniques
(also known as inertial algorithms or momentum algorithms) is to use the first two
iterations to update the next. Inertia techniques are mainly used to accelerate the
learning of high curvature, noise, or small but consistent gradients. The inertial
algorithm accumulates the moving average of the previous exponential decay of the
gradient and continues to move in this direction. In doing so, it mimics the inertia
(the concept and nature of inertia in physics) that occurs when an object moves, that
is, to some extent considers the direction of previous updates and uses the gradient
of the current iteration to fine-tune the final result, so that some stability can be
increased and faster learning can be promoted. Inertial algorithm can accelerate the
learning of parameters with the same direction and reduce the updating of parameters
with gradient change direction. Therefore, inertia can accelerate learning in related
directions, suppress oscillations, and thus accelerate convergence. Because of the
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existence of inertia term in the algorithm, the convergence speed of the algorithm is
accelerated, inertial algorithm has been widely studied by many scholars.

In order to improve the convergence rate, Nesterov [49] introduced a modified
heavy ball method as follows:

Yn = Xn + 0, (xn — Xp—1)
{xn-H =Yn— )\nvf(yn)’ Vn>1 (38)

where 6, € [0, 1) is an extrapolation factor and {X,} is a sequence of positive
numbers.

In [2], Alvarez and Attouch employed the idea of the heavy ball method to the
setting of a general maxmimal monotone operator using the framework of the prox-
imal point algorithm. This method is called the inertial proximal point algorithm,
which is of the following form:

Yn = Xn + gn(xn - x,,,l),
{xm = (I +AF)" (), ¥ > 1, (39)

where F is a maximal monotone operator. It was proved that, if {1, } is nondecreasing
and 6, € [0, 1) is chosen such that

o0
2
D Oullxn — xa1 > < 00,

n=1

then {x,} generated by (39) converges weakly to a zero point of F'.

In a consequential work, Maingé [41] introduced the inertial technique for solving
the fixed point problem in Hilbert spaces. He introduced the inertial Mann algorithm
{x,} for nonexpansive mappings, which is generated as follows: For any xo, x; € H,

{yn = Xy + 0 (Xn — Xp1), (40)
Xpp1 = (1 —a)yn + o, T (y), Vo > 1,
It was proved that the sequence {x,} generated by (40) converges weakly to a fixed
point of 7" under the following conditions:

@) 6, € [0, 0);

(ii) Zzozl OnllXn — X1 ”2 < 005

(i) O < inf,> o, < sup,,; @, < 1. where T is a nonexpansive mapping on H,
6el0,)ande, € (0,1).

In [21], Dang et al. applied the inertial technique of Alvarez and Attouch to the

CQ algorithm and proposed an inertial relaxed CQ algorithm, which is as follows:
For any x¢, x| € H,

Yn = Xn +9n(xn_xn—l) (41)
Xn+1 = PC,I(I - )\nAT(I - PQnAyn))7
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It was proved that, if y € (0, W) and 6, € [0, 6,] with

_ 1
6, = min{@,

b

max{n2||xn — Xn—1 ”27 n2||-xn — Xp—1 ”}

where 6 € [0, 1). Dang proved that the algorithm {x,} converges weakly to a point
of I'.

3.3.2 Alternated Inertial Technique

As important observation regarding the above inertial methods, is that the sequence
{x,} generated by these inertial-type methods does not have a monotonic behaviour
with respect to x* € I and can move or swing back and forth around T', see, for
example, [6, 39]. This could explain why such inertial extrapolation step does not
converge faster than its counterpart non-inertial methods, see, e.g., [42]. In a direction
to resolve the above issue, an alternated inertial method was introduced recently in
[47]. This alternated inertia method shown to exhibit attractive performances in
practice including monotonicity of {||x2, — x*||}, see [32, 33] for more details.
Shehu et al. [61] proposed an alternated inertial CQ algorithm for the first time:

Algorithm 6 Alternated inertial CQ algorithm

Let xg, x1 be arbitrary. Compute

N ES n=even,
In Xp + 0p (xp — x4—1), n=0dd.

Construct x,,4+ via the formula
X1 = Pc(yn — @V f(yn)),

where f(y,) = 311 = Po)Ayall?, V f (ya) = A*(I — Pg) Ay, and

P f (Yn)
Tn — ”vf(yn)nz ) va()’n)” ?é 07
) otherwise.

Theorem 3.6 ([61]) Assume that p, C (0, 4) is non-decreasing and sequence {0,,} C
[0, 00) such that 0 < a < p,(1 +6,) < B < 4. Then the sequence {x,} generated
by Algorithm 6 weakly converges to a solution of the SFP.
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3.4 Relaxed Techniques

In this section, we will give three relaxed techniques, which make the projections
have closed-form expressions.

3.4.1 Half-Space-Relaxed

The computation of a projection onto a general close convex subset is generally diffi-
cult. To overcome this difficulty, Fukushima suggested a so-called relaxed projection
method to calculate the projection onto a level set of a convex function by computing
a sequence of projections onto half-spaces containing the original level set. In the
setting of finite-dimensional Hilbert spaces, this idea was followed by Yang [88],
who introduced the relaxed CQ algorithms for solving SFP where the closed convex
subsets C and Q are level sets of convex functions given as follows:

C={xeH  c(x) =0land Q ={y € Hy:q(y) =0}, (42)

where ¢ : Hi — R and g : H, — R are convex functions. Yang assumes that both
c and ¢ are subdifferentiable on H; and H,, respectively, and that dc and dgq are
bounded operators (i.e., bounded on bounded sets). It is known that every convex
function defined on a finite-dimensional Hilbert space is subdifferentiable and its
sundifferential operator is a bounded operator.

Define the halfspaces C, and Q,, as follows:

Ch={x € Hy :c(xy) < (5, xn — x)}, (43)
where &, € dc(x,), and

Qn = {y € H,: q(Axn) = (ﬂn, Ax, — Y)}7 (44)

where &, € g (Ax,). By the definition of the subgradient, it is clear that C € C, and
O C Q). The projections onto C,, and Q, are easy to compute since C,, and Q,, are
half-spaces. Yang’s relaxed CQ algorithm is of the form:

Xny1 = Pc,(xy — Y A" (I — Pg,)Ax,),

where y € (0, W). The weak convergence of the above algorithm is proved.
Define

1
fn() =S = Po,)Ax|?, n > 0. (45)

Then we have
Vfu(x) = A*(I — Pg,)Ax. (46)
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Lopez et al. [38] improved this relaxed CQ algorithm as follows:

Xng1 = Pe, (X0 — T, A*(I — Pg,)Axy),
where

pnfn(xn)

= Lol o < p, <4
IV Gl - T

n

This algorithm has no need to know a prior any information of || A||%.

3.4.2 Ball-Relaxed

In 2018, Yu et al. [93] proposed the ball-relaxed CQ algorithms for the SFP.

The set C is given by
C = {x € Hilc(x) <0},

89

(47)

(48)

(49)

where ¢ : H — (—o00, +00] is an a-strongly convex lower semi-continuous func-

tion. The set Q is given by

0 ={y € H2]q(y) <0},

(50)

where g : Hy — (—o00, +00] is an §-strongly convex lower semi-continuous func-
tion. For any x € Hj, at least one subgradient & € dc(x) can be calculated. For any
y € H,, atleast one subgradient n € dg(y) can be calculated. Both dc(x) and ag(y)

are bounded on bounded sets.
Since c is a strongly convex function with constant ¢, it follows that

o
c(6) Z ) + (Ens x = x0) + S llx = Xl
where &, € dc(x,). The set C? is defined as
b a 2
Cn = {.X € H1|C(xn) + (gnvx _-xn> + EHX _xn” = 0}
Similarly, g is also a strongly convex function with constant 8, then
p 2
q(y) = q(Ax,) + (M, y — Axp) + Elly — Ax,|I°,

where 1, € 3q(Ax,). The set Q" is defined as

p
0h = {y € Halq(Ax,) + (. y — Axa) + Elly — Ax,|> <0}

(G

(52)

(53)

(54)
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Itis obvious that C C C,’l’ foralln > O from (51). In the following, Yu et al. proved
that C? is a ball. Observe that

C = {x € H)| — )+ o lx =zl
n = tleGen) + Eny x — x,) + 3 lx — x|~ < 0}
o , 2
= {x € Hile() + S (lx = xall” + = (6, x = x)) =< 0) (55)
1 1 2
= {x € Hilllx — (xp — =E)I” < &l — =c(x)}.
o o o

Since C is nonempty, then there is £ € C, which implies ¥ € C?. So we have

1,2 ) 1
— &7 = —c() = X — (0 — =E)[I” = 0.
o o o

Therefore, ij is aball whose centre and radius are x,, — éf;‘n and \/ 0% 1€ 112 — %c(xn),

respectively. Similarly, we can conclude that Q € Q° for all n > 0 and

Q) ={y € Hollly — (Ax, — l77 P < i||77 I* - zq(Ax )}
n n /3 n = /32 n ’3 n

is also a ball whose centre and radius are Ax, — %nn and \//%H??nﬂz — %q(Axn),

respectively.
In what follows, define

b _l _ 2
Jo @) = SIU = Poy) Ax||", n = 0.

‘We then have
VL (x) = A*(I — Pgs)Ax,

where Q7 is given as (54).
Yu et al. [93] proposed three ball-relaxed CQ algorithms for solving the SFP. The
first algorithm is given as follows:

Algorithm 7 The first ball-relaxed CQ algorithm

Let x¢ be arbitrary. Given x,,, construct x, via the formula

Xn1 = Pep(in — 1, A%(I = Pgp) Axn), (56)
where C,’f and Qz are given as (52) and (54), respectively, the stepsize r,f’ is defined as follows:

b PufP(x)

rn_m,0<pn<4. 67
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Theorem 3.7 ([93]) Assume that inf, p,,(4 — p,) > 0. Then the sequence {x,} gen-
erated by Algorithm 7 weakly converges to a solution of the SFP.

In Algorithm 7, Yu et al. assumed that ¢ and g are both strongly convex functions.
But in practice, ¢ and ¢ are not all strongly convex functions. When one is strongly
convex, the other is convex, Yu et al. gave the the following two algorithms for
solving the SFP.

When c is strongly convex and ¢ is only convex, they modify Algorithm 7 to
the following Algorithm 8. If ¢ is convex and ¢ is strongly convex, then we use the
following Algorithm 9 to solve the SFP.

Algorithm 8 The second ball-relaxed CQ algorithm

Let x¢ be arbitrary. Given x,,, construct x,; via the formula

Xn+1 = Pcfz(xn - TnA*(I - PQ,,)Axn)v (58)

where C,'l’ , Tp and Q,, are given as (52), (48) and (44), respectively.

Algorithm 9 The third ball-relaxed CQ algorithm

Let x¢ be arbitrary. Given x,,, construct x,; via the formula

Xnp1 = Pe, (xn — TP A*(I = Pgp) Axy), (59)

where C,,, T2 and QY are given as (43), (57) and (54), respectively.

3.4.3 Halfspace-Intersection-Relaxed

In 2022, Yu and Wang [92] proposed several new relaxed CQ algorithms. The main
idea of the algorithms is to replace the projections to the half-spaces C,, and Q, with
the projections to the intersection of C,, and C,_1, and the intersection of Q, and
0,1, respectively. The convergence rate of the algorithms is improved by making
full use of the previous half-spaces. Their algorithms are of the forms:

Remark 3.2 (1) Since C,_, C, and Q,,_1, Q, are both half-spaces, C? and Q2 are
both the intersection of two half-spaces.

@) Itisclearthat C € C,,_1,C C C,and Q C Q,,_1, QO C Q, from the subdiffer-
entiable inequality. Hence we have C € C2 and Q C Q2.

(3) The projection to the intersection of two half-spaces has a explicit formula (see
([5], p. 420-422) for details). Therefore, Algorithm 10 is easily implemented.
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Algorithm 10 The first half-space-intersection relaxed CQ algorithm

Let x¢, x be arbitrary. Given x,,, construct x, via the formula
St = Pz (in — T A" = Pg2) Ax,), (60)
where C,%, Q% and T, are respectively defined as follows:
Co=CuNCaoty Q5 = Qu N Qi

and 5
ol = Po2)Axy |l

T IARU — Pg2) Axy|1?

n

with p, € (0, 2).

Theorem 3.8 ([92]) Assume that inf, p,(2 — p,) > 0. Then the sequence {x,} gen-
erated by Algorithm 10 weakly converges to a solution of the SFP.

Algorithm 11 The second half-space-intersection relaxed CQ algorithm

Let x¢, x be arbitrary. Given x,,, construct x,, via the formula
Xnt1 = Pe, Pe,_ (xn — T (BA*(I — Po,)Ax, 4+ (1 = B)A™(I — Pg,_)Axy)), (61)
where 8 € (0, 1) and the stepsize t, is chosen as

_ (BT = Po) A% I+ (1 = BT = Po, ) AxI1?)
BIA*(I = Po,)AxylI? + (1= B)IA*(I = Pg, ) Ax,?

n

with p, € (0, 2).

Algorithm 12 The third half-space-intersection relaxed CQ algorithm

Let x¢, x be arbitrary. Given x,,, construct x,, via the formula

{J’n =Xy — T (BA*(I — Pg,)Axy + (1 — B)A*(I — Pg,_,)Axp), (62)
Xnt1 =aPg, )+ (1 = O{)Pc,k] V),

where «, B € (0, 1) and the stepsize T, is defined as Algorithm 11.

The proposed algorithms are all weakly convergent to the solution of SFP.
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3.5 Step-Sizes

In this section, we will introduce three ways to determine the stepsize y,, in CQ
algorithm and other algorithms: fixed stepsize, Armijo-like searches, self-adaptive
stepsize.

3.5.1 Fixed Stepsize

The first one is to take the stepsize y, € (0, W) which depends on the operator
(matrix) norm ||A|l (or the largest eigenvalue of A*A). This means that, in order
to implement the CQ algorithm, one has first to compute (or, at least, estimate) the
matrix norm of A, which is in general not an easy work in practice.

In fact, to overcome this difficulty, Byrne [9] presented a helpful method for
estimating matrix norms. But the condition that Byrne put on his method seems
restrictive. His alternative way is to construct another step that has no connection
with matrix norms.

3.5.2 Line Search Rule

The second one is to select the stepsize y, > 0 self-adaptively by adopting Armijo-
like searches:

Yall V) =Vl < wllxn — yull, Yoo € (0, 1),

where y, = Pc(xy — v,V f(x,)).

In [55], Qu and Xiu developed the relaxed CQ algorithm by adopting Armijo-like
searches, the modified relaxed algorithm needs not compute the largest eigenvalue of
the matrix AT A, and the objective function can sufficiently decrease at each iteration.
The algorithm is shown below:

Algorithm 13 Relaxed CQ algorithm with Armijo-like searches
Given constants y > 0,/ € (0, 1), u € (0, 1). Let x¢ be arbitrary. Forn =0, 1, ..., let

Yn = PC,, X0 = YuV fu(xn)),

where V f, is given by (46), the setpsize y, = y/™ and m,, is the smallest nonnegative integer m
such that

IV fuGin) = ¥ fu ol < u”xy;y” (63)

n
Set
Xn+l = PCn Xn = ¥uVfu(yn)).
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The algorithm presented above is weakly convergent to the solution of SFP. Note
that to obtain y,, one generally requires to compute y, several times which may cost
much since it involves the projections onto C and Q and matrix-vector product.

3.5.3 Self-adaptive Stepsize

Yang [89] used the way proposed by Byrne [9] and considered the following step-
size:

Yn = L (64)

IV £ Gell”

where {p,} is a sequence of positive real numbers such that

ipnzoo,ip3<oo. (65)
n=0 n=0

Then Yang proved the convergence of the algorithm (GPA) (27), where the sequence
{y.} of step-sizes satisfies the conditions (64) and (65) with two additional conditions:

(a) Q is a bounded subset;

(b) A is a matrix with a full column rank.

Yang’s conditions are restrictive in the sense that some important cases may be
excluded if we consider the following: the choice of the step-size sequence {y,}, the
set Q and the matrix A.

In order to remove the two additional conditions (a) and (b) of Yang, Lépez [38]
introduced the following choice of the step-size sequence {y,,} as follows:

Pu f (xn)

= PnJ ) 66
IV f )2 (06)

n

where {p,} is a sequence of positive real numbers bounded from below by 0 and
from above by 4.

They showed the convergence of the CQ algorithm under this choice of the step-
size sequence {y,} without assuming any additional conditions on the set Q and the
matrix A or prior information about the matrix norm A. Since its inception, (66) has
attracted widespread attention due to its good numerical performance and simple
form.

4 The Split Equality Problem

In this section, we will review and report the development of the split equality prob-
lems. Then we extend SEP to more questions, including but not limited the Multiple-
Set Split Equality problems. Let H,, H,, H3 be real Hilbert spaces. Let A: H; — Hj3,
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B: H, — Hj be two bounded linear operators. C and Q are the non-empty closed
convex subsets of real Hilbert spaces H; and H,. Then the split equality problem is
proposed :

Find x € C, y € Q such that Ax = By. (67)

By using the fact (67), Moudafi et al. [12] obtained the corresponding algorithms
and the convergence theorems of the SEP. In this situation, {y,} is a positive not
decreasing sequence such that y, € (g, min(ﬁ, t) — ¢) for a small enough ¢ > 0.
And X4, Ap stand for the spectral radius of A*A and B*B.

Algorithm 14 The alternating CQ-algorithm

Generate (X,41, Yn+1) by

Xn+1 = Pc(xy — yn A*(Axy — Byn)), (68)
Yn+1 = PQ()’n + YuB*(Axn41 — Byn)).

Theorem 3.9 ([12]) The sequence (x,, y,) generated by Algorithm 14 weakly con-
verges to a solution (x, y) of SEP (67). Moreover {Ax, — By,} strongly converges
to 0 and both {x,} and {y,} are asymptotically regular.

Remark 3.3 Algorithm 14 gives us a solution about SEP. But there are some dif-
ficulty, for example we cannot usually obtain two projections Pc and Pp. And we
also need the prior information about bounded linear operator norms.

In order to ease the inconvenience of projections in the Algorithm 14, Moudafi et
al. [46] proposed the relaxed alternating CQ-algorithm. Also, {y,} is a positive not
decreasing sequence such that y, € (e, min(ﬁ, i) — ¢) for a small enough ¢ > 0.
And L4, Ap stand for the spectral radius of A*A and B*B.

Algorithm 15 The relaxed alternating CQ-algorithm

xp+1 = Pc, (xp — VnA*(Axn — Byn)), (69)
Yn+1 = PQ,x (yn + ,BnB*(Axn-H — Byy)).

In this situation, (C,), (Q,) are two sequences of closed convex sets defined by
Co={x € Hy :c(xp) + (&0, x —xn) = 0},

where &, € dc(x,) and
On ={y € Hy : q(yn) + (1, x — xa) < O},

where 1, € dc(x,).
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Theorem 3.10 ([46]) The sequence (x,, y,) generated by Algorithm 15 weakly con-
verges to a solution (x,y) of SEP (67). Moreover {Ax, — BYy,} strongly converges
to 0 and both {x,} and {y,} are asymptotically regular.

Remark 3.4 Algorithm 15 gives us a new solution about SEP. At the same time, it
avoids the case that there may not be able to get Pc and Py on the basis of Algorithm
14. But we also need the prior information about bounded linear operator norms.

Observed that in the Algorithm 14 and the Algorithm 15 mentioned above, the
determination of the stepsize y,, depends on the operator matrix norms ||A|| and || B||
(or the largest eigenvalues of A*A and B*B). This means that in order to implement
the alternating CQ-algorthm, one has first to compute (or, at least estimate) operator
norms of A and B, which is in general not easy work in practice.

To overcome this difficulty, Lopez et al. [38] and Zhao et al. [96] presented a
helpful method for estimating the stepsizes which do not need prior knowledge of
the operator norms for solving the split feasibility problems and multiple-set split
feasibility problems, respectively.

Inspired by them, Dong et al. [24] introduced a new choice of the stepsize sequence
(y,) and gave the convergence analyse.

Algorithm 16 The alternating CQ-algorithm with adaptive stepsize

Xnt+1 = Pc(xy — ynA*(Axy — Byn)),

. (70)
Yn+1 = Po(n + yu B*(Axy — Byn)),
where the stepsize y,, is chosen in such a way that
Ax, — By,|? Axy — By, |?
Va = Opmin{ | Axn yall | Axp Yall (71)

: 1,
| A*(Axy — By)|I* 1 B*(Axy — Byn)|?

where 0 < 0, < 1.

Theorem 3.11 ([24]) Assume o,, € (e, 1 — ¢). Then the sequence (x,, y,) generated
by Algorithm 16 weakly converges to a solution of the SEP (67) and both {x,} and
{y.} are asymptotically regular.

At the same time, Dong et al. [24] presented a relaxed projection algorithm.

Theorem 3.12 ([24]) Assume o,, € (&, 1 — ¢). Then the sequence (x,, y,) generated
by Algorithm 17 weakly converges to a solution of the SEP (67) and both {x,} and
{yu} are asymptotically regular.

As an acceleration process, the inertial extrapolation algorithms were widely stud-
ied. The researchers constructed many iterative algorithms by using inertial extrap-
olation. The main feature of the inertial extrapolation algorithms is that the next
iterate is defined by making use of the previous two iterates. In this part, by using the
inertial extrapolation, Dong et al. [25] introduced an inertial projection algorithm to
accelerate the iterative process.
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Algorithm 17 The relaxed alternating CQ-algorithm with an adaptive stepsize

xnt1 = Pc, (xn — YnA*(Ax, — Byn)), (72)
Yn+1 = PQ,, (yn + ynB*(Axn-H - Byn))-
Cp={x € Hy: c(x) + (&, x — x) <0},
where &, € dc(x,) and
On=1{y € Hy:q(yp) + {n, x —xn) <0},
where 1, € 9g(y,). And the stepsize is chosen as follows:

| Axy — Byall? | Ax, — By,ll? |
|A*(Ax, — By)|I* | B*(Ax, — By,)|*

Yn = opmin{ |

where o, € (0, 1).

Algorithm 18 The alternating CQ-algorithm with the inertial extrapolation

Xn> Yn) = (Xns Yn) + 0k (Xn — Xn—1, Yn — Yn—1)»
Xn+1 = Pc(xp — YnA*(AX, — Byn)), (73)
Yn+1 = PQ(y_n + )/HB*(AX_H - By_n))»

where «;, € (0, 1) and the stepsize y;,, is chosen as:

”Axn - Byn”2 ”Axn - B.Vn H2
| A*(Axy — By)|I* 1 B*(Axy — By |?

Yn = opmin{

Theorem 3.13 ([25]) Assume o, € [e,1 — ¢],e € (0, %] and suppose the assump-
tions following hold: (i) 0 < o, < «, where @ € [0, 1);

(id) 3025 etn (120 = xu-1 12 + [y = yu-1ll?) < +00;

(iii) lim, s o0 0t (I|X0 — Xp—1ll + Y2 — Yu—1l) = 0.

Then the sequence (x,, y,) generated by Algorithm 18 weakly converges to a solution
of the SEP (67). Furthermore, both {x,} and {y,} are asymptotically regular.

Observed that the above Algorithm 14, Algorithm 15, Algorithm 16 Algorithm
17 and Algorithm 18 only have the weak convergence. Thus Shi et al. [64] proposed
the strong convergence of interative algorithms for the split equality problem. In this
situation, we use I" to denote the solution of SEP, i.e.,

['={(x,y) e H,Ax =By, x € C,y € 0}, (74)

and assume the consistency of SEP so that I" is convex, closed and nonempty.
Let S=C x Qin H = H| x Hy,defined G: H— H; by G =[A, —B], then
G*G : H — H has the matrix form:

(75)

A*A —A*B
—B*A B*B
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The original problem can be reformulated as finding w = (x,y) € S with
Gw =0.

Algorithm 19 The alternating CQ-algorithm with strong convergence

Wwyt1 = Ps{(1 — ap)l — yG*Glwy}, (76)

Xn+1 = Pc{(1 —op)[x, — VA*(AXH - Byn)]}s
Yn+1 = PQ{(l —ap)[yn + VB*(Axn — By},
where «;, > 0 is a sequence in (0, 1) such that
(1) lim,, a, = 0;
(i) >3 an = 003

(i) 3207 lotu1 — | < 00 or lim, "=l = .

Theorem 3.14 ([64]) The sequence {w,} generated by Algorithm 19 strongly con-
verges to the minimum-norm solution w of SEP(67).

Proof Let R, and R be defined by

:Rnw = Ps{(1 — an)[I — yG*Gl}w = Ps[(1 — a,) Tw], -

Rw = Ps(I —yG*G)w = Ps(Tw),

where T = I — yG*G. By proposition 1.2 it is easy to see that R, is a contraction
with contractive constant 1 — «,, and algorithm 19 can be written as w,4+1 = R,w,.
For any w € I, we have

R, w — W = | Ps[(1 — ay) TW] — Wl
= || Ps[(1 —,)Tw] — Ps(Tw
| Ps[( A) ]A s(Tw)| (78)
<Id=a)Tw—Tw|
=, |ITw| < a,|w].
Hence,
lwprr — wll = [[Ryw, — Wl
< ||R,w, — R, W|| + | R,w — W
Il I+l l (79)

< (1 —ay)|lw, — | + oy || D

< max{||w, — ]|, [w][}.

It follows that ||w, — W] < max{|lw, — W], |w]}. So {w,} is bounded. Next we
prove that lim, ||w,+; — w, || = 0. Indeed,
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”wn+1 - wn” = ”Rnwn - Rnflwnfl”
= ”Rnwn - Rnwn—ln + ”Rnwn—l - Rn—lwn—lu (80)
< —-a)llw, —wy1ll + | Rawy—1 — Ry1wy|l.

Notice that

”Rnwn—l - Rn—lwn—IH = ”PS[(I - an)Twn—l] - PS[(I - an—l)Twn—l]H

= lap — dp 1[I Twp—1 |l (81)
=< |an - Oln—1|||wn—1 ”
Hence,
lwarr — wall < (1 — @) lwy — wp1 |l + |y — a1l wa—1]l- (82)

By virtue of assumptions of «,, and Lemma 1.7, we have
lim [Jwy41 — wyll = 0. (83)

Therefore,

lw, — Rw,|l < lwp1 — wyll + | Ryw, — Rw, ||
= ||wn+1 - wn” + ”(1 - Otn)Twn - Twn” (84)

S Nwpg1 — wyull + oy llw, || — 0.

The demiclosedness principle ensures that each weak limit point of {w,, } is a fixed
point of the nonexpansive mapping R = PsT, that is, a point of the solution set I"
of SEP (67).

At last, we will prove that lim,, ||w,+; — w| = 0.

Choose 0 < 8 < 1 such that %5 < m,thenTznyG*G:ﬁuru—
B)V whereV =1 — ﬁG*G is a nonexpansive mapping. Taking z € I, we deduce
that

lwasr — zI* = 1Ps[(1 — o) Twy] — 2|
< (1 — ) Tw, — 2|
< B —2) + (1 = B(Vws — 2> + an izl
< Bllwn =zl + (1 = B Vw, — zl|I* = B = B)|wy — Vwy|* + an12l|

< llwy — zl* = B = B)llwn — VwplI* + izl
(85)
Then
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Bl — B)llw, — Vw,|?
<llw, = zlI> = w1 — 21> + aullzll?
. 6)
=(lw, — zll + [lwat1 — zIDUwn — zll = lwpgr — zID) + izl

2
<(lw, = z|l + llw, + zIDNlwy — Wagtll + agllz||” — 0.

NotethatT =1 — yG*G = BI + (1 — B)V,itfollows thatlim, ||Tw, — w,|| = 0.

Take a subsequence {wy, } of {w, } such thatlim sup, (w, — w, —w) = limy (w,, —
w, —Ww).

By virtue of the boundedness of w,, we may further assume, with no loss of gen-
erality, that w,, converges weakly to a point w. Since ||Rw, — w,| — 0, using the
demiclosedness principle, we know that w € Fix(R) = Fix(PsT) = I'. Noticing
that w is the projection of the origin onto I', we get that

lim sup{w, — w, —w) = lilgn(w,lk —w,—w) ={(w—w, —w) <0. 87)

Finally, we compute

w1 — B[ = [I1Ps[(1 — an) Tw,] — B>
= || Ps[(1 — ) Tw,] — PsTH|?
<11 — ) Tw, — Tw|?
=11 — ) Tw, — B (88)
= 11 = o) (Twy — W) + (=) 1>
= (1= @) Tw, — B + 2D + 20, (1 — @) (Tw, — ), —ib)

< (1= a)ITwy — B + anlon @1 +2(1 — ) (Twy — B, —i)].

Since  limsup,(w, — w, —w) <0, |lw, — Tw,|| - 0, we know that
lim sup[o, || W ||1> +2(1 — &) {Tw, — W, —w)] < 0. By Lemma 1.7, we conclude
that lim,, ||w,+; — w|| = 0. This completes the proof.

Inspired by Algorithm 19, Shi et al. [64] also establishd two KM-CQ-like algo-
rithms converging strongly to a solution of SEP.

Theorem 3.15 ([64]) The sequence {w,} generated by Algorithm 20 converges
strongly to a solution of SEP (3.1).

Theorem 3.16 ([64]) The sequence {w,} generated by Algorithm 21 converges
strongly to a solution of SEP (67).

Remark 3.5 By defining the operator G, Algorithm 19, Algorithm 20 and Algorithm
21 give us iterative algorithms which converges strongly to a solution w of SEP. But
we also need the prior information about bounded linear operator norms.At the same
time, we cannot ease the inconvenience of the projections Pc and Pyp.
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Algorithm 20 The KM-CQ-like algorithm

Wpt1 = (1 = Bu)wy + Bu Ps{(1 —an)[I — }/G*G]wn}v (89)

Xp1 = (1 = Bu)xn + B Pc{(1 — o) [x, — VA*(Axn - Byn)]}s
Yn+1 = (1 — B)yn + ,BnPQ{(l —ap)[yn + VB*(Axn — By},
where «, > 0 is a sequence in (0, 1) such that
(i) lim,, a0, = 0, 280 o, = 00;
(i) limy, s 00 |0ty 41 — 0y| = 0;
(iii) 0 < liminf, o By < limsup,_, ., Bn < 1.

Algorithm 21 The another KM-CQ-like algorithm

wpt1 = (I = Bu)(1 — ap)wy + B Ps{(1 — )1 — VG*G]wn}s (90)

ie.,

Xpt1 = (1= B)(1 — ap)lxy — y A*(Axy — Byn)] + Bu Pc{(1 — ay)lxn — y A*(Ax, — Byn)l},
Y1 =1 = Bp)(1 — ap)lyn + VB*(AX)I — By)] +,BnPQ{(1 —an)[yn + VB*(Axn = By,)1},

where «, > 0 is a sequence in (0, 1) such that
(1) lim,, a, =0, X:(O)o ap = O0;

(i) limy— 00 l@n41 — an| = 0;

(iii) 0 < liminf, o By < limsup,_, ., Bn < 1.

Motivated by the work of SEP, there are more and more researches getting involved
in the multiple-sets split equality problem(MSSEP) as a special case of SEP.

Let {Cy, Ca, ..., Cy}and {Q;, O3, ..., Oy} be two nonempty closed convex sub-
sets of real Hilbert spaces H; and H,, respectively, and let A : H; — H3 and
B : H, — Hj be two bounded linear operators. Then the multiple-sets split equality
problem(MSSEP) is proposed:

Find x € )L, Ci, y € N1, Q;, such that Ax = By, 1)

where N and M are positive integers. If N=M=1,the multiple-sets split equality prob-
lem reduces to the well-known split equality problem. At the same time, if B=I, the
multiple-sets split equality problem reduces to the split feasibility problem.

LetS; =C; x Q;in H = H| x Hy,defined G : H — H3;by G = [A, —B], then
G*G : H — H has the matrix form

|: A*A —A*Bi| 1)

—B*A B*B

The original problem can be reformulated as finding w = (x, y) € NY,S; with
Gw =0.
In this situation, we use I to denote the solution set of MSSEP, i.e.,
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I'={(x,y) € H x Hy, Ax = By, x e N}_,C;,y € N1L,0;}, (92)

and assume the consistency of MSSEP so that I" is convex, closed and nonempty.
Shi et al. [65] noted that the convergence of the their algorithms depended on the
exacting requirements of the iterative coefficient. They aimed to solve the MSSEP
in the framework of infinite-dimensional Hilbert spaces under some more mild con-
ditions for the iterative coefficient. Thus they proposed the following algorithm.

Algorithm 22 The iterative algorithm of MSSEP
Wyt1 = (I — )] — VG*G]wn + oy PS,'(,,)[I - VG*G]wns (94)
with p(G*G)

where i(n)=n(modN)+1, o, > 0 is a sequence in (0,1) and 0 <y <A = ﬁ

being the spectral radius of the self-adjoint operator G*G on H.

Theorem 3.17 ([65]) If O < liminf, .o, <limsup,_ o, <1, then the
sequence {w, jgenerated by Algorithm 22 weakly converges to a solution of MSSEP
(91).

Remark 3.6 From SEP to MSSEDP, it is a new problem which attracts many author’s
attention due to its applications by changing the domains. But we cannot ease the
inconvenience of the projections Ps,, . Thus it need many improvements still.

Observed that the above Algorithm 22 cannot ease the inconvenience of the pro-
jections Py, . Thus Wu et al. [83] proposed the iterative algorithm for MSSEP with
quasi-nonexpanisve multi-valued mappings.

LetC; = FixR{, Q; = FixRjand S; = C; x Qj, j =1,2,..., N, § =Y.
The original problem can be reformulated as finding w = (x, y) € ﬂlN: 1Si with
Gw =0.

Algorithm 23 The iterative algorithm of MSSEP with quasi-nonexpanisve multi-
valued mappings

Wyl = ay (I — )’G*G)wn + (1 —ap)vn, vy € Ri(n)(wn - VG*Gwn), (95)
where i(n)=n(modN)+1, «, > 0 is a sequence in (0,1) and 0 <y < A = ﬁ, Rigy + Hi x
H) — H| x Hy by
R 0
. 96
|: 0 th(n) ( )

and Ri(") , Ré(") are a family of quasi-nonexpanisve multi-valued mappings on H;, H;, respectively.
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Theorem 3.18 ([83]) If 0 <liminf, o, <limsup,_ o, <1, then the
sequence {w,}generated by Algorithm 23 weakly converges to a solution of
MSSEP(91). In addition, if there exists 1 < j < N such that R{, R; are semi-
compact, then {w,} converges to strongly a solution of MSSEP (91).

Remark 3.7 We denote by CB(H) the collection of all nonempty closed and bounded
subsets of Hand d(x, K) = inf ,cx d(x, y). Then a multi-valued mapping R : H —
CB(H) is said to be semi-compact if, for any bounded sequence {x,} € H with x,
converges weakly to x and d(x,,, Rx,) — 0, we have x € Rx.

Observed that the above Algorithm 23 already eases the inconvenience of the
projections Ps, . However, the Algorithm 23 still need the prior information about

bounded linear operator norms. Thus, Tian et sl. [72] improved Algorithm 23 and
reported a new algorithm with split self-adaptive step size.

Algorithm 24 The iterative algorithm of MSSEP with split self-adaptive step size

n N\ 2t n 2
i—1 % || Ps;wy — w Gw
Wns1 = wn + P 2{:171 il n n||2 Zai(PS,-wn —wy) — 1%) |l n”zG*Gwm (97)
I3y @i (Pswn —w) ™ 15 1G*Gwnll

or component-wise

O3 1| Axa— Byn|)?
| A* (Axy — Byn) 1>
P3| Axu—Bya
B*(Axy—Byn)|?

t 2
A1 Xz @il Pe;xn—xnll®
L=l e i—1 % (Pc;xn — xp) —
1 2 i=1 i
I Z,:] Cii(PCixn —xn)l

pf Z;:l o HPQ,’ Yn—Yn ”2 Z
P Lz @il Pg; yn =yl
I Y= i (Po; ya—yn)

Xn+l = Xp + A*(Axy — Byy),
B*(Axy — Byn),

(98)

Yn+1 = Yn + 5:1 ai(Po;yn — yu) +

WhereO<&§p?§p’1 <1,O<&§p§’§p‘2<l,{ai}f:1 > 0.

Theorem 3.19 ([72]) Let " # @ be the solution set of the problem MSSEP (91).
Choose an initial point wy € H arbitrarily, the iterative sequence {w,} with split
self-adaptive step size converges weakly to a solution of the problem MSSEP (91).

Observed that the sequence generated by Algorithm 22 and Algorithm 23 has weak
convergence only. Thus Zhao et al. [95] proposed an iterative algorithm solving the
problem MSSEP with strong convergence.

Theorem 3.20 ([95]) Let I # () be the solution set of MSSEP(91), for an arbitrary
initial point wqy € S, then the iterative sequence {w,} generated by Algorithm 25
converges strongly to a solution of MSSEP(91).

Remark 3.8 Ceng et al. [11] presented an extragradient method and Yao et al. [90]
proposed a subgradient extragradient method to solve the SFP. However, all their
methods to solve the problem have only weak convergence in a Hilbert space. On
the other hand, a variant extragradient-type method and a subgradient extragradient
method introduced by Censor et al. [14, 15] possess strong convergence for solving
the variational inequality.
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Algorithm 25 An extragradient-type algorithm for MSSEP

vy = Ps{(1 —a)wy, — VnG*Gwn}a

. (99)
Wp+1 = Ps{w, — nnG* Gy + Ay (vy — wp)},

where {o,}52  is a sequence in [0,1] such that lim,,—, o &, = 0, and Znoil a, = 00, and {y,}72,
(A2, ()52 are sequences in H satisfying the following conditions:

@) v € (0, 5i57g7)s iMoo (st — ) = 03

(ii) Ap € (0, 1), limy 00 (Apg1 — Ap) =05

(i) tn < Srrgy s Moo (a1 — 1) = 0;

(v) 352 1 < oo

Assume the problem(91) is consistent and let I denote its solution set, that is, I"
is not empty. We consider the proximity function

1 ¢ 1
fw) = Egainw— Psuw| +5||Gw||2, (100)

where «;, i = 1, ..., t are positive real numbers and Ps, are metric projections from
Honto S;. Since C; and Q; are closed convex, so are S; and then Ps, are well defined.
Then the problem(91) can be transformed into the minimization problem:

mingerr_ s, f (). (101)

Note that the proximity function f(w) is convex and differentiable with gradient

Viw) =Y oI — Ps)w+ G*Guw, (102)

i=I

where [ is the identity operator on H. The gradient function V f(w) is L-Lipschitz
continuous with Lipschitz constant

t
L=) a+IG| (103)

i=l1

to solve the minimization problem(4.23), a classical method is the gradient algorithm,
which takes the iterative issue

Wp41 = Wy — ynvf(wn)’ (104)

where y, is the iterative step size in step n.
Note that in the iteration(4.26), we need to calculate projections for # times in
each step. On the other hand, notice that w* € I' if and only if g(w*) = 0, where
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1 1 2
gw) = Slw = Psmwl + SI1Gw*, (105)

in which
i(n) € {ilmax\<i<||lw — Ps,, w|}.

Then we consider the iterative issue
Wpt1 = Wy — }/an(wn)~ (106)
In the iteration (4.28), we only need to implement a projection once in each step.

Motivated by this point, Tian et al. [71] presented the following algorithms to solve
problem (91).

Algorithm 26 The Gradient method 1

Take wo € H arbitrarily and compute

Zn = Pg;, Wn, (107)
qn = G*Gw,,

where n > 0 and
i(n) € {i : maxjepl|lwy — Ps,wull, A ={1,2, ..., t}}.

It
lwn +gn — zall = 0, (108)

then stop. wy, is the solution. Otherwise, calculate
Wyl = Wy — Ty (Wy + Gn — Zn), (109)

where 5 5
lwn — zull” + 1Gwy |l

12w, + gn — Zn”z

Tn = An

in which 4,, € (0, 4).

Theorem 3.21 ([71]) If O < liminf, A, < limsup,_, ., A, <4, taking initial
point wy € H arbitrarily, then the sequence {w,} generated by Algorithm 26 con-
verges weakly to a solution of the problem (91).

Theorem 3.22 ([71]) Suppose that lim,_ o, =0, ZZO:O o, =00 and
0 < liminf, o A, < limsup,_, A, < 4. Taking u € H and initial point wy € H
arbitrarily, then the sequence {w, } generated by the Algorithm 27 converges strongly
to z = Pru.

As we have known, the SEP and the MSSEP have attracted much attention due to
its application in various disciplines. At the same time, there are many branch prob-
lems as special cases derived from the SEP. Now, we will introduce the algorithms
and theorems generated by these problems.
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Algorithm 27 The Gradient method 2
Take u € H and initial point wy € H. Compute

Zn = Pg;, Wn, (110)
qn = G*Gwy,
where
i) = (i max Jw, = Pwnll. A = (1,2, 1)),
e
If

lwn +gn — zall =0, (111)

then stop. wy, is the solution. Otherwise, calculate
Wyl = it + (1 — o)Wy — T (Wy + gn — 20)), (112)
where o, € (0, 1), n >0 and

lwy — za 1> + Gy |12
12w, + qn — Zn ”2

Ty = An

in which A, € (0, 4).

In this part, we are still concerned with the split equality problem (SEP). Chen
et al. [16] proposed an algorithm about SEP with «-asymptotically strictly pseudo-
nonspreading mappings and proved its weak convergence.

Let H,, H,, H; be three real Hilbert spaces. Let 7;: Hy — H; be a
k-asymptotically strictly pseudo-nonspreading mappings. Denote by Fix(T;) the
set of fixed points of 7;(i = 1,2, ...,m). Set C =N, Fix(T;). Let A: H — Hs,
B: H, — Hj be two bounded linear operators. Let Q be a nonempty closed convex
subset of H,. Then the split equality problem is proposed :

finding x € C, y € Q such that Ax = By.
We use I to denote the solution of SEP, i.e.,
I'={(x,y)e H,Ax =By, x € C,y € 0}

and assume the consistency of SEP so that I" is convex, closed and nonempty.

Theorem 3.23 ([16]) Let Hy, H, be two real Hilbert spaces. Let T; : Hy — H; be
a k-asymptotically strictly pseudo-nonspreading mappings. Let C = "', Fix(T;)
and Q be any nonempty closed convex set of Hy. Let S = C x Q and Ps be the metric
projectionof H = Hy x Hj to S. Then the sequence {w,} generated by Algorithm 28
converges weakly to a point w € T.
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Algorithm 28 The iterative algorithm with x-asymptotically strictly pseudo-
nonexpansive mappings for SEP

w] € H,
up = — VG*G)wn: (113)
Wp+1 = Ps[(1 — ap)un +(XnT[’}1Jun],

where [n] = nmodm, 0 <y <A = ﬁ, and p(G*G) being the spectral radius of the self-

adjoint operator G*G, {«,} is a sequence in(0, 1 — «], and Z;O:O o, < oo and we remember 7; as
T;ol.

Remark 3.9 Let H be a Hilbert space and K be a nonempty closed convex subset
of H. We denote by Fix(T) the fixed points set of set of 7. T is said to be «-
asymptotically strictly pseudo-nonspreading mappings, if there exists a constant
k € [0, 1) and a sequence k,, > 1 and lim,,_, ., = 1, such that

ITux = Tuyll* < kallx = yll 4+ «llx = Tox — (v = Tun) [P + 2(x — Tox, y — T, )
(114)
forall x,y € D(T).

Let H|, H,, H; be three real Hilbert spaces. And we denote by FixT the set of
fixed points of 7. Now we will introduce two branch problems.
Firstly, the multiple-set split feasibility problem(MSSFP) is formulated as follows:

Find a pointx € C =N, C; such that Ax € Q = ﬂ;?:]Q,-, (115)

wherer;,r, € N, Cy, ..., C,, are closed convex subsets of Hy, Q1, ..., Q,, are closed
convex subsets of H,, and A : H| — H, is a bounded linear operator.
Next, we are concerned with the split equality fixed point problem (SEFPP):

findx e C=F(U),y € Q = F(T) such that Ax = By, (116)

whereU : Hy — HyandT : H, — H, aretwo firmly quasi-nonexpansive operators.
We use I' to denote the solution set of SEFPP and MSSFP, i.e.,

F={x,y)eH xHy:xen C.ye m;}:le, Ajx e N D;, Byy e m;?:l@j,
Apx = By, x € F(T1),y € F(To)},

(117)
and assume the consistence of SEFPP and MSSFP, so that I" is closed, convex and
nonempty.

Let the sets C;, Q;, D;, ©; be defined as
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Ci ={x € H,c(x) <0},
Q;j={y € Hy,q;(y) <0},
D; ={u e Hy,d;(u) <0},
O;={veH,d¢;j(v) <0}

(118)

where ¢:H — Ri=12.,t159;:Hb—> R, j=1,2,..,r;d; : H3 —
R,i=12,..,0;¢;:Hy— R,j=1,2,..,r; are convex functions.

Based on two above problems, Xu et al. [86] reported an algorithm to solve the
MSSFP and SEFPP at the same time and reported the convergence analyse.

Algorithm 29 The iterative algorithm of SEFFP and MSSFP
Wnt1 = Priz){(1 = @) — 1M — 0241 N — 0342G*Glwy}, (119)

ie.,

Xni1 = Privarp (1 = t)[xn — 01 i, @i (I = Pc)xn — o2kt 272, BiAT(I — Pp) A,
—0302 A5 (A2xy — Bayn)l},

Ynt1 = Privep{(1 = t)lyn — 01 X0 v (I = Po)yn — 0201 3.7, 8B (I — Pe;)Biyn
+o342 B3 (A2xn — Bayn)l},

where 7, > 0 is a sequence in (0,1) such that
@) lim, 7, = 0;
(i) 3520 T = 00;

(i) 3200 1Tut1 — Tal < 00 or lim,, =l — g,

n

Theorem 3.24 ([86]) The sequence {w,} generated by Algorithm 29 converges
strongly to a solution w of MSSFP and SEFPP.

Remark 3.10 Guan et al. [29] proposed a new iterative scheme to solve the above
problem:

Xntl = Tl[-xn - )‘n Z;lzl ai(xn - PC;_,lxn) - ‘i:n Zfz:l ﬂiAT(Alx” - PD,_,,Alxn)
_tAé(Aan - B2yn)]7
Ynt1 = Dolyn — oy Z;]:1 Vj(yn - PQ/A,,yn) — Gk 252:1 8jBT(Blyn - P(~),-./,Blyn)

—TB3(Byyn — Axyy1)].
(120)

Further, he proved a weak convergence theorem under some mild restrictions on
the parameters.
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5 Banach Space

In this section, we will introduce some results on the iterative algorithms of the split
feasibility problem and split equality problem in Banach spaces. These algorithms
are improved by convergence and step size selection.

It is noted that all the above mentioned results in the literature are confined to the
framework of Hilbert spaces. However, many important problems related to practi-
cal problems are generally defined in Banach spaces. For instance, Zhang et al. [94]
remarked that in machine learning, Banach spaces possess much richer geometric
structures, which are potentially useful for developing learning algorithms. In addi-
tion, numerous problems such as membrane bending problems, obstacle problems,
and a number of filtration equations in PDEs are often formulated in Banach spaces
which are not necessarily Hilbert spaces.

The results of the research in Hilbert space are based on the structure and geometric
interpretability provided by the concept of an inner product. If X is not a Hilbert
space, then it may happen that the metric projections Pc do not exist and, even
if they exist (as in the case where C is Chebychev subset of X), convergence of
the sequence can be guaranteed under restrictive conditions concerning set C. The
Bregman projection method is very effective in solving problems in Banach spaces
without involving metric projections. The use of Bregman technology provides more
flexible choices of the distance for projecting onto feasible sets.

The notions of uniform smoothness and uniform convexity play a central role
in the structure theory of Banach spaces. The uniformly convex spaces have some
good stability properties, one of which is examined that all non-expansive mappings
have a fixed point on uniformly convex spaces; similarly with uniformly smooth
spaces. Throughout Sect. 1.5, all our spaces are assumed to be in p-uniformly convex,
uniformly smooth Banach spaces. We first introduce the modulus of convexity and
of smoothness.

5.1 Preliminaries

Let 1 <¢g <2 < p with % + é = 1. Let E be a real Banach space with dual E*
and (-, -) denotes the duality pairing between E and E*. The modulus of convexity
Sg(e) : [0, 2] — [0, 1] is defined as

. Ix + vl
8p(€) = inf{1 — Ty Sxll =yl =1Lx—yl =€ (121

The space E is called uniformly convex if §z(e) > O for any € € (0, 2], strictly
convex if §g(2) = 1. E is called p-uniformly convex (1 < p < oo) if there exist a
constant ¢, > 0 such that §z(e) > c,e” for any € € (0, 2].
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The modulus of smoothness pg(7) : [0, 00) — [0, 00) is defined by

lx +zyll +llx —zyll
2

pE(T) = sup{ Lofxll = liyll = 1}. (122)
The space E is called uniformly smooth if lir% "ET(” = 0. E is called g-uniformly

smooth if there exists a positive real number C,; > 0 such that pg(r) < C,74 for
any T > 0. It is know that E is p-uniformly convex if and only if its dual E* is
g-uniformly smooth [45]. The duality mapping Jj : E — 2E" is defined by

JE) = {x* € E* = {x, x*) = |lxll?, ¥ = Ilx )7~ (123)

for every x € E. In this situation, it is known that the duality mapping J;, is one-to-
one, single-valued and satisfies J7 = (J.)~!, where J7. is the duality mapping of
E* [13]. When p = 2, the (123) becomes

J(x) = {x* € E*: (x*, x) = |x]* = |Ix*[%},

for every x € E. J, is also called the normalized duality mapping.

Lemma 3.10 ([43]) Let x, y € E. If E is a q-uniformly smooth Banach space, then
there exists a c; > 0 such that

Ix = 19 < X117 — g (J (), ¥) + ¢yl (124)

5.1.1 Facts About Bregman Distance.

Definition 3.9 ([7]) Let f : E — (—00, +00] be a Gateaux differentiable func-
tion, the function D : domg x int(domg) — [0, +00) between x and y in E is
defined by

Dy(x,y)=f(x) = f() = (f'(),x—y), Vx, y € E. (125)

Let the functions f(x) = %||x||P andlet ] <g <2< p < oo and %—i— é =1
and denote by J/ and J}. the duality mappings of a smooth Banach space X and its

dual space, respectively. The Bregman distance with respect to the function f(x) =
%Hx |I” can be written as

lxll” lyll? »
Dy(x,y) = - M), x =y
g p p Ve )

[ L
= (52, ).
=g ~UE.a)

(126)
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Note that the Bregman distance D ; does not satisfy the properties of metric and the
triangular inequality properties. However it has the following important properties:

Dy(x,y) + Dp(y, x) = (JE(x) — JE(¥), x —y), Vx,y € E.
D,(x,y)+D,(y,2) — D,(x,2) = (Jg(z) — Jg(y),x — y), Vx,y,z € E.

For p-uniformly convex space, the metric and Bregman distance have the following
relation [9]:

Thx —yI” < Apx,y) < (JE@) —JE(). x — ), (127)
where T > 0 is some fixed number.
5.1.2 Facts About Bregman Projection
Definition 3.10 ([7]) Let E be a reflexive, smooth and strictly convex Banach space
and C be nonempty closed convex subset of E. Then for every x € C, there exists a
unique element ch'(x) € C such that
D, (x. TIE.(x)) = min(Dy(x. y) : y € C),
where I17.(x) is called the Bregman projection of x onto C. The following char-
acterization of the Bregman projectin can be characterized by [35]:
(JE() = JE(Mex), y = Tex) <0, ¥y € C, (128)
or equivalently
D,(y,cx) < Dp(y,x) — Dp(Ilcx, x), Vy € C. (129)
In Hilbert spaces the Bregman projection with respect to the function f(x) =
% lx]|? coincides with the metric projection.

The following result describes the definition and properties of the function V (-, -).
The function V,, : E x E* — [0, +o00) with respect to f), is defined by

1 1
Vp(x, x™) = —|x|I” — (x,x*>+ —|lx*|19, Vx € E, x* € E*. (130)
p q

It is easy to see that V), is nonnegative and
Vy(x,x*) = D,(x, JE.(x"), Vx € E, x* € E*. (131)

In addition, V), satisfies the following inequality [4]:
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V,(x, x™) +(y*, J.(x*) —x) < Vo(x, x*+y"), Vx € E,x*,y" € E*. (132)

5.2 Problems and Algorithms

The split feasibility problem (SFP) is formulated in Banach space as follows:
Find a point x € C such that Ax € Q, (133)

where E| and E; are Banach spaces, A : E; — Ej is a bounded linear operator and
C and Q be two nonempty, closed and convex subsets of E; and E, respectively.

For the extension of SFP to Banach spaces, Schopfer et al. [9] first introduced a
generalization of CQ algorithm via duality mappings, metric projections and Breg-
man projections. The authors proved the weak convergence of Algorithm 134 under
the condition that E is p-uniformly convex, uniformly smooth Banach spaces. The
proposed algorithm is formulated as follows: For x; € E,

Xn+1 = HCJg*[Jp(xn) - )\nA*J(Axn - PQ(Axn))]a (134)

where J,, Ji., J are duality mappings, A, > 0, and I1c denotes the Bregman
projection on C and Py denotes the metric projection on Q. The step size A, €
(0, (m)ﬁ) where % + % =1 and C, is the uniform smoothness coefficient
of E.

To achieve strong convergence, Takahashi (2014) and Shehu (2015) have pro-
posed separate methods to prove the SFP on Banach spaces and proved the strong
convergence of their proposed algorithm. Takahashi [68] suggested a hybrid projec-
tion algorithm for the SFP:

Algorithm 30 A hybrid projection algorithm for the SFP

Zn = xn — My A*Jy (Ax, — Po(Axy)),

Dy, ={z€C:(zy—2z, Jx(xn —z4)) = 0}, (135)
E, ={Z€ C: <xn _Z:JX(XO_xn)) > 0},

Xpt1 = p,nE,Xo-

And later using the shrinking projection method, Takahashi [69] prove two strong
convergence theorems for finding a solution of the split feasibility problem in Banach
spaces.

Shehu [19] proposed an iterative algorithm for solving SFP in Banach spaces:

Theorem 3.25 ([19]) Suppose the following conditions are satisfied:
(]) hmn—>oo oy = 0;
(2) 202 otn = 003
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Algorithm 31 An iterative algorithm of the SFP
For a fixed u € C and {,} is a sequence in (0, 1), let sequences {y, }52; and {x,};2 | be generated
by x; € C,

Yn = ]ZT []1]571 (xn) — )‘nA*]gz (Ax, — PQAxn)]s

Xnt1 = HCJZT[aanel” + (1 _Oln)ng )], n>1. (136)

(3) A, satisfies 0 <a < A, <b < (ﬁ)ﬁ fora,b > 0.
q
Then the sequence {x,}52, converges strongly to an element x € I', where x = Tlru.

Wang [22] modified the above Algorithm 30 and proved strong convergence for
the following multiple-sets split feasibility problem (MSSFP): find anelement x € E
satisfying

r+s

xehC,-, Axe () 0. (137)

i=1 i=r+l

where E| and E, are two Banach spaces, r, s are two given integers, A : E; — E;
is a bounded linear operator, C;,i = 1, ..., r is a closed convex subset in E;| , and
Q;,i=r+1,...,r+s, is aclosed convex subset in E,. In the particular case r =
s = 1, problem (137) is known as the split feasibility problem (SFP).

Algorithm 32 An algorithm for solving the multiple-sets split feasibility problem
For each n € N, T,,x is defined by

Ic; () (x)» i <i(n) <r,

Tyx = i ; 138

nx { JETEx — 0 A* TR — Po, ) Ax], r+ 1 <i(n) <r +s, (138)

where i : N — [ is the cyclic control mapping i (n) = n mod(r + s) + 1, and X, satisfies 0 < A <
1 .

An < m)‘i*‘ , C4 is a constant.

For any initial guess x1, define {x, } recursively by

Yn = Tuxn,

Dy ={u € E:Dp(yn,u) < Dp(xn, u)}, (139)
E,={uecE:(x,—u,Jpx* = Jyx,) >0},

Xp+1 = p,nE, (7).

Theorem 3.26 ([22]) The sequence {x,}, generated by Algorithm 32, converges
strongly to the Bregman projection of x onto the solution set T.

We note that the above result is that the choice of step size is depends on the
operators norm || A|| which usually slows down the convergence rate of the method.
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To overcome this difficulty, Wang [31] proposed two iterative algorithms in Banach
spaces in 2018. When the spaces involved are smooth and uniformly convex, then
these two algorithms converge strongly to a solution of the SFP.

Algorithm 33 A iterative algorithm for solving the SFP

Choose an arbitrary initial guess xo € E. Update x,4 by the iteration formula:

in = Xp — )LnJE]l[JX(xn — Pcx,) + A*JEZ (Ax, — PQAxn)]a
Dn:{ZGE:(Zn_LJEl(xn_Zn))ZO}, (140)
Ey={z€ E: (xy —2,Jg, (50 — x)) = 0},

Xp+1 = I¢,ng,Xo,

. . . 1
with {1, } satisfying 0 <a < A, < AR

Theorem 3.27 ([31]) Let {x,} be generated by Algorithm 33. Then the following
hold:

(i) lim, ”xn-H — xu |l = 0;

(ii) wy{x,} ST}

(iii) x, — z = Pr(xo), where 7 = Pr(xp).

Next, Algorithm 34 introduces an alternative choice of A,, which is ultimately
unrelated to | A]|.

Algorithm 34 A iterative algorithm with adaptive step size for solving the SFP
Choose an arbitrary initial guess xo € Ej. If

”JEl (xn — Pcxy) + A*JEZ (Ax, — PQ(Axn))H =0,

then stop, and x,, is a solution; otherwise, go on to the next step. Update x,4] by the iteration
formula:
in = Xp — )LnJE]l[JX(xn — Pcx,) + A*JEZ (Ax, — PQAxn)]a
Dn:{ZGE: (Zn_Z, JEI(Xn—Zn»ZO}, (141)
Ey={z€E:{x—z, Jg (xo — xn)) >0},
Xn+1 = H¢,no, X0,

where the parameter {A,} is chosen as

_ Il = Pexall® + | Axy — Po(Axn)|I?
1, Gon = Peaxn) + AT, (Axn — Po(Axn) |2

n

Theorem 3.28 ([31]) Let {x,} be generated by Algorithm 33. Then {x,} converges
strongly to Z, where Z = Pr(x).
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In the first algorithm, the stepsize {),} generated by the iterative sequence {x,}
satisfies the following conditions 0 < a < A, < . In another algorithm, the
stepsize {A,} satisfies

1
1+ ]2

20 = Pexall® + | Ax, — Po(Axy)|I?
1 7x (xn = Pcxy) + A*Jy (Axy — Po(Ax) |1

Ay =

We noted that the parameter in the second algorithm is chosen in such a way that
no priori knowledge of the operator norms is required. And these two algorithms
are strongly convergent provided that the involved Banach spaces are smooth and
uniformly convex.

To overcome this difficulty, Yang [88] used this way and considered the following

variable stepsize:
Pn

N — (142)
IV f Gl
where p, is a sequence of positive real numbers such that
[o¢] o0
D =00, ) p; =00 (143)
n=0 n=0

Then, Yang proves the convergence, where the sequence A, of stepsizes satisfies (142)
and (143), and where two additional conditions are satisfied: (i) Q is abounded subset
and (ii) A is a matrix with a full column rank.

In order to remove the two additional conditions (i) and (ii) of Yang, Lépez et al.
[38] suggested the more applicable self-adaptive method, which permits step-size A,
being selected self-adaptively in such a way:

_ On f (X2) n >
V>~

n ’

where Pn € (0,4), inf, pn(4 - ;On) >0, f(xn) = %”(1 - PQ)Axn“ and Vf(xn) =
A*(I — Pg)Ax, foralln > 1.1t was proved that the sequence {x, } converges weakly
to a solution of SFP.

Inspired by the adaptive step size above, Suantai et al. [20] introduce a Halpern-
type iteration in the framework of Banach spaces:

q P p P )
Xn+1 = HC‘]E*[O[,,JE(M) + (- an)(JE(xn) - pn“vf(—x)npvf(xn))]a n>1,

where f(x,) = %H (I — Pg)Ax,||”. They prove the strong convergence of the pro-
posed sequence for solving the SFP without prior knowledge of the operator norm.
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In 2019, Shehu et al. [48] propose a hybrid projection algorithm for solving the
solution of SFP in the framework of p-uniformly convex and uniformly smooth
Banach spaces and prove a strong convergence theorem.

Algorithm 35 An inertial hybrid projection algorithm of SFP
Let {6,} C R be a bounded set. Set x¢, x; € C. Define a sequence {x,} by the following manner:

wn:Jq*[Jg(xn)"!‘e (Jp(xn) jp(xn 1,

Yn = chg* [Jg(wn) An ”Vf(x(x ”)p V f(wn)],

Co={u€E: Dy, yn) < Dplu, wy)}, (144)
On={ueckE:(x,—u JE&o)— JECn), xp —u) = 0},

Xn41 = I¢,np, X0, Y1 =0,

where f(wy) := 311 — PO AwI", FP7 ) = (I = Po)Awy [P)P™!, {pa} C (0, 00)

and lim inf p, (p — ¢, ”” ) > 0.
n—oo

Theorem 3.29 ([48]) Suppose {x,} be generated by Algorithm 35 converge strongly
to the Bregman projection of xy onto the solution set T.

Recently, Wang et al. ([44, 70]) the two self-adaptive algorithm to solve the split
equality problem in Banach spaces. Subsequently, the strong convergence of the
proposed algorithms are analyzed and established. The split equality problem (SEP)
is formulated in Banach space as follows:

Find apointx € C, y € Q, such that Ax = By, (145)

where E;, E, and E; are p-uniformly convex and uniformly smooth real Banach
spaces, A : Ey — E3 and B : E, — E3 are two bounded linear operators, and C
and Q are nonempty closed convex subsets of E| and E,, respectively. The solution
set I of SEP is nonempty:

'={(x,y) € E; X E,Ax =By, x € C,y € Q} #0.

Let S=CxQin E=E; xE, w=(x,y) €S ,define G: E— E; by G=
[A, —B]. Then, the original SEP becomes finding w = (x, y) € S with Gw = 0.
The following is a self-adaptive algorithm with the inertial technique. The step size
selection of the proposed algorithm does not require a prior estimation of operator
norm, and the inertial term improves the performance of the algorithm.

Theorem 3.30 ([70]) Suppose {w, } be generated by Algorithm 36 converge strongly
to a solution T1rwy.
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Algorithm 36 An inertial hybrid algorithm with adaptive step size for solving SEP

Let {6,,} C R be a bounded set. Set wg, w; € S.
The sequence {w,} is defined by the following iteration:

Uy = g*[‘]g(wn) +an(-]£(wn) - Jg(wnfl))]v

in = HSJq*[Jg(un) - pnG*JgG(un)L

Dy ={ue€E:Dpu,zn) < Dpu,uy)}, (146)
On = {u € E : (wy — u, JE (wo) = Jg (wn), wy — u) > 0},

Wp+1 = HDnﬂEnwOvvn >0,

glGul? )

-1
here A} — L
where A, (S (6, Cq”G*Jg;GuH”q

Proof Step 1. The sequence {w,} generated by Algorithm 36 is well-defined.

In order to prove that {w,} is well-defined, first of all, we need to prove that
D, N E, is nonempty closed and convex for all n > 1. Obviously, D, is closed and
E, is closed and convex. To prove the convexity of D,,, note that

D,(u,z,) < Dp(u,uy,),
then, using (121) we have

[[ull” 1lzall?
_|_—

p

[[u]l” n [lun]”

— (Jp @), u) <

- <Jg(un)s u>’

that is,

(Jg ) = Jg ), u) < =(lug|I” = 11za117), Vu € E,

Q| =

so D, is a half-space, which means D, is convex. Hence, D, N E, is closed and
convex. Secondly, we show that D, N E, # (. To do this, it suffices to prove that

I'cD,NE,. (147)

If (147) holds, we notice that I' # @, so D, N E,, # . Next we show I' C D,,. Let
zel',m, = Jg(u,,) — pnG*JggG(u,,), Vn > 1. From Lemma 3.10, we get

mallE- = 11E n) — paG* I, G (un)| |-
< unll? — gpu(G* T, G (un), un) + cqpi IG* TR, Gua)l|?.  (148)

From (127) and (148), we have
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Ap(z,20) < Ap(z, IR (my))

z|? JP.(m)||?
_ ||Il| R I (q )|
z||? 1 _
= sz —(m,,,z)+;||m,,||(q bp
[1zI1” 1
= P —(mn,z)+5||mn||q
217 L
= — (my,, z) + —=|luall” — pn(G JE3G(Mn)aun>
p q
qpn P q
——1G* I, G (un)l|
[lzl1? p 1 »
= - (JE(Mn),Z>+C—I||Mn||p — Pn(Jg, Guy), Guy, — Gz)
qug * yP q
+ —— G T, G (un)ll

Pt

= Dy(z,un) — palJg, G (un), Gup) + ——I1G*J G (un)||?

g—1
CqPn

= Dp(z, un) = pa(|Gun||” = =——IIG" I, G u)||"). (149)

By using the value of {,O,T1 }, we have

DP(Z7 Zp) < Dp(Z7 Up).

This implies that I' C D,.
Finally, we show that I' C E,. For n = 0, we have Ey = E, so I' C E,. Given
w, and suppose I' € D, N E, for some n € N. Then, there exists w,+; such that

Wyt1 = Ip,ng, (Wo).

Using (126), we have

(JE(wo) — Jf (Wpt1), o1 — 2) > 0.

Therefore, I' C E,;. By induction, we can getthat I’ C E, Vn € N.
Step 2. Let {w, } be generated by Algorithm 36. Then
(1) lim [lu, —w,[| = 0;

(i) lim [lw, — z,4|| = 0.
n—00
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The definition of E,, actually implies that w,, = I1g, (wo). Combined with the fact
that ' C E, and the definition of Bregman projection, we get

D,(w,, wo) < D,(z,wp), Yz €T.
And since v := I (wg) € I', we obtain
D,y (wy, wo) < Dy(v, wo), (150)
which means that {D, (w,, wo)} is bounded. Hence, we know from (139) that {w,, } is
bounded. On the other hand, according to w, 11 € E, and (126), we have (J g (wg) —
Jg(wn)’ Wyl — wn> < 0 and by (127)
Dp(er—la wy) < Dp(le—la wo) — Dp(wn» wp), Vn > 0. (151)

Which means that

Dp(wm wp) < Dp(wn+la wop) — Dp(wn+1a Wy)

= Dp(le-la wp).

Thus, {D,(w,, wy)} is nondecreasing and since {D,(w,, wy)} is bounded, we get
lim D,(w,, wo) exists. And then from (151) we have
n—00

lim D,(wy41, w,) =0.
n—0o0

Hence, we obtain from (139) that
lim |[wy41 — wyl| = 0. (152)
n—o00
Since J£ is norm-to-norm uniformly continuous, we get

Jim 117E o) = TE Gl =0,

According to the definition of {u,} that

Jg(un) - Jg(wn) = an(-]g(wn) - Jg(wn—l))-

Therefore,

g ) — T w)ll = aullJg (wy) — g (wu—)|| = 0, n — oo.
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Since J g is also norm-to-norm uniformly continuous, we have
|ty — wyl|] > 0, n— oo.
This completes (i).
In addition,
Wat1 — unll < W1 — Wall + [lwy, — unl| — 0, n— o0.
This shows that,
||J£(un) - Jg(wn-l—l)” — 0.
From ( 139), we have

Dp(wn+lv un) = (]Ep(u)”H) - Jg(un)a Wp41 — I/t,,)

< g Wng1) — JE @)/l w1 — unl] > 0, n — oo.
Since w,+; € D,, we have that

Dp(wn-H’ Zn) < Dp(wn-ﬁ-ly un) g O, n — oQ.

This implies that
lwyt1 — zall = 0, n— oo. (153)

From (152) and (153) we get
||wn _Zn” =< ||wn - wn+l|| + ||wn+l _Zn” - 07 n — oQ.

Step 3. Let {w, } be generated by Algorithm 36. Then the sequence {w,} has a weak
cluster point and w,, (w,) € T.

We know {w,} is bounded. Since E is a reflexive Banach space, w, (w,) is
nonempty. Therefore, we take a subsequence {w,,} of {w,} such that w,, — z €
wy (wy). Since ||w, — z,|| = 0, n — 00, we can get z,; — z. Obviously we have
z € S. And since ||w, — u,|| = 0, there exists a subsequénce {un;} of {u,} such that
u,; — z. From (149), we have

g—1
Cg Pn %
,On(”Gl/t,,“p - %HG Jg3G(un)||q) = Dp(Z7 un) - Dp(Z’ Zn)~ (154)

By (122), we get
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Dp(z9 Zn) + Dp(zna u,) — Dp(z’ u,) = (Jg(un) - Jg(Zn), 7= Zn)’

combine this with (139) we get

Dp(z.un) — Dp(z.20) = Dp(n. un) + (JE (zn) = JE (un). 2 — zn)
< (JEGn) = JEn). 20 — un) + (JE zn) — T (un). 2 — 2n)

< JE ) = TR @wlllz — unll = 0, n — oo.

Therefore, we have

g—1
CqPn

[|Guyl||? — ||G*Jg3G(un)||q — 0, n— oo. (155)

1 qlIGun|l”

. q7 _
Since p, < TG I, Gl €, we get

q—1
NG IL Gun |t < |Guall? — L2 ||G*J2. Guyl|? — 0, n — oo.
p ,
Thus,
lim ||G*J§3Gu”|| = 0. (156)
n—oo

From (155) and (156), we get lim [|Gu,|| =0, so lim ||Gu,,|| = 0. By the conti-
n—oo n—oo

nuity of G, we obtain Gw,, — Gz and

HGwn, || = |Gun, | < [|G[|wn; = zu; Il = 0, j — oc.

Hence, we have that ||Gw,,|| = 0.
Therefore,
0 < [|Gz||” = (J§,Gz, Gz)
= lim (J7 Gz, Gw,,)
J—00

< lim ||Jg, Gzl|[|Gwy, ||
J—>00 h
=0.

Thus Gz =0 and hence z € T".

Step 4. {w, } converges strongly to a point [T (wy).

We know that w,; — z. From Step 3 it follows that z € I". Since w, 1, € E, and
g, (wy) = argmin, g D), (wo, w), then we get
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D, (wy, wo) = D, (Ig, (wo), wo)

= Dp(le—la wo)-
In Step 1, we know I (wp) € ' € E,41. So

Dy(wyq1, wo) = Dp(Ig, ., (wo), wo)
< D,(ITr (wo), wo).

Therefore,
D,(wy, wo) < Dp(wpy1, wo) < Dp(TTr(wo), wo).

From (122) and (123), we can obtain

Dy(wy;, Mr(wo)) = Dp(wn,, wo) + D, (wo, M (wo))
+ (JE(Tr (wo)) — J£ (wo), wo — wy,)
< D, (ITr(wo), wo) + D, (wo, Ir(wo))
+ (JE (T (wo)) — J£ (wo), wo — M (wo))
+ (JE(Tp (wo)) — J£ (wo), TIr(wo) — wy,)
= (JE (wo) — JE (M (wp)), wy, — M (wp)). (157)

Taking lim sup, we get

lim sup D (wy,, T (wo)) < lim sup(Jg (wo) — Jg (Tr (wo)), wy, — Mr(wo))

j—o0 j—o0
= (JE(wo) — JE (M1 (wy)), z — M (wp))
<0.
Therefore, lim D,(w,,, IIr(wp)) = 0 and w,, — Iy (wp). From the arbitrariness
j—o0o

of {wy,} and the uniqueness of I1r(wp), we have w, — Iy (wp). Using ( 139), it
follows from (157) that

t|lwy — M (wo) 1P < Dp(wp, M (wo)) < (JE(wo) — JE (T (wp)), wp — M (wp)).
Taking limit of the above inequality, we obtain that w, — ITr(wy).

Another algorithm that the stepsize selection is self-adaptive and no prior estima-
tion of operator norm is required. The algorithm is as follows.

Theorem 3.31 ([44]) Suppose {x,} and {w,} be generated by Algorithm 37. Then,
{x,} and {w,} converge strongly to a solution w of the SEP, where W = Ilru.
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Algorithm 37 A self-adaptive iterative algorithm of SEP

Choose € > 0, x; € E, pick a fixed point u € E and setn = 1.
The step size is as shown below:

qlGuall?

)qul €€, ————
! CyllG*Tf, Guy 4

—€).
Compute

{ Wyp = JZ*[Jg(xn) - )LnG*Jg3Gxn]v (158)

Xn+1 = Jg*[an‘]g(u) + (1 - an)(ﬂnjg(wn) +0 - ,371)J£(nswn))~

6 Linear Convergence

The algorithms proposed above only consider the results of weak convergence or
strong convergence, without considering the convergence speed. In this section, we
consider the linear convergence of the algorithms. Recall that a sequence {x,} in H
is said to converge linearly to its limit x ( with rate o € [0, 1) ) if there exist @ > 0
and a positive integer N such that

lx, — x|| < ac”, for alln > N. (159)

To study the linear convergence property of algorithms, we introduce a notion of
bounded linear regularity property for SEP (67) (MSSFP and MSSEP), and use it
to prove the linear convergence property. Shi et al. [63] first introduced a notion
of bounded linear regularity property for SEP and provided some mild sufficient
conditions to ensure this regularity property.

For aset S C H, we denote the closure, interior, relative interior and conical hull
of S by clS, intS, riS and coneS, respectively. For w € H and r > 0, we use B(w, r)
and B(w, r) to denote the open metric ball and closed metric ball with centre at w
and radius r, respectively, that is,

B(w,r) :={veH:|lw—v| <r} and B(w,r):={ve H:|w-—v| r}

In particular, we use B and B to denoted the unit open metric ball and unit closed
metric ball with centre at origin, respectively. For a point w onto S and the distance
of w from S, denoted by

Ps(w) = argmin{||w —v|| : v € S} and ds(w) = inf{|lw —v| : v € S}.

LetG : H — H beabounded linear operatoron H,weusekerG = {x € H : Gx =
0} to denote the kernel of G, and (kerG)* ={y € H : (x,y) =0, Vx € kerG}
denotes the orthogonal complement of kerG. It is known that kerG and (kerG)*
are closed subspaces of H.
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In order to get the linear convergence property for the projection algorithm for
solving convex feasibility problems, we introduce the linear regularity for a family
of closed convex subsets of a real Hilbert.

Definition 3.11 ([52]) Let {E;};c; be a family of closed convex subsets of a real
Hilbert space H and E = (;; E; # . The family {E;};c; is said to be bounded
linearly regular if for each » > 0, there exists a constant y, > 0 such that dg(w) <
yrsup{dg,(w) : i € I} forall w € rB.

The following lemma provides sufficient conditions for bounded linear regularity
property for two closed convex subsets of H.

Lemma 3.11 ([52]) Let E and F be closed convex subsets of H. Then {E, F} is
bounded linearly regular provided that at least one of the following conditions holds:
(i) riENF # @ and F is a polyhedron;

(ii) riENriF # @ and E is a finite dimensional;

(iii) riE N\ riF # @ and E is a finite codimensional.

We use I' to denote the solution set of SEP, that is,
'={weS:Gw=0},

and assume consistency of SEP (67), that is, I is non-empty, closed and convex. We
introduce the notion of bounded linear regularity property for SEP.

Definition 3.12 ([63]) The SEP (67) is said to satify the bounded linear regularity
property if for each r > 0, there exists y, > 0 such that

yrdr(w) < ||Gwl forall w e rBNS. (160)

Lemma 3.12 ([18], Proposition 6.4) Let G : H — H be a bounded linear operator
on H. Then G is injective and has closed range if and only if G is bounded below
(i.e. there exists a constant y > 0 such that |Gw| > y||\w| forallw € H).

Lemma 3.13 ([63]) Let {S, ker G} be a bounded linearly regular and G has closed
range. Then the SEP (67) satisfied the bounded linear regulaeity property.

Noted that ker G is a subspace of H and riker G = ker G. Furthermore, it is well
known that if ker G is finite dimensional or finite codimensional, then the range of G
is closed. By Lemma 5.2 , we get the following corollary which establishes sufficient
conditions for bounded linear regularity property for SEP (67).

Corollary 3.1 ([63]) The SEP (67) satisfies the bounded linear regularity property
if one of the following conditions holds:

(i) C and Q are polyhedrons, and G has closed range;

(ii) riS NkerG # 0, ker G is finite dimensional;

(iii) riS N ker G # 0, ker G is finite codimensional;

(iv) riS NkerG # 0, G has closed range and S = C x Q is finite dimensional;
(v)riS NkerG # @, G has closed range and S = C x Q is finite codimensional.
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Shi et al. [63] established the linear convergence property for the gradient projec-
tion algorithm (GAP) when using different types of stepsizes and under the assump-
tion of bounded linear regularity property for SEP (67):

Algorithm 38 The gradient projection algorithm

For an arbitrary point wy = (x9, yo) € H = H; x H», the sequence {w,} = {x,, y,} is generated
by the iterative algorithm

Wyt1 = Ps[(I — yG*Gw,], (161)
ie.,
Xn41 = Pclxn — vnA*(Axy — Byn)};
Ynt1 = Pofyn + vu B*(Axy — Byn)}.

Theorem 3.32 ([63]) Assume that the SEP satisfied the bounded linear regularity
property. Then the sequence {w,} generated by Algorithm 38 with y, € (0, 400)
converges to a solution w* of SEP such that

lw, — w*|| < spXia?, (162)

for§ > 1and 0 < p < 1, provided that one of the following conditions is assumed:
(i) 0 < liminf, o ¥, < limsup, . v» < 2/|G|%

(ii)
0, w, €T,
Yn = 2 .
”’glg;";j H”z ,  otherwise,

and
0 < liminf p, <limsup p, < 2;

n—o00o n— 00

(iti) im,, 0o Yo = 0 and Y, yi = oc.

Consequently, {w,} converges w* linearly in the case when (1) or (2) is assumed.
Proof Without loss of generality, we assume that w, is not in I" for all n > 1.
Otherwise, GPA (161) terminates in finite number of iterates, and then the conclusions
follow trivially.

For z € T, since Pg is non-expansive and Gz = 0, we have

lwas1 — zl> = [I1Ps(wy — 2 G*Gwy) — Psz|)?
< llwy — 2 — . G*Gw, >
= lwa — 2l = 2y (wp — 2, G*Gwy) + ¥, |IG* Gw, |*
< llwy = zI> = 2va I Gwa > + ¥, |G* Gw, |

IG*Gw, |
= [lw, — z|* = 72 (2 AT [ Gw,|>.
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We show that {w,} converges to a solution w* of SEP and (162) holds.

* 2 . . . . e
Note that L1225 < ||G||2. Tt is easy to see that if (i),(ii) or (iii) holds, then

lwnt1 =zl < llw, —zlI-

Hence, lim,,_, », ||w, — z|| exits and {w,} is a bounded sequence.
Since SEP satisifies the bounded linear regularity property and w, € S for all
n > 1, there exists « > 0 such that adr (w,) < ||Gw,| for all n > 1. It follows that

IG*Gw, |?

W) dr(w,,)z, for each z €T

2 2 2
”wn+1_Z” = ”wn_Z” — 0 Y (2—%1
Hence,

G*Gw, 2
drwni)? < (1= a2y, (2= 7 1C20N Y 4,2,
1Gwn 2

Note that if (i),(ii) or (iii) holds, then

G*Guw, |2
lim inf (2 - ynu>
n—oo

IGwy|?

Hence, there exists N such that

”G*Gwn”2>
) =
IG w2

= inf &® (2 -y,
T

Therefore, foralln > N,
dr(wp1)* < (1= Bya) dr(w,)> <dr(wy)* [] (1= Bw).
i=N+1
Observe that, for each z € I', ||w,+; — z|| is monotone decreasing for n, hence, for

allm > n,
”wm - wn” =< ”wm - Pr(wn)” + ”wn - Pr(wn)”

= 2{lwy — Pr(wa)ll = 2dr (wy),

It follows that

lwm = wair || < 2dr(wy) [] V1= Bri, forall m=n+1.

i=N+1

Note that In (1 — ¢) < —¢ forany ¢ € [0, 1), let p := e~ B2 ¢ (0, 1), then
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l_[ m:exp % Z In(1 _IBVi)} < pZLNH Vi

i=N+1 ! i=N+1
Therefore,
W — Wartll < 2dr(wy) p=i=v+1% . for all m >n+ 1.

Since ) 07| y» = +o00, it follows that {w,} is a Cauchy sequence and converges to
a solution w* of SEP satisfying

lwasr — w*|| < 2dr(wy)pZ=a”,  for all n > N.
Let
5 = max IZdr(wN)p_ZfN:l %, max l||w,~ —wrp T i=1,2, ..., N” .

Then
lwy — wl| < opZ=.

Let y = liminf,_, » ¥4, then there exists N such that y,, > y forn > Nj. It follows
that "
lw, — w*|| < 8p==17 p" =M = 40", Vn > max{N,, N},

where o = SPZINZII(V"’V), o = p¥ € (0, 1). Hence, {w,} converges to a w* linearly.
This proof is complete.

However, the gradient projection algorithm involves projection Pg, it might be
difficult to calculate in the case where the projection does not have a closed-form
expression. To solve this problem, Moudafi et al. [46] proposed the relaxed alter-
nating CQ algorithm (RACQA) by using orthogonal projection onto half-space the
original closed convex sets, and established the result of weak convergence. Tian et
al. [73] established the linear convergence property for the relaxed gradient projec-
tion algorithm (RGAP) under the assumption of bounded linear regularity property
for SEP (67):

Algorithm 39 The relaxed gradient projection algorithm

For an arbitrary point wy = (xg, yo) € H = Hj x H», the sequence {w, } = {x,, y,} is generated
by the iterative algorithm

wyy1 = Ps, [(I — yG*Gw,], (163)
ie.,
X1 = Po, {xn — YnA*(Ax, — Byn)};
Yn+1 = Po,{yn + YuB*(Ax, — Byy)}.
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Theorem 3.33 ([73]) Assume that the SEP satisfied the bounded linear regularity
property. Then the sequence {w,} generated by Algorithm 39 with y, € (0, 4-00)
converges to a solution w* of SEP such that

lw, — w*|| < spXia?, (164)

foré > 1and 0 < p < 1, provided that one of the following conditions is assumed:
(i) 0 < liminf,_ o ¥, < limsup,_, . v» < 2/|G|?

(ii)
0, w, el
Vn = 2 .
" ||/)C;I*%LIU; H||2 . otherwise,

and 0 < liminf,_, o p, <limsup,_,  pn < 2;
(ifi) im,, 00 Yo = 0 and Y, yi = o0.
Consequently, {w,} converges w* linearly in the case when (1) or (2) is assumed.

Now we investigate the following multiple-sets split feasibility problem(MSSFP):

t r
Find x € C =) C; suchthat Ax € 0 =() Q;. (165)

i=1 j=1

where r and ¢ are positive integers, {C;}!_, and {Q j};‘:l are nonempty closed and
convex subsets of Hilbert spaces H; and H,, respectively, A : Hj — H, is abounded
linear operator. Without loss of generality, assume that ¢ > r, and choose Q,4; =
Qrir=--=0,=Hy. LetS;=Cix Qi CH=H xHy,i=12,---,1,S=
ﬂ;zl S;, G =[A,—I]: H— H,, G* be the adjoint operator of G. Then MSSFP
can be reformulated as

Find w = (x, y) € S such that Gw = 0. (166)

We introduce the notion of bounded linear regularity property for MSSFP.

Definition 3.13 ([74]) The MSSFP is said to satisfy the bounded linear regularity
property if for each r > 0, there exists t, > 0 such that

7,.d3(x) < dg(Ax)forall x e rBNC. (167)

Lemma 3.14 ([74]) Let {S’ , ker(_;} be bounded linearly regular and G has closed
range. Then the MSSFP satisfies the bounded linear regularity property.

Tian et al. [74] proposed the simultaneous sub-gradient projection algorithm
(SSPA) with the dynamic step size for solving the MSSFP and construct several
sufficient conditions to prove the linear convergence. In particular, the SSPA is an
easily calculated algorithm that uses orthogonal projection onto half-spaces.
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Algorithm 40 The simultaneous sub-gradient projection algorithm with the dynamic
step size
For an arbitrarily initial point xo € H, the sequence {x, 1} is generated by

t
Xn+1 = Xp — VIZ{Z a;(x, — PCi.szn) + A*(I - PQ,-.n)xn}’ (168)

i=1

where (i) 0 < liminf, oo ¥, < limsup,_, o, y» < min{l, W}; (i) {ei}_, C (0, +00) and

t
i—p i =1

Theorem 3.34 ([74]) Suppose the MSSFP satisfies the bounded linear regularity
property, and the sequence {x,} be defined by Algorithm 40. If the following condi-
tions are satisfied:

(i) {Ax,} is linearly focusing, that is, there exists B > O such that

Bdo,(Ax,) <dg, ,(Ax,) forany i €{l,2,---,t};

(i) Qi (int (Myepgy @) # BU = (1.2, -+ 1)),
Then, {x,} converges linearly to a solution of MSSFP.

Next we generalize the split equality problem to the multiple-sets split equality
problem, which can be characterized mathematically as following

t r
Find x € (] C; and y € (] Q; such that Ax = By, (169)

i=1 j=1

where r and ¢ are positive integers, {C;}/_, and {Q;};-, are nonempty closed and
convex subsets of Hilbert spaces H; and H,, respectively, and H3 is also a Hilbert
space, both operator A : Hy — Hz and B : H, — Hj are bounded and linear. Obvi-
ously, whent = r = 1, the MSSEP reduces to the SEP. If r = r = 1 and B = I, then
the MSSEP is reduced to the SFP. Without loss of generality, we may assume ¢ > r,
and choose Q,11 = Q12 =---=0,=H. Let §; =C; x Q; € H= H| x H,
i=1,2,---,t, S = ﬂle S;, G = [A, —B]: H — Hj, G* be the adjoint operator
of G. Then MSSEP can be reformulated as

Find w = (x, y) € S such that Gw = 0. (170)
We use I' to denote the solution set of MSSEP, that is,
F:{weS’:Gw:O},

and assume consistency of SEP, that is, I' is non-empty, closed and convex. We

introduce the notion of bounded linear regularity property for MSSEP. We introduce
the notion of bounded linear regularity property for MSSEP.
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Definition 3.14 ([28]) The MSSEDP is said to satisfy the bounded linear regularity
property if for each r > 0, there exists 7, > 0 such that

T.dr(w) < max{ds(w), ||Gw||} for all w € rB. (171)

Lemma 3.15 ([28]) Let {S’, keré} be bounded linearly regular and G has closed
range. Then the MSSEP satisfies the bounded linear regularity property.

Feng et al. [28] proposed the linear convergence property for the subgradient
projection algorithm to solving the MSSEP by using projections onto half-spaces
and self-adaptive step size, and under the assumption of bounded linear regularity
property for MSSEP:

Algorithm 41 The subgradient projection algorithm to solving the MSSEP
For an arbitrarily initial point wg = (xo, yo) € H, the sequence {w;41} is generated by

t
Wp+1 = Wy — yn{zai(wn - PS,u,nwn) + G*Gwn}a (172)
i=1

ie.,
Xn4l = Xp — J/n{Z§:1 o (x, — PC,-,nxn) + A*(Ax, — By}
Yn+1 = Yn — Vn{ZE:l a;i(yn — PQ,-,nyn) + B*(Ax, — Byu)},
where, (i) 0 < liminf, o ¥, <limsup,_, o, ¥» < min{l, W}; (i) {o; }le C (0, +00) and

Yiojoi=1

Theorem 3.35 ([28]) Let the MSSEP satisfy the bounded linear regularity property,
and the sequence {w,} be defined by Algorithm 41. If the following conditions are
satisfied:

(i) {w,} is linearly focusing, that is, there exists f > 0 such that

Bds,(wn) < ds, n(wn) forany i €{1,2,--- 1}
(ii) There is w = (x, y) € S;, such that ¢, (x) < 0,q,(y) <0,r € {1,2,--- , t}\{i},

(e, SiNint(Nepy S #0 T =1{1,2,--- ,1}).
Then, {w,} converges linearly to a solution of MSSEP.

7 Applications

This section introduces some applications of the split feasibility problem, one is the
signal processing and the other is image recovery.
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7.1 Signal Processing
LASSO problem whose form is the following:
. 2 N
min{Z[|Ax —b[": x € R, llxll = «}, (173)

where A € RN M < N, b € RM and « > 0. This problem is devoted to finding
a sparse solution of SFP. The system A is generated from a standard normal distri-
bution with mean zero and unit variance. We generate the true sparse signal z* from
uniformly distribution in the interval [—2, 2] with random k position nonzero while
the rest is kept zero. The sample data b = Az*.

Under certain conditions on matrix A, the solution of the minimization problem
is equivalent to the £p-norm solution of the underdetermined linear system. For
the SFP, we define C = {z|||z]l1 < «}, Kk =k, and Q = {b}. Since the projection
onto the closed convex set C does not have a closed form solution. So, we employ
the subgradient projection. Thus, we define a convex function c(z) = ||z]|; — « and
denote C, by

Cp = {z:c(w,) + {€n, 7 — wy) <0},

where €, € dc(w,). Also, the orthogonal projection of a point z € RY onto C, can
be computed via:

ifc(wn) + (611, - wn) S O;

Z’
P = _ .
¢ (@) {Z — cdtlenimw) o otherwise.

lleal®

The subdifferential dc at w, is

1, ifw, >0;
oc(w,) =3, if w, = 0;
-1, ifw, <O.

The following method of mean square error is used for measuring the recovery
accuracy:

1
MSE = —||x, — 2*|*
Nllx |

From the definitions, it is noted that a lower value of M S E shows a higher accuracy
of restored signal.

We use Lopez’s relaxed CQ algorithm (47) to solve the signal processing problem.
Set the parameter 7 = 0.5. In our experiment, we consider the case whenever M =
512, N = 1024 and k = 50. Figure 1 shows the comparison between the original
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Fig. 1 Comparison of signal processing after 50, 100 and 200 iterations
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image and the restored image after 50, 100 and 200 iterations. Figure 2 shows the
MSE value versus the iteration numbers for 1000 iterations. All of the numerical
results show the solution of the signal recovering problem is solved by the proposed
algorithm and gets good quality improvements of the observed signal.



Algorithms and Applications for Split Equality Problem with Related Problems 133

7.2 Image Recovery

Let C = [0, 2551 such that D = M x N, where M is the pixels of width and N is
the pixels of height of the image. Consider the minimization problem:

1
min = ||Ax — b|>.
xeC 2

This problem can be solved via the SFP when Q = {b} and C = [0, 255]".

We can consider two blur types (using the MATLAB function ‘fspecial’ and
‘imfitler’) with the 205 x 232 Tire Image as follows:

(i) Gaussian blur of filter size 9 x 9 with standard deviation 4.

(ii) Out of focus with radius 7.

To measure the restored images, we use the Peak-signal-to-noise ratio (PSNR)
defined by

Jl 11>

PSNR = 10log,, i
Xy — X

12’

where x is an original image. From the definitions, it is noted that a higher value of
PSNR of the same number of iteration shows a higher quality of restored image.

We use Lopez’s relaxed CQ algorithm (47) to solve the image recovery problem.
Set the parameter 7 = 0.5. Figure 3 shows the original image and blurred images
of tires. Figure 4 shows the restored image for gaussian blur after 3000 iterations.
Figure 5 shows the restored image for out of focus blur after 3000 iterations. Figure 6
shows the graph of PSNR plotting for each blurs. All of the numerical results show
the solution of the image recovery problem is solved by the proposed algorithm and
gets good quality improvements of the restored image.

Gaussian blurred tire Out of focus blurred tire

Original tire

Fig. 3 The original image and blurred images of tires
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Fig. 4 The restored image for gaussian blur after 3000 iterations

Fig. 5 The restored image for out of focus blur after 3000 iterations
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Some Fixed Point Theorems )
of Generalized Contractions L
with Application to Boundary Value

Problem

Theory, Methods and Integrative Approaches

Naveen Mani, Reeta Bhardwaj, S. S. Chauhan, and Rahul Shukla

1 Introduction

One of the groundbreaking discoveries in nonlinear analysis was made by Banach in
1922, where he established a fixed point theorem. This theorem has found remark-
able applications in various fields, including mathematical optimization, equilibrium
theorems for games, graph theory, and image processing. Ever since its inception,
this principle has served as a fundamental tool for solving numerous nonlinear anal-
ysis problems. Over the years, several researchers have extended and expanded upon
the classical contraction theorem by introducing new types of contractions, thereby
advancing the field further.

Geraghty [1]in 1973 is one of them who offered a generalized contraction mapping
by considering a class of functions 7 defined as follows:

Definition 1 ([1]) Define 20 = {rr |7 : [0, c0) — [0, 1)} which fulfills the condi-
tion

w(kp) — 1 implies «, — 0.
This contraction commonly known as Geraghty Contraction. Geraghty [1] then as an

extension of the Banach contraction principle, deduce a fixed point result. Author(s)
in[2],1in 1997, extended Banach’s finding in Hilbert space by introducing the concept
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of ¢ -weak contraction. Rhoades [3], in 2001, demonstrated that the result of Alber
and Guerre-Delabriere [2] is not only valid in Hilbert space but also true in metric
spaces. Rhoades [3] also remark that if we let ¢ (x) = (1 — 1)k, k¥ > 0, then every
contraction map M on Y is a weakly contractive map with contractive constant
t, however, the inverse is not generally true. Zhang and Song [4], Doric [5], and
Dutta and Choudhury [6], further presented some improved and generalized notion
of weakly contractive mapping in complete metric spaces and derived some fixed
point theorems.

One of the generalizations of Banach’s result from 1922 was presented by Ran
and Reuings [7] within the framework of partially ordered metric spaces. Ran and
Reuings [7] were the first to establish the existence of fixed points for certain maps in
this context. Subsequently, Nieto et al. [8] extended the result of Ran and Reuings [7]
to non-decreasing mappings and utilized their findings to demonstrate the existence
of solutions to differential equations, see also [27, 28]. Concurrently, Agarwal et al.
[9]and Regan et al. [10] investigated the impact of generalized contractions in ordered
spaces. Harjani and Sadarngani [11] reformulated the concept of weakly contractive
mappings, incorporating the results of Rhoades [3] and Dutta and Choudhury [6],
within the framework of ordered metric spaces. Following a similar line of research,
Harandi and Emami [12] in 2010 presented a variation of Geraghty’s result [1]
in metric spaces equipped with a partial order. In the same year, Altun et al. [13]
introduced the notion of weakly increasing mappings and established various fixed
point results in partially ordered metric spaces for both weakly increasing and non-
decreasing mappings. Altun et al. [13] provide a suitable example to emphasize that
weakly increasing mappings do not necessarily imply non-decreasing behavior.

In 2008, Suzuki [14] introduced the concept of the C-contractive condition. The
author proved a generalization of the Banach contraction mapping theorem and also
characterized metric completeness. This simple yet powerful theorem has become
a valuable tool in nonlinear analysis for ensuring the existence and uniqueness of
fixed points. Furthermore, it has been subject to numerous generalizations; refer to
[15, 16, 19, 29].

Definition 2 ([14]) Let (Y, d) be a metric space and P : Y — Y be a map. We say
map P satisfies the C— condition if,

1
Ed(g, Pg) <d(g,e) implies d(Pg, Pe) <d(g,e),

forall g,e € Y.

Definition 3 ([25]) Denote W = {n| n : [0, o0) — [0, 00)} such that 5 is continu-
ous, non-decreasing and 7 (k) = 0 if and only if « = 0.

Gupta et al. [29], in 2017, generalized the result of Suzuki [14] by giving the
notion of Cy— condition and derive fixed point results both on metric as well as on
partially ordered metric spaces.
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Definition 4 ([29]) Let (Y, d) be a metric space and P : Y — Y be a map. We say
map P satisfies C, — condition if

1
7d(8. Pg) =d(g.e) = n(d(Pg. Pe)) =0(d(g.e)).

forall g,e € Y,n € Wand @ : [0, c0) — [0, 00) is a continuous function.

In the mid-1970s, Jungck [21] introduced the concept of commuting maps, which
extended Banach’s famous result on two self-maps. This groundbreaking work by
Jungck [21] provided researchers with a fresh perspective, stimulating their thoughts
and encouraging them to explore, observe, and discuss various fixed point problems
using a novel approach. Building upon this foundation, Sessa [22] further developed
the idea in 1982 by introducing the concept of weak Commutativity in metric spaces.
Jungck [23] expanded upon this notion in the mid-1980s, establishing the groundwork
for weakly compatible mappings and compatible mappings. Notable results in this
theory can be found in [24]. In 2019, Gupta et al. [18] presented a contraction result
for two self-maps using auxiliary functions, providing a metric space result that did
not rely on the compatibility and commutativity properties of maps endowed with a
partial order. To proceed with the proof, let us first discuss several definitions that
are crucial and necessary.

Definition 5 ([13]) Let (Y, <) be a partially ordered set. Two mappings M, N :
Y — Y are said to be weakly increasing if Mg < NMg and Ng < M Ng for all
gevY.

Definition 6 ([23]) Let M, N : Y — Y be self-maps. Then a set of Pair (M, N) is
said to be compatible on metric space (Y, d), if

lim d(MNg,, NMg,) =0,

p—>0Q

whenever {g,} is a sequence in Y such that lim,_,c Mg, = lim, o Ng, = « for
some k € Y.

The primary objective of this study is to establish a definition for a (5, =, 8)-
generalized rational contraction involving three self-maps. Furthermore, we have
presented three theorems within the context of a complete metric space equipped
with a partial order that satisfies the conditions of a (n, w, 6)-generalized rational
contraction. In addition, we provide two examples and several corollaries to substan-
tiate the main findings. These findings not only generalize but also extend several
well-known results from existing literature.
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2 Main Results: (3, , #)-Generalized Rational
Contraction

In this sections, we first introduce (7, w, ) — generalized rational contraction, sup-
ported by an example.

Definition 7 Maps M, N, L : Y — Y are said to be (1, , 6)— generalized rational
contraction if foreach g,e € Y

n(d(Mg, Ne)) < m(d(Lg, Le))0(Ky(Lg, Le)), Vg =>e, 6]

where

KAA,;(Lg, Le) — max {d(Lg, Le). d(Mg,Lg)d(Ne, Le) d(Ne, Le)[l +d(Mg, Le)] } ’

1+d(Lg, Le) 14+d(Mg, Lg)
2

weW,ne Wandh : [0, c0) — [0, 00) is a continuous function with condition
0<0(k) <nk),Vk>0. 3)
Let us start with an example.

Example

Let Y = N U {0} . Define a metric

gte, ifgFe

d(g,e)zio ifo=e

Then (Y, d) is complete metric spaces.
Define M, N, L :Y — Q7 as

8 8
Mg=-, Ng=—, Lg=g.
8 4 8 6 §=8

Define maps 7,6 :[0,00) > [0,00) and m:[0,00) — [0,1) as 7n(k)
=2k, O(k) =« and (k) = %. Then clearly, three maps M, N and L are said
to be (1, 7, 8)— generalized rational contraction.

Our main results are the following three theorems.
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Theorem 1 Let (Y, <,d) be a partially ordered complete metric space, and let
M,N,L:Y — Y are (n, m, 0)— generalized rational contraction mappings satis-
fying the following properties:

(i) MX CLX; NX CLX,

(ii) M and N are weakly increasing with respect to L,
(iii) Lg and Le are comparable,

(iv) M, N and L are continuous,

(v) the pairs (M, L) and (N, L) are compatible.

Then M, N and L have a coincidence point h € Y.
Proof Let us start with the initial assumption that gy € Y be any arbitrary point in
Y. Using Condition (1) of Theorem 1, we can find g;, g, € Y such that Mgy = Lg,
and Rg; = Lg,. In general, inductively we can define two sequences {g 1,} and {e p}
inY, as
Lgrpr1 =Mgop, =er,, Lgrpto =Ngoptr1 =e€2p11, Y peN

Condition (1) of Theorem 1 implies

Lgi=Mgo<Ngi=Lg=Mg < Ng=1Lgs - 4)
thus, we obtain

Lgy < Lgy <Lgs - X Lgopt1 X Lgopir < ---

which implies
ep e ey xXeyp Xexpr X

Claim: {Lg,} is a Cauchy Sequence
Proof of the claim further split into two cases
Case-1: Suppose e;,_1 = ¢€3,,V p € N.
Then from (1)
n(d(ezp, e2p11)) < m(d(eap-1, e2p))0(Kpy(eap—1,€2p)), (5)

where

N
KM(eZp—la eZp)

d(exp, e2p)d(erpt1,e2p) d(€2p+1,€2p)[1+d(62p,€2p)]}

=max (d(e2,—1,€2p), ’
{ (e2p—1,€2p) L+ d(exp—1,e2p) L+d(ezp, e2p-1)

= max {0, d(e2p+1- ezp)} =d(e2p+1,€2p)-

Thus from Eq. (5), we get
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n(d(ezp, e2py1)) < m(d(ezp—1, €2p))0(d(e2p, €2p11))-
Property of m € 20, n and 6 gives that e, = e5,. Consequently, e, = e>,_; for
any g > 2p, and hence Lg, = Lg>,. This implies our claim.

Case-2: Suppose, in general, e, # e, for any integer p.
Since e, and e, are comparable, then (1) gives

n(d(€2p+2, €2p+1)) = U(d(Mgzp+2, NgZ[H—l))

= 7T(d(€2p+l , 621)))9([{1\1},(62p+1 s 6217))’ (6)

where

N
Ky (e2p+1, e2p)

d(ezpia, e2pr1)d(eaprt, e2p) d(ezpit, exp)l +d(ezpia, €2p)] }

=max 1d(e2p41, €2p), ,
{ ’ r L +d(expsi, €2p) 1+ d(e2ps2, €2p)

d(ezp+2, e2ptr1)d(e2p i1, €2p) } %

= max {d(62p+1,62p), 1+ d(ezps, e2p)

- . Q: d(ezp+1,€2p) .
Case-2(D): Since ;22 demmren) < 1 for any p € N, then if

d(eapta.e2pr1)d(eapriep) | _
max {d(ezp+1,ezp), ”Hd;ezp%ez’;) L=t =d(ezp42, €2p+1) then Eq (6) contra-

dicts condition (3) and therefore

pli)ngod(ep, ep+1) = 0.

Case-2(I1): If max {d (e2p+1 €2p), d(ezlﬁlfj(p:;p)jf,eez;:)]’ezp) } =d(ezp+1, €2p)

Then from Eq (6), we get
n(d(ezpt2, €2p+1)) = m(d(e2p41, €2p))0(d(€2p41, €2p)), ®)
Consequently, condition (3), property of n and & € 20 implies
d(ezpi2, e2ps1) < d(eaps1, €2p),
Continuing in this fashion, we have
d(ezpi2, e2p11) < d(ezpi1, €2p) < d(ezp, €2p-1).

which is a monotonic decreasing sequence of real numbers. Thus we canfindak > 0
such that

lim d(ep, ept1) = k. 9

p—>0Q
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Suppose that £ > 0. Then on taking limit as p — oo in (8), on making use of (9)
and the fact m € 20, we get a contradiction. Therefore, k = 0. Imply that

lim d(e,, e,11) = 0. (10)
n—oo

On contrary assume that, sequence {ng » } is not a Cauchy. Assume that there exists
8 > 0, for which we can get two sub-sequences g; and p, (of positive integers for all
positive integer ¢) such that p, > g, > ¢,

d(Lgog,, Lg2p) > 8; d(Lgag,, Lg2p, ,) < 6. (11)

On applying triangle inequality and using (11), we obtain

8 < d(Lng,a LgZp,)
<d(Lgy,, Lgrp, ,) +d(Lgap, ,, Lgp, ) +d(Lgrp, ,, Lg2p,).

Consequently from above equality (on taking limit ¢ — 00), we have
Tim d(Lga,. Lgap) = 6. (12)
Triangle inequality again implies that
d(Lgzp,, L8, ) < d(Lgap,, Lg2q,) +d(Lgoy,, Lg2g, ),
In above equality take limit as + — oo and make use of (10)—(12), we obtain
lim d(Lgap,. Lgay, ) = 5. (13)
Since,

d(LgZp,’ Lg2q,) =< d(LgZp,7 LgZpH]) + d(ngp,H ) Lg2q,)
=d(Lgap,» Lg2p,,)) +d(Mgap,. Ng2g, ).

Using (10)—(13) and letting t — oo, we have
8 =< lim d(MgZp,, Ngqu—])'
—00
Continuity of n € W implies that

1) < lim n(d(Mg2p,, Ngzg, ). (14)
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Again (1) implies that

n(d(Mgap,, Rgag, ) < w(d(Lgap,, Lgag )O(Kay(Lg2p,, L8 ),

where
d(Mgap, . Lg2p,)d(Ng2g, ;L82, )
N d(Lg2p, ’ Lg2q,,1)7 1+d(L L : ) - ’
Ky (Lgap,, Lga, ) = max B2pe 821
M 2ps 2¢,-1 d(Ngag, ;. Lga, )1+d(Mgap, . Lgr, ;)] ’

1+d(Mgp, . Lgap,)
d(Lg2p, 1 Lg2p,)d(Lg2g, Lg2g, ;)
_ d(ngp,’ ng%—l)7 1+d(Lme~,LngI,l) )
= max d(Lgg, . Lgag,_)1+d(Lgop,, L&2q,_,)] ’
1+d(Lg2p, ;- L&2p,)

Taking limit # — oo and the fact that 7 € 20U in above inequality, we get
lim n(d(Mgap,, Ng2g,,))) < 0(5). 15)
Equation (14) and (15) on using (3), gives

n(8) = lim n(d(Mgap,, Ng2,,))) < 0(8) < n(d). (16)

Thus we arrived at contradiction. Therefore {ng p} is a Cauchy sequence. In general
for all p, sequence {Lg ,,} is Cauchy. Thus there we have w € Y such that

lim Lg, = lim Mg, = w. a7
n— 00 p—>00

Further, Claim that w is a coincidence point of M, N and L.
Continuity of L and Eq. (17) gives

lim L(Lgyy) = lim L(Lgyyr) = Lo. (18)
Further, continuity of M and (17) gives
d(M(Lgp), Mw) — 0. 19)
Since pair (M, L) is compatible, then
d(L(Mg2p), M(Lg2p)) — 0. (20)
Again triangular inequality gives

d(Lw, Mw) < d(Lw, L(Lg2p+1)) +d(L(Mgzp), M(Lg2p)) + d(M(Lg2p), Mw),
21
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Using (17)—(20) (take limit # — oo) in (21) and, we get

d(Lw, Mw) <0,
this gives that Lo = M. In similar manner, we can deduce that d(Lw, Nw) < 0,

this gives that Lo = Nw. Therefore w is a coincidence point of M, N and L, i.e.,
Lw = Mo = Nw. This proves Theorem 1. ]

Our next theorem guarantees the existence and uniqueness of fixed points for three
self-maps M, N, L.

Theorem 2 Assume that hypotheses of Theorem 1 holds forall (g,e) € Y x Y, and
w € Y such that

Mg < Mwand Me < Mw. (22)

Then M, N and L have unique common fixed point.
Proof Split the proof further in two steps:
Claim: M, N and L have common fixed point.
To get the claim, suppose there exist p and v such that
Lu=Mwu=Nu and Lv= Mv =Ny,
and we show that
Lu=Lv. 23)
Let (i1, v) € Y x Y, then there exists a wg € Y (on using (22)) s.t.
Mup < Mwy, and Mv < Mwy. 24)
On the line of proof of Theorem 1, we can define a sequence {La) ,,} as follows:
Lwopyy = Manp, Lwypio =Nwypyr, Y peN (25)
Again, we have
Mpu=Lp=<Lw,, Mv=Lv<Lw, VpeN. (26)

Put ¢ = w, and e = p in (1), we get

n(d(Lwspi1, L)) = n(d(Mwy,, Nuw))
< w(d(Lwap, L)0(K jy(Lany, Lp)), (27)
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where

N _ 1+d(Lw;p, L)
Ky (Lwgp, L) = max { AN, L [1+d (Mo, LI)]
1+d(Mawzp, Lany)

d(Lany, L), {8l dWinty) }

d(Lwypy1,Lanp)d(Li, L)
d(Lw,,, Li), ! ! ,
— max { (Larnp, L) 1+d(Lwn, L) }

d(Lp, L)[1+d(Lwypir, L)l
I+d(Lwapy1,Lwny)

=d(Lwp, L1).
Hence from Eq(27), we get
n(d(Lanpir, L)) < m(d(Lwsp, Ln))0(d(Lwsp, Li)). (28)
Further implies (as © € 20)
n(d(Lwypir, L)) < 0(d(Lwnp, Lp)). (29)

Similarly, again if we put e = w;,11 and g = p in (1) and (2) and using the fact that
7 € 20, we obtain

n(d(Lwzpia, L)) < 0(d(Lanpir, Li)). (30)
V p € N, (29) and (30) gives
nd(Lwpyr, L)) = 6(d(Lwy, L)),
On using property of 1 and 6, we have
d(Lwpyy, Lp) < d(Lwy, Lu),
therefore there exist k > 0 such that

lim d(Lo,, Li) = k. 31)
p—>00

Suppose k > 0, then from (28) on taking limit as p — oo , we get
n(k) < 6(k) < n(k).
we get a contradiction to (3), and so k = 0. Equation (31) implies

lim d(Lw,, Li) = 0. (32)
p—>00
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The same way, we can prove that

lim d(Lw,, Lv) = 0. (33)
p—>00

This is possible (both (32)—(33)) only if

lim Lw;, = Ly = Lv.

p—>00
Thus from (25) on taking limit p — oo, we get

lim Mw;, =Lu=_Lv, lim Nwy, 1 =Lu=Lv. (34)
p—>00

p—>00
Since the pair {M, L} and {N, L} are compatible, therefore

Jim d(L(May), M(Leny) =0, lim d(L(Nwzp1). N(Lenyi) = 0. (35)

Assume that,

h=Lu (36)
Consider,
d(Lh, Mh) < d(Lh, L(Mw,p)) +d(L(Mw,p), M(Lw,p)) +d(M(Lw,,), Mh).

Letting p — oo and using the continuity of M in above inequality together with (34)
and (35), we obtain

d(Lh, Mh) <0,
implies that, Lh = Mh. The same way, we can derive that
d(Lh,Nh) <0,
thus, Lh = Nh. Combining all together with (36), we get
h=Lu=Lh=Mh=Nh.
This proves the claim.
Claim: Common fixed point is Unique

Assume there exist two fixed point «r, & € Y, with « # h such that

oa=Lpu=Le=Ma=Na and h=Lu=Lh=Mh=Nh
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Since « and & both are coincidence point of map L, then (from 23), we have
La = Lh.
This implies that
a=La=Lh=h,

This proves our claim and also completes the proof of Theorem 2. (]

If in the Definition 7 and Theorem 1, we take L = I, following fixed point results
for two self-maps obtained.

Definition 8 Maps M, N : Y — Y are said to be (7, &, 8)— rational contraction if
foreach g,e € Y

n(d(Mg, Ne)) < m(d(g, e)0(Ky (g, e), Yg=e, (37

where

d(Mg,g)d(Ne,e) d(Ne,e)[l +d(Mg,e)]
1+d(g,e) 1+d(Mg, g)

K,{}'(g,e) = max {d(g,e), } (38)

7 eW,neW¥andb : [0, 00) — [0, 00) is a continuous function with condition

0<6k) <nk),Yk >0. 39)

Theorem 3 Let (Y, <,d) be a partially ordered complete metric space, and let
M, N : Y — Y are continuous, weakly increasing and satisfying (n, , 0)— rational
contractive mappings. Further, suppose that forall g, e € Y, g and e are comparable.
Moreover, ifforall (g,e) € Y x Y, there exists w € Y which is comparable to g and
e. Then M and N have unique common fixed point h € Y.

3 Corollary and Example

Here first we present some consequences of our main finding, and later furnish an
example in support of our main results.
From Definition 7, we have

KAA,;(Lg, Le) = max {d(Lg, L. d(Mg,Lg)d(Ne, Le) d(Ne,Le)[l +d(Mg, Le)] } .

14+d(Lg,Le) 1+d(Mg, Lg)

In general, either
Ky(Lg, Le) =d(Lg, Le)
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or
d(Mg,Lg)d(Ne, Le)

KN(Lg, Le) =
w(Ls. Le) 1 +d(Lg, Le)

of d(Ne,Le)[1 +d(Mg, Le)]

KY¥(Lg, Le) =
(Ll Le) 1+d(Mg, Lg)

On making use of the above three equalities in Theorems 1 and 2, we get the following
three results.

Corollary 1 Let (Y, <X, d) be a partially ordered complete metric space, and let
maps M, N, L : Y — Y are continuous, M and N are weakly increasing with respect
to L and satisfying:

n(d(Mg,Ne)) < m(d(Lg, Le))0(d(Lg, Le)), Vg =e,

foreach g,e € Y, where m € 23, n € W and 6 : [0, 00) — [0, 00) is a continuous
function with condition0 < 0(k) < n(k), Vi > 0. Further, supposethat MX C LX
and NX C LX, and for all g, e € Y, Lg and Le are comparable. Moreover, if the
pairs (M, L) and (N, L) are compatible and if for all (g,e) € Y x Y, there exists
w € Ysuchthat Mg < Mwand Me < Mw. Then M, N and L have unique common
fixed point h € Y.

Corollary 2 Let (Y, <X, d) be a partially ordered complete metric space, and let
maps M, N, L : Y — Y are continuous, M and N are weakly increasing with respect
to L and satisfying:

d(Mg,Lg)d(Ne, Le)
1+d(Lg, Le)

n(d(Mg, Ne)) < m(d(Lg, Le))6( ), Yg=e,

foreach g,e € Y, where m € 20, n € W and 0 : [0, 00) — [0, 00) is a continuous
functionwith condition0 < 0(k) < n(k), Yk > 0. Further, supposethat MX C LX
and NX C LX, and for all g,e € Y, Lg and Le are comparable. Moreover, if the
pairs (M, L) and (N, L) are compatible and if for all (g, e) € Y x Y, there exists
w € Ysuchthat Mg < Mwand Me < Mw. Then M, N and L have unique common
fixed point h € Y.

Corollary 3 Let (Y, <, d) be a partially ordered complete metric space, and let
maps M, N, L : Y — Y are continuous, M and N are weakly increasing with respect
to L and satisfying:

dNe, Lol +d(Mg, Le)l,

n(d(Mg, Ne)) = n(d(Lg, L) (———— 77— ST

3

foreach g,e € Y, where m € 23, n € W and 6 : [0, 00) — [0, 00) is a continuous
Sfunctionwith condition0 < 0(k) < n(k), Yk > 0. Further, supposethat MX C LX
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and NX C LX, and for all g,e € Y, Lg and Le are comparable. Moreover, if the
pairs (M, L) and (N, L) are compatible and if for all (g,e) € Y x Y, there exists
w € Ysuchthat Mg < Mwand Me <X Mw. Then M, N and L have unique common
fixed point h € Y.

On combining Definition 8, Theorem 3 and letting N = M, we deduce the fol-
lowing result.

Corollary 4 Let (Y, <, d) be a partially ordered complete metric space, and let
M : Y — Y be a continuous mapping such that forall g,e € Y

n(d(Mg, Me)) < m(d(g,e)0(K (g, e)),

where g and e are comparable,

K (g, ¢) = max {d(g, o). d(Mg,g)d(Me,e) d(Me,e)[l +d(Mg, e)]}

1+d(g,e) 1+d(Mg, g)
T eW, neWandO :[0,00) — [0, 00) is a continuous function with condition
0<68(k) <nk),Vk >0.

Suppose, if forall (g,e) € Y x Y, there exists w € Y which is comparable to g and
e. Then M has a unique fixed point h € Y.

Example

Let Y = N U {0} . Define a metric

+e, i e

d(g.e) = 1% . fe#
0, if g=e.

Then (Y, d) is complete metric spaces. Consider three maps M, N, L : Y — Q%

defined as

Definemapsn, 6 : [0, 0c0) — [0, 00)andx : [0, 00) — [0, 1)asn(k) =k, O(k) =
k/2and (k) = %.

It can be easily verified that the maps M, N and L are (7, &, §)—generalized
rational contraction maps, which is also continuous.
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Further, MX C LXand NX C LX forg € Yand M and N are weakly increasing

with respect to L.
Moreover, O is the unique common fixed point of maps M, N and L.

4 Applications

The purpose of this section is to study the existence of common solution of system
of integral equations, as an application of Theorem 3.

4.1 Existence Theorem for a Common Solution of Integral
Equations

Consider the system of integral equations:

E
() = / Rulk 2, 0(2))dz + a(c)
0
E
(k) = f Ralic, 2. 0(2))dz + ) Vi € [0, El, (40)
0

where E > 0. Let us consider the space Y = C([0, E]) of continuous functions
defined on [0, E]). Define the metric:

d(g,e) = sup |g(k) —e(k)|, Vg,ec.
«el0,E]

Clearly, the space (Y, d) is a complete metric space. Suppose the set Y = C ([0, E])
equipped with partial order < given by:

Vg,eeY,g<es gk) <elk), Yk el0E]

Theorem 4 Suppose the following hypotheses hold:

(i) Ri,R,:[0,E]x[0,E] xR — Randh : R — R are continuous,
(ii) forallk, z € [0, E], we have

E
Ri(k,z,w(k)) < Rz(K, z,/ Ri(z, h, w(h))dh —l—a(z)),
0

E
Retk 2. 000) = Riz, [ R ho)dh + @),
0
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(iii) there exists a continuous function G : [0, E] x [0, E] — R such that

logl(g — e)* + 1]
(g—e)
Vik,z€[0,Eland g,e € R such that e < g,

’

|R1(K1 2, g) - RZ(K’ Z, e)l < G(K9 Z)\/

(iv) SUPyero, ey fo G2k, )dz < .

Then the integral equation (40) have a solution w* € C([0, E]).

Proof Let us define M, N : C([0, E]) — C([0, E]) by
E
Mo(k) = / Ri(k,z, w(2))dz + a(k)
0
and
E
Nw(k) = / Ry(k,z, w(2))dz +a(k), « €]0,E], g€ C(0, E]).
0

Clealry, M and N are weakly increasing (refer to see [26]) Now, for all g, e €
C([0, E]) such that e < g, we have

E
IMg(k) — Ne(k)| < / [Ri(x,z,8(2)) — Ra(k, z,e(2))] dz
0

E _ 2
3 / Gieo \/log[(g(z) @11,
0

(g(2) —e(2))

E 37 (Flogl(g(z) —e(2)* + 11, \%
G3(k, z)d / d
<(f) ewoa) ([ GG )

Now using hypothesis(IV), we get

I\s/ [Flogl(g(z) —e(@)*+11  \3
[Mg(k) — Ne(k)| = (E) (/0 (8(z) — e(2)) dz)

5(1)5</w)ﬁ

E d(g,e)

- ( logld(g, e)* + 1])
- d(g,e) '
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This implies that,

logld(g, e)* + 1]

d(Mg, Ne) < \/ d(s.0)

Further can be written as

2 \/—2
d(Mg. Ne)2 < logld(g,e)” + 1] < logld(g, e)* + l]. /—log[d(g, OF F 1l
d(g,e) d(g,e)
41

Set the function 7 as

2
2) = Vioglk? + 1]’
K

It is obvious that w € 20. If we let (k) = «2 and O (k) = /log[k? + 1].
Therefore from (41), we have

n(d(Mg, Ne)) < m(d(g, e))0(d(g, e))
< (d(g,e)0(K (g, e)).

Thus all the hypothesis of Theorem 3 are satisfied. Therefore there exists w* €
C([0, E]), a common fixed point of M and N, that is ®* is a solution to (40). O

5 Conclusion

In this article, we begin by introducing the concept of (1, , 6)-generalized rational
contraction for three self-maps. Subsequently, we present three significant theorems,
namely Theorems 1-3. These theorems provide both the existence and uniqueness
of common fixed points. Furthermore, we enhance the manuscript by including two
illustrative examples that showcase the practical implications of our findings.

Moreover, we extend the existing literature by introducing novel consequences
derived from our main results. Notably, these consequences generalize and expand
upon previously established findings, particularly the notable works of Gupta et al.
[20] and Borisut et al. [16].

Additionally, we present an application of our research by presenting an existence
theorem for a common solution of integral equations.
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Fixed Points of Coset and Orbit Space )
Actions: An Application L
of Semihypergroup Theory

Theory, Methods and Integrative Approaches

Choiti Bandyopadhyay

1 Introduction

The common fixed points of representations of different categories of topological
and analytic objects (such as locally compact semigroups, topological groups, and
semigroup of operators, among others [8, 9, 12, 13, 16-18, 20]) have been an
exciting and immensely useful area of research in the fields of fixed-point theory and
harmonic analysis, since their inception. In this article, we consider the existence of
such structures in the setting of certain left/right coset, double-coset spaces associated
to compact subgroups and orbit spaces of certain (continuous) affine actions arising
from locally compact groups. These families of spaces appear frequently in several
areas of research including Lie group theory, homogeneous spaces, polynomial and
dynamical systems, solutions of differential equations, random walks, Brownian
motion and topological graph theory, to name a few. In particular, we derive several
characterizations of the existence of common fixed points of representations of such
spaces, in terms of another central concept in the study of harmonic analysis, namely
amenability of the underlying function spaces.

Through the lens of abstract harmonic analysis, it turns out that all these different
families of objects, i.e., certain (double) coset and orbit spaces arising from locally
compact groups, fall under the unified category of Semihypergroups. A semihyper-
group is essentially a locally compact Hausdorff topological space that admits a
certain associative convolution algebra on the space of complex Radon measures on
itself. In particular, it turns out [1, 7, 10] that the algebraic structures retained by the
(double) coset and orbit spaces from their parent category of locally compact groups,
naturally give rise to such a convolution algebra via a standard averaging technique
(we will discuss these structures in details in the following section). Our general
aim here is to make use of the extensive literature [1-5, 7, 10] found on these
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“hyperstructures”, namely the broader categories of semihypergroups and hyper-
groups, to gain further insight into the analytic behavior of these families of objects
discussed above.

Till date, no systematic extensive study is found on the actions of such (double)
cosets and orbits on general locally convex spaces, or even on Banach spaces. In
particular, we observe that some recent developments in the study of semihypergroups
[4, 6] imply that this theory can indeed be applied to derive some exciting new
results regarding the common fixed points of actions of such specific objects. More
importantly, this approach provides us with a fresh analytic insight into the fixed-
point theory of the (double) coset and orbit spaces in question. Since classically the
treatment of such topics has been more geometric and algebraic in nature, the analytic
aspects and equivalences of the same remain unexplored till date (see [11, 14, 19, 21]
for example), specially when it comes to the fixed-point theories of homogeneous
spaces and coset spaces.

In what follows, we first provide a brief introduction to the unifying analytic
category of semihypergroups and hypergroups along with concrete formulations of
such structures when it comes to the families of (double) coset and orbit spaces of
locally compact groups. We further introduce the concepts of amenability, transla-
tions, invariance and almost periodic functions on these spaces. Later on, we define
actions on these spaces and discuss the equivalence between the existence of com-
mon fixed points of different kinds of actions and (left) amenability of the space of
almost periodic functions. We conclude the article by introducing a certain fixed-
point property (FP) of semihypergroup actions, that makes use of certain hereditary
properties as well as the measure-algebraic formulation of actions in this setting. As
an application of semihypergroup theory, we see that this property (FP) concern-
ing induced (restricted) actions, completely characterizes the left amenability of the
function space consisting of almost periodic functions on a given orbit space.

2 Preliminary

This section provides some necessary preliminary knowledge on the theory of semi-
hypergroups, as well as elaborate on why the (double) coset and orbit spaces discussed
above have a natural (semi)hypergroup structure. We begin by stating some basic
notations that we will use throughout the article.

All the topologies throughout this text are assumed to be Hausdorff.

For any locally compact Hausdorff topological space X, we denote by M (X) the
space of all regular complex Borel measures on X, where M}’ (X), M (X)and P(X)
respectively denote the subsets of M (X) consisting of all non-negative measures
with finite support, all finite non-negative regular Borel measures and all probability
measures on X. For any measure i on X, we denote by supp(u) the support of
the measure ©. Moreover, B(X), C(X) and C.(X) denote the function spaces of all
bounded, bounded continuous and compactly supported continuous functions on X
respectively.
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Next, we introduce two very important topologies on the positive measure space
M™(X) and the space of compact subsets for any locally compact topological space
X. Unless mentioned otherwise, we will always assume these two topologies on the
respective spaces.

The cone topology on M*(X) is defined as the topology induced by C; (X) U
{1x}, i.e., the weakest topology on M*(X) for which the maps p — [, f dpu is
continuous for any f € C;F(X) U {1x} where 1x denotes the characteristic function
of X. Note that if X is compact then it follows immediately from the duality of Riesz
representation theorem that the cone topology coincides with the weak*-topology
on M (X).

We denote by €(X) the set of all compact subsets of X. The Michael topology
on €(X) is defined to be the topology generated by the sub-basis {Cy (V) : U,V C
X are open sets in X}, where

Cy(V)={Ce&€X):CNU #Q,C CV}

Observe that the Michael topology is one of the most intuitive and natural topolo-
gies on this space, and €(X) indeed becomes a locally compact Hausdorff space
with respect to this topology. Moreover if X is compact then €(X) is also compact
[10, 15].

For any element x € X, we denote by §, the point-mass measure or the Dirac
measure at the point x. For any three locally compact Hausdorff spaces X, Y, Z, a
bilinear map ¥ : M(X) x M(Y) — M(Z) is called positive continuous if the fol-
lowing properties hold true.

1. W(u,v) € MT(Z) whenever (i, v) € MT(X) x M*(Y).
2. The map W¥|y+x)xm+(v) is continuous (w.r.t the cone topology).

Now we are ready to state the formal definition for a (topological) semihypergroup.
Note that we mostly follow Jewett’s notions [10] in terms of definitions and notations.

Definition 1 (Semihypergroup) A pair (K, %) is called a (topological) semihyper-
group if they satisfy the following properties:

(A1) K is a locally compact Hausdorff space and * defines a binary operation on
M (K) such that (M (K), %) becomes an associative algebra.

(A2) The bilinear mapping * : M(K) x M(K) — M(K) is positive continuous.

(A3) Forany x,y € K the measure (J, * §,) is a probability measure with compact
support.

(A4) The map (x, y) = supp(d; * d,) from K x K into €(K) is continuous.

Note that forany A, B C K the convolution of subsets is defined as the following:
Ax B :=U,ca yep Supp(8 * 8,).

Observe that €(K) is closed under this convolution of sets, i.e., A * B will always
be compact whenever both A, B C K are compact subsets. We say that a closed
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subset H C K is a sub-semihypergroup of K if H x H C H. We define the concepts
of left (resp. right) topological and semitopological semihypergroups, analogous to
similar notions in the classical semigroup theory.

Definition 2 A pair (K, ) is called a left (resp. right) topological semihypergroup if
it satisfies all the conditions of Definition 1, with property (A2) replaced by property
(A2') (resp. property (A2")), given as the following:

(A2) The map (u, v) = u * v is positive and for each w € M (K) the map
L, : MY (K)— M*(K) given by L,(1t) := w * i is continuous.

(A2”) The map (i, v) —  * v is positive and for each @ € M (K) the map
R, : MT(K) — M*(K) given by R, (1) := i * w is continuous.

A pair (K, %) is called a semitopological semihypergroup if it is both left and right
topological semihypergroup, i.e, if the convolution % on M (K) is only separately
continuous.

For any Borel measurable function f € B(K) for a (semitopological) semihyper-
group K and for each x, y € K, we define the left translate L, f of f by x (resp. the
right translate R, f of f by y) as a Borel function on K defined as

Lof(3) = Ry f(0) = flx % y) = / £, %8,) .
K

Whenever f € C(K), we have that L, f, R, f € C(K) for each x € K. Unless
mentioned otherwise, we will always assume the uniform (supremum) norm || - ||,
on C(K) and B(K). We denote by B, the closed unit ball of C(K)*. Similarly, for
any linear subspace ¥ of C(K), we denote the closed unit ball of ¥* as

BI(F) ={w e T |loll < 1}.

Moreover, ¥ is called left (resp. right) translation-invariantif L, f € F (resp. Ry f €
F)foreachx € K, f € F. We simply say that ¥ is translation-invariant, if it is both
left and right translation-invariant.

A function f € C(K) is called left (resp. right) uniformly continuous if the map
x> L, f (resp. x — R, f)from K to (C(K), || - ||,) is continuous. We say that f
is uniformly continuous if it is both left and right uniformly continuous. The space
consisting of all such functions is denoted by U C(K), which forms a norm-closed
linear subspace of C(K).

The left (resp. right) orbit of a function f € C(K), denoted as O, ( f) (resp. O, (f)),
is defined as O;(f) :={L. f : x € K} (resp. O,(f) := {R, f : x € K}). A function
f € C(K) is called left (resp. right) almost periodic if we have that O;(f) (resp.
O, (f)) is relatively compact in (C(K), || - ||,)- We showed in a previous work [1,
Corollary 4.4] that a function f on K is left almost periodic if and only if it is right
almost periodic. Hence we regard any left or right almost periodic function on K
simply as an almost periodic function, and denote the space of all almost periodic
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functions on K as AP(K). We further saw in [1] that AP(K) is a norm-closed,
conjugate-closed (with respect to complex conjugation), translation-invariant linear
subspace of C(K) containing constant functions, such that AP(K) € UC(K).
Now recall [10] that for any locally compact Hausdorff space X,amapi : X — X
is called a topological involution if i is a homeomorphism and (i o i)(x) = x for
each x € X. On a semitopological semihypergroup (K, *), a topological involution
i: K — K given by i(x) := x~ is called a (semihypergroup) involution if (u *
V)T =v~ xu” forany u,v € M(K). For any measure w € M(K), we have that

w (B) = »(B") := »(i(B)),

for any Borel measurable subset B of K. As expected, an involution on a semihy-
pergroup is analogous to inverses on a semigroup. Hence a semihypergroup with an
identity and an involution of the following characteristic is a hypergroup.

Definition 3 (Hypergroup) A semihypergroup (H, ) is called a hypergroup if it
satisfies the following conditions:

(AS) There exists anelemente € H suchthatd, 8, = 8, %6, = 8, foranyx € H.
(A6) There exists an involution x — x~ on H such that e € supp(d, * §,) if and
onlyifx = y~.

The element e in the above definition is called the identity of H. Note that
the identity and involution of a hypergroup are necessarily unique [10]. A sub-
semihypergroup H of a hypergroup K is called a sub-hypergroup if we have that
H~ = H as well.

Remark 1 Given a Hausdorff topological space K, in order to define a positive
continuous bilinear map * : M(K) x M(K) - M(K), it suffices to only define the
measures (8, * 8,) for each x, y € K. This is true since one can then extend the
convolution “*’ bilinearly to M} (K). As M/ (K) is dense in M*(K) in the cone
topology [10], one can further achieve a continuous extension of ‘x’ to M (K) and
hence to the whole of M (K') using bilinearity of the convolution.

Finally, the center Z(K) of a (semitopological) semihypergroup (K, *) is defined
to be the largest semigroup included in (K, *). In other words, we have that

Z(K) :={x € K : supp(d; *J,) and supp(d, * d,) are singleton for any y € K}.

Note that it is possible that Z(K) = @, and even if x € Z(K), then (8, *é,) and
(8, * 8,) need not be supported on the same element in K, for each y € K.

But if K is a hypergroup, we immediately see that e € Z(K). In fact, in that case,
i.e., if K is a hypergroup, then the center Z(K) is indeed the largest group included
in K, and it can easily be checked [7] that the following relation holds true:

Z(K):={x € K : 8y % 6x— = 6 * 6y = bc}-
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Hence the definition for center of a hypergroup[ 10] defined as above, coincides with
that of the center of a semihypergroup. The following is a simple example of a (one
dimensional) hypergroup with a non-trivial center.

Example (Zeuner [22])

Consider the hypergroup (H, %) where H = [0, 1] and the convolution is defined as

Sjs— S1—1—s—
8S*8,=—" t|+21 ==l

We immediately see that Z(H) = {0, 1}.

Now we list some well-known examples [10, 22] of semihypergroups and hyper-
groups. See [1, Sect. 3] for details on the constructions as well as the reasons why
most of the structures discussed there, although attain a semihypergroup structure,
fail to be hypergroups.

Trivial Examples

If (S, -) is a locally compact (topological) semigroup, then (S, *) has a trivial semi-
hypergroup structure given as
Oy %8y, =16

x.y

foreach x,y € §S.
Similarly, if (G, -) is a locally compact topological group with identity es, then

(G, %) is a hypergroup with the same bilinear operation x*, identity element eg and

the involution on G defined as x — x~!.

Observe that Z(S) = S, Z(G) = G in the above example.

A Finite Case

Take T = {e, a, b} and equip it with the discrete topology. Define

e *¥0q =68, %68, = &,

Se *0p =68p %6, = &p

8a % 8p = 8p ¥ 84 = 2184 + 220
8q % 84 = X108, + X208, + X368

3p * 8p = ¥10. + ¥284 + Y305,

where x;,y;,z; € R such that x;+x, +x3=y1+mw+y3=21+22=1 and
YiX3 = 21X1.
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Then (7, *) is a commutative hypergroup with e as the identity element and the
identity map on 7 taken as involution. In fact, any finite set can be given several (not
necessarily equivalent) semihypergroup and hypergroup structures.

Next we see how some of the the primary examples discussed in the introduction,
i.e., the (double) coset and orbit spaces arising from general locally compact groups,
attain a natural hyper-structure using a standard averaging technique on their measure
spaces.

Coset Spaces

Let G be alocally compact group and H be a compact subgroup of G. Moreover, let &
be the normalized Haar measure of H. Consider the left quotient space K := G/H =
{xH : x € G} and equip it with the natural quotient topology. For any x,y € G,
define

N )
H

Then it can be easily checked [10] that (K, *) is a semihypergroup.

For instance, consider G to be the symmetric group S4 and H to be the dihedral
group Dg. We know that Dg is not a normal subgroup of S,. Consider the left coset
space

G/H ={H, s|H,s;H},

where s; = (1 2 4) and s, = (1 4 2). Since a Haar measure on Dyg is simply a mul-
tiple of the counting measure, the above formulation implies that

1
Oxm * 8yg = 3 Z Sy H
heH

Hence a direct computation gives us that the left coset space S4/Dsg is a discrete
semihypergroup where the convolution is given by the following table:

x | ém Os1H O, H

Su | 8w 3Gam+8un)  3GaH +8nH)
80 | Sam %(6H+852H> %(5H+851H>
1) 1)

o | 8o 30n+8am)  30H +8,m)
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Observe that here the element x = H fails to be a right identity, and hence S4/Dg
does not attain a hypergroup structure. Thus in general, for a left coset space G/H
where H is not normal, H fails to serve as a right identity.

The next example [10] of double coset spaces overcomes this barrier and becomes
a hypergroup using a similar convolution product.

Double Coset Spaces

As before, let G be alocally compact topological group, H be a compact subgroup of
G and p be the normalized Haar measure of H. We equip the space of double cosets
K := G//H = {HxH : x € G} with the usual quotient topology. Forany x, y € G,
use the usual averaging technique to define

SHxH * dgyn = f SHGiyyH du(t).
H

Then (K, %) is a hypergroup [10] with the identity element e = H and involution
function HxH v+ Hx 'H.

Finally, the next example of orbit spaces includes [10] the families of coset and
double-coset spaces discussed above. Recall that a continuous action of a topological
group G on a Hausdorff space X is a continuous map (g, x) = x¢: G x X = X
such that x¢ = x and

X8k = (x8)*

foreachx € X, g, k € G. Moreover,amap ¢ : G — G is called affine if there exists
an element ¢ € G and an automorphism ¥ of G such that

P (x) = aW(x),

for each x € G. Observe thatif g, k € G and W is an automorphism of G, then gWk
is affine as well (this fact is used in checking that the standard averaging technique
indeed induces a convolution product on the measure space of orbits of certain actions
as discussed below). Thus, a continuous action of G on X is called a continuous affine
action if the map g — x¢ : G — G is affine for each x € X.

Orbit Spaces

Let G be a locally compact topological group and H be any compact group where
7 : H x G — G is a continuous affine action of H on G given by 7 (h, g) = g" for
each g € G, h € H. Consider the orbit space

0=G":=@x".xeG),
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where x = O(x) = {m(h, x) : h € H} is the orbit of x under the action 7w of H. Let
w be the normalized Haar measure of H. Consider G¥ with the quotient topology
and the following convolution:

(SXH *8},H I:/ / S(H(s',x)n(t,y))H d/L(S) d,u(t)
HJH

Then (O, *) becomes a semihypergroup [10].
For any such action = of H on G, the maps {r;, : G — G : h € H} given by

m(g) :=m(h,g) foreach g € G

are called the co-efficient functions of the respective action. It can be shown [7, 10]
that (O, %) becomes a hypergroup if for each & € H, the co-efficient map 7, is an
automorphism of G.

Note that the formulation of the convolution product for coset spaces is a special
case of the above formulation for orbit spaces. In particular, for a compact subgroup
H < G let us consider the action w given by H x G — G : (h, x) > xh. Then
G = G/H and using the general formulation for convolution of measures in orbit
spaces we have

(SxH * 8}*H = / / S(n(s,x)n(t,y))H d/L(S) d/'L(t)
HJH

- f / (s du(s) due(t)
HJH

= [ [ S dn) dutoy
HJH

2/ 8((xsy)H d/,L(S),
H

where the last equality follows since i is a normalized measure, i.e., u(H) = 1. The
formulation for double cosets follows in a similar manner.

Thus we see that the convolution structure of the coset and double-coset spaces
are compatible with the general convolution structure corresponding to orbit spaces.
Hence in the next section, we consider the results for orbit spaces in general. More-
over, for the rest of this chapter, whenever we mention (double) coset and orbit
spaces, we assume the setting for these spaces discussed in this section.
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3 Common Fixed Points

Now we proceed toward investigating certain representations of such coset and orbit
spaces on a locally convex space. In particular, we use the notion of semihypergroup
actions to explore the intrinsic connection between the common fixed points of such
actions and the amenability of certain function spaces of the underlying orbit space.
We use the following notational convention for the rest of the article.

A locally convex Hausdorff topological vector space E with a family Q of semi-
norms is simply denoted by (E, Q) or (E, tg) where 7y is the topology on E gener-
ated by the family of seminorms Q. In rest of the chapter, the topology assumed on
E (resp. on any Borel subset X of E), is the topology (resp. induced topology) 7.

Definition 4 (Semihypergroup Action) Let (K, *) be a (semitopological) semihy-
pergroup and X be a convex subset of (E, Q). Amaprw : K x X — X iscalled a
(semihypergroup) action if the following conditions are satisfied:

1. Foranys,t € K, x € X we have

7T(S,7T(t,x))=/KJT(§,X) d (8 * 8,)(%).

2. Whenever K has a two-sided identity e, we have that (e, x) = x foreachx € X.

Such an action 7 of K on X is called (separately) continuous, if the map 7 is
(separately) continuous on K x X. For each s € K, we denote the co-efficient map
x +— 1 (s,x) : X — X by m,. The following definitions are immediate consequences
of the general definition of semihyperoup action, keeping in mind the convolution
structure of the measure-algebras of respective spaces.

> Coset and Orbit Actions

In view of the above discussion, we see that if (G/H, *) is a left coset space with the
natural semihypergroup structure as discussed in the previous section, then a map
w:G/H x X — X is called a coset action if for any s, g € G, x € X we have

n(sH,7w(gH, x)) =/ 7 ((shg)H, x) du(h),
H

where p is the normalized Haar measure of the compact subgroup H of G.

Similarly, the double-coset action of G//H on X isamapn : G//H x X = X
such that for any s, g € G, x € X we have that 7 (H, x) = x and the following holds
true:

m(HsH,m(HgH, x)) =/ m(H(shg)H, x) du(h).
H



Fixed Points of Coset and Orbit Space Actions: An Application ... 169

Finally, consider the orbit space G for any compact group H and locally compact
group G. An orbitaction of G® onaconvex subset X of alocally convex space (E, Q)
isamap 7 : GH x X — X such that for any s, g € G, x € X we have that:

w6 g = [ [ a(6"h.x) duh) dco
HJH

Note that if G is a hypergroup as well, for 77 to be an orbit action, we would
also need that w(ef’, x) = w(H, x) = x for each x € X, in addition to the above

property.

It turns out that separate continuity of the action of a compact semihypergroup
automatically implies joint continuity on the center of a sub-hypergroup. In particular,
the following result is true [4] even for any left topological semihypergroup K with
an identity e.

Theorem 1 Let (K, x) be a compact left topological semihypergroup with identity,
and H C K be a hypergroup. Then any separately continuous action o of K on a
compact convex space X is jointly continuous on Z(H) x X.

Hence in particular, we have that for a compact orbit space G¥ where all the
co-efficient functions of the action of H on G are automorphisms, any separately
continuous action 7 of G on a compact convex space X is jointly continuous on
Z(G") x X. In particular, for a compact double-coset space G//H , any separately
continuous action 7 of G//H on a compact convex space X is jointly continuous on
(Cg(H)//H) x X, where Cg (H) is the stabilizer of H defined as

Co(H):={geG:gHg ' C H}.

Given a coset action (resp. orbit action) = of G/ H (resp. G™) on a convex subset
X of a locally convex space (E, Q), we say that an element xo € X is a common
fixed point of 7 if we have that

m(gH, x0) = xo (resp. m(g", x0) = xo)

foreach g € G.

For the rest of this chapter, we will explore different equivalent conditions for a
coset (resp. orbit) action r to allow a common fixed point. In particular, we will see
that the existence of such a fixed point is intrinsically related to the amenability of
the function space consisting of almost periodic functions on the underlying coset
(resp. orbit) space.

First, we briefly recall some definitions and results on amenability. Recall from
the previous section that each coset, double coset, and orbit space admits a natural
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convolution algebra on its measure space, making it a semihypergroup. For any semi-
hypergroup (K, *) and a linear subspace # of C(K') containing constant functions,
a function m € ¥* is called a mean of F if we have that

llm|| =1=m(l),

where 1 denotes the constant function = 1 on K. We denote the set of all means on
F as M(5). If ¥ is a left translation-invariant linear subspace of C(K) containing
constant functions, a mean m of F is called a left invariant mean (LIM) if

m(Ly f) =m(f)

foranyx € K, f € . Wesay that ¥ is left amenable if it admits a LIM. In particular,
we say that the semihypergroup K is left amenable if the space C(K) of bounded
continuous functions on K admits a LIM.

Now finally, let X be a convex subset of (E, Q) and Y be any locally convex space.
Then a continuous map T : X — Y is called affine if for any o € (0, 1), x1,x, € X
we have that

T(ax; + (I —a)xy) = aT (x) + (1 — )T (x2).

We say that a (separately) continuous action w of K on X is affine if for each
s € K,theco-efficientmapwy; : X — X is affine.The following fixed-point theorems
hold true [4] even for the broader category of semihypergroups. We omit the proofs
here, as they are immediate applications of the general results on the category of
semihypergroups.

Theorem 2 Let G be commutative, i.e., 8, ‘SgH = 8gH x4, foreachs,g € G
and X be a compact convex subset of a locally convex Hausdorffvector space (E, Q).
Then any separately continuous affine action of G on X has a common fixed point.

Theorem 3 If any jointly continuous affine action w of G on a compact convex
subset X of a locally convex vector space (E, Q) has a common fixed point, then
AP(GY) is left amenable.

In fact, we see that the above theorems can be further amended [6] to prove a
stronger equivalence. We provide a sketch of proof here.

Theorem 4 The following statements are equivalent:

1. The function space AP(G™) is left amenable.

2. Any separately continuous, equicontinuous, affine action w of G on a compact
convex subset X of a locally convex vector space (E, Q) has a common fixed
point.

Proof (2) = (1): Consider the action w of G¥ on AP(G™)* given as
G x AP(G!)y* - AP(G")*
&" o) L7,
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where L*, ¢ AP(G")* — Cis given as
L:qu(f) =@, [f)

foreach f € AP(G").Next, consider the set K consisting of all means on A P (G).
Note that K € AP(G")* is a compact convex set, when equipped with the weak*-
topology [1, 4] since K € B, (AP(G")*). Moreover, note that the action 7 is K
invariant, since the elements of K are means on A P(G%). Here we abuse notation
a little for convenience and denote 7 |x simply as 7.

Using similar techniques as in Theorem 3 we see that 7 is affine and separately
continuous on K x K. Now to prove that 7 is equicontinuous as well, for each
f € AP(G") set p; to be the pseudonorm on AP (G™)* defined as

py(@) :=sup [p(Lgn f)l
geG

for each ¢ € AP(G")*. Set Q :={py: f € AP(G")}. Now given any ¢ > 0 we
can choose ¢, ¢, € AP(G™)* such that

sup [(¢1 — ¢2)(Lgn f)I = pr(dr — o) < &.

geG

Then setting 6 := ¢, for each gy € G we have

sup |G (gd!, @1) — (gl @) (Lgn £
ge

=sup |(¢1 — ¢2)(LgnLen )]

geG

= sup ’/GH(qﬁl — ) (Lun f) d(Sgn + 8e) (u™)

geG

IA

sup /GH (@1 = ¢2)(Lun )] d(Byir 5 8gn) (™)

geG

sup /G pr@1— ) Gy 8 () <,

geG

IA

as required. Now the common fixed point of this separately continuous, equicontinu-
ous, affine action provides us with a LIM on A P (G ™), following standard arguments.

(1) = (2): Let  be an action of G on K as described in the hypothesis and
bealLIMon AP(GH).Ina previous work [4], we showed that the point-evaluation
maps on A P(G'") behave as extreme points, and hence there exists a net {1/ }oes 0f
means such that lim, ¥, (f) = ¥ (f) for each f € AP(G), where for each o € I
we have that

Ny
= MNE 0
Vo= M Egw
i=1
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where Z;Zl A =1,Af >0,8,,, € G,n, € Nforeachi =1,2,..., n,andforeach
s € G, E;n denotes the evaluation map on AP(G™) given as E;n (f) := f(s).
Pick and fix some y € K, and consider the cluster point z of the net {7, }ye; in K

where we have that
Ny
. H
Za - = Z)\?ﬂ (g(i,a)’ y)'
i=1

Using the convexity of K and passing through a subnet if necessary, one can then
show that z serves as a common fixed point of the given action. O

As we confine ourselves to normed spaces instead of locally convex ones, we
acquire an evolved version of the above result as the following. The result was
recently proved in the smaller setting of semitopological semigroups in [13]. We
provide a sketch of proof here for the broader class of orbit spaces. In an upcoming
article, we consider similar characterizations in the even broader setting of general
semitopological semihypergroups.

Theorem S The following statements are equivalent:

1. The function space AP(G™) is left amenable.

2. Any separately continuous, equicontinuous, affine action = of G on a dual
Banach space E* has a common fixed point whenever there exists fy € E* such
that the orbit {m (g, fy) : g € G} is bounded in E*.

Proof (2) = (1) : Consider X := AP(G") with the weak* topology. Then one
can show that AP(G") is a right Banach M (G")-module with the module action
AP(G") x M(G") — AP(G™) given by the following vector integral:

(Fo) > Lyf = fG Lo f dp™,

We immediately see that C1 is a submodule of X since for each scalar o € C,
we M(G™),y € G we have

L") = fG Lot du™)
_ / a1 %y dp (el
GH
= (an (G

where 1 denotes the constant function 15~. Hence the quotient £ := X /C1 is aright
Banach M (G*)-module as well. We consider the canonical left Banach M (G?)-
module E* where the left module action is given by 1 — L7 and use the following
orthogonal identification:

E*={ueX*:ul) =0}=C1".
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Pick and fix any vy € AP (G™)* such that vy(1) = 1. Observe that

L, o) (1) = vo(Ly 1) = ||

and hence (ng L V0 — v0> € C1*. Finally, consider the action 7 of G on E* given
by
a(x" ) = L;Xﬁu + L}‘XH Vg — Vg

for each u € E*, x € G. One can show that 7 indeed provides a well-defined sep-
arately continuous, equicontinuous affine action of G¥ on E*. The common fixed
point of 7 thereby provides us with a LIM on AP (GH).

The other direction can be proved using similar techniques as in [13]. (]

Next, we use an equivalent formulation of coset (resp. orbit) action in terms of the
convolutive measure-algebra. Observe that given a (separately) continuous action 7
of G on a convex subset X of a locally convex Hausdorff vector space (E, ), one
can naturally induce a map o, : M(G") x X — X defined as

o (1, %) :=/ (e x) duc™),
GH

for each u € M(G™).

Remark 2 In the above setting, since o, (SgH ,x):=m(g",x) forany g € G, x €
X, and M/ (G™) is dense in M+ (G*) in the cone topology, we see that o, is a
(separately) continuous action of M (G™) on X in the classical algebraic sense, since
in general for a semihypergroup (K, %) we have that

u*v:// (85 % 8;) du(s) dv(t)
K JKk

for each ., v € M*(K) [10].

Observe that the action o,; induced by 7 is linear by construction. In fact, it follows
immediately that our previous definition for orbit action is structurally equivalent to
the following definition using the classical notion of action in terms of homomor-
phisms.

Definition 5 Let (E, Q) be a separated locally convex space. Then an orbit action w
of G on E is a homomorphism from the associative algebra M(G™) to the algebra
L(E) of linear operators on E.
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In other words, an orbit action 7w of G on E is a bilinear map (u, t) — () :
M(G") x E — E such that
Ty = Ty O Ty

(psv)

on E foreach u, v € M(G").

We say that an orbit action 7w : M(G") x E — E is (separately) t-continuous
if the map 7 is (separately) continuous when M(G*) is equipped with a certain
topology T and FE is given the usual topology 7 induced by the associated family of
seminorms Q. This takes us to the final result of the article, providing us with another
complete characterization of left amenability of the almost periodic functions, in
terms of the existence of a certain fixed point. We omit the proof here, as the result
is proved for the broader category of semihypergroups in [4].

Theorem 6 Then the following statements are equivalent:

1. The function space AP(G™) is left amenable.
2. Given any actiont : M(G") x E — E of G on a locally convex space E, the
following fixed-point property (F P) is satisfied:
“For any compact, convex, P(G™)-invariant subset F of E, if the induced action
T = 7{|P(GHM : P(G") x F — F is separately T i, -continuous, then & has
a common fixed point.”

Thus we see that as we refine the structure of the space which the orbit space acts
on, we keep gaining more useful characterizations for the existence of a common
fixed point of such actions. In fact, one can potentially make use of the rich theory
of Banach algebras and in particular, the theory of F-algebras to gain further insight
into the fixed points of actions of such spaces, which is still a widely open area of
research.

Acknowledgements The author would like to gratefully acknowledge the financial support pro-
vided by the Harish-Chandra Research Institute, Prayagraj, India, and SRM University AP, Amar-
avati, India, during the preparation of the manuscript.

References

1. Bandyopadhyay, C.: Analysis on semihypergroups: function spaces, homomorphisms and ide-
als. Semigroup Forum 100(3), 671-697 (2020)

2. Bandyopadhyay, C.: Free product of semihypergroups. Semigroup Forum 102(1), 28-47 (2021)

3. Bandyopadhyay, C.: Mohanty, Parasar Equality in Hausdorft-Young for Hypergroups. Banach
J. Math. Anal. 16, 62 (2022). https://doi.org/10.1007/s43037-022-00211-8

4. Bandyopadhyay, C.: Fixed Points and Continuity of Semihypergroup Actions.
arXiv:2202.05956v2 [math.FA]

5. Bandyopadhyay, C.: Topological Amenability of Semihypergroups. Forum Mathematicum
(2024). https://doi.org/10.1515/forum-2022-0326

6. Bandyopadhyay, C.: Common Fixed Points of Semihypergroup Actions. (in preparation)


https://doi.org/10.1007/s43037-022-00211-8
https://doi.org/10.1007/s43037-022-00211-8
https://doi.org/10.1007/s43037-022-00211-8
https://doi.org/10.1007/s43037-022-00211-8
https://doi.org/10.1007/s43037-022-00211-8
https://doi.org/10.1007/s43037-022-00211-8
https://doi.org/10.1007/s43037-022-00211-8
https://doi.org/10.1007/s43037-022-00211-8
https://doi.org/10.1007/s43037-022-00211-8
arXiv:2202.05956v2
 -318 54572 a -318 54572 a
 
http://arxiv.org/abs/2202.05956v2
https://doi.org/10.1515/forum-2022-0326
https://doi.org/10.1515/forum-2022-0326
https://doi.org/10.1515/forum-2022-0326
https://doi.org/10.1515/forum-2022-0326
https://doi.org/10.1515/forum-2022-0326
https://doi.org/10.1515/forum-2022-0326
https://doi.org/10.1515/forum-2022-0326
https://doi.org/10.1515/forum-2022-0326

Fixed Points of Coset and Orbit Space Actions: An Application ... 175

7.

8.

10.
11.

12.

15.
16.
17.

20.

21.

22.

Bloom, W., Heyer, H.: Harmonic Analysis of Probability Measures on Hypergroups. Studies
in Mathematics, vol. 20. Walter de Gruyter (1995)

Berglund, J.F., Junghenn, H.D., Milnes, P.: Analysis on Semigroups. Canadian Mathematical
Society Series of Monographs and Advanced Texts, vol. 24. Wiley Interscience Publication
(1989)

Day, M.M.: Amenable semigroups. Illinois J. Math. 1, 509-544 (1957)

Jewett, R.I.: Spaces with an abstract convolution of measures. Adv. Math. 18(1), 1-101 (1975)
Jahel, C., Tsankov, T.: Invariant measures on products and on the space of linear orders. J. Ec.
polytech. Math. 9, 155-176 (2022)

Lau, A.T-M., Takahashi, W.: Invariant means and fixed point properties for non-expansive
representations of topological semigroups. Topological Methods in Nonlinear Analysis Journal
of the Juliusz Schauder Centre. Vol. 5, pp. 39-57 (1995)

. Lau, A.T-M., Zhang, Y.: Amenability properties and fixed point properties of affine represen-

tations of semigroups. Proc. Amer. Math. Soc. 149(12) (2021)

Lauret, E., Lauret, J.: The stability of standard homogeneous Einstein manifolds. Math. Z.
303(1), Paper No. 16, 36 pp. (2023)

Michael, E.: Topologies on spaces of subsets. Trans. Am. Math. Soc. 71, 152-182 (1951)
Mitchell, T.: Topological semigroups and fixed points. Illinois J. Math. 14, 630-641 (1970)
Neufang, M., Salmi, P., Skalski, A., Spronk, N.: Fixed points and limits of convolution powers
of contractive quantum measures. Indiana Univ. Math. J. 70(5), 1971-2009 (2021)

. Paterson, Alan L.T.: Amenability. Mathematical Surveys and Monographs, vol. 29. American

Mathematical Society, Providence, RI (1988)

. Popa, S., Vaes, S.: Strong rigidity of generalized Bernoulli actions and computations of their

symmetry groups. Adv. Math. 217(2), 833-872 (2008)

Rickert, N.-W.: Amenable groups and groups with the fixed point property. Trans. Am. Math.
Soc. 127, 221-232 (1967)

Shipman, B.A.: On the fixed-point sets of torus actions on flag manifolds. J. Algebra Appl.
1(3), 255-265 (2002)

Zeuner, H.: One dimensional hypergroups. Adv. Math. 76(1), 1-18 (1989)



Strange Chaotic Attractors and Existence | M)
Results via Nonlinear Fractional Order L
Systems and Fixed Points

Sumati Kumari Panda, Velusamy Vijayakumar, Bodigiri Sai Gopinadh,
and Fahd Jarad

1 Introduction

Fixed point theory flourished from the beginning of topology, when Poincare,
Lefschetz-Hopf, and Leray-Schauder, among others, contributed to the discipline.
Numerous fields extensively employ fixed point theory, including control theory,
logic programming, convex optimization, economics, and the study of numerical
analysis. Fixed point theory is undoubtedly one of the finest and most significant
techniques of contemporary mathematics, as demonstrated by Stephen Banach, one
of the pioneers in developing the field of nonlinear functional analysis. The suc-
cessive approximations in metric fixed point theory have their roots in the work
of Peano, Cauchy, Liouville, and Picard. Experts in this field generally concur that
Banach is to be credited for laying the foundation for an abstract framework that
goes well beyond the realm of simple integral equations and differential equations.
The fixed point theory of multi-valued mappings is just as important as the theory of
single-valued mappings. Numerous authors generalized Nadler’s fixed point theorem
in various ways after he presented the multi-valued type of the contraction theorem.
The value of the conclusion is increased by a constructive demonstration of a fixed
point result since it results in a methodology for finding a fixed point [1-7].
Following the publication of Meir-Keeler’s analog to the contraction theorem in
metric spaces has generated some interest during the past two decades, (for example,
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[8—11]). Their theorem has been used extensively in locating the solutions to various
fractal-fractionals, which frequently arise in the data structures of linear systems,
adaptive analysis, theory of control, probabilistic filtration, data, and numerous other
fields, serving as the inspiration for their conclusion.

On the other-side of this article, In the computational investigation of systems
with dynamics in general, an attractor is a collection of states that a system tends to
move toward under various initial conditions. If the attractor values are sufficiently
close to the system values, they don’t move much even when they are somewhat
disturbed. The developing variable in finite-dimensional systems can be algebraically
represented as vector with n-dimensions. A location in space with n-dimensions is the
attractor. The n-dimensions in physical systems could, for instance, be two or three
spatial coordinates for each of a number of distinct elements; in financial systems,
they could be distinct variables like the unemployment rate and inflation rate.

1.1 Connections in Between Fixed Points and Attractors

A point that a function (transformation) maps to itself is referred to as a fixed point.
Every transformation, if we consider the development of a dynamical system as a
sequence of transformations, doesn’t necessarily have a fixed point. A dynamical
system’s final state, such as the bottom center of a bowl containing a rolling marble,
an attracting fixed point of the system’s evolving function is represented by either
the level and uninterrupted water line of sloshing glassware or the bottom center
positioning of a diminished pendulum. However, a dynamic system’s fixed point(s)
is notalways an attractor of the system. For instance, if the bowl containing a whirling
marble flips over and the marble is placed on top of the bowl, the center bottom of the
bowl is fixed in place but not an attractor. This corresponds to defining the difference
between consistent and inconsistent equilibria in the context of equilibria.

The point at the top of the bowl in the scenario with a marble on top is a fixed
point, but it is not an attractor (unstable equilibrium) [12]. Furthermore, due to the
actual nature of dynamics, physical dynamical structures having at most one fixed
point invariably have numerous attractors and fixed points, including the nonlinear
dynamics of friction, the roughness of the surface, distortion, and even quantum
mechanics itself. The shifting structure of a relatively rough marble rolling around on
such tiny terrain contains several places that are regarded as fixed points or stationary
points, particularly those which have been described as attractors (Fig. 1).
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Fig. 1 A weakly attractive fixed point exists for a complex number accumulating in accordance
with a complex quadrennial polynomial

2 Generalized Contractions in Suprametric Space

The following conceptual framework of suprametric space was introduced by M.
Berzig.

Definition 2.1 ([13]) Assume that Y is a non-empty set and y € RT. A function
Su T x T — R is referred to as an extended suprametric if for all s¢,y, 3 € T,
if Sy meets (1), (Lun) and (Fu3).

(Lm).  SuGey) =0iff x =y;
(Fm2). uGey) = Iuly, »);
(Pm3). Iu(G3) < IuGey) + Iuy,3) +vIuGey)Su(y, 3).

Then the pair (Y, .#)) is abbreviated as suprametric space. The topological defini-
tions of this suprametric space can be found in [13].



180 S. K. Panda et al.

Definition 2.2 ([14]) A mapping ® maps from [0, co) to [0, co) is said to be a
(C)-comparison mapping if below mentioned assertions gratifies:

1. O is nondecreasing;
2. there exists go € N, v € (0, 1), and Z:":l h in such a way that gs™1@8*+!(s) <
vq¢©%(s) + v, for g > go and any 5 > 0,

where q > 1 be a real number, and Zgozl h, is a convergent positive series.

As the collection of (C)-comparison mappings, let’s refer to this as ®. In our
subsequent discussion, we will require the ensuing fundamental characteristics.

Lemma 2.3 ([14-16]) For a (C)-comparison mapping & maps from [0, +00) to
[0, +00), the below mentioned assertions are true:

1. Foranys € [0,400) and q > 1, Z;":O q8&8(s) converges.

2. The mapping ng maps from [0, +00) to [0, +00) defined by nq(s) = >
q%&8(s), s € [0, 00), is nondecreasing.

3. nq is continuous at 0.

4. Every iteration £8 of & is also a (C)-comparison mapping and & is continuous at
0, where g > 1.

5. &(s) < s foreverys > 0.

o0
g=0

Definition 2.4 ([9]) Let us take the two mappings Q and @, where Q@ : ¥ — Y
ande : ¥ x ¥ — [0, 0co]. Q is said to be a generalized a-orbital admissible if the
following assertions gratifies:

a (s, Q) > 1 implies @ (Q s, Q2%) > 1,

a (s, Q) < oo implies ¢ (Q s, Q%z) < 0.

Definition 2.5 For any arbitrary constant q > 1, let (T, .),) be a suprametric space
and Q be a mapping from Y to Y. Then Q is known as an (e, ¢{)-Meir-Keeler
contractive mapping if there exist two auxiliary mappingse : T x T — [0, oo] and
¢ € ® in such a way that

€ <l(IuGe,y) <e+y = alx,y)u(Qx Qy) <€, forall s,y € Y. (2.1)

Remark 2.6 For s # vy and . (5,y) < oo with @ (s, y) < oo, from 2.1, we
derive that

w (32, y)Su(Qae, Qy) < {(Fu (>, y)). 2.2)

Theorem 2.7 Let (Y, %)) be a complete suprametric space. Assume that a self
mapping @ : Y — Y is an (&, {)-Meir-Keeler contraction. Assume also that

1. Q is generalized w-orbital admissible and continuous;
2. there exists »x € Y such that 1 < w(sz, Q) < 00;
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As a consequence, one of the following statements holds for such a s:

Ai. Foreachn € N
Iu(Q s, Q"1 50) = 00 2.3)
or @(Q" s, Q"3 = 00 2.4)

Ay, Forall s,y € Fix(Q), we have 1 < (52, y) < 00, where Fix(Q) denotes
the set of fixed points of Q.

Az, There exists g € Ny such that .Sy (Q" 3, Q"' 20) < 00 and w(Q" s, Q"' )
< 00. In the present instance, there isu € Y in such a way that Qu = u, and
also Q has atmost one fixed point in {t C Y /.Sy (Q8,t) < 0o}.

Proof On account of assumption (2), there exists s € Y such that @ (s, Q) > 1.
According to our presumption, A; is not satisfied. Therefore, we must investi-
gate A,. As a result, there is g € Ny in such a way that .73, (Q8 2, Q%t!3) < o0
and & (Q% 52, Q4T 30) < oo. If Q%3 = Q87T 5, the proof is completed. Assume that
I (D83, Q8Fl30) > 0. By the property of { and above remark, we have

@ (Q% 32, Q81 50). 7 (O ae, Q87230) < £(S(Q8 3¢, Q51 52))
< (983, Qg'H%) (2.5)

< o0.
From assumption (2) and the concept of generalized w-orbital admissible mapping
Q, we get

1 <a(se, Qx) <00 =1 <w(Qsx, Q%) < co. (2.6)
Recursively, we obtain that

1 <w(Q8 s, Q8"+ 5) < o0, foralln € Ny. (2.7)
Applying Eq.2.7 in Eq.2.5, we get

I (Q8 52, Q8230) < £(S(Q85¢, Q' ) < o0 (2.8)

Thus
I (Q8 3¢, Q8 50y < o0, forall n € Ny. (2.9)

Again, on account of Eq.2.7,Eq.2.9 in Eq. 2.5, by induction, one gets
Su(Q5 52, Q) < (S (QF 3¢, Q5T 0)) (2.10)

As a consequence, for n, i € N, and by using triangle inequality of suprametric we
have
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S u(Q5 5, Q8T 5)
< S u(Q5 3¢, Q8T o0y 4 7y (Q8FH 3¢, Q8T 5y
+ Y Q8T a2, Q8 1) 7 4y (Q8FTH 5o QEFIHR 1)
< S (Q5 3¢, Q8T 50y [+ 9.7 4 (Q8H 3¢, Q8FH 507 1 (Q8F1H] 50 Q8Fnt 5
< S u(Q8 32, Q8 a0y L [+ y.7 4 (Q8H 3¢, Q8T 1))
X [F p(QETH 5e, Q8T 250) 4.7 )y (Q8TH25¢, QEtHR 5
+ y T (QETH e, Q8T 50y 7 (QETMH2 5 Q8T 5]
< I (O 32, Q8 50y 4 [1 4 9.7 4 (Q8H 3¢, Q8T H 50).7 4y (Q8FTMH 3¢, Q8H1H2 51y
[+ . (O 3¢, Q8o [(1 + .7 (Q8 T 5e, Q8 T1H2,50)) 57 )y (Q8H1H2 5, Qstnth o)
S S u(Q8 5, Q8T o0) 4 [1 4y i (QFV 32, Q5T 50)].7 4y (QF T 52, Q81250
[+ . 1 (QF 3¢, Q8T |(1 + .y (QF T se, Q842 50)) .57 ) (Q8 12,5, Q8 HnH3 )
o+ [+ . 4 (Q8 32, QSN[ + . 3 (Q8TH 5¢, Q8H1H2 4]
...... [1+y 7 g (Q8THHR=2,, Qeinth=l g o (Qetnt(h=D, ggtnth
<M (QF 5 Qo) + (L 4y ¢S 1 (QF 32, Q8T oI S 4 (QF 52, Qa0
[+ T p (QF 32, QXTI + y "L 4y (Q8 3¢, Q8T 50) [0 2. 1y (QF 3¢, Q8T 50)
Foe Ly S 1 (Q8 52, Q¥ 0L+ y £ 7 11 (QF 52, Q¥ 50)).....
(14 yg" 27y (Q8 32, Q) D 57y (QF 3¢, Q8F 50)

h-2 n
=" (Q8 2, Q5 a0) + ) DS 4 (QF s, Q8T ) [T + v 7 M (QF 32, Q51 50)]
n=0 j=0

for all n, h € Ny.

Consequently, from above equation, we have {Q" s} isa Cauchy sequence since
;€.

By using the concept of completeness, there exists an element @ € Y such that
{Q" s} converges to w. Since Q is continuous, we get,

n—0o0 n—0o0

w= lim Q"' = Q(lim Q"%) = Quw.

Thus w is a fixed point of O.

In order to prove the uniqueness of the fixed point, in contrary let us suppose that
there is two fixed points w*and w* where w* # w* such that { Q" s¢} converges to w*,
as well as {Q" s} converges to w*.

Consider,

Iu(@*, ") < (0", Q"s0) + I (Q 5, 0*) + vy Sy (0%, Q" 30). Y (Q" 3¢, 0*) < 00.
By condition (A3), 1 < e(w*, ®*) < oo and since 0 < ¥ (0*, w*) < 0o, we have

Iu(@*, 0*) = Ly (Qw*, Qu*)
<w(0", 0)Su(Qu*, Quw*)
< (S u (0", 0)

< Yy (0*, »*), acontradiction.
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Hence w* = w*. This completes the Proof. (]

Definition 2.8 A suprametric space is regularif {s,}isasequencein Y suchthat1 <
o (52, 7,41) < oo forall m and s5, — 3rasn — oo; then there exists a subsequence
{54(g)} Of 26, such that 1 < a(56,(), 22) < 00 and 0 < Sy (54u(q), 22) < oo for all g.

Theorem 2.9 Let (Y, .%y) be a complete suprametric space. Assume that a self
mapping Q : T — Y is an (&, {)-Meir-Keeler contraction. Assume also that

1. Qs generalized w-orbital admissible;
2. there exists »x € Y such that 1 < e (s, Q) < 00,
3. Qs regular.

Then for such s, one of the following statement holds:

Bi. Foreveryn € Ny
In(Q" 5, Q" 30) = 00 2.11)

or a(Q" s, Q") = 00 (2.12)

By. Forall 2,y € Fix(Q), wehave l < w(5z,y) < 00, where Fix(Q) denotes the

set of fixed points of Q.
Bs. There exists g € No such that %y (Q" 2, Q" '2) < coand w(Q" 2, Q"1 2) <
00. In this case, there exists u € Y such that Qu = u.

Proof One can easily prove this. So proof is excluded.

Now we introduce an (e, {)-Meir-Keeler contractive mapping in the setting of
suprametric space via a triangular e-admissible mapping. We prove the existence
and uniqueness of a fixed point of such mapping. d

Definition 2.10 ([10])) Let @: T > Y and o : T X ¥ — (—00, +00).If Q is a
triangular e-admissible mapping, then we claim that,

(). wGe,y) 21 =2w(Qsx, Qy) =1, x,ye T,
(32). w(r,3) > LaGG,y)>1 = a(,y)>1, »,y,3€ Y.

Lemma 2.11 ([10]) Let Q be a triangular e-admissible mapping. Assume that there
exists »y € Y such that w (s, Q) > 1. Define a sequence {s¢,} by s, = Q" .
Then

o (s, sy41) > 1, forallm,n € Nwithm < n. (2.13)

Let us denote W be the family of increasing functions & from [0, +00) to [0, +00)
continuous in § = 0 in such a way that

E(5)=0iffs=0
§(s+q) <&@6)+&(@ (2.14)
Y2 €"(s) < ooforalls > 0.
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Remark 2.12 Assume that Q be an @ — £-Meir-Keeler contractive mapping. Then

w (52, Y)E(Su(Qse, Qy)) < §(Fu (2, y))

forall sz, y € Y when sc # y. Also, if = y then ./} (Q s, Qy) = 0. Clearly, which
means that

w (>, Y)E(Su(Qxx, Qy)) < §(Fu(x,y)), forall s,y € Y.

Definition 2.13 Let (Y, .#)) be a suprametric space and Q : Y — Y be a given
mapping. We say that Q is an (@, ¢)-triangular-Meir-Keeler type contraction if there
exists two functions@ : ¥ x T — [0, oo0) and ¢ € W such that for each ¢,y € T,

€<8(0(ny)) <€+8=a(xy)Su(Qx Qy) <¢, (2.15)

where

Iy (o2, Qy) + Su(y, Q) }

o(x,y) = max{j’M(%, Y) + p (o2, Q) + Sy (y, Qy) + >

Remark 2.14 Let Qbea (e, ¢)-triangular-Meir-Keeler type contraction. For sz # vy,
from 2.15, we derive that

(s, y) I u(Qx, Qy) < {(0 (2, y)). (2.16)
Also, if x = y, then

(s, y) S (Qsx, Qy) < £(0(s2,y)), forall 2,y € Y.

Theorem 2.15 Let (Y, .%y) be a complete suprametric space and Q be a («, {)-
triangular-Meir-Keeler type contraction and satisfies the following conditions:

1. Qs a triangular a-admissible mapping;

2. There exists »y € Y such that o (5gy, Qo) > 1;

3. Qs continuous;

4. Forall s,y € Fix(Q), i.e., set of fixed points of Q, there exists 3 € Y such that
w(r,y) > land e(y, 3) > L.

Then Q has a fixed point. Moreover, if condition (4) satisfies, then Q has a unique
fixed point.

Proof Let s be an arbitrary point of Y such that & (5¢y, Qs¢) > 1. We construct an
iterative sequence {sz,} in Y in the following way,

M1 = Qo foralln > 0.

If 52,, = 56,41 for some ng, then, obviously, »* = s, is a fixed point of Q and the
proof is completed.
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Hence from now on, we suppose that s, # 3,4 for all n. By using (3;), we get
(3, 1) = w(x, Qi) > 1 = a (s, Qi) =a(sa, 0) > 1.
Inductively, we obtain that
1 < w5, #441), foralln > 0. (2.17)
By the property of ¢ and hypothesis, we have

M i1, #n+2)
< m(nt1, n+2)
< @(en, 2n41)S M (nt1s 2nt2)

< §(o (3tn, 3¢n+1))

. S m (o, Qo + .S (3en11, Qo
=c<max{yM(%n,ml),y’m%,Q%n>,5/’M<%n+l,Qm+1), M (otn, Qrtnt1) + (e )D

2

< Z(max{yM(%n: Y 41)s I M (a1, %IH—Z)})

Now since ¢ is strictly nondecreasing, we get
S G, ni2) < max{ S G, 31), Sut (G, 42) | (2.18)
Ifmax{YM(%,,, %,,_H), tyM(}fn_H s %,H_z)} = fM(%n_H s %,H_z), then by 218, it con-
tradicts.
Hence max{&”M(%,,, Hui1), S Gntts %n+2)} = Sy (tn, ¥0t1)-

From Eq.2.18, Sy (3641, #12) < Su (54, 56,41) for all n. Thus the sequence
{Sm (Gtat1, 26,) 102 is decreasing and converges to €, in other words,

nlingo C(yM(%n-H’ %n)) == nli}ngoé‘(a(%n+la %n)) = C(E) (219)

Notice that € = inf{.#) (5, 56,+1)/n € N}. Now we are going to prove € = 0. Con-
trarily, assume that € > 0.

Which yields ¢ (¢) > 0. By making the use of Qisa (e, ¢)-triangular-Meir-Keeler
type contraction and 2.19, there is a § > 0 and m € N in such a way that

$(€) = ¢(0 (tm, 7mt1)) < §(€) +6

which implies
® (34m, Hm 1) (M (Gont1, ms2)) < $(€). (2.20)

From Eq.2.17,

$Gtmgts mt2) < 0ty 1) (L Gttt mg2)). (2.21)
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From Eqs.2.20, 2.21 and using the fact that ¢ is strictly nonincreasing, we get
M (A1, #ms2) < €, which is a contradiction since € = inf{.%); (3¢, 76,41)/n €
N}. Thus € = 0.
So,
lim %y (5041, 25,) = 0. (2.22)

n—00

Now we will prove that {7, } is a Cauchy sequence. Suppose, on the contrary, that there
existsan e > 0and subsequences m(a) andn(a) suchthatm(a) < n(a) < m(a + 1),
with

€
yM(%m(a% %n(a)) > €, LgﬂM(J{m(a)» %n(a)fl) < z (223)

From Eq.2.22, there exist ny such that

Tt Gons nr)) < 2+E—ee’ forall n > ng. (2.24)

By using triangular er-admissible concept,
a(%m(a)fh %n(a)fl) = 1. (225)
From Egs.2.16 and 2.25,

I (Qtn@)—1, Q4%m@)-1) = €may—15 %n@)—1)Sm(L¥m@y—1, L¥n@)—1)
< $(0 (Hm@)=15 #n@-1)), (2.26)

where

0 (m(a)—1 *n(@y—-1) = max{yM(%m(a)—ls @)~ 1) M Fm@) 1> %m(a))» IM (Fn(@)—1> (@)

I (Fana)—1: #na)) + M @y -1 () }
2

By using Eqgs. 2.22 and 2.23, 2.25 reduces to

y —1» 1 —
I (Hmays #n@) < é‘( M(%m(a)zl ¥ (a) l))

< Im Glnay-1: #n-1) (2.27)
By using the triangle inequality of suprametric space, Eq.2.27 reduces to

L M (Fmays @) <7 Mm@ -1, *m@) + ' Mm@y #n@-1) + ¥ u m@ -1 #m@) Mm@ *n@)—1)-
From Eqs.2.23 and 2.24,

lim %y (%6n (), #n@)) < €, acontradiction.
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This implies that {s¢,} is a Cauchy sequence in (T, .#}s). Due to the completeness
of (Y, u), there exists 3 € Y such that >, — 3 asn — oo.

By using condition (3) of theorem, Q yields that Qs — Q3 as n — oo,
ie., s, — Q3 asn — 0o.

By the uniqueness of limit, Q3 = 3. Therefore 3 is a fixed point of Q. Uniqueness
can be proved easily. Hence it is omitted. [

Remark 2.16 Let (T, .7)) be a complete suprametric space and Q be a (e, ¢)-
triangular-Meir-Keeler type contraction and satisfies the following conditions:

1. There exists 2y € Y such that & (s¢y, Q) > 1;

2. If {5¢,} is a sequence in Y such that e (s¢,, 55,41) > 1 for all n and s, — 3 as
n — +o00, then w(sz,, ) > 1 for all n.

3. Forall s,y € Fix(Q), i.e., set of fixed points of Q, there exists 3 € Y such that
w(x,y) > landa(y, 3) > 1.

Then Q has a fixed point. Moreover, if condition (3) satisfies, then Q has a unique
fixed point.

3 A Chaotic Attractor System with Atangana-Baleanu
Derivative

In recent years, chaos theory has risen its importance, and numerous investigations
on chaotic systems via fractional derivatives and fractal-fractional derivatives have
been observed (see, [18, 19]). The purpose of this section is to identify novel chaotic
behavior that is produced by the fractional operator rather than to provide a compre-
hensive investigation of the system with the new derivative and fractional order. The
model that is the subject of this inquiry is described in [20, 21]:

%%%YM’Z{a(ﬁ)} =nb(f) — ya(h);
%{gcgymy{ug(g)} = pa(l) —alhc(l) — b(o); (3.1)
%{%%YMZ{Q:(Z)} = a(@)b(l) — rc(¥).

With a, b and ¢, the system state is made up. The constants are the same as in [22-24].
The system described above is comparable to the following.
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a(l) — 810

2L nb(0) — ya(0))
+j(y)r(y) Jo (€ = By =Vnb(h) — ya(h)}dh;
b(€) — S2(6) Zm S{na(®) —a@)c) — b}
+ 54 Jo (€ — WY Hpah) — aye(h) — c(h)ldh;
o) = S0 = 3}%{3(5)”0(3) — rc(D)}
+ 04 Jo (€= W~ Ha(hyb(h) — Ac(h))dh.

(3.2)

The following is an iterative representation of the aforementioned:

ap(l) =Si0);
bo(£) = Sx(0); (3.3)
co(l) = S3(0).

a1 = 55 {nb.(0) — ya,(©)

+ oty Jo (€= DY by (h) — ya,(h)dh;
bui1(6) = 5112y (€) — a, (), (0) — by (0)}

+ ks Jo (€= Y Huan(h) — a,(he(h) — <, (h))dh;
1 () = 5512, (0b, () — Ac,(0)}

+ 54755 Jo (€ = WY Hau (Wb, (h) — Ac, (W)dh.

3.4)

The desired exact solutions associated with the preceding system are assumed to be
attained at the limit when the number of iterations approaches infinity.

3.1 Existence and Uniqueness of the Nonlinear Fractional
Order System

We consider the following operator to demonstrate the complete proof of existence:

P, a) =nb)—yal);
2(,b) = pal) —a@)c) — b); (3.5)
R, c) =al)bl) —rcl).

It is clear that &2, 2, Z are contraction in respect to a for the first function, b for
the second function and c for the last function.
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Let 4 =supl| P, (C.a)ll. 6 =supllLe,, (€ b, 4 = sup || %,

i1 i.jp ij3
(€, O], # = max{ I, 75, A4} and LD < 4],
where

Cij=—i,l+i]lx[a—ji,a+ ji]l =7 x4,
Ci,jzz[e_i7e+i]x[a_j253+j2]=<%/2x'>%7
Cijy=l—it+ilx[a—j3a+ jz5]1=06Gx%.

Let X =C(, 4, 5, %) and S - X x X — [0, 00) defined by Z (X (£),
V) =|X-Y*isa suprametric induced by norm || 2(€)||ec = MaXefg—i ¢+ |
20> anda : X x X — [0, oo] defined by a (X (£), Y(£)) = 1. Clearly a is a gen-
eralized e-orbital admissible and ¢ (¢) = £

Picard’s operator, which is defined between the two functional spaces of contin-
uous functions, is as mentioned below:

14

WX = Xol) + X(f)gg(y) * %(y)r(y)

/ (¢ — R~ .Z(h, X(h))dh,
(3.6)

where W : C(H1, 4, 5, L) — C(H, A, 2L, ) and X be the matrix as

below

a(l) S1(0) P, a)
X ={b) , Xl =150 ., FEXWO)=12a)
c(®) S3(0) Z(L, a)

To get an adequate outcome, we presume that the physical problem under examination
meets the following:
lla()llee < max{ji, j2. ja}-

Now consider,

2

14
Y -1
¢ — h)Y L ZF (h, X(h)dh
4<y>+ %f(y)r(y)/o( T R R

1 % fe i )2 2
F (0, X(t _ ¢~ wr~Yan) 1F n X
(2( )) |7 ( )] +<L%(y)l‘(y) 0( ) |7 ( (@)

W X(0) — X0 —’(/7(@ X ()

IA

2(1—y) % /Z _1
T, X)) =>——— ¢ —h)Y " dh|.F (h, X (R
+ %(y)\ ( (>>|%(y)r(y) 0( ) | (h, X ()|
2
B(y) (B(y))? (#(y))?
o 1—y(=i")\?
!,fz(yi)
= A

<
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Again consider,

1_
WX~ WX = ‘{9(5, X1(0) — F(, Xz(ﬁ))}iy
B(y)

2
(€ — W) HF (h, X1 (h) — F (h, Xo(h))}dh

v
T Zorm /

1—y 2 5
FU,X1(0) - FU, X
<<%)( ))I (€, X1(0) — F U, X(0)]

2
Y
_ F(h, X1(h)) — F
+(99<y)r<y>) 7, )

(1—-y)y
—— T |\ FU, X)) — FU XL
1ﬂ(y)(gg(y))zl (€, X1(0)) £, X(0)|

4
x |F (h, X1 () — F (h, Xz(h))l‘f (Z—ﬁ)’“'dﬁ’
0

2
—nyr~tan

1—}/ 2 g 2y 2
. (%) CIXL(O) — Xr(O) +(ﬁ( )) X1 (0) = Xo(0)]

20 =Yy 2y

X2 X (L
+ B 1X1(0) = (07
1—y<1—ﬂ>)2 >
— ) 1X1(0) = X
( 7 1X1(6) — X (0)]

?fm () — Xo(0)2

sz

2

._
N =

— X1 () — X2 (6)|* with

= S Iu(X1(0), X2(0))
= (I (X1(0), X2(0)))

(NSRS )

which yields,
a (X1 (0), X)Ly (W X1(£), W X3(£)) < £ (S u(X1(£), X2(0))).

Thus, Theorem 2.15 conditions satisfied. Hence % has a fixed point. This shows that
the system under these conditions has a solution. Including condition (4), we can say
that the system will have a unique solution.

3.2 Graphical Representations

For various values of fractional order, graphical solutions have been conducted in
this section. Additionally, we provided some graphical solutions of the model (3.4)
with the Atangana-Baleanu derivative as y varies from 0.95 to 0.25 using the iterative
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approach we presented pertinent plots for various orders as in Figs. 2, 3,4, 5,6, 7, 8
and 9.

-40

-10

20 40

Fig. 2 The chaotic attractor 3D phase trajectories when y = 0.95
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20 +

10 +

20 20
=20 40

Fig. 3 The chaotic attractor 3D phase trajectories when y = 0.80
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Fig. 4 The chaotic attractor 3D phase trajectories when y = 0.75
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Fig. 5 The chaotic attractor 3D phase trajectories when y = 0.65
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Fig. 6 The chaotic attractor 3D phase trajectories when y = 0.50

Fig. 7 The chaotic attractor 3D phase trajectories when y = 0.45
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Fig. 8 The chaotic attractor 3D phase trajectories when y = 0.35
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Fig. 9 The chaotic attractor 3D phase trajectories when y = 0.25
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1 Introduction

Fractional integral equations are a major and significant topic of scientific studies
due to their applications in many fields of science. These include traffic models, fluid
dynamics, statistical mechanics, radioactive transmission, acoustic scattering, and
cytotoxic activity see [4, 11, 37].

These equations have been deeply analyzed by numerous authors in various types
of function spaces (cf. [2, 14-16, 19, 26, 34, 36]).

O’Neil started the research on fractional integrations in Orlicz spaces in 1965
[29], and since then, there have been a lot of fascinating works on this topic (cf. [3,
28, 32]).

This paper focuses on studying the existence of the theorems for the product
of n-Riemann-Liouville (R-L) fractional integral operators operating on n-various
Orlicz spaces L, n > 2 of the structure

n

0 _anai—1

We investigate three separate existence theorems for Eq. (1), that are based on
various growth conditions using either the A’, A, or Az-conditions of the generated
N-functions of the analyzed Orlicz spaces. As a result, we can construct a variety of
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continuity and boundedness conditions for the investigated operators in the consid-
ered spaces. Since such spaces are not Banach algebras, we prefer using the method
described in [7, 20, 22] to reach our conclusions.

The Orlicz spaces L, are proper spaces to study operators or kernels with strong
nonlinearity (for example, exponential growth), and they represent general cases of
Lebesgue spaces L,, p > 1, (with N-function ¢ = ‘97” realizes A,-condition cf. [6,
21, 24]). These are supported by statistical physics and mathematical physics (cf. [5,

17, 18]). Following is the thermodynamic problem

¥(0) + / K@, v) - & dy =0,
1

containing exponential nonlinearities.

The Orlicz spaces and generalized Orlicz spaces have both been used to study
integral equations (cf. [30, 31, 33]). The constant-sign solutions in L, were also
investigated in [1]. Furthermore, the quadratic integral equations in L, have been
investigated via the fixed point hypothesis (FPT) fixed point hypothesis and an appro-
priate fixed point hypothesis (MNC) measure of noncompactness in [7-9, 21, 23]
under a distinct set of conditions.

In the case of n = 2, Eq.(1) covers the prototype of the Gripenberg-fractional
integral equation

0 (0 _ v)alfl .
y(O) = (91 0) +f0 W(bl(v) +nN 90()’(0))> dv)

0 (9 _ v)az—l .
X<92(9) +/0 W(M(v) + 1N w(y(v))) dv),

which is widely used in mathematical biology to model diseases without producing
lifelong immunity (ST models, cf. [12]). Infectious disease models rely on potentially
discontinuous data functions, so we are interested in discontinuous solutions for those
problems.

The author in [25] discussed the L-results of the quadratic (R-L) fractional
integral equations

[4 _ ana—1
y(©) = g@) + G(y)(©0) (H—v)f(v’ y()dv, 60€[0,d], 0 <a<]l.
0 I'(c)

The existence of L-results for Hadamard-type fractional integral equations

GO [

0\ a—1
T (log;) Ga(») (W) dv, O €l e], 0<a <1,

y(0) = G2(y)(0) +

have been studied in [27].
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In this article, multiple existence theorems for Eq.(1) in L-spaces are demon-
strated and discussed using the fixed point technique introduced in [22]. Finally, we
provide some concrete instances that illustrate the applicability of our lemmas and
theorems.

2 Notation and Auxiliary Facts

Let ] =[0,a] C R* = [0, oo) and R = (—00, 00). The function ¥ : R — R¥ is
called Young function if

W (v) =/ u(0)do, for v >0,
0

where u : Rt — R™ is a left-continuous and increasing function that is not equal to
infinite or zero on R*. If N(y) = (yz — W(y)), then the functions ¥ and N are said
to be complimentary Young functions.

Particularly, ¥ is a N-function, if it is finite-valued, with lim,_¢ @ =0,
limy oo 22 = 0o and W(v) > 0if v > 0 (¥ (v) =0 <= v = 0).

Let Ly = Ly (1) refers to the Orlicz space of all measurable functions y : I — R

with the norm
lyllg = inf {/\If <_y(v)> dv < 1}.
e>0 I g

Let the set of all bounded functions of Ly (/) with absolutely continuous norms
be denoted by Ey (I).
Furthermore, we have Ey = Ly if W realizes the so-called A,-condition, i.e.,

(A,) there exist K, 0y > 0s.t. W(20) < KW¥(0), 6 > 6.

The N-function W fulfills the A’-condition if 3 K, 6y > 0 s.t. for 6, v > 6y, we get
Y(hv) < KW ()W (v).

Additionally, the N-function W fulfills the Ajz-condition if 3 K, 6y > 0 s.t. for
0 > 0y, we get W (0) < W(K¥6).

Remark 2.1 It is appropriate to consider W (v) = (1 4 |v]) - In[(1 + |v])] — |v],
and W, (1) = exp[|v|] — |v] — 1 as examples of complementary N-functions, where
W, realizes the A’-condition, and W, realizes the Asz-condition. The N-functions
W3 (v) = v? p>1and Wy(v) = |[v|*(|In|v| + 1) for a > # realize the A,-
condition.

Definition 2.2 ([19]) The (R-L) fractional integral operator of Riemann-Liouville
type of order v of a well defined function y takes the form
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Jy(0) = / ©— v 1y(v)a’v, a>0, >0,
['(@)

where I'(a) = [ e7"v""" dv.

Lemma 2.3 ([25]) Suppose that ¥; and N; are complementary N -functions and ;
are N-functions i = 1, ..., n. Moreover, suppose that

1 t%ﬁ
— v, (0% NHdv e E,, forae vel and € >0,
eTa Jo
then the (R-L) operators J : Ly, — L, and is continuous.

Proposition 2.4 ([19]) The (R-L) operators J*, o; > 0, i = 1, ..., nmap the a.e.
nondecreasing and nonnegative functions into functions have the same properties.

Definition 2.5 ([17]) Assume that the function Z2: I xR — R realizes
Carathéodory conditions, i.e., it is measurable in § for any y € R and is continuous
in y for almost all # € I.For every measurable function y(#) on I, the superposition
operator Fj, is denoted as

Fy(y)0) = h@,y), 0 € I.

Lemma 2.6 ([17, Theorem 17.6]) Suppose that h: I xR — R realizes
Carathéodory conditions. Then

Ih(0, )| < b(®) +w21[w1<3)], 6l and y€R,
r
wherey,r > 0andb € Ly,. The operator Fy, : B.(Ew,) — E\w, is continuous, when
the N-function W, satisfies A,-condition.
The following lemma describes the product of n-operators:

Lemma 2.7 ([13, Theorem 1]) Let n > 2. If ¢ and ¢;, i = 1,...n be arbitrary
N -functions, then the following axioms are identical:

1. Foreveryv; € Ly, [[i_, v € L.
2. There exists a constant k > 0 s.t.

n
[Te
i=l1

n
< k[Tl
i=1

foreveryv; € L, ,i=1,2,...n.
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3. There exists a constant C > 0 s.t.
[Ter'® < co™'®
i=1

for every 6 > 0.
4. There exists a constant C > 0 such that forall 0; > 0,i =1, ...n,

[T 0 -
¢<T1> < ;Sﬁi(oi)~

Let “meas” point to the Lebesgue measure in R and X = X (/) refers to the set
of Lebesgue measurable functions on /. The set X concerns the metric

d(y,2) = infle +meas{v : [y(v) — z2(v)| = €}]

generates a complete space. It appears that the convergence on d is the same as the
convergence in measure on / (cf. Proposition 2.14 in [35]). We shall call compactness
in X “compactness in measure”.

Lemma 2.8 ([8]) Assume that, Y C Ly be bounded set and there exists a family
(0c)o<c<a C I s5.t. meas o. = c for every c € [0, a]. Then for everyy € Y,

y(01) = y(6), (01 €0, 0 ¢oc)

the set Y is compact in measure in Ly.
Definition 2.9 ([7])Let? # Y C Ly be abounded set. The Hausdorff MNC 3y (Y)

is defined as

B (Y) = inf {r > (0: 3 afinite subset Sof Ly s.t. y C S + B, }

where B, = {y € Ly : ||yll¢ <7}

Definition 2.10 ([35, Definition 3.9] or [10]) The measure of equiintegrability ¢ of
the set Y € Ly forany ¢ > 0 is defined as

c(Y) = lim sup sup|ly-xrlL,,

€Y mesT<e yeY

where xr refers to the characteristic function of 7 C 1.

Lemma 2.11 ([8, 10]) Let @ # Y C Ey be a bounded set and compact in measure.
Then
Bu(Y) =c(Y).
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Theorem 2.12 ([7]) Let § # D C Ly be closed, bounded, and convex set and let
P : D — D be continuous and contraction operator regarding By, i.e.,

Bu(P(Y)) = kBu(Y), ke [0,1)

forany @ #Y C D. Then P has at least one fixed point in D.

3 Main Results

Equation (1) should be presented in the following way:

y(O0) =H)O) = [H)6), 6el=[0,d],

i=1

where
H;(y)(0) = gi(0) + A;(y)(0) and A;(y)(0) = J“ Ffy(9)

s.t. Fy, are the superposition operators and J< are the (R-L) operators as in Defini-
tion2.2.

Based on different general growth conditions, we will characterize three existence
theorems.

3.1 The Case of A’-Condition

Fori =1, 2, ..., nsupposethat ¢, ; are N-functions and consider the next assump-
tions with W; and N; being complementary N-functions:

(C1) gi € E,;(), i =1, ...n are a.e. nondecreasing on I,

(C2) f; : 1T x R — R utilize Carathéodory conditions and suppose that f; (6, y) be
nondecreasing with regard to 6 and y separately,

(C3) |fi(0, )] <bi(0) + Ri(]y]) for €I and y € R, where b; € Ey, (I) and R;
are nonnegative, continuous nondecreasing function on R™.

(C4) Suppose that N; realize the A’-condition and 3 w, 7, ug > 0 s.t.

Ni(w(R;(v))) < vp() < y¥;(v) for v > vy.

(Gl) Forevery v; € L, (I), we have || [T, vill, < k[T/_; llvill,, k> 0.
1

(G2) Assume that k; () = i O@SW W (v¥ NHdv e E, (I) forae. vel and
e

e > 0.
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Remark 3.1 By using assumption (C3), (G2) and Lemma?2.3, then for y € E,(I)
and T C I, we have

1A () - X7 e < =—lIki - x7llg, - (IBi - x7 v, + IR (AYO - x7ll,) -

2
— (o)
Then, by utilizing (C4) A w, v, uy > 0, (cf. [17, Theorem 19.1]), s.t.

1 d
IR (IyC)Dlly, =< " (1 +/0 Ni(WRi(|y(9)|))d9>

IA

1 d
Sd +Ni(wRi(uo))+7)/o e(ly(@)do.

Theorem 3.2  Let assumptions (C1)—(C4), (G1), and (G2) hold. If

k]’[(ugln% )nk Mo (111w, + R (1)))

and

— (2lkillg,
k ]:! <—wF(0¢[) (14 Vi @Ry o)) + 7)) <1,

then there exists a solution y € E,(I) of (1) that is a.e. nondecreasing on I =
[0,a] C L

Proof 1. Lemma2.3 grants us that the operators J* : Ly, (I) — L, (I) and they are
continuous and by assumption (C2) the operators Fy, : Bi(E,(I)) — Ly, (I) and they
are continuous. Then A; = J Fy, : Bi(E,(I)) — E,, (I) and they are continuous.
By assumption (C1), the operators H; : Bi(E,(I)) — E, (I) are continuous. By
(G1), we can refer that H = [[_, H; : B{(E,(I)) — E,(I) is continuous.

II. We shall formulate the ball B;(E, (1)) = {y € L,(I) : |lyll, < 1}.

By utilizing Lemma2.3 and for y € B(E,(])), we get

IH D lle, = Ngillg, + T1Ai D)l

<
< lgille, + T Fr,(Mlly,

I9illo + = llkill; | F 7 (V) |,

2
NG l)
lgilly + Fa )Ilk I|¢,<|Ibi||N,- + IIRi(Iy(')I)IIN,)

IA

2
< i X —_— k,' . bi . Rl‘ 1 ,
< llgilly + M l I|¢,(|| v, + Ri( ))

where ||y|l, < 1. Therefore, utilizing assumption (G1), we get
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IHW, < k[ TIH I,

i=1
—k]"[(ﬂg,n,g, )nk il (1011, + R m))

Then the operator B : Bi(E,(I)) — E,(I) is continuous on / = [0,a] C I

III. Let Q| C Bi(E,(])) contain all functions which are a.e. nondecreasing
on /. This set is a convex, closed, bounded, and nonempty set in L, (/) see [8].
Additionally, Q; is compact in measure (thanks to Lemma2.8).

IV. We shall now demonstrate that H maintains the monotonicity of functions.
Select y € Qj, then y is a.e. nondecreasing on / and consequently the operators
A;(y) = JYFf(y) are a.e. nondecreasing on / (see assumption (C2) and Proposi-
tion2.4). According to (C1), the operators H; = g; + A;(y) are a.e. nondecreasing
on /. Finally, assumption (G1) gives that H : O — Q) is continuous.

V. We shall now prove that H is a contraction with regard to 3.
Suppose that T C I, with measT <&, € > 0.Thenfory e Y C Q;, we get

IH: (¥) - xrlle = lgi - xrlly + ||A'(y) xrlle;

< gi - xrllg, + = lki - xrllp 1 F5 () - xrllw,

F( i)
2

M@ l)llk XT“W,(”b “xrllw,
1

+—(1 + N;(wR; (uo)) +v)/ <p(|y(9)l)d9>.
w T

<lgi-xrlly +

Therefore,

A

IHG) - xrlly < K[ TIHG) - X7l

i=1

. 2|kl o,

kll - 4+ “N6; - :
[ (IIg X7 lly; (o) 1D; - xrllN,

1
+—<1 + N; (WR; (up)) +7) / @(Iy(G)I)d9>>,
w T

where ||k; - xTlly; < llkilly,. Since g; € E, and , b; € Ey,, we have

2| kil
()

lim sup [Sup{“gi “Xrllg + l15: 'XT”N’}]} =0

=0 Uyes T<e L yey
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Thus, by utilizing the definition of ¢(Y) with

(/soﬂy(emde)" < ||y||,7;1~/so(|y<0>|)des/so(|y<0)|> o,
T T T

we get

|| i
c(H(Y)) =< kl_[ < L(”v; (1 + Ni(wR; (uo)) +7)> ~c(Y).

Since ¥ # Y C Q; be bounded set and compact in measure in E,, we shall use
Lemma2.11 and get

2|1kl

Bu(H(Y)) < k]"[( ST

(1+ NiwRiwo)) + 7)) B (¥).

Since k H:’Zl i‘m[) (1 + N;(WR; (ug)) + 7)) < 1. Once we have employed The-
orem?2.12, we are done. O

3.2 The Case of Az-Condition

In what follows, we study Eq. (1) using growth condition that is essentially faster
than a polynomial (i.e., when the N-functions fulfilling Aj-condition). Let ¥ =

sup{n yli:ye BI(LVA(I))} : L,(I) — L'(I) be the norm of the identity operator.
Fori =1, ..., n, take into consideration the next assumption:

(C5) a. N, realize the Az-condition.
b. There exist 3, vy > 0 s.t.

v,
R;(v) < ﬂ%, for v > vp.

c. Suppose that r > 0 is satisfying

: 2G Ikl !
k]_[<llgi||¢,- + =L (bl + = (1 4+ mowoa +mo)or ) ) <
il () w

and

i=1

- (C i Ik ||¢,) Ww"
G 2frn=! (1 + noutoa +- 770)
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where w, k,a > 0, ng > 1l and C; = (2+a(1 —i—(pi(l))).

Remark 3.3 (a) From assumption (C5), we get that the intervals I and I are iden-
tical.

(b) Assumption (C5) 2. implies that 3w, ug > Oandny > Is.t. N;(wR(u)) < nou
for u > ug. Thus, fory € L,

1
IRAyODIy, = (14 [ MRy dv)
w 1

IA

1
—(1 + nouoa +770) / ly(v)| dv.
w I

By assumption (G2) and [17, Lemma 15.1 and Theorem 19.2] for y € L,:

A

2C
14Ol = S Xl (B0 cr iy, + IRAYO DX )

2C

i 1
Ton) ki ll o (”biXT”Nf + ;(1 + nouoa + 770) /T Iy(v)ldv) ,

IA

where C; = (2 +a(l+ <p,~(1))> and T is a measurable subset of 7.

Theorem 3.4 Suppose, that V; and N; are complementary N -functions and ¢, p;
are N-functions for i =1, ...n. Let assumptions (Cl1)—(C3), (CS5), (G1), and (G2)
be fulfilled, then there exists a solution y € E, of (1) which is a.e. nondecreasing
onl.

Proof T’ is same as I buton E, i.e., the operator H : E, — E,, is continuous.

Il’. By recalling Lemma3.3 and for y € B,(E,(/)), we have

IE O,
< gl + 2 (1ol + 3 (14 MR +0) [ 1ylav)
<l + 2 (Wt = (14 MR ) + ) I3
<l + 2 (1ol -+ (14 MR o)+ m) 0, )

where C; = (2 +a(l+ <,0i(1))). Then, by using (G1), we have
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HHO M < k[ TIH),,

i=1
2G|k |, 1
< kl_[ <|| gills + M@ )W (”bi”N,» + ;(1 + nouoa +770)197’)) <r

By using assumption (C5)3., we deduce that H : B, (E,(1)) — B,(E,(I))is con-
tinuous.

III” and IV’ are the same as IIl and IV on Q, C B,(E,(])).
V’°. Suppose that T C I, with measT <¢e, € > 0. Then, fory e Y C Q,, we
get

1H;(¥) - xTllge < Mlgi - xrlle + 1A:() - xrlly,

2Ci ]Ikl
— (||5; - :
(o) (I1B: - xrlln,

1
+ ;(1 + notoa + 770)||y : XT”w) .

<lgi - xrlly; +

As in Theorem 3.2, where

|n—l

Iy - xr <y - xr ™y - xrll < 7"~ lly - xr g,

we obtain

Cillkill

B (B =2k~ (14 nomoa + 1) ]‘[( o

>5H(Y)-

Since []\_, (c,- lIKi l,; ) < o =, then by Theorem?2.12, we are done.
o 1< )

()
' 1+nouoa+mno

O

3.3 The Case of A,-Condition

We will now present the existence theorem when the N-functions satisfy the A,-
condition. Fori = 1, ..., n, take into consideration the assumptions:

(C6) Suppose that ; are N-functions and the functions N; satisfy the A,-condition:

a. There existy; > 0 s.t.

Ri(v) <N (¢ (v) for v > 0.
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b. Suppose that3 r* > 0on I = [0, a] C [0, d] satisfying

- 21ki (0)| , .
f,%0<1_[(|9f<9>l+ T (Weilly, + ))) o <r

i=1

and
Yillkillp: 1
< .
[ (o) 27k (rryn-!

i=1

Remark 3.5 Assumption (C6);, with [17, Theorem 10.5 with k = 1] indicates for
any y € E,, v > 0 that

IRy - xoaD v <% [N (2 (1y - xoaD)) [y,

[
<illylly < i +%/0 ey dv. )

By using the Holder inequality with our assumptions, we have

[A; () (O)] < |ki(9)|<”bi||Ni + IR (ly - X[0,9]|)||Ni>'

Theorem 3.6 Suppose, that V; and N; are complementary N-functions and @, p;
are N-functions for i = 1,...n. Let assumptions (C1)—(C3), (C6), (G1) and (G2)
be fulfilled, then there exists a solution y € E, of (1) which is a.e. nondecreasing on
I =[0,a] CL

Proof 1" isthesame as] ie., B: Bi(E,(I)) — E, is continuous.

II””. We will demonstrate that the operator H is bounded in L.,.
let O be the set of all numbers * > 0 satisfying

ki (0
/1 (H(I i(0)] + I|‘(( ))|(||bi||Ni + 7,-r*>)> do <r*.
i=1

Let D points to the closure of the set {y € E,, : foa o(ly()|) dv < r* —1}. Obvi-
ously, D does not indicate a ball in E,, but D C B+ (E, (1)) (cf. [17, p. 222]) and
DC E, is convex, closed, and bounded set.

Fory € D and 0 € I, we have

H; (MO = 1g: (O] + 1Ai () (O)]

2|k; (0)
F(Q[)l(Hbt”N, + ”Ri(Iy.X[Oﬁ]DHNi)

=190 +
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2|k (0)] “
<lgi(®|+ T 16illy, + vi+v | eyl dv
() 0
2]k (0)] «
< lgi (| + T 1billy, + vi +7%@E" =1 .

Therefore,

/I<P(H(y)(9)) db < /I<p<l_[|Hi(y)(9)|> do
i=1

21k (0)] .
s/{w(]‘[(mi(e)w Ty (bl +ir )))desr.

i=I

Then H(D) C D. Consequently, H(D) C H(D) C D= D. Then H : D — D is
continuous on D C B-(E,(1)).

III”” and IV” are the same as Il and IV on Q,« C B« (E,(1)).

V”. Suppose that T C I, with measT < e, ¢ > 0. Then, by using Remark 2 and
foryeY C Q,-, we get

2|lkilly,
IH:(y) - X7l = g0 - xrller + F(aﬂ; (bi +Ri(|y(')|))'XT
i N;
2llkilly, ” H
<1gi X7 llo s - IR (IyO)] -
<llgi-xrlly + o) I6i - xTlln, + | R (YO - xr N
2|lkilly

< lgi-xrlle + (”bi xrlly, +illy - XT||¢>.

(i)

As done in Theorem 3.2, we have

ey illkily,
HY)) < 2%k '] | =2 8u(Y).
Br(H(Y)) < 2"k(r*) 11 Tan @)
Since ]_[:-’:l %F”(k(;”;" < 5 k(rﬂ)n,l , then by Theorem 2.12, we are done. O
4 Examples

We are in a position to provide some noteworthy examples that illustrate and support
our findings.

In what follows, fori =1, ..., n, put the N-functions W;(#) = N;(u) = u? and
i) = e — Ju] — 1.
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G—v)%i~!
(i)

Example 4.1 Weneed to show that, the operator J* = foe y(v)dv: Ly, —

L, is continuous and Lemma 2.3 hold.
Indeed: For 8 € [0, d] and any o; € (0, 1), we get

92a, —1

0 0
ki®) = [ % ")d =/ 2072 dy = :
) /0 (v ) v ; v v a1

d d 20;-1 92a,<71
i (ki(0)) dv = e —1)do
/OS”(())” /o(e 20, — 1 )

which is finite. Then, for y € Ly,, we have J© : Ly, — L, is continuous.

Moreover,

Example 4.2 We will show that the operator Ff, (y)(v) = b;(v) + %N, '¢(y(v))
B.(E,) — Ly,, where b; € Ly, and r,y; > 0.
Indeed: For y € L, we have

IF Oy, < il 3 | N7 ()|

= Ibilly, + i /, N; (N;l(so(yw»)) dv

= |billn, + i /90()’(1))) dv
I
< billy, +%llylle.

If the N-functions N; satisfy the A,-condition, then Fy, : B,(E,) — Ey, and is
continuous.

For additional information and many examples of how the functions ¥;, N;, ¢;
and ¢ fulfill Lemma?2.7 (see [21, Theorem 15.4] and [13]).

Example 4.3 If n = 1, Eq. (1) becomes the standard fractional integral equations

[4 6 — U)a—l

0) = g0
y(6) g()+0 @

(b(v) +’yN_1<,p(y(v))> dv, Oela,bl, 0<a<l,

which are logical extensions and practical applications of the theories and the results
addressed in [1, 3, 17, 33].

Example 4.4 If n = 2, Eq. (1) forms the quadratic fractional integral equations

_ 0 (9 _ v)alfl .
YO = <91(0)+ /0 iy (i@ N () dv)

0 (9 _ U)uz—l

0 vy-uv- o
) (gz( )t 0 ['(a2)

(b2 + 2N "o (y»)) dv>, 3
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for 6 € [a, b], 0 < a1, ay < 1. This is closer to the problems raised in [6, 8, 9, 21,
24-26].

Example 4.5 For 6 € [0,d] and 0 < a; < 1, consider the integral equation

( )(yl—l B
O = (g, ©) + / o (B N ) ) dv ). @)
i=1 ( )
which performs a special case of Eq. (1) with proper structure of the functions g; €
Liﬂi and b,' € LNp
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New Fixed Point Results of Multivalued m
Contraction Mappings in b-Metric e
Spaces

Theory, Space and Contraction Mappings

Taieb Hamaizia and Seddik Merdaci

1 Introduction and Preliminaries

In 1989, Bakhtin [5] introduced the concept of b-metric spaces under the name
quasi-metric spaces and showed a contraction principle in these spaces, however,
Czerwik [7] gave an axiom which was weaker than the triangular inequality and
formally defined a b-metric space with a view of generalizing the Banach contraction
mapping theorem [4]. Nadler [17] used the Pompeiu—Hausdorff metric to prove
the multivalued contraction principle over the collection of nonempty closed and
bounded subsets of a metric space.

After that, many generalizations of metric spaces and enormous fixed point results
have been achieved for single-valued and multivalued mappings in many directions,
also we refer the readers to some papers for more details of this topic ([1-3, 9,
10, 12, 13, 15]). We begin by introducing the basic definitions and properties of
complete b-metric spaces and multivalued maps. We then present the concept of
generalized contractive type of multivalued maps, which extends the classical notion
of contractive mappings to multivalued settings. The proposed framework allows us
to investigate the convergence and existence of fixed points for these maps.

Our main focus is to establish new fixed point results for generalized contractive
type of multivalued maps in complete b-metric spaces. We provide sufficient condi-
tions under which the existence and uniqueness of fixed points are guaranteed. The
proofs of the main theorems rely on appropriate fixed point theorems and suitable
mathematical techniques.

So, we introduce the concept of multivalued contraction mappings and prove fixed
point results for such mappings in the context of b-metric spaces that generalize many
preexisting results in the literature.
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To establish the main results for generalized contractive type of multivalued maps
in complete b-metric spaces, we need to introduce the following definitions and
preliminaries:

Definition 1 ([5]) Let X be anonempty setand s > 1 a given real number. A function
d: X x X — Ry is called a b-metric on X if for all x, y, z € X, the following
conditions are satisfied.

bm-1)d(x,y) =0 < x =1y,

(bm-2) d(x, y) = d(y, x),

(bm-3) d(x, y) < s(d(x,z) +d(z, ).

The pair (X, d) is called a b-metric space with a coefficient s.

The concept of a b-metric space is a generalization of metric spaces that allows for
more flexibility in the notion of distance. So, every metric space is a b-metric space
with s = 1, but the converse is not true in general as it is shown by the following
example:

Let X ={0,1,2}and d : X x X — R, defined by:

d(0,0) =d(1,1) =d(2,2) =0,
d(1,0) =d0,1) =d@2, 1) =d(1,2) = 1,
d(0,2) = d(2,0) = m,

where m is a given real number such that m > 2. It is easy to check that for all
x,y,z€X

d(x,y) < %(d(x,m +d(, y)).

Therefore, (X, d) is a b-metric space with a coefficient s = ﬁ The ordinary

triangle inequality does not hold if m > 2 and so (X, d) is not a metric space.

Definition 2 ([8]) Let (X, d) be a b-metric space and {x,} a sequence in X. The
sequence {x,} is said to be

(1) b-convergent to x € X if lim,_ o d(x,,x) =0. In this case, we write
lim,,_ o0 X, = X.

(i1) A b-Cauchy sequence if limy, ;00 d (X, Xp,) = 0.

(>iii) (X, d) is complete if every b-Cauchy sequence in X is b-convergent.

Remark 1 As in the metric space, a b-metric space can be endowed with the topol-
ogy induced by its convergence. Consequently, Most of the notions which are true
for metric spaces can be extended in the setting of b-metric spaces.

The following lemma was established by [17].
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Lemma 1 Let (X,d) be a b-metric space with a coefficient s > 1 and {x,} a
sequence in X such that

d(x,,, -anrl) = )ud(x,,,l, xn); n=12,..

where A € [0, 1) is a constant. Then {x,} is a Cauchy sequence.

In the sequel, we introduce some notation that will be used consistently throughout
the remainder of this work. These notations provide a convenient way to represent
various mathematical objects and concepts. Here are the key notations: Let (X, d)
be a metric space. For A, B € CB(X), we denote by:

P(X) is the family of all nonempty subsets of X.

B(X) the set of all nonempty bounded subsets of X.

CL(X) the set of all nonempty closed subsets of X.

C B(X) the set of all nonempty closed and bounded subsets of X.

P.,(X) the set of all nonempty compact subsets of X.

P, c»(X) the set of all nonempty compact and convex subsets of X.

P o, (X) the set of all nonempty closed and convex subsets of X.

For all A, B € CB(X)

D(A, B) = inf{d(a,b) :a € A,b € B},
8(A, B) =sup{d(a,b) :a € A, b € B},

D(a, B) = inf{d(a, b) : b € B},
8(a, B) = sup{d(a,b) : b € B}.

H is the Hausdorff metric with respect to d defined by:

H(A, B) = max {sup D(a, B),sup D(A, b)}
acA beB

Lemma 2 ([14]) For every A, B € CB(X). It is well known that (CB(X), H) is a
metric space and if (X, d) is complete, then (CB(X), H) is also complete.

Lemma 3 ([17]) Let (X, d) be a metric space, A, B € CB(X) anda € A. Then, for
each a > 0, there exists b € B such that

d(a,b) < H(A,B) +a.
Let A, B € CB(X) and k > 1. Therefore, for each a € A, there exists b € B such

that
d(a,b) <kH(A, B).
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Let A € CB(X), B € P,,(X). So, for each a € A, there exists b € B such that

d(a,b) < H(A, B).

Definition 3 Let S, 7 : X — CB(X) multivalued mappings. A point u € X is said
to be:

(1) A fixed point of T' if u € Tu.

(iii) A strict fixed point of T if Tu = {u}.

(iii) A common fixed pointof S and T if u € Su and u € Tu.

(iv) A strict common fixed point of S and 7 if Su = Tu = {u}.

Definition 4 ([8]) A multivalued mapping 7 : X — CL(X) is continuous in the
sense of Hausdorff metric if and only if for each x € X and {x,} C X with
lim,,_, oo d(x,, x) = 0, we have lim,,_, o H(Tx,, Tx) = 0.

Lemma 4 ([8]) Let (X, d) be a b-metric space. For any A, B, C € CB(X) and all
x,y € X, we have the following

(i) D(x, B) < d(x, b), forany b € B,

(ii) D(x, B) < H(A, B), forany x € A,

(iii) H(A, B) = H(B, A),

(iv) H(A,C) <s(H(A, B) + H(B, ()),

(v) D(x, B) < s(d(x,y) + D(y, B)).

Note that we can see that (CB(X), H) is a b-metric space and H is called the
Hausdorff b-metric induced by the b-metric d.

Lemma 5 ([8]) Let (X, d) be a b-metric space and A, B € C B(X). If there exists
n € R, n > 0 such that

(i) for each a € A, there exists b € B so that d(a, b) < n,

(ii) for each b € B, there exists a € A so that d(b, a) < n,

then H(A, B) <.

Lemma 6 ([8]) Let (X, d) be a b-metric space with a coefficient s > 1, d continuous
and A, B in CB(X). Thus, for each a € A, there exists b € B such that

d(a,b) <sH(A, B).

2 Mains Results

In this section, we contribute to the theory of multivalued maps by establishing new
results for generalized contractive type of multivalued maps in the setting of complete
b-metric spaces. The findings expand the existing knowledge in the field and provide
a foundation for further research in related areas. Before presenting the proof of our
main results, we establish the following lemma, which will be instrumental in the
subsequent analysis:
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Lemma 7 Let (X, d) be a complete b-metric space with a coefficient s > 1. Let
o, k, y1, y» are nonnegative reals with 0 <k < 1,0 <y, <y, and S, T : X —
C B(X) be multivalued maps satisfying, forall x,y € X

s*H(Tx, Sy) <kO(x,y), (1)
where
U(-xs ) - V()C, )
O, y) = 22 > @
Wx,y)+r
U(x,y) =max{(D(Tx, Sy) + yi)d(x, y), D(x, Tx)(D(y, Sy) + y»}, ()
V(x,y) =min{D(x, Tx)D(x, Sy), D(y, Sy)D(Tx, y)}, “4)
Wi(x,y) = min{§(x, Tx), 5(y, Sy)}. 5)
Then every fixed point of T is a fixed point of S, and conversely.
Proof Suppose that p is a fixed point of 7. Using (1) and the definition of H,
k
D(p. Sp) = H(p. Sp) = H(Sp.Tp) = 2 O(p. p). (6)
where
U(p,p) —V(p,p)

Wip,p)+r
U(p, p) = max {(D(Tp, Sp) + y1)d(p, p), D(p, Tp)(D(p, Sp) + y1)} =0,
V(p, p) = min{D(p, Tp)D(p, Sp). D(p, Sp)D(Tp, p)} =0,
W(p, p) = min{d(p, Tp), 3(p, Sp)} = 0.

It follows from (6) that
D(p, Sp) =0,

which implies that p is also a fixed point of T.
Similarly, suppose that p is a fixed point of S. Using (1) and the definition of H,

k
D(Tp,p) <H(Tp,p) <H(Tp,Sp) < S—a®(p, D) @)

where
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Op. p) = Up.p)  V.p) 7
Wp,p)+v. W(p,p)+n
U(p, p) = max {(D(Tp, Sp) + y1)d(p, p), D(p, Tp)(D(p, Sp) + y1)}
= max {0, D(p, Tp)(0 + y1)}
= D(p,Tp)ni
V(p, p) =min{D(p, Tp)D(p, Sp), D(p, Sp)D(Tp, p)} =0,
W(p, p) = min{d(p, Tp), s(p, Sp)} = 0.

It follows from (7) that

ky:
D(Tp,p) = —D(p,Tp),
Nal%)

k k

as — < 1 and n < 1, then 248 < 1. Hence D(Tp, p) = 0, which implies that p
s V2 )

is also a fixed point of S. ]

Now, we prove the main result in this section.

Theorem 1 Ler (X, d) be a complete b-metric space with a coefficient s > 1 Let
o, k, y1, y» are nonnegative reals with 0 <k <1,0<y; <y and S, T : X —
C B(X) be multivalued maps satisfying (1), (3) and (4). Then

(a) T and S have at least one common fixed point p € X.

(b) For n even, {(ST)"*x} and {T (ST)"/*x} converge to a common fixed point for
each x € X.

(c) If p and q are distinct common fixed points of T and S, then

Sa—Z

k
Proof Part (a), let xg € X, x; € Sxo and define {x,} by

V%
2 —y <d(p.q).

Xon+1 € T)Czn, Xon42 € SX2n+1, for all n > 0. (8)

Weassume thatx, # x,4; foreachn. For, if there exist an ng such thatx,,, # x,,+1,
then 1o forms a common fixed point for S and 7. More precisely, to see that x,,, is
the common fixed point of 7 and §, we consider ng in two cases. First, if ng = 2n.
In this case, we have x, = x2,4+1 € T xy,, that is, x, is a fixed point of T, hence of
S by Lemma 7. that is, x5, = x2,+] is a common fixed point of 7 and §. Similarly,
ifng=2n+ 1.

Thus, throughout the proof, we suppose that x,, # x,.1 for each n. For, if there
exists an ng for which xy,, # x2,,+1, then, since x2,,,+1 € Tx2p,, Xony+1 € Fix(T) ,
and by Lemma?7, x,,, € Fix(S). Similarly, x2,,+1 = X2,42 for any ny implies that
Xong+1 € Fix(S) N Fix(T).
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First, we show that {x,} is a Cauchy sequence in X. For this, using Lemma 3, for
any 0 < n; < 1, choose x, € Sx; such that

1
d(x1, x2) <H(Txo, Sx1) + (— — 1) H(Txg, Sx1)
m
1
= —H(Sxq, Txy)
n

k
s%m

< O(xo, x1).
Similarly, it can be shown that, for any 0 < 1, < 1, choose x3 € Tx, such that

1 k
d(x2,x3) < —H(Tx3, 5x1) £ ——0(x2, x1),
N2 $%mM

Recursively, for any 0 < 1, < 1, choose x5,+1 € Tx,, such that

1
d(x2, Xopt1) < — H(Tx2,, SXx24-1) <
2n $5Non

O (X2, X20-1), 9

and, for any 0 < 1,41 < 1, choose x,12 € Sx2,41 such that

H(Tx2, Sxop11) < —
Mn+1 ST M2n41

d(Xon41, Xon42) < O (X2n, Xon+1)- (10

Setting dr, = d(x2,+1, X2u), the 1, are defined by 5, = +/A,, where

dy
P +7n

n = <1, 11
PR (11)

because 0 < y; < .
It follows from (2)—(5) that

U (x2n, x2n—1) — V (x2n, X2n—1)
W (xon, Xxon—-1) + v2
U (x2n, X2n—1) = max {(D(T x2n, Sx2n-1) + v1)dan, D(x2n, Tx20) (D (X201, SX20—1) + ¥1)}
< max {(d2n + Y1)d2n—1, don(d2n-1 + 1)} (12)
V(x2n, Xon—1) = min {D(x2u, Tx20) D (x2n, Sx2n—1), D(X2n—1, SX2n-1) D(T X200, X2n—1)}

< min {d2,d (X211, X2n), d2n—1d (X2n+1, X2n-1)}

O(x2n, X2n—1) =

=0 (13)
W (x2n, X2n—1) = min{8(x2y, Tx24), 8 (X2n—1, SX2n-1)}
= min{dZm d2n—l}- (14)

Using (12)—(14) in (9) yields
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k k«/A2, max {(do, + y1)don_1, doy(dop—1 +
by < O (tay. Xy 1) < Ao {(d2 V.l) -1, don (dan—1 )/1)}.
5¥M2p 5@ min{dy,, dop—1}

If min{dy,, d»,—1} = dp,— for some n, which implies that max {(d2, + y1)d2n—1,
don(don_1 + y1)} = (day, + y1)da,_1, then from the above inequality we have

k\/)» "
d2n 2 d2na
kA
which is a contraction, since 2n € [0, 1). Consequently, we deduce that
SOt
k«/)» n
doy < 2 1. (15)
Similarly, we can prove
kAo
dysr < =y (16)

Combining (14) and (16), we can conclude that, for all n > 0,

k
d, < oy
Soz

n 1 < dn 1- (17)

Next, we show that A,, < A,,_1, foralln > 0.
Then, by inequality (17), we get d,, < d,,—1, which implies that

O0<dy+yi <dy_1 + 11,
O<dy+ v <dp_1+ 12,

consequently
dn + Y1 < dn—l + Y1

di+y: disi+ 2

is equivalent to A, < A,_;, continuing this process, we get
)»,1 < )\1. (1 8)

Now, from (18), we have

dyp < %_dn I 19)



New Fixed Point Results of Multivalued Contraction Mappings ... 221
kA
Let 8 = ——. Then, we have that 8 € [0, 1). Hence, by Lemma 1, we obtain

that {x,} is a Cauchy sequence in (X, d). By completeness of (X, d), there exists
p € X such that lim,, o x, = p.
Next, we show that p is a fixed of T'. For this, using triangular inequality, we have

D(p, Sp) < sld(p, xons1) + D(x2p41, Tp)]

(20)
= S[d(Ps x2n+1) + H(TXZn» Sp)]

It follows from (2)—(5) that

_ U(XZna p) - V(-x2n7 P)
Orzn. p) = W(x2u, p) + v2 o

U(x2n, y) = max {(D(Tx2n, Sp) + y1)d (X2u, p), D(x2n, Tx22)(D(p, Sp) + y1)}

< max {(d(x2n+1, Sp) + y1)d (x2n, p), don(D(p, Sp) + 1)} (22)
V (x2n, p) = min {D(x2,, Tx2,) D(x2,, Sp), D(p, Sp) D(T x24, p)}

< min {dz,d (x2,, Sp), D(p, Sp)d (x20+1, P)} (23)
W (x24, p) = min{8(x2,, Tx2,), 8(p, Sp)}

< min{ds,, d(p, Sp)}. (24)

Substituting (22)—(24) into (21), using (20), (1) and taking the limit of both sides
as n —> 00, one obtains
D(p,Tp) <0,

which implies D(p, Tp) = 0. Hence, we get that p € F(T). From Lemma 7,p €
F(S). Accordingly, we conclude that S and 7 have a common fixed point p.

To prove (b), merely observe that, from (8) and the fact that x, is arbitrary, we
may write.

Xng1 € (ST)?x and x,4, € T(ST)"*x.
(c). Suppose that p and g are distinct common fixed points of S and 7. Then

d(p,q) = D(p,q) <sD(p, Sp) +s*D(Sp, Tq) + s*D(q, Tq)

25
<s’H(Sp, Tq). (23)

It follows from (2)—(5) that
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Ulp.q) —V(p,q)
0. 9) = Wp.q)+r
U(p,q) = max{(D(Tp, Sq) + y1)d(p,q), D(p, Tp)(D(q, Sq) + v1)}
<max {(d(p,q) +y)d(p,q),d(p. p)(d(q,q) + y1)}
= (d(p,q) +y)d(p,q) (26)
V(p,q) = min{D(p, Tp)D(p, Sq), D(q, Sq)D(Tp, q)}
< min{d(p, p)(p,q),d(q,q)d(p,q)}
=0 (27)
W(p,q) = min{é(p, Tp), 8(q, Sq)}
< min{d(p, p),d(q, q)}
=0. (28)

Using (1) and substituting it into (25) gives

k (d(p,q)+y)d(p,q)
> .

d(p,q) = —
S V2

which yields the result. This completes the proof. ([
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Analysis of Fixed Points in Controlled )
Metric Type Spaces with Application oo

Haroon Ahmad

1 Introduction and Preliminaries

The history of fixed point theory can be traced back to ancient Greece, where the
concept of a fixed point was first introduced. However, it was not until the twentieth
century that the theory was formalized and developed into a rigorous mathematical
discipline.

In the early 1900s, the French mathematician Pierre Joseph Louis Fatou [1] intro-
duced the concept of a fixed point and studied its properties. His work was later
extended by the Polish mathematician Stefan Banach [2], who introduced the concept
of a Banach space and established the first fixed point theorem for compact mappings
in a Banach space. In 1911, the Dutch mathematician Luitzen Egbertus Jan Brouwer
[3], introduced the concept of a topological degree and used it to prove his famous
fixed point theorem, which states that every continuous function from a compact,
convex subset of Euclidean space to itself has a fixed point. In the 1930s, the German
mathematician Juliusz Schauder [4], introduced the concept of a Schauder fixed point
and established the Schauder fixed point theorem, which provides a generalization
of Banach’s fixed point theorem for non-compact mappings. In the 1950s and 1960s,
the American mathematician Felix Browder [5], made significant contributions to
the theory by introducing the concept of a nonlinear operator and establishing fixed
point theorems for nonlinear mappings in Banach spaces. Since then, fixed point the-
ory has become a widely studied field with numerous applications in various areas
of mathematics, physics, engineering, economics, and computer science. Important
contributions have been made by many notable mathematicians, including Shizuo
Kakutani [6], John Nash [7], and John Milnor [8].
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Ciri¢ type contractions are a class of contractive mappings that have gained sig-
nificant attention in the field of fixed point theory in recent years. The concept of
Ciri¢ type contractions was first introduced by the Serbian mathematician Dragan
D. Ciri¢ [9], in 2008. This theorem provides a generalization of Banach’s fixed point
theorem for contractive mappings. Since then, there has been a growing interest in
studying the properties of these mappings and their applications in various areas
of mathematics and related fields. In 2011, Imdad et al. [10], introduced the con-
cept of o — y—Ciri¢ type contractions and established a fixed point theorem for
these mappings in complete metric spaces. This theorem provides a generalization
of the Banach-Caccioppoli fixed point theorem for contractive mappings. In 2015,
Abbas and Rhoades [11], introduced the concept of S—Ciri¢ type contractions and
established a fixed point theorem for these mappings in metric spaces. This theorem
provides a generalization of the Banach fixed point theorem for contractive mappings.
In 2018, Jungck et al. [12], introduced the concept of Ciri¢-Tian type contractions
and established a fixed point theorem for these mappings in metric spaces. This the-
orem provides a generalization of the Banach fixed point theorem for contractive
mappings and has potential applications in the study of differential equations and
other related areas. Since then, there has been a growing interest in studying the
properties of Ciri¢ type contractions [13, 14], and their applications in various areas
of mathematics and related fields.

Reich type contraction in fixed point theory refers to a class of contraction map-
pings introduced by Reich in the 1970s. Here is a brief history of Reich type con-
traction in fixed point theory in chronological order with references. In 1979, Reich
[20] introduced the notion of Reich type contraction in fixed point theory in his paper
“Some Remarks Concerning Contractive Mappings.” He defined a Reich type con-
traction as a mapping that satisfies a weaker form of contraction than the standard
Banach contraction, which allows for a larger class of mappings to have a fixed point.
In 1983, Branciari [21] introduced the concept of a weakly Reich type contraction
in his paper “A Fixed Point Theorem for Mappings Satisfying a General Contractive
Condition of Integral Type.” He extended the notion of Reich type contraction to a
more general class of mappings, which he called weakly Reich type contractions. In
1990, Suzuki [22] introduced the notion of a generalized Reich type contraction in
his paper “Meir-Keeler Contractions of Second Type and Reich’s Type Theorem.”
He extended the definition of Reich type contraction to a larger class of mappings
and showed that his generalized Reich type contraction implies the existence of a
unique fixed point. In 2003, Rhoades [23] introduced the concept of a hybrid Reich
type contraction in his paper “A Comparison of Various Definitions of Contractive
Mappings.” He defined a hybrid Reich type contraction as a mapping that satisfies a
combination of the properties of Reich type contractions and other types of contrac-
tions, such as Kannan contractions. In 2014, Abbas and Rhoades [24] introduced the
concept of a weakly generalized Reich type contraction in their paper “Fixed and
Periodic Point Results in Partially Ordered Metric Spaces.” They extended the def-
inition of weakly Reich type contractions to a larger class of mappings and showed
that their weakly generalized Reich type contraction implies the existence of a fixed
point.
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In 1989, Bakhtin [15] and in 1993 Czerwik [16] presented the concept of b—metric
space. In 2017, Kamran [17] introduced the concept of extended b—metric space. In
2018, Nabil Mlaiki [18], introduced the concept of controlled metric type spaces and
established some fixed point results in these spaces. In his paper, Mlaiki defines a
controlled metric type space as a set equipped with a control function that measures
the distance between two points. This function is required to satisfy certain condi-
tions, which generalize the properties of a metric space. Mlaiki establishes a fixed
point theorem for self-mappings in these spaces, which provides a generalization of
Banach’s fixed point theorem for self-mappings in metric spaces. He also establishes
some other related results, including an analog of Caristi’s fixed point theorem in
these spaces.

My motivation for this research article is to present a new fixed point theorem
using Cirié type contractions in controlled metric type spaces. In my research, I have
explored the properties of these mappings in a more general setting and established
a unique fixed point theorem, which has not been previously reported in the litera-
ture. Moreover, the results obtained in this article can be used as a basis for future
research in fixed point theory and related fields. Overall, I believe that this article
will contribute to the existing literature on fixed point theory and provide a useful
tool for researchers in the field.

Definition 1 ([18]) Let Abeanonemptysetando : A x A — [1, co) be a function.
Suppose 6, : A x A — [0, 00) satisfies the following assertions:

1. €4(p,q) =0 if and only if p = ¢,
2. a(p,q) =¢u(q, p),
3. 6a(p,r) <o (p,q)6a(p.q)+o(q,r)€a(q,1),

forall p, g, r € A, then (A, %) is called a controlled metric type space.

Example 1 Let A =[0,2] and take %, : A x A — [0, 00). Consider o : A X
A — [1, 00), where
o(p,q)=Tp+11g +5.

Now, define a function 6, : A x A — [0, 00) as:

_Jlp—qlifp#q
%"_{0, if p=gq.

Clearly, (A, %;) is a controlled metric type space.
Now, Cauchy and convergent sequence in controlled metric type spaces as follow:

Definition 2 ([18]) Let (A, ;) be a controlled metric type space then,
(i) A sequence {p,} converges to some p in A, if for each positive ¢, there is some

positive N, such that € (p,, p) < € for each n > N,. It can be written as

lim p, = p.

n—oo
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(i) The sequence {p,} in a controlled metric type space (A, %) is said to be a
Cauchy sequence, if for every € > 0, €y (pu, pm) < € forallm,n > N, where
N, e N.

(iii) A controlled metric type space (A, %) is said to be complete if every Cauchy
sequence is convergent in A.

Definition 3 ([18]) Let (A, %,) be a controlled metric type space. Let p € A and
e>0
(i) The open ball B,(p, ¢) is

By(p.e) =1{q € A, 64(p.q) < ¢€}.

(ii) The mapping f : A — A, is said to be continuous at p € A if for all ¢ > 0,
there exists § > 0 such that

F(Bo(p, 8)) S Bo(F p, ).

Therefore, if f is continuous at p in controlled metric type space (A, %), then
pn — p implies that [ p, — [ pasn — oo.

2 Fixed Point Results

In this section, we will discuss some fixed point results using Ciri¢ type contraction
in the environment of controlled metric type space (A, €,).

Definition 4 Let (A, %) be a complete controlled metric type space and f : A —
A be amapping. Then F is said to be Ciri€ type contraction if there exists 8 € (0, 1)
such that

Ca(Fp, Fq) < Bmax[Cy(p, q), Ca(p, F p), Calq, Fq), Ci(p, Fq), Calg, F p)l,
)
forall p,g € A.

Theorem 1 Let (A, ;) be acomplete controlled metric type spaceand F : A — A
be a Ciri¢ type contraction. If [ is continuous, then [~ has a unique fixed point in A.

Proof Let p; € A be arbitrary, p, = F p; and p3 = F p, be chosen. By using (1),
we get

€a(p2, p3) = 6a(F p1, F p2)
< Bmax[€u(p1, p2), €i(p1, F p1), 6a(p2, F p2), €a(p1, F p2), €a(p2, F p1)]
= Bmax[y(p1, p2), ¢a(p1, P2), ¢a(p2, P3), ¢a(p1, P3), 6a(p2, p2)].
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Then, we choose max[6y(p1, p2), €a(p1, p2), ¢a(p2, p3), €a(p1, p3), 0] = Ca(p1, p2),
otherwise it is contradiction. Then above inequality becomes

Ca(p2, p3) < BCa(p1, p2)-
Similarly, if ps = F p3 be chosen then by using (1), we get

6a(p3, pa) = 6a(F p2, F p3)
< Bmax[ba(p2, p3), €a(p2, F p2), 6a(p3, F p3), ¢a(p2, F p3), Ca(p3, F p2)]
= Bmax[%y(p2, p3), ¢a(p2, P3), 6a(P3, P4), 6a(p2, Pa), 6a(p3, p3)].

If we choose max[€y (p2, p3), 64(p2, p3), 6a(p3, pa), Ca(p2, pa), 01=C4(p2, p3),
otherwise it is contradiction. From this, the above inequality becomes

Ca(p3, ps) < BCa(p2, p3).

Continue the procedure for p,, = F" po and by using (1), we have

Cda(pns Pn+1) = Ca(F pp—1, F pn)
< Bmax[€q(pn—1, pn), €a(Pn—-1; F Pn—1), Ca(pn, F pn), €a(pu—-1, F Pn), €a(pn, F pn-1)]
= Bmax[Ca(Pn—1. Pn), Ca(Pn—1: Pn)» €a(Pns Pns1)s €a(Pn—1, Pns1)s Ca(Pu, Pn)l-

Then, we choose max[€y(pn—1, Pn)s €a(Pn—1s Pn)s €a(Pns Put1)s Ca(Pn—1s Pnt1),
0] = %4(pn—1, pn), otherwise it is contradiction. From this, the above inequality
becomes

Ca(Pns Put1) < BCa(Pn_1, Pn).

Repeating this process again and again until, we get

Ca(Pns Pn1) < B"Ca(po, p1)

Now, we have to show that {p,} is Cauchy sequence. Since (A, é;) is a controlled
metric type space for all natural numbers n, m € N with n < m, we have

Ca(Pns> Pm) < 0(Pns Pnt1)6a(Pus Pnt1) + 0 (Put1s Pm)Ca(Put1s Pm)
< 0 (pn, Pn+1)Ca(Pns Pnt1) + 0 (Pnt1s Pm)0 (Pnt1s Pnt2)6a(Pnt1, Pnt2)
+ 0 (Pnt1, Pm)O (Pnt2, Pm)Ga(Pnt2, Pm)
< 0 (Pn> Pnt1)Ca(Pu> Pnt1) + 0 (Put1, Pm)O (Put1s Pn+2)Ca(Pnt1s Put2)
+ 0 (Put1, Pm)O (Pnt2, Pm)O (Pn+2, Pnt3)Ca(Pnt2, Pnt3) + 0 (Put1s Pm)
0 (Pn+25 Pm)O (Pn+3s Pm)Ca(Pn+3, Pm)

i=n+1 \j=n+1

m—2 i
< 0 (Pus Pat)Ga(Pus Put)) + Y ( 11 G(Pj»pm)) o (pis pis1)Ca(pis pis1)
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m—1
+ l_[ o (Pk> Pm)Cd(Pm—1> Pm)
k=n+1

m—2 i
<o (pu, par0)B" 6a(po. PO+ Y | T1 oir pw) | i pic1) B Ga(po, p1)
i=n+1 \ j=n+l1
m—1

+ [ o pm)B™ " Catpo, p1)
k=n+1

m—2 i
< 0 (pu Par1)B"Ga(po, P+ Y ( [1 a(p,-,pm)) o (pi, pi+1)B 6a(po, p1)

i=n+1 \j=n+l
m—1
+ [T o@x: pm)o w1, pm)B™ " Cupo. p1)
k=n+1

m—1 i
=0 (pn, PasDB"Ca(po, P+ D (l_[ G(Pj,Pm)) o (pis pi+D)B Ga(po, p1)

i=n+1 \j=n+1

m—1 i
< 0 (pu, Par1)B"Ga(po, 1)+ Y (]‘[o(p_i,pm>) o (pis pi+1)B Ca(po, p1)-

i=n+1 \j=0

Assume that,

i

=

Then, we obtain

Se=Y_|[Tows pw) | opis pis)B’
i=0 \j=0
Ca(Pns Pm) < Ga(po, pOLB" 0 (Pus Pry1) + (St — Sp)]. 2

Using ratio test, we have

i1 1

i
a; = Ha(pjv Pm)o (Di, pi+1)’3i’ where a; = ;’
Jj=0 l

taking lim so (2) becomes

lim  €4(pn, pm) = 0.
n,m— oo

This implies that {p,} is a Cauchy sequence in a complete controlled metric type
space (A, 6y), so {p,} converges to some u € A thatis lim p, = u. Now, if [ is

n—o0

continuous then we have u = lim p,,; = lim F p, = F (lim p,) = Fu,souisa
n—oo n— o0 n—oQ

fixed point of .
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Uniqueness: Assume that there are two fixed points # and v of F, then

Ca(u,v) = 6q(Fu, Fv) < Bmax[6y(u, v), C4(u, Fu), Ca(v, Fv), 6q(u, Fv), 6a(v, Fu)]
= Bmax[Cy(u, v), 6au, u), €4 (v, v), 6a(u, v), 4 (v, w)].

Furthermore, we have
Ca(u,v) < BCs(u,v)
where 8 > 1, which is a contradiction and F has a unique fixed point.

Remark 1 Since the controlled metric space is not generally an extended b—metric
space, if we take o(p, q) = e(p, g), then above results Theorem 1 reduces to
extended b—metric space. Similarly, if e(p, g) = b > 1, then reduces to b—metric
space.

Example2 Let A =[0,1]anda : A x A — [1, 0o) be a mapping such that
o(p,q) =6p+5q+3.

Assume that 6 : A x A — [0, 00) is defined as

—ql*if
‘Kd(p,q)={gp 4l ifii;].

Clearly, (A, %) is a controlled metric type space. A mapping f : A — A such that

(P
Fp_<3p+1>'

is a Ciri¢ type contraction for f = % € (0, 1). Hence, all the conditions of

Theorem 1 is satisfied and O is the unique fixed point of the mapping /.

3 Fixed Point with Graph

In 2008, Jachymski [19] states that, let A be a nonempty set and A be the diagonal of
A x A. A directed graph &4 = (V' (¥), &(¥¢)) without parallel edges, where ¥ (¥)
is vertex set of ¢ such that it coincides with the set A and &(¥) is the edge set of
% such that it contains all the loops of ¢, that is A C &(¥). Also, we denote by
¢! the graph obtained by reversing the direction of & (). If the graph ¢ contains
symmetric edges, then it is denoted by the symbol & that is,

EG) =EG HUED).
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Let p and g be the vertices of the directed graph ¢. A path in ¢ is defined to
be a sequence {p j};"lzo containing (m + 1) vertices such that py =p, p, =q with
(pj-1,pj) €6(¥), where j =1,2,...,m. A graph ¥ is said to be a connected
graph if there exists a path between every pair of its vertices. If the graph ¥ is
undirected and there is a path between its every two vertices, then we say ¥ is
weakly connected. A graph 57 = (¥ (), &(I)) is called a subgraph of ¥ =
(V(9), 8(K)) if V() C ¥V (¥) and &(H°) C &(¥). Many authors have been
doing significant research on fixed point theory in graph structure in recent years,
with the goal of overcoming the gap between metric fixed point theory and graph
theory. We recommend the authors for additional analysis on this topic as well as
some notable notes.

Definition 5 Let (A, %) be a complete controlled metric type space and ® : A —
A be a mapping. Then @ is said to be a graphical Ciri¢ type contraction if

1. there exists py € A, such that (pg, Opg) € &(¥)

2. O preserves edges of 4
3. forall (p, q) € &(¥), there exists t € (0, 1), such that

€4(Op, Og) < Tmax[%4(p, q), a(p, Op), 6a(q, Oq), Ca(p, Og), 6a(q, Op))l,  (3)
forall p,qg € A.

Theorem 2 Let (A, ;) be a complete controlled metric type spaceand ® : A — A
be a graphical Cirié type contraction. If © is continuous, then © has a unique fixed
pointin A.

Proof From (1), of definition 5 it is clear that there exists py € A, such that
(po, Opy) € &(¥4). Now, we define a sequence {p,} such that p,; = Ox, for all
n € N.

Obviously, if p,+1 = pa, the p, is the fixed point of @. Suppose that for all n > 0,
Pun+1 7 Pn- Since © preserves edges in ¢ then there exists p,, p,41 € &(¥) by
using the hypothesis (3) in the theorem, we have

Ca(pn, pnv1) = €a(Opu—1, Opy)
<t max[%jd(Pn—b Pn)v %/d(Pn—ls @Pn—l)» %/d(pnv @pn)s %(I(Pn—b @Pn)s %)d(pns @pn—l)]
= tmax[Ca(pn—1, Pn), €a(Pu—1, Pn)s €a(Pns Pn+1), €a(Pu—1, Put1)s €a(pns pn)l.

If we choose max[6;(Pn—1s Pn)s Ca(Pu-1s Pn)s Ca(Pus Put1)s Ga(Prn—1, Put1), 0]

= %4(Pu—1, Pn), otherwise it is contradiction. From this, the above inequality
becomes

Ca(Pn, Pnt1) < T64(Pn-1, Pr).

Continue the same process until, we get

Ca(pn, Pny1) < T"64(po, p1).



Analysis of Fixed Points in Controlled Metric Type ... 233

Now, by using Theorem 1, { p,, } is a Cauchy sequence in a complete controlled metric
type space (A, 6;), so { p,} converges to some u € A thatis lim p, = u. Since ®

n—o0
is continuous then, we have u = lim p,,; = lim ®p, = @(lim p,) = Ou,sou
n—oo n—oo n—oo

is a fixed point of ©.
Uniqueness: Suppose ® have two fixed points # and v, then

Ca(u,v) = 64(Ou, Ov) < tmax[é;(u, v), ¢;(u, Ou), ¢ (v, Ov), €1 (u, Ov), 64(v, Ou)]
= tmax[é;(u, v), ¢4(u, u), ¢;(v,v), 64(u, v), 64(v,u)l.

Furthermore, we have
Ca(u,v) < 163, v)

where T > 1, which is a contradiction and @ has a unique fixed point.

Example 3 Let A = {1, 2, 3, 4} and %, be a function given as

2 .
— if
Ca(p,q) = {l)p g ifﬁ ig_

Giveno : A x A — [1, 00), defined as
o(p.q) =p+q+4,

since the given (A, %) is controlled metric type space. Consider a mapping F :
A — A such that

L, if p={1,2},
op=1{ 2, ifp=3,
3, ifp=4.

Define ¥ = (¥ (¥), £(¥4)), where the vertex set ¥ (¥¢) = A and
&(@G) =1{(1,2),(1,3), (1,4),(2,3),(2,4), 4, 3)},

as shown in the Fig. 1:

Case (i): Choose p = 2 and g = 3, then by using (3), we have

64(02, ©3) < tmax[6;(2,3), 622, ©2), 6,3, ©3), 64(2, ©3), €4(3, ©2)]
1 <4r.

Case (ii): If p = 2 and ¢ = 4 then, we have

©4(02,04) < tmax[64(2,4), 642, ©2), C4(4, ©4), 642, O4), 6,(4, O2)]
4 < 9r.

Case (iii): At last, p = 3 and ¢ = 4 then, we have
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Fig. 1 Graph associated
with Example 3

C.(03, ©4) < tmax[€;(3,4), 6,3, ©®3), 6,4, ©4), 6,3, O4), €, (4, ©®3)]
1 <4r.

If we choose A = % € (0, 1). All the hypothesis of the theorem (2) are fulfilled and
1 is the unique fixed point of the mapping ©.

Definition 6 A mapping f : A — A on a complete controlled metric type space
(A, 6y). Then [ is said to be graphical Reich type contraction if there exists non-
negative A, 8 and y, where A 4+ 8 + y < 1 such that

Ca(Fp, Fq) <X 6,(p,q) + BC.(p, Fp) +v€i(q, Fq),

forall p,g € A.

Theorem 3 Let (A, ;) be a complete controlled metric type spaceand [ : A — A
be a self-mapping satisfying the following conditions:

1. there exists pg € A, such that (pg, F po) € &(94)

2. F preserves edges of 4

3. forall (p, q) € &£(¥), there exists nonnegative A + § + y < 1, such that

Ca(Fp, Fq) <X6;(p,q)+ BCa(p, F p)+vCiq, Fq). (4)

Then [ has fixed point.

Proof From (1), itis obvious there exists pg € A, suchthat (pg, F po) € &(¥). Now
define a sequence {p,} such that p,,; = F x, foralln € N.

If py+1 = pu, the p, is the fixed point of /. Suppose that for all n > 0, p,4| #
Pn. Since F preserves edges in ¢ then there exists p,, p,+1 € (%) by using the
hypothesis in the theorem, we have

Ca(Pns Pnv1) = Ca(F pp1, F pn)
S )"ng(pn—l’ pn) + ,Bcgd([]n—la Fpn—l) + )/ng(pn’ Fpn)
= A6 (Pn-1, Pn) + BCa(Pr—1, Pn) + Y Ca(Pn, Pns1)-
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After simplification, we get

A+ B
Ca(Pns Pnv1) < (m) Ca(Pn—1> Pn)-
Let 22 = n, obviously 1 € [0, 1) such that
17)/ 9 9

(gd(Pn, pn+1) =< q(gd(pnfls pn)

Repeating this process, we have

Ca(Pns Pnt1) < 0" Ca(po, p1).

Now, we have to show that {p, } is a Cauchy sequence. Since (A, %) is a controlled
metric type space for all natural numbers n, m € N with n < m, we have

Ca(Pns Pm) < 0 (Pus Put1)%d(Pns Pnt1) + 0 (Put1, Pm)Ca(Pn+1, Pm)
< 0(Pns Pn+1)6a(Pn> Pnt+1) + 0 (Put1s Pm)0 (Pu+1, Pnt2)Ca(Pn+1s Pn+2)
+ 0 (pn+1s Pm)0 (Pn+2, Pm)Ca(Pn+2, Pm)
< 0(Pn> Pn+1)6a(Pn> Pnt+1) + 0 (Put1s Pm)0 (Pu+1, Pn+2)Ca(Pn+1s Pn+2)
+ 0 (Pnt1s Pm)O (Pn+2s Pm)O (Pnt2, Pnt+3)Cd(Pnt2s Pnt3) + 0 (Pptis Pm)
0 (Pn+25 Pm)O (Pn+3s Pm)Ca(Pn+3, Pm)

m—2 i
<0 (Pus PGP o)+ Y | [ os o) | 0 i pis)u(pi. piv)
i=nt1 \j=n+1
m—1
+ [ e m)aCpm1, pm)
k=n+1
m—2 i
<o (pu, s Ca(po, PO+ Y | [ v ) | iy pivIn'Ga(po, p1)
i=nt1 \j=n+1
m—1
+ [T e pwIn™ ' Satpo. p1)
k=n+1
m—2 i
<o Pu oy Calpo. P+ D | ] opi- pm) | o (i pix W €a(po. p1)
i=n+l \j=n+1
m—1
+ [T owe m)oPm—1. PN Ca(po. p1)
k=n+1
m—1 i
=0 (pw, bar )" Capo, )+ Y | [ s ) | o (pis v )0’ Gatpo. p1)
i=n+1 \ j=n+l
m—1 i

<o (pu, s Calpo. PO+ Y | [T s pw) | o (0is pivIn'€alpo, p1).
i=n+1 \j=0
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Assume that,

S =Y ([ Tews. o i, pivon’

i=0 j=0
Then, we obtain

Ca(Pns Pm) < Ca(po, PO 0 (Pus Pruy1) + (St — Sp)1. (5)

Using ratio test, we have

1

1
. st
ai = HU(PJ‘, pm)o (pi, pi+1)n', where ;; <o

j=0 !

taking lim so (5) becomes

lim  €4(pn, pm) = 0.
n,m— oo

This implies that {p,} is a Cauchy sequence in a complete controlled metric type

space (A, 6;), so {p,} converges to some u € A that is lim p, = u. Since F is
n—o00
continuous then, we have u = lim p,y; = lim F p, = F (lim p,) = Fu,souis
. n—oo n—0oQ n—oQ
a fixed point of f .

Uniqueness: Assume that there are two fixed points # and v of /, then

Gau,v) =C4(Fu, Fv) < A6;(u,v) + BCy(u, Fu) +yeu(v, Fv)
= A (u, v) + BC4(u, u) + y6a(v, v)

Furthermore, we have
Ca(u,v) <A+ B+ y)Cu(u,v)

where (A + 8 + y) > 1, which is a contradiction and F has a unique fixed point.

Remark 2 Since the controlled metric space is not generally an extended b—metric
space, if we take o(p,q) = e(p, q), then above results Theorem3 reduces to
extended b—metric space. Similarly, if e(p, g) = b > 1, then reduces to b—metric
space.

Example 4 Let A = {0, 1, 2}, consider the function €, given as:

—qgl*if
%(p,q)=“)p 4l ifiig.
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Fig. 2 Graph associated
with Example 4

Giveno : A x A — [1, 00), defined as
o(p,q) =9p+3q +5,

since the given (A, ;) is controlled metric type space. Consider a mapping [ :

A — A such that
1, when p = {1, 2},

Fp:{ 2, when p = 0.

Define 4 = (¥ (¥4), &(¥)), where the vertex set ¥ (4) = A and &(¥4) = {(0, 1),
(0,2), (1, 2)}, as shown in the Fig. 2,
Choose F 0 =2 and F 2 = 1, then by using (4), we have

Ca(F0,F2) <464(0,2) + B4(0, fO) + yCu(2, f2)
a2, 1) =A® + A +y (1)
_ 239

1< ===
105

As we know that A + 8 + y < 1, if we choose A = %, B = % and y = %, clearly

A+B+y = % < 1. All the hypothesis of Theorem3 are fulfilled and O is the

unique fixed point of the mapping F .

4 Application of Second Order Differential Equation

Let a set of all real valued continuous function A = C[[0, 1], R] on [[0, 1], R] and
%4 : A x A — Ris defined as

Ca(p,q) = sup |pt) —q®)*.
te[0,1]

Leto : A x A — [1, 00), defined as

o(p.q) =Tp®) +9® +5
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forall p,q € A and t € [a, b]. Clearly, (A, %) is complete controlled metric type
space.
Now, we will assume second-order differential equation as

{p”(p) =gt p®), ©)
p(0) = po, p(1) = p,

forallt € [0, 1] and g : [0, 1] x R, is a continuous function.
The problem defined in (6) is equivalent to second kind Fredholm integral equation

1
p) =Lt +y f G(t, s)p(s)ds, (7)
0

where t € [0, 1] and L(t) = uo + t(u; — uo). In (7), G(t, s) is Green’s function that

is
s(1—5)0<s <t

G(t’s):{t(l—s) t<s<1

and if p € A is a fixed point of F then p is a solution of (6).

Theorem 4 Let [ : A — A be a continuous nonlinear integral operator defined by

1
p) =L +y fo G(t, s)p(s)ds,

for allt € [0, 1]. Assume that following conditions holds

1. For any k > 0, we have

(t3 t2 n t) 1
sup (= — =+ =)= —.
te017 6 2 2 2k

Then second-order differential equation (6) have solution in A.

Proof Forany py € A, we define asequence {p,}in A, by p,i1 = F p, = F " po,
n > 1 then we obtain

1
Po1() =F pa() = L) +k/0 G(t, 5)pa(s)ds,

for p,q € A, we have
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1 1
IFp®) —Fq®] = ’L(t) + k/ G, s)p(s)ds — L(p) + kf G(t, 5)q(s)ds
0 0

1
- k/o Git.s) 1p(s) — q(s)|ds

1
<k sup [p(t) — ()| / Gt 5)ds
te[0,1] 0

Bt ot
<k(=—=+3] sup [p() —q®I,
te[0,1]

which implies that

1
sup |F pt) — FqM)* < 2.5 |p@® —q®*,
tel0,1] tel0,1]

we know that 8 € (0, 1), since we get

Ca(F p, Fq) < BCi(p,q).

The above inequality can be written in the manners as

Ga(F p, Fq) < Bmax[6y(p, q), Ca(p, F p), Calq, F @), Ca(p, Fq),¢a(q, F p)]

Thus all the conditions of Theorem | are satisfied. Hence, f has a fixed point and
Fredholm integral equation (7) has a solution.

Conclusion: In this manuscript, we have shown how the Ciri¢ type and Reich type
contractions can be used to prove the existence and uniqueness of fixed points results
in the setting of controlled metric type space. By incorporating graph-based tech-
niques, we have gained deeper insights into the behavior and properties of fixed
points. The visual representation provided by graphs has aided in understanding the
structural aspects of fixed point mappings, leading to improved results in terms of
existence, uniqueness, and convergence of solutions. The combination of contraction
principles and graph theory has enhanced our understanding of fixed point theory
and has the potential to further advance our knowledge in various mathematical
applications. This approach holds promise for future research in fixed point theory
and related fields. Through examples, we demonstrated the practical application of
these results in various contexts. Furthermore, we utilized these findings to obtain
the solution of a second-order differential equation. By leveraging the power of these
contraction mappings, we were able to establish important theoretical results and also
solve practical problems. Overall, this work highlights the usefulness of contraction
mappings in mathematics and the wide range of applications they have in different
fields.
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A Study of Fixed Point Results )
in G-Metric Space via New Contractions oo
with Applications

Jamilu A. Jiddah, Hiiseyin Isik, Monairah Alansari,
and Mohammed S. Shagari

1 Introduction

Following the introduction of the well-known Banach contraction principle (BCP),
investigation of the existence and uniqueness of fixed points (F Ps) of contraction
mappings in the framework of metric spaces (M Ss) is one of the centers of interest in
linear and nonlinear functional analysis, given its important applications in applied
mathematics, engineering, and social sciences. Several extensions of BCP have been
obtained over the years by either generalizing the contractive conditions, introducing
additional algebraic structures, or altering the metric structures of the underlying
space (see, e.g., [7, 8, 11, 13, 14]). In this connection, Jaggi [16] proposed a new
generalization of BCP in M Ss and investigated the existence and uniqueness of F' P
of a self-mapping in that space. Similarly, Dass and Gupta [12] obtained an extension
of BCP by means of rational expression.
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By modifying the defining structures of M S, Mustafa and Sims [26] introduced
a new generalization of M S called G-M S and obtained some F P theorems for
contraction mappings. Subsequently, Mustafa et al. [29] and several other authors
(see, e.g., [1, 5, 10, 24, 28, 31]) established notable F' P results in G-M Ss. In this
regard, Samet et al. [34], in addition to Jleli and Samet [20], published observations
that an essential number of the F P results in G-M Ss are directly deducible from
the known results in M Ss. More so, Jleli and Samet [20] noted that any obtained
FP result in G-MSs is equivalent to a related F'P result in quasi-M Ss, if the
G-metric is reducible to a quasi-metric. After carefully studying these observations,
several researchers (see, e.g., [3, 6, 9, 17, 18, 23, 36]) have developed techniques for
establishing F P results in G-M Ss that cannot be followed from their corresponding
ones in ordinary or quasi-M S's.

In a recent paper, Karapinar et al. [22] proposed some new generalizations in
M Ss, which unify a few existing ones in the literature, including that of Jaggi [16],
Dass and Gupta [12] and investigated some F P results for contraction mappings in
that space. What sets these generalizations apart is the fact that they can be reduced
in a variety of ways, depending on one’s choice of parameters.

It is noted from the review of existing literature that F' P results of Jaggi-type and
Dass-Gupta-type mappings in the manner proposed by [22] have not been sufficiently
investigated in the context of G-M Ss. Taking motivation from the ideas in [9, 22,
23], therefore, we establish some novel concepts of Jaggi-type (G-a-¢@)-contraction
and Dass-Gupta-type (G-a-¢)-contraction in G-M Ss alongside some related F' P
results. A constructive and vivid example is presented to demonstrate the validity of
our main ideas and to show that they do not narrow to any related result in M Ss. A
few special cases are generated to point out that the ideas proposed in this paper are
indeed extensions of some famous F P theorems in the literature. Additionally, the
main result in this manuscript is adopted to initiate peculiar conditions for which the
solution of a given boundary value problem (BVP) exists.

2 Preliminaries

Here, we present some essential notions and propositions which will be applied in
our main results.

Throughout, the set £ is assumed to be non-empty, the set of natural numbers, real
numbers and non-negative real numbers are represented by N, R and R, , respectively.

Definition 1 ([26]) Let £ be a nonempty set together with a function G : £ x £ x
& — R, such that

(Gy) G(g,b,t)=0ifg=>b=rt,

(G2) G(g,q.b) > 0forevery g, b € £ where g # b;

(G3) G(g,q9,b) <G(g,b,t), forevery g, b, t € £ where t # b;
(G4) G(g,b,1) =G(g,t,b) =G(b,q,1) =--- (symmetry);
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(Gs) G(q,t,b) <G(q,u,u)+ G(u,t,b), for every u,t,q,b € (rectangle
inequality).

By that, G is a G-metric on £, and the pair (£, G) is said to be a G-M S.

Example 1 [29] Take £ along with the Euclidean metric d. Then (¢, G,,) and (¢, G,)
are G-M Ss, where

Gu(q,b,t) =d(q,b) +d(b,1) +d(q,1) forallq,b,t €&, ey
Gy(q,b,t) =max{d(q,b),d(b,t),d(q,t)} forall g, b,t € £. 2)
Definition 2 [29] A sequence {g;}iey in @ G-MS (&, G) is referred to as G-
convergent to a point ¢ if lim G(q, ¢g;, g;) =0, that is, given any € > 0, there
i,j—>00
exists ip € N satisfying G(q, gi, ;) < €, forall i, j > io.
Proposition 1 ([29]) If (&, G) is a G-M S, then the assertions below are equivalent:
(i) {qi}ien is G-convergent to q.
(ii) G(q,4i,q;) — 0, asi, j — oo.

(iii) G(qi,q,q) — 0, asi — oo.
(iv) G(gi,qi,q) —> 0, asi — oo.

Definition 3 ([29]) A sequence {g; }ienina G-M S (£, G) is referred to as G-Cauchy
if for any e > 0, there exists iy € N satisfying G(g;, q;, q;) < ¢, forall i, j, [ > iy.

Proposition 2 ([29]) If (&, G) is a G-M S, then the assertions below are equivalent:

(i) {qi}ien is a G-Cauchy sequence.
(ii) Givenanye > 0, we canfindiy € Nsatisfying G(qi, q;, q;) < € foralli, j > io.

Definition 4 ([29]) Let f : £ —> £’ be a function from a G-M S (£, G) to another,
(&', G'). Then F is referred to as G-continuous at a point r € £ iff for any € > 0, we
can find 6 > O for whichq, b € £and G(¢,¢,b) <0 = G'(Fq,Fq,Fb) <ecIf F
is G-continuous on &, then F is G-continuous at every point » € £ and conversely.

Proposition 3 ([29)) If (&, G) and (&', G') are two G-MSs, then a function F :
& —> ¢ is G-sequentially continuous at a point q € £ if it is G-continuous at ¢, and
conversely. That is, {F q;} is G-convergent to [ q whenever {q;}ien is G-convergent
to q.

Definition 5 ([29]) A G-M S (&, G) is referred to as symmetric G-M S if

G(g,q,b) =G(b,q,q), forallg,bek.

Proposition 4 ([29]) If (¢, G) is a G-M S, then G(q, b, t) is jointly continuous in
all the three points q, b, t € &.

Definition 6 ([29]) Let (¢, G) be a G-M S. Then (&, G) is referred to as G-complete
if every G-Cauchy sequence in £ is G-convergent in &.
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Proposition 5 ([29]) A G-M S (&, G) is G-complete iff (£, d) is a complete M S.

Let @ be the set of all functions ¢ : R, — R, satisfying

(1) ¢ is continuous and non-decreasing;
(i) ¢(v) =0iffv =0.

Then ¢ is called an altering distance function (see [2, 4, 5, 35]).
Definition 7 ([19]) For a given function o : £ x & x £ —> R, a self-mapping [ :
& —> ¢ s called (G-a)-orbital admissible, if for every g € £

alqg. Fq.F*q) = 1= alFq.Fq. F’q) = 1.

Definition 8 [19]. For a given function a : £ x £ x £ — R, a self-mapping F :
& — isreferred to as triangular (G-«)-orbital admissible if for every g € &, F is
(G-a)-orbital admissible and

a(g, b, Fb) = land (b, F b, F*b) = 1 = alq, F b, [ *b) = 1.

Lemma 1 ([19]) Given a triangular (G-o)-orbital admissible mapping F : & —>
&, if there exists qo € & such that o(qo, F qo, F2qo) = 1, then

ogi,qj,q) =1, Vi, j,l €N, 3)

where the sequence {q;}icn is defined by g;+1 = I q;, i € N.

Definition 9 ([2]) Given a mapping « : £ x £ x & —> R, the set ¢ is said to be
a-regular iff for any sequence {q; };cn in € satisfying a(g;, gi+1, gi+2) > 1, for every
iandg; —> q € £asi — oo, we get a(qi, q,q) > 1 foralli.

Karapinar et al. [22] presented the following definitions in the framework of M S's.

Definition 10 ([22]) Let (£, d) be a M S. Denote by A(&), the family of all functions
h: € x&—> [0, 1) such that for all sequences {g; }ien, {bi}ien in &,

lim h(g;, b;) = 1 = lim d(g;, b;) = 0.
11— 00 11— 00

Definition 11 ([22]) Let ({,d) be a MS and F : £ —> £ be a self-mapping on &.
Suppose thereexistp € @,h € A(f)and : &€ x £ —> R, suchthatforallg, b € &,
the following inequalities are satisfied:

() alg,b)pd(F q, I b)) < hig,b)p(R(q, b));
() alq,b)pd(Fq, Fb)) < h(g,b)p(S(q, b));
(13)  alq,b)p(d(Fq. Fb)) < h(q,b)p(F (g, b)),

where

d(q.Fq)-db.Fb) d(g.Fb+d®.Fq) }

R(q, b) = max { d(g.b) ’ 2
i d(q.b).d(q. Fq).d(b, Fb)
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d(q.Fq)-db.Fb)
S(g, by = max [ LLLLICLD g p) )

F(g,b) = max{d(q, b),d(q,Fq),d(b, Fb) } .

Then

F is referred to as a Jaggi-type a-h-¢-contraction if f verifies (1;).

F is referred to as a generalized Jaggi-type a-h-¢-contraction if F verifies (/).
F is referred to as a-h-¢-contraction if F verifies (I3).

Definition 12 ([22]) Let ({,d) be a MS and [ : £ — & be a self-mapping on &.
Suppose thereexistp € @,h € A(§)and : £ x £ —> R, suchthatforallg, b € &,

(l4)  alq,b)pd(F g, F b)) < h(g,b)p(O(g. b)),

where

— d(g.F ¢)(+d(®b,F b)) db,Fb)(1+d(q.F q))
O(q,b)_max{—prd(q’b) .d(q. b), 4L D gL ) }

Then F is referred to as a generalized Dass-Gupta-type a-h-¢-contraction.

Definition 13 Let (£, G) bea G-M S. We denote by A(G), the family of all functions
f € xE&xE&—>[0,1) such that for all sequences {g; };en, {bi}ien and {t;};en in &,

11m f(qi, b;, t)y=1= hI'Il G(qi, b;, ;) =0,
i—00 i—00

where the sequence {G (g, b;, t;)};cn 1S monotonic decreasing.

Example 2 Let fi, f>, f3: & x £ x £ —> [0, 1) be defined as follows:
1. fi(q,b,t) = X forsome g, b,t € R,, where A € [0, 1).

In(14+aq+bp+-ct)

2. b, 1) = aq+bp+ct
f2(q.b.) {)\e[o,l), ifg=b=1=0.

, ifg>00rb>00rt>0forsomegq,b,t € Ry;

In(14+max{q,b,t})

3. , b,l‘ — max{q,b,t}
f3q.b0.0 {)\e[O,l), ifg=b=1=0.

, ifg>00rb=>00rt>0forsomegq,b,t € Ry;

Then fi, f2, f5 € A(G).

We refer to [15, 22, 25] for related concepts of A(G).

3 Main Results

We begin this section by defining some new notions of (G-a-¢)-contractions in
G-MSs.
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Definition 14 Let (£, G) bea G-M S and F : £ — £ be a self-mapping on £. Sup-
pose that there exist ¢ € @, f € A(G) and « : £ x £ x £ —> R such that for all
q, b € &, the following inequalities are satisfied:

0)  alg. b, FB)YO(G(Fq, Fb,F*b)) < f(q,b, Fb)$(L(q, b, Fb));
(02)  alq,b, FB)P(G(Fq, Fb,F*b) < f(q.b, Fb)p(M(q, b, Fb));
03)  alq,b, Fb)O(G(Fq, Fb, F*b)) < f(q,b, Fb)p(N(q, b, Fb)),

where

G@.F g 2)Gb.Eb.EY) o b FhY). G 2
E(q,b,Fb):max{ G(q.b.Fb) ,Glq.b.1'D).G(q. Fq,F q), ,

2
G(b, [b, sz), G(q.b.F h)+g(b,f bl °b)

— G(q.Fq.F*q)-G(b.Fb.F?b)
Mg b, I'b) = max | CeLLLDCGILID Gig b, rb) ],

N(g,b, Fb) =max{G(q,b,Fb),G(q,Fq,F?q),Gb, Fb,[?b)}.

Then

[ is referred to as a Jaggi-type (G-a-¢)-contraction if (6;) is satisfied.

[ is referred to as a generalized Jaggi-type (G-a-¢)-contraction if (6,) is satisfied.
F is referred to as a (G-a-¢)-contraction if (63) is satisfied.

The following is our main result.

Theorem 1 Let (&, G) be a complete G-M S and | : & —> & be a self-mapping
satisfying (61). Assume additionally that:

(i) F is triangular (G-a)-orbital admissible;
(ii) F is continuous;
(iii) a(qo, F qo, I *qo) > 1 for a particular qo € €.

Then f hasa FP in €.

Proof Suppose go € £ is any random point. Let {g;};cy be a sequence in £ such
that g; = F'qo for each i € N. Assume we can find a point j € N satisfying Fq; =
qj+1 = q,. Then obviously, g; isa F P of | . So, we presume that g; # ¢;_ for each
i € N. Since F is a Jaggi-type (G-a-¢)-contraction, then from (f;) and Lemma 1,
we see that

(G (qis Giv1> Gi+2)) < alqi-1, Gi> Gi+1)P(G (i Git1, Giv2))
= a(gi-1, 4i» G+ NG (F -1, F qi, F2q7))
< f(@Gi-1,qi> qi+1)P(L(Gi-1, Gi, F gi))
< ¢(L(Gi-1, qi» F qi))- 4)
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Now,

Gi-1,F gi-1,F *qi-1)-G(qi . F qi,.F *qi)
G(qi-1.9i,F qi) ) ’
G(gi-1:4i, F i), G(qi-1, I gi—1, F “qi—1).,
G(qi. Fai. F2q),
G(qifl,qi,Fqi)-%—G(qi,Fanzqi)

L(gi-1,qi, F gi) = max

G(gi—1.9i.9i+1)" G(q, qi+1, q:+z)
G(qi-1.4i.9i+1)

G(gi-1,4i>gi+1), G(gi- 1,q,,ql+1),

= max
G(qi, gi+1, gi+2),
G(Qi—laqi»qi+l)+G(qi»qi+l’QH—Z)
_ G(qi-1,9i,9i+1), G(Gi, gi+1, gi+2),
= max G(gi-1,9i qx+|)+G(ql 9it1,9i+2)

If we assume that

G(Gi-1, 4 gi+1) = G(qi, i1, Giv2),
then (4) becomes

?(G(Gi, i1, gi+2)) < G(L(Gi-1, qis I 4i) = &(G(Gi, Git1, Gi+2))s
a contradiction. Hence, for every i € N, we conclude that
A(G(gis Gi+15 gi+2)) < (G(qi-1, Gi, Gi+1))- (%)

Since ¢ € @, then for all i € N, we have

G(qi» gi+15 qi+2) < G(Gi-1,qi> Gi+1)-

Hence, the sequence {G(g;, gi+1, gi+2)}ien 1S non-negative and decreasing. In that
case, we can find / > 0 such that lim G(q;, gi+1, gi+2) = [. We now demonstrate
11— 00

that / = 0. Assume contrary that / > 0. Then from (4) and (5), we have

(G (qi, Giv1> Gi+2))
< G gy = @ g,

implying that
lim f(qi-1,qi,qi+1) = 1.
1—> 00

Since f € A(G), then we have
lim G(gi-1, qi, gi+1) =0,
1—> 00

by which we obtain / = 0, a contradiction. Therefore,
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lim G(qi, gi+1,4qi+2) = 0.
1—> 00

Next, we demonstrate that {g; };cn is G-Cauchy in £. Assume contrary that {g;};en
is not G-Cauchy. Then, we can find € > 0 such that for every r € N, there exist
Jr» ip with j. > i, > r such that G(g;,, g,,, g;+1) = €. We can further assume that
G(qi,,qj,-1,9;,) < €by choosing sufficiently small j,. In that case, for each r € N,
we see that

€ =G 9.9+ =G, qj-1.9;) + G(qj-1, 9. 9j+1)
e+G(q)-1,9),9+1)-

IA

Letting r — 00, we obtain
lim G(g;..qj,q)+1) =¢.
r—00

Given any r € N, we can see that

(G (gi,+1>Gj+15 4, +2) < a(i,» @) 45, +1)P(G(Gi 41, Gj 415 4, +2))
= a(qi,. ;.- 4;,+0)NG(F g, Fq;, Fq;))
< f(CIi, » g s Clj,.+1)¢(£(4i,7 qdj.» FQI,)) (6)

Now,
G i, Fai, . F*4i,)-Gaj, . Faj, .F*a;,)
G(qi.qj - F qj,) ’
G, q;,.Fa;), G(qi,, Fqi,, Faq,),
G, Fq;,F%qj),
G(qir'*q]r’rqir)+§(qu*rq]r’r2qu)

£(qgi,»qj, F qj,) = max

G(Giy iy +1:9ir+2) G (qjy G jr+1:4 jr +2)
G(qiy 9y jr+1) ’
— max 4 C@irs )i 4ji+1)> GGy » i 415 Gip42)s

G4, qj,+1-9j+2),
G iy 9 4jr+1)+G (G 1 41,9 +2)
2

Noting that lim G(gi,, gi,+1. gi,+2) = 0, we obtain
r—00

lim £(qi.,q,,Fq;) = lim G(q,qj,qj+1)- @)
r—00 r—00
By rectangle inequality and letting r — oo, we obtain

lim G(q;,,qj,q;,+1) < lim (G(qi,, qi,,qi,+1) + G(qi,+1, 4}, +1, G}, +2)
r—00 r—00

+ G(j+2: ), 4j,+1))
Z,IEEO G (Gi,+1:9j,+1>9j,+2)- (8)
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Given that ¢ is continuous, then by (6), (7) and (8), we have
rlggo o(G(qi,» qj,,qj+1)) < rlggo f(gi-1,9j,-1,9;) rlggo o(G(qi,» qj,>qj+1))-

If lim G(qi,,qj,,q;+1) = € > 0, then we must have that
r—00

lim f(qi,, 4> qj+1) = 1.
Since f € A(G), then it implies that

lim G(gi.,qj,qj+1) =0,

r—oo

by which we obtain a contradiction. Therefore, the sequence {g;};cy is G-Cauchy.
Hence, we can find a point ¢ € ¢ satisfying lim ¢; = o. Noting the continuity of /-,
1—>00

we see that
o= lim gy = lim f g; = | 0.
11— 00 1—> 00

Hence, F o = o, thatis, pisa FP of F in&.

In what follows, we define the notion of generalized Dass-Gupta-type (G-a-¢)-
contraction in G-M Ss and obtain a few relevant F P results.

Definition 15 Let (£, G) be a G-M S and F : £ — & be a self-mapping on &.
Suppose there exist ¢ € @, f € A(G) and « : £ x £ x £ —> R, such that for all

q.b €,
(04) g, b, FBYG(G(Fq,Fb,F*b) < f(q,b, Fb)$(P(q, b, I b)),

where
G(q.F 4.F*9)(1+Gb. [ b,[*b))
1+G(q.b.F b) )
P(q, b, F b) = max G(q, b, I'D),
G, Fb.F*b)(1+G(q.F q.F *q))
1+G(q.b.f b)

Then £ is referred to as a generalized Dass-Gupta-type (G-a-¢)-contraction.
Theorem 2 Let (&, G) be a complete G-M S and F : £ —> & be a self-mapping
satisfying (64). Assume additionally that:

(i) F is triangular (G-«a)-orbital admissible;
(ii) F is continuous;
(iii) a(qo, F qo, F *qo) > 1 for a particular qo € €.

Then f hasa FP in €.
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Proof Let gy € £ be a random point and let {g;};cn be a sequence in £ such that
gi = Fqoforalli € N. Assume we can find a point j € Nsatisfying f ¢; = ¢;+1 =
q;. Then obviously, g; is a F'P of . So, we presume that ¢; # g;_; for all i € N.
Since [ is a generalized Dass-Gupta-type (G-a-¢)-contraction, then from (6) and
Lemma 1, we obtain

A(G(qis git1> 9iv2)) < a(qi-1, Gi» §i+1)P(G(Gi, Giv1, Git2))
= a(gi-1. 4i» Gi+)NG(F gi—1, F qi, F2q:))
< f@Gi-1,4i- qi+1)P(P(qi-1, qi, F 4i))
< ¢(P(qi-1, qi> F i) )

Now,
G(i-1.F gi—1.F*qi-0(1+G g, Fgi. [* 9)
1+G(gi—1.9i.F qi)
P(qi-1,4i, F gi) = max G(gi-1,4i, Fqi),
G(qi.F gi.F2q)(+G(gi—1.F gi—1.F >gi—1))
1+G(qi-1,9i,F qi)
G(qi-1.9i.9i+1)(1+G (i gi+1, q,+z))
1+G(qi-1,9i,9i+1)
= max G(gi-1, 4i, gi+1),
G(qi qi+1,9i+2)(1+G(qi—1,9i,9i+1))
1+G(qi-1,9i,9i+1)

G(gi—1.9i.9i+1)(1+G(Gi gi+1, q,+z))
= max 1+G(gi—1.9i.qi+1)

G(gi-1,4i,qi+1), G(qi, qz+1,ql+z)

If we assume that

G(Gi-1, g, gi+1) = G(qi, i1, Gi+2),
then (9) becomes

A(G(qis git1, gi+2)) < P(P(Gi-1,qis F qi)) = ¢(G(qi, Gi+1, Gi+2)),
a contradiction. Hence, for each i € N, we obtain
A(G(gis Gi+15 gi+2)) < (G(qi-1, Gi, Gi+1))- (10)

Since ¢ € @, then for all i € N, we have

G(qi» gi+15 gi+2) < G(Gi-1, qi> Gi+1)-

Hence, the sequence {G(q;, gi+1, gi+2)}ien 1S non-negative and decreasing. There-
fore, there exists [ > O such that lim G(q;, gi+1., gi+2) = [. In similar manner as in
11— 00

Theorem 1, we demonstrate that / = 0. Therefore,

llilgo G (i, qi+1,qi+2) = 0.



A Study of Fixed Point Results in G-Metric Space via New ... 251

Next, we show that the sequence {g;};en is G-Cauchy in £. Assume contrary that
{gi}ien 1s not G-Cauchy. Then we can find € > 0 such that for all r € N, there exist
Jr» I with j. > i, > r such that G(g;,, g, gj+1) = €. We can further assume that
G(qi,,qj,—1,qj,) < € by choosing sufficiently small j,. In that case, for eachr € N,
we see that

A

€ <G> 9q)9,+1) <G> qj,-1,9;) + G(qj-1, 9. Gj,+1)
€+ G(qj,-1,9j,»qj,+1)-

IA

Letting r — oo, we obtain
lim G(q;,.qj,,qj+1) =¢€.
r—00

Notice that for any r € N,

(G (qi+1, 9,41, 9j,42) < alqi,» g qj,+1)P(G(Gi, 41, G, +15 G, +2))
= a(qi,. 45, 4;,+)NG(F g, F g5, F>q;))
< f@i» 4, 9,+D)¢P i, q;., Fq;))s (11

from which

G i, F gir,F24i,)1+G (g, . F ajr F24,)
1+G(qirqjr I qjr) ’
P(qi,»qj,, Fqj,) = max G(qi,»qj,-Faj),
Glaj, . F ajr.F 2a;,)(1+G i, . F gi, . F *qi,))
1+G(qiyqj,  F qjr)

G(qi, iy +1:9i,+2) 1+G (4, ,qjr +1:9jr +2))
1+G(Gir g g jr+1) ’

= max Gi,» 4> qjr+1)s

G(qj+qjr+1:9jr+2)U+G(Giy \Gir +1,9ir+2))
1+G(qir gy 9 jr+1)

Noting that lim G(qi,, gi,+1, ¢i,+2) = 0, we get
r—00

rlgglo P(qi.qj,Fq;) = rlglgo G(qi, g}, +1)- (12)
By rectangle inequality and letting r — oo, we obtain

rlinéo G(qi,. 9, 9j,+1) Srgngo(G(qi,, qi,> Gi,+1) + G(Gi+1, Gj,+1, Gj,+2)

+G(Gj+2: 9,5 qj,+1))
ZI_ILH;O G(Gi,+1> Gj,+1> 4j+2)- (13)

Given that ¢ is continuous, then by (11), (12) and (13), we have
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lim ¢(G(q;,,qj,,q;+1)) < lim f(qi,q;.q;+1) - lim ¢(G(g;,,qj . q;+1))-
r—00 r—00 r—00

If lim G(gi,,q;..4j+1) = € > 0, then we must have that
r—00

lim f(qi,qjq;+) = 1.
r—00

Since f € A(G), then it implies that
rllg)lo G(qi,,q),9+1) =0,

by which we obtain a contradiction. Therefore, the sequence {g; };cn is G-Cauchy.
Hence, we can find a point g € £ satisfying lim ¢g; = p. Noting the continuity of /-,
11— 00

we deduce
o= lim gy = lim F g = f 0.
11— 00 11— 00

Hence, F o = p, thatis, pisa FP of F in&.

In the following results, we investigate the existence of F P of the self-mapping /
when the continuity condition of F is replaced by the regularity of the G-M S (€, G).

Theorem 3 Let (€, G) be a complete G-M S and let F : £ —> & be a self-mapping
satisfying (6y) forall g, b € &, ¢ € @ and f € A(G), under the condition that

lim f(qi, b, Fb;)=1= lim G(Fgq;, Fbi, F*b;) =0.
11— 00 11— 00

Assume additionally that:

(i) F is triangular (G-o)-orbital admissible;
(ii) (&, G) is a-regular;
(iii) a(qo, F qo, F2610) > 1 for a particular q¢ € €.

Then | hasa FP iné&.
Proof Letqo € £beanarbitrary and let {g; };cn be asequence in € such thatg; = Fiqq
for all i € N. In Theorem 1, we have obtained a point g € ¢ for which g; —> p as

i — oo. Given that (¢, G) is regular with respect to «, then a(g;, o, F 0) > 1 for all
i € N. Hence, by (6;), we see that

¢(G(Giv1, F 0. F?0) = &(G(Fq;, F o, F?0)
< alqi, 0 FOd(G(F g, F o, F0))
< f(qi, 0. Fo)o(L(qi, 0, F 0)), (14)



A Study of Fixed Point Results in G-Metric Space via New ... 253

where
G(gi.F 4i.F*q)-G(o.F 0.F*0)
G(qi,o0.F 0) 2’
G(qi, 0, F0),G(qi, Fqi, F°qi),
L(qi, 0, F 0) = max
’ G(o. F 0. F?0),

G(gi.0.F 9)+G(o.F o.F%0)
2

G(gi.9i+1.9i42)-G(o.F 0.F *0)
G(gi,o.F 0) ’
G(qgi, 0, F0), G(4i, gi+1, qi+2),
G(o. Fo.F?0),
G(gi.o.F 9+G(o.F 0.F*0)
2

= max

Since lim G(gi, gi+1, gi+2) = 0, then
11— 00

G(o, 0, Fo) +G(o, Fo, F*0) }

lim L(gi. 0. F 0) =maX{G(g, 0,F0),G(o, Fo F?o), 5

=G(o, F o F0).

By the continuity of ¢, inequality (14) yields lim f(qg;, o, F ¢) = 1, implying that
11— 00
G(e,0.F ) = Glo,F o, ?0) = lim Ggiy1, F o, F0) = lim G(Fgi, o, 7o) =0.
Therefore, f o = p.

Theorem 4 Let (£, G) be a complete G-M S and let F : £ —> & be a self-mapping
satisfying (04) forall g, b € &, ¢ € @ and f € A(G), under the condition

lll'Il f(qi,bi, rbl) =1= 11m G(rqi,rbi, rzbi) =0.
i—00 i—00

Assume additionally that:

(i) F is triangular (G-a)-orbital admissible;
(ii) (&, G) is a-regular;
(iii) o (qo, F qo, F*q0) = 1 for a particular qo € &.

Then [ hasa FP in €.

Proof Following the same arguments as in Theorem 3 and noting (64), we obtain

?(G(git1, F o, F*0)) = ¢(G(Fqi, F o, F *0))
< a(qi, 0, F (G gi, I o, F *0))

< f(qi, 0, Fo)9(P(qi, o, F 0)), (15)
where
G(gi.F gi.F %) (1+G(o.F 0.F *0)
1+G(gi,0.F 0 ’
P(gi, o, F 0) = max G(gi, 0, F 0),

Glo.Fo.F?0(+G . F gi.F2q)
1+G(gi.0.F 0)
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G(gi.gi+1.9i42) 1+G(o.F 0.F %0))
1+G(qi.0.F 0) ’
= max G(gi, 0, F 0,
G(o.F 0,1 20)(1+G (i .gi+1.,9i+2))
1+G(qgi,o.F 0)

Since lim G(gi, gi+1, gi+2) = 0, then
1—> 00

Glo, Fo, F?0) }
1+ G(o, 0, F0)

<max{G(o, 0, F 0), G(o, F 0, F *0)}
=G(o. Fo. F?o).

lim P(g;, o, F 0) = max iG(Q, o, Fo,
1—> 00

By similar analysis as in Theorem 3, we have F ¢ = p, thatis, pisa FP of F.

In the following results, we examine the uniqueness of F P of f under certain
supplementary assumptions.
We denote by Fix(F), the set of all F'Ps of [ in &, that is,

Fix(F)={q€&:Fq=q}.

Theorem 5 Suppose in Theorem 1, we have the additional hypothesis that
al(q,b, Fb) > 1forall q,b € Fix(F). Then the FP of F is unique.

Proof Letv, o € Fix(F) be such that v # p. Then from (4) and the supplementary
assumptions, we obtain

¢(G(v, 0, F0) = ¢(G(Fv, Fo,F>0)
<a(, o0, Fo$(G(Fv, Fo F’o)
< f(v, 0. F 9L, 0, F 0)
< ¢(L(v, 0, F 0)),

from which

G.Fv.F2v)-G(o.F o.F*0)
G(,0.F 0) ’
G, 0, F 0), G(v, F v, I 2v),
G(o, F o, F2o),
G,0,F 9)+G(o.F 0.F*0)
2

L(v, 0, F ) = max =G, 0, Fo0),

implying that
P(G(v, 0,1 0) < PG (v, 0, F 0)),

a contradiction. Hence, v = p, implying uniqueness of the F'P of [ .

Theorem 6 Suppose in Theorem 2, we have the additional hypothesis that
al(q,b, Fb) > 1forallq,b € Fix(F). Then the FP of [ is unique.

The proof is similar to that of Theorem 5.
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Remark 1 Note that Theorems 1, 3 and 5 are still valid if we replace condition (6)
with either of conditions (6,) and (63).

Example 3 Let{ =[—1, 1] and define G : £ x £ x £ — R, by
G(q,b,t)=1|q—Dbl+I|g—t|+1b—1t|, Vb,q,teg.

Then (¢, G) is a complete G-M S. Let [ : £ —> & be a self-mapping on £ defined
by

forallqe{.Deﬁne¢:R+—>R+byq§(b)=gforallbzo,a:§x§x§—>
R+by

1, if g,b,t € {—1} U0, 1],
0, otherwise,

al(g,b,t) = [

and f: & x & x & —> [0, 1) by

AHLHPLERD i g £ 0 or b # 0 or t # O;

by = b
f4q.b.1) {o, ifg=b=1=0

Then obviously, F is continuous for all ¢ € &, ¢ € @, F is triangular (G-«)-orbital
admissibleand f € A(G). Also, there exists g = 5 € £suchthata(3, F (3), F2(3))
= a(%, %, %) > 1. Hence, conditions (i)-(iii) of Theorem 1 are satisfied.

To see that F satisfies (), let ¢(b) = gfor allb > 0. Observe that a(q, b, F b) =
0 for all ¢, b € (—1,0) and G(fF g, F b, F >b) =0 for all ¢, b € (—1, 1). Hence,
condition (6)) is satisfied for all ¢, b € (—1, 1).

Nowforg, b € {—1,1},ifg = b = 1,then G(F q, Fb, F?b) =0.Ifg = b = —1,
then

2y —af—1 -1 =L -ttt
M%AFMMG@%FthD—a(I,1,5>¢<G<5,5,5)>

9 1 1(1 )
21 2(e
10 2 2\5
11 ( {18 12 12 8 })
— -~ |max{—, —, —, =,2
22 5°5°5'5
= 1o, 2t -1 -1,
=r(cmng)e(e (11 5))
f

(q.b, Fb)p(L(q, b, F D).
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If g # b, then

. 12

=r(-r5)e(e(-n15))
: 5 5

= f(q, b, Fb)p(L(q, D, F D)).

This implies that condition () is satisfied for all ¢, » € {—1, 1}. Hence, condition
(6y) is verified forall ¢, b € £. Therefore, F is a Jaggi-type (G-a-¢)-contraction that
verifies all the hypotheses of Theorem 1. Consequently, g = é isthe FP of f.

To see that our obtained theorem is indeed a generalization of [22], let £ be
endowed with the Euclidean metric d. Then (¢, d) is a complete M S. However,
R(q, b) is undefined for all ¢, b € &, whenever g = b. Hence, condition (/;) cannot
be applied under these assumptions.

Therefore, Jaggi-type (G-a-¢)-contraction is not Jaggi-type a-h-¢-contraction
defined by [22]. Subsequently, Theorem 2.2 of [22] cannot be applied in this example.

4 Consequences

In this section, some immediate deductions from our main results are obtained and
analyzed.

Let ¥ be the family of all right upper semi-continuous functions ¢ : R, — R,
such that )='{0} = {0} and ¥»(b) < b for all b > 0.

Also, denote by G the family of all functions p : R, — [0, 1) such that

pti) — 1 = t;, — 0.

The function p € G is called the Geraghty function [15, 21, 32, 33].

Definition 16 Let (§, G) be a G-M S and F : £ —> £ be a self-mapping on £ such
that

(05) (g, b, F DYN(G(F q, F b, b)) < p(d(L(q, b, I b))P(L(q, b, I b));
)  &(G(Fq,Fb,F?b) < ¢(G(q, b, F b)) — p(G(q, b, F b));
(07)  G(Fq,Fb,F?b) <¢(G(q,b, F b)),
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forallg,be& pegG,¢p,pe ®andyy € ¥, where L(q, b, F b) is as given in Defi-
nition 14.

Corollary 1 Let (&, G) be a complete G-M S and let [ : £ —> £ be a self-mapping
satisfying (0s). Assume supplementary that:

(i) F is triangular (G-a)-orbital admissible;
(ii) F is continuous or (&, G) is a-regular;
(iii) o (qo, F qo, F *q0) = 1 for a particular qo € &.

Then | hasa FP iné&.
Proof Let [ : £ x £ x £ —> R, be defined by

flq.b, I'b) = p(¢(Lq. Db, Fb))), Vq.,bel.

If there exist sequences {g;}ien, {bi}ien in € such that lim f(g;, b;, F b;) = 1, then
1—> 00
lim ¢(L(q:, bi, F b;)) = 0. The fact that ¢ is continuous and ¢~'{0} = {0} implies
1—> 00
that lim £(q;, b;, F b;) = 0. Therefore,
1—> 00

lim G(gi, b, F bi) = lim G(qi, F gi, F *q;) = lim G(b;, F b;, [ *b;) = 0. (16)
=00 i—00 i—>00
Hence, f € A(G). Thus, (6s) resolves to
alg, b, Fb)Q(G(Fq, Fb, b)) < f(q,b, Fb)$(L(q, b, b)), Vq,b €.
From (16) and rectangle inequality, we see that
lim G(Fai, Fbi, F2b;) = 0.
Therefore, all the hypotheses of Theorems 1 and 3 are satisfied. It follows that there

exists a point ¢ € £ such that Fr =t.

In the following, we deduce a Dutta-Choudhury-type F P result from our main
result.

Corollary 2 (see[13], Theorem 2.1) Let (¢, G) be a complete G-M S and F : £ —>
& be a continuous self-mapping satisfying (0g). Then F has a unique F P in €.

Proof Assume in condition () that a(q, b, Fb) = 1 forall b, g € £ and let

0, ifg=>bandb,q € Fix(F),

f(q, b, Fb) = ¢(G(q.b —o . (17)
q.b,F b))—p(G(g,b.F b))
GG b Fh) , otherwise.

Suppose {G(q;, b;, F b;)}ien is decreasing for any sequences {g; }ien, {;}ien in €.
Assume further that lim f(g;, b;, F b;) = 1. To see that lim G(qg;, b;, F b;) =0,
1—> 00 1—> 00
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suppose contrary that lim G(g;, b;, F b;) =1 > 0. By the continuity of ¢ and ¢, we
1—> 00

have

G(qi, bi, Fbi)) — p(G(qi, bi, Fb;
lim f(gi. bi. Fby) = lim »(G(q Fbi)) —p(G(g Fbi))
i—00 i—o00 &(G(qi, bi, F b))
_ D=0 _
o) ’

implying that () =0, and so I =0, a contradiction. Therefore, we have
lim G(q;, b;, F b;) = 0, from which we have f € A(G). It follows from (6¢) and
1—> 00
(17) that

¢(G(Fq, Fb,F*b)) < f(q,b, Fb)$(G(q, b, F b))
< f(q,b, Fb)p(L(q, b, Fb)), forallb,q €. (18)

Given the above inequality (18), we can deduce from Corollary 1 and Theorem 5
that there exists a unique point ¢ € £ such that f ¢ = 1.

The following is a generalization of the result of Boyd and Wong (see [22]) in the
framework of G-M S's.

Corollary 3 Let (¢, G) be a complete G-M S and | : £ —> & be a continuous self-
mapping satisfying (67). Then F has a unique F P in &.

Proof Let f : £ x £ x £ —> [0, 1) be defined by

ifg=bandq,b e Fix(F),

0,
f(q.b,Fb)= {M otherwise.

Glgq.b,Fb)

Suppose {G(q;, b;, F b;)}ien is decreasing for any sequences {g; }icn, {;}ien in €.
Assume further that lim f(g;, b;, F b;) = 1. To see that lim G(qg;, b;, F b;) =0,
1—>00 1—>00
suppose contrary that lim G(g;, b;, F b;) =1 > 0. Since 1) € ¥, we have

=00
Y(G(gi, bi, Fbi)) )

1_1 iy bi, Fb) = lim ——————— < ——,
1mf(¢] Fb;) M GG b F b ]

implying that / < (), a contradiction. Hence, we have hm G(qi, bi, F b)) =0,

from which we have f € A(G). Taking ¢(b) = b for all b > O it follows from (67)
that

¢(G(Fq,Fb,F*b)) < f(q,b, Fb)$(G(q, b, Fb)), Vq,bek.

This satisfies the assumptions of Corollary 1. Hence, the proof is completed.
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5 Applications to BVPs
In this section, Theorem 3 is used to study the criteria for which the BVP

% =Xp,x(p)), pel0,1], xeRy
(19)
X(O) = X(l) = O,

where A : [0, 1] x R, —> R, is a continuous function, has a solution. Ideas in this
section are motivated by [19, 22, 27, 30, 37].
Note that (19) corresponds to the integral equation

1
) = [ 2.0Mqx@nds. pero.n) 0)
0
where §2(p, g) is called the Green function, defined by

p(l—gq), if 0<g<p=1,
22(p,q) =
gl—p), f0<p<g=<1

Let £ = C([0, 1], R) be the set of all continuous real-valued functions defined on
[0, 1]. We equip £ with the mapping, Vx, v, w € &,

Gx,v,w) = max, (Ix(p) —v(P) + Ix(p) —w(p)| + [v(p) —w(p)D. (2I)

Then (&, G) is a complete G-M S. Consider the self-mapping F : £ —> ¢ defined
by

1
Fx(p) =/0 $2(p.q)Mq. x(g))ds, pel0,1]. (22)

Then, any solution x* to (19) is a F P of f and conversely.
Now, we study existence conditions of the BVP (19) under the following hypotheses.

Theorem 7 Let i) € ¥ and | : £ —> & be a self-mapping on £. Assume further
that the hypotheses below are satisfied:

(Cy) there exists a functiony : R x R x R — R such that for all p € [0, 1] and
forall x,y,z € Rwith~y(x,y, z) > 0, we have
AP, x) = A(p, M| + |1A(p, x) = A(p, D) + [A(p, y) = A(p, 2)| <
Yx =yl+lx—zl+ |y —zD;

(Cy)  there exists x' € & such that for all p € [0, 1],

7 () fy 2. DN ¥ @)ds. [y 2(p. DA FX'(@)ds) = 0;
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(C3) forall p € [0, 1] and forall x,v € &,
y(x(p), v(p), Fv(p)) =0

=7 (fy 2. M@ x@)ds, [y 20, DNa, v(@)ds, [} 2(p,q)
Mg, Fv(g))ds) > 0;
(Cq)  if{xu}nenisasequencein € suchthat x,, —> x in&, thenforall p € [0, 1] and

n € N, we have y(xy (p), Xn11(P), Xn42(p)) = 0 = v(xa(p), x(p), x(p)) =
0.

Then, the BVP (19) has a solution in &.

Proof Taking (21) and (22) into account, let x, v € £ such that v(x(p), v(p),
Fv(p)) > O0forall p € [0, 1]. Then,

GEx FoFPo= mas [F() = Fo@+ [Fxp) = F2o@)] +[F o) = Fop)]]
1
< max / 2, D[ IMg, x(@)) — Mg, v(@)] + IA(g, x(@)) — Mg, F v(g))]
pel0,11Jo

+ Mg, v(@) = Mg, Fo@)] ]ds

1
< max /0 2. Y (1x(@) —v(@| + |x(g) — Fu@| + [v(g) — Fv(@))) Jds

1
< max / Q(p, dsi(Gx, v, F )
pelo,11Jo

< U(G(x, v, Fv)). 23)
Leta : € x £ x £ —> R, be defined by

L, if y(x(p), v(p), Fu(p)) =0,
0, otherwise,

alx,v, Fv) = {

and f:ExEx & —>[0,1) by

ifx=vandx,v € Fix(F),

07
x,v,Fv)=41, .
s ) {M otherwise.

G(x,v,Fv) °

Then by (23), we infer that

B(G v, Fv)

alx,v, FV)G(Fx, Fuv, sz) <Y(G(x,v, Fv)) = G(x,v, Fv)
G(x,v, Fv)
= f(x,v, Fv)G(x, v, Fv)
< f(x,v, Fv)L(x,v, Fv). 24)

Let ¢(p) = p for all p > 0. Then (24) corresponds with (6;). Now, let {x,},cn,
{v,}nen be any two sequences in £ such that lim f(x,, v,, Fv,) = 1 and a(x,, v,,
n—o0

Fv,) # Oforalln € N. Then forall p € [0, 1], we have ¥(x,(p), v, (p), F v, (p)) >
0, implying that
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G(F x2(P), Fva(p), F*0,(p)) < V(G (Xn, Vn, F 01)).

This further implies that
G(F Xns F Ony F20) < (G (X, Vs F ).

Since lim G(x,, v,, Fv,) =0, then lim G(f x,, F v, F 2vn) = 0. By further
n— o0

n—0o0

applying (C,) — (C4), we see that [ is a Jaggi-type (G-a-¢)-contraction that ver-
ifies all the hypotheses of Theorem 3. It follows that / has a FP x* in &, which
corresponds to a solution of the BVP (19).

Conversely, assume that x* is a solution of (19), then x* must also be a solution
of (22). This means that x* isa F P of F .

6 Conclusion

The BCP has led to many generalizations of M Ss in an effort to explore more F P
results. One of such generalizations was proposed by Mustafa and Sims [26], called
G-M S and a wealth of F P results were obtained in G-M Ss. However, observations
were published by some authors, noting that the majority of F P results generated
in G-M Ss are immediate from their analogs in M Ss. To counter these observations,
many authors have proposed new ways of studying F P results in G-M Ss that do not
collapse to corresponding ones in M Ss. In line with this, some new classes of (G-a-
¢)-contractions are proposed in this paper and relevant F' P theorems are proved. The
novelty of these new contractions lies in the fact that they can be specialized in a few
directions, depending on the choice of parameters. Substantial relative examples are
established to authenticate the assumptions of our obtained results. Consequently, a
handful of corollaries which include some current results in metric fixed point theory
are presented and discussed. Furthermore, we examined existence conditions for the
solution of a BVP using one of our main results.
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A Note on the Existence of Fixed Points )
for Rational Type Contraction Map on L
Orthogonal Metric Spaces

G. Poonguzali, R. Sri Bharathi, and Stojan Radenovic

1 Introduction

Stefan Banach, the founder of functional analysis in 1921, brought in a revolution-
izing result known as the principle of Banach contraction, which provides a unique
fixed point on complete metric space in his thesis [1], post which the result turned
out to be an important tool for the development of fixed point theory. Later, many
researchers started working on the existence of fixed points for various maps that
include all types of contraction map, all types of nonexpansive maps, the sum of two
operators, etc., see [8—13]. One such extension was provided by Singh [6] where the
author introduced the rational type of contraction and proved the existence of a fixed
point.

From the reference works mention above, we get to understand that the researchers
have focused only on only on complete metric space and partially ordered complete
metric space. Recently, Gordji etal. [2, 5] introduced a new type of metric space called
orthogonal metric space and extended Banach fixed point result to O-contraction map.

A research on idea of Orthogonal metric space is worthy of analyzing as it has
more general space where it cannot be compared with partial metric space. Upcoming
two examples will explain the necessity to have Orthogonal metric space.
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Example

Consider M = R?. Define L asu L vif < u,v >=0on M. Then (M, L) is an O-
set, sinceu = (0,0) L v, forallv € M.But (M, L) is not a partial order set. Choose
u=1(1,0),v=(0,1),r =(—1,0), itisclearthat,u L v, v L rbutu L r.

Example

Consider (M = R, <). Then M is partially ordered set but not O- set with < relation,
because we cannot find any u € M such thatu < por p <uforall p € R.

In [7], Rao, Kalyani established the existence of a fixed point by using Singh,
Badshah, and Rathore contraction. In this research paper, we strive to prove. the
existence of a fixed point in O-metric space, which is an extension of the fixed point
result given by Rao, Seshagiri, Kalyani, and Gemechu, which states.

Theorem 1 ([7]) Let (M, d, <) be a complete, partially ordered metric space.
Suppose that A : M — M is a continuous, non-decreasing function satisfying the
following:

d(p, Ap)[1 +d(g, A
d(Ap,Aq)sa[ (p. AL +dig q)]}Jrﬂ[d(p,Ap)de(q,Aq)]Jr
1+d(p.q)

y [d(p, Aq) +d(q, Ap)]+5d(p,q)

for all distinct p, q € M, where «, B, y and § are non-negative reals with) < o +
2(B4+y)+8 < 1.Then A has a fixed point in M.

2 Preliminaries

To provide our result, we need the following basic definitions and results:
Definition 1 ([5]) Let (M, L) be O-set. A sequence {p,},cy is called orthogonal
sequence if, for all n, p, L p,i;or, foralln, p,y L p,

Example

Let M = [0, 400) and define p L q if pq € {p, q}. Then, by setting
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1, ifnisodd;
Pn=173 1 . .
o if n is even.

Here, for all n, p, L pn41. Thus {p,},cy is an O-sequence.

Definition 2 If (M, 1) is an O-set and (M, d) is a metric space, then (M, L, d)
is called an orthogonal metric space.

Definition 3 ([5]) Let (M, L, d) be an orthogonal metric space. Then A : M — M
is orthogonal continuous or _L-continuous at p € M if for each O-sequence {p,},cn
in M with p, — p, then A(p,) - A(p). Also, A is L-continuous on M if A is
L -continuous at each p € M.

It is easy to see that every continuous mapping is L -continuous, and the converse is
not true.

Example

Let M = [0, 1] and d be the Euclidean metric, and p L g if pg € {p, ¢} and the
function A : M — M defined by

p
—, peQnm,
0 peQnm.

Obviously, A is not continuous. If { p,, } is an arbitrary O-sequence in M, then for all
m, p, = Oor 1. Here, only convergent sequences are eventually constant sequences.
Case: 1 There exists k € N such that p,, = 0 for all m > k. Since {p,,} converges
to p =0, then A(p,) =0 for all m > k. Since {A(p,,)} is eventually constant,
{A(pn)} converges to A(p) = 0.

Case: 2 There exists k € N such that p,, = 1 for all m > k. Since {p,,} converges
to p= %, then A(p,) =0, for all m > k. Since {A(p,,)} is eventually constant,
{A(pn)} converges to A(p) = % So, A is 1 -continuous.

Definition 4 ([5]) Let (M, L, d) be an orthogonal set with metric d. Then M is
orthogonal complete, if every Cauchy O-sequence is convergent.

It is easy to see that every complete metric space is O-complete, and the converse
is not true.

Example

Let M = [—2, 2) and suppose that p L g ifandonlyif p < g <1, or p = 0. Then
(M, 1) is an O-set. Clearly, M with the Euclidean metric is not a complete metric
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space. Now, let us take {p,} is a Cauchy O-sequence in M, then there exists a subse-
quence {p,,} of {pi} for which p,, = 0 for all n > 1 or there exists a subsequence
{pn,} of {pi} for which p,, <1 for all n > 1, which implies {p,,} converges to a
point p € [0, 1] € M. Since we know that every Cauchy sequence with a convergent
subsequence is convergent, {p,} is convergent. Hence (M, L, d) is an O-complete
metric space.

Definition 5 ([5]) Let (M, L, d) be an orthogonal metric space and 0 < A < 1.
A mapping A : M — M is said to be orthogonal contraction or L -contraction with
contraction constant A if d(Ap, Aq) < A d(p, q) forevery p 1 q.

Remark 1 Every contraction is an O- contraction, but an O-contraction map need
not be a contraction map.

Definition 6 ([5]) Let (M, L) be an O-set. A mapping A : M — M is said to be
L -preserving if A(p) L A(g) whenever p L gq. Also, A : M — M is said to be
weakly | -preserving if A(p) L A(g) or A(g) L A(p) whenever p L q.

Example

If M = Nand define A : M — M as A(p) = p*and alsodefine p L gasp — 1 <
q. It is clear that whenever p L g, then A(p) L A(q). Hence, A is L-preserving.

It is easy to see that every L -preserving mapping is weakly L -preserving. But the
converse is not true.

Example

LetM:NanddeﬁneA:M—)MasA(p):%andalsodeﬁnepJ_q as p <

q. For p <gq, 5 < % which implies, A(g) L A(p). Therefore, A is weakly _L-
preserving, but it is not L preserving.

Definition 7 Let (M, L, d) be any metric space with an orthogonal relation L .
Then, M becomes M orthogonally complete (O-complete) if for any O-sequence
(un,), which is also Cauchy, should converge in M.

Remark 2 If M is any complete metric space, and if there exists any . on M, then
it becomes O-complete metric space. The converse of above statement is false.
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3 Main Results

In this section, the existence and uniqueness of a fixed point of a self-mapping
satisfying the following contraction condition are proved in O-metric space.

3.1 Results Under Generalized Rational Type Contractions

Theorem 2 Let (M, L, d) be any O-complete metric space. Let A : M — M be
any 1 -continuous, | -preserving map satisfying

Ad(p,q) +nld(p, Aq) +d(q, Ap)]
d(p, Ap)d(p, Aq) +d(q, Ap)d(q, Aq) .
d(Ap, Ag) < 1+ L ifA£0; (1
(Ap, Ag) = Hu d(q. Ap) + d(p, Aq) ga70 ()
O, l:fAZO,

foralldistinct p, g withp L qwhere A =d(q, Ap) +d(p, Aq)and i, n, u € R
suchthat0 < A+2n+u < 1. Then A has a unique fixed point.

Proof Since (M, L) is an O-set, there exists po € M such that py L g org L po,
forallg € M.Itfollowsthat py L A(po) or A(po) L po. Without loss of generality,
assume that py L A(po). Now, construct a sequence by choosing p; = A(po), p2 =
A(p1) = A%(po), -+, puy1 = A(py) = A" (py) for all n € W. If there exists
no € W such that p,, = p,,+1, then from p,, = pp,+1 = Apy,. Thus, p,, is the
required fixed point of A. Suppose that p,, # p,+1, foralln € W. Since p; = A(po),
we get pp L p; and since A is L- preserving, A(po) L A(p1), which implies
p1 L p>. By proceeding we get p, L p,y1, for all n € W. Therefore, {p,},cw 15
O-sequence. For p,, p,+1 € M with p,, L p,., we have the following two cases.

Case 1: If there exists n € W with A = d(p,_1, Apn) + d(pn, Ap,—1) = 0, then
d(pu+1, pn) = 0. This implies that p,,; = p,, a contradiction to p,; = Ap,,.
Thus, there exists a fixed point p of A.

Case 2: Suppose A = d(py—1, Apn) +d(pn, Apu—1) # 0, for all n € W, then
d(pn+1s pn) = d(A(pr), A(pn—1)). By using the condition (1), we get

d(pn+1, Pn) < Ad(pus pu—1) +0ld(pn, Apu-1) +d(pu-1, Apy)]
Md(pn, App)d(pn, Apn—1) +d(pn—1, Apn)d(pn_1, Apn—1)
d(pn—1, Apn) +d(pu, App—1)
< Ad(pn, pn—1) + nld(pn, pn) +d(Pu-1, Pn+1)]
d(pn, Pas1)d(Pns Pn) + d(Pa—t, Pas1)d(Pp—1, Pn)
d(pn—1, Puy1) +d(pu, Pa)

+

+u
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which implies that

d(pnt1, Pn) < Ad(pu, pu—1) +nd(pu—1, Pps1) + d(pu—1, ppn)-
By triangular inequality,

d(pn+1, Pn) < Ad(pn, pu—1) + nld(pp—1, pn) +d(pn, pn+1)] + 1d(pp—1, pn)
(I = md(pps1, pn) < A +n+wp) d(pp—1, pn)
A+n+u]

d(pn—1, Pn)-

d(ppy1, Pn) < |: 1

By repeating this process, we get

r+n+pl"
d(pu+1, Pn) < [T} d(po, p1)-
Py
Thus d(pas1, pa) < W d(po, pi), where h = =11 <,
—

Without loss of generality, assume m > n

d(pm, pn) < d(pm, pm_|) + d(pm_l, pm_z) + ...+ d(pn-H, pn)
< (W P+ "2+ Ed(po, p1)

n

<
T 1—h

d(p()a Pl)v

as m,n — 400, d(pm, pn) = 0. Thus {p,},cw is Cauchy O-sequence. Since
(M, L, d) is O-complete metric space, there exists p € M such that hT Pn = D-
n—+0oQ

Also we have | -continuous of A implies that

Ap = | tim o] = tim Anw =t s =

Thus, p is a fixed point of A in M.
Uniqueness: Suppose that r, s € M is any two fixed point of A. Then we have
A"(r) =rand A"(s) = s for all n € W. By the choice of py, we have

poLrand py Ls(or)r L ppands L pyg.
Since A is L-preserving, we have
A"(po) L A"(r) and A" (po) L A"(s)

(or)
A"(r) L A"(po) and A"(s) L A" (po)

foralln e W.
Case (1): If d(po, A"r) +d(r, A" po) # 0and d(pgy, A"s) + d(s, A" pg) # 0 for
all n € W. Consider,
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d(Ar, Apo) < Ad(r, po) + nld(r, Apo) + d(po, Ar)]
[d(r, Ar)d(r, Apo) + d(po, Ar)d(po, APO)]
d(po, Ar) +d(r, Apo)

d(po, r)d(po, Apo) }

d(po, 1) +d(r, Apo)

d(po, r)d(po, Apo)]
d(po, Apo)

< Ad(r, po) +nld(r, Apo) +d(po, )] + 1 [

< Ad(r, po) + nld(r, Apo) +d(po, )]+ 1 [
which concludes,

A
d(Ar, Apo) < [M]

I d(r, po).

Using the above, we get the following inequality,
A, n
d(A"r, A" po) < [M}

1 d(r, po).

Similarly, we can get

A, n
d(A"s, A" p) < [%}

d(S, PO)

Using triangular inequality, we have

d(r,s) =d(A"(r), A" (s))
< d(A"(r), A"(po)) + d(A"(po), A" (s))
- [M

1 } [d(r, po) +d(po, 5)],
-n

where M < 1. This implies that d(r, s) — 0 asn — +oo. Thus r = s.

Case (2): Ifnd(po, A"r) +d(r, A" pg) = 0and d(py, A"s) + d(s, A" pg) = O for
some n € W. Then, it is easy to observe that d(r, s) = 0. Hence r = s.

Case (3): If for some n € W, d(pg, A"r) +d(r, A"po) =0 or d(py, A"s) +
d(s, A" pp) = 0. Without loss of generality, assume d(pg, A"r) + d(r, A" pg) =0
and d(po, A"s) +d(s, A" pg) # 0. Then d(py, A" po) = 0 which implies py =
A" po. Using that, we have d(pg, po) < d(A" po, s) +d(s, A" py) # 0 which is a
contradiction. So case (3) is not possible. O

By replacing the role of continuity in the above said theorem with added conditions,
this paper proves the existence of a fixed point and the rest will dealt with in the
upcoming theorems.
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Theorem 3 Let (M, L, d) be an O-complete metric space. Assume that M satisfies
the following:

if for any O — sequence {p,} with p, — p, p € M, then p, L p foralln € W.
@)

Let A : M — M be L-preserving map which satisfying the condition (1). Then A
has a unique fixed point in M.

Proof If there exists ng € W such that p,, = pp+1 = Apy,. Thus, p,, is a fixed
point, and hence the proof is completed. Suppose that p, # p,+i, foralln € W. By
applying Theorem 2, there exists an O-sequence {p,} € M such that p, — p, which
implies p, L p. Since A is L-preserving, we have Ap, L Ap.

Consider,

d(p, Ap) =d(p, pn) +d(pp, Apn) + d(Apy, Ap). 3)
Case1: If A = d(p, Ap,) + d(p,, Ap) # 0, then by using the condition (1), we get

d(Apn, Ap) < Ad(p,, p) +nld(p., Ap) +d(p, Ap,)]
v [d(pn, Apy)d(pn, Ap) +d(p, Ap,)d(p, Ap)] '

d(p, Ap,) +d(pa, Ap)
As n — 400, we obtain,
d(pn, p) = 0, d(p, Ap,) — 0, d(p,, Ap,) — 0.

Subcase 1: If liT d(p,, Ap) # 0, then we have d(Ap,, Ap) < nd(p, Ap).
n—+0o0

From (3) we have d(p, Ap)(1 —n) < 0. Since (1 —n) > 0, we getd(p, Ap) =
0. Thus, p is a fixed point of A in M.
Subcase 2: Suppose liT d(pu, Ap) = 0, then d(p,, Ap) = 0 which implies, p =
n— 100

Ap, thatis A has a fixed point.
Case 2: If A =d(p, Ap,) + d(p,, Ap) = 0, then by using the condition (1).

Asn — +o0,d(p, p,) = 0, d(p,, Ap,) — 0. From (3) d(p, Ap) < 0. Thus,
we have d(p, Ap) = 0. Therefore p is a fixed point of A. The proof of uniqueness
is same as uniqueness proof of Theorem 2. ]

Theorem 4 Let (M, L, d) be an O-complete metric space. Let A : M — M be -
continuous, L -preserving satisfying

nld(p, Ag) +d(q, Ap)]

d(p, Ap)d(p, Aq) +d(q, Ap)d(q, Aq) .
d(Ap, Ag) < {1+ , fA#£0
(Ap, Ag) = Hn d(q. Ap) +d(p. Ag) ya#
0, ifA=0
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for all distinct p, q with p L. q where A =d(q, Ap) +d(p, Aq) andn, n >0
suchthat) < 2n+pupn < 1. If po € M with py L A(py), then A has a unique fixed
point in M.

Proof Letting A = 0 in (1). Then the proof is trivial from Theorem 2. (|

3.2 Results Under Singh, Badshah and Rathore Contraction

Definition 8 A map A : M — M is said to be orthogonal almost Singh, Badshah,
and Rathore contraction on an O-metric space (M, L, d) if it satisfies the condition

d(p, Ap)[1 +d(g, A
d(Ap,Acnfa[ (2, AP)+ dlg q)]}+ﬁ[d(p,Ap)+d(q,Aq)]
1+d(p,q)

+yld(p, Aq) +d(g, Ap)] +8d(p, q)
+ L min{d(p, Aq),d(q, Ap),d(p, Ap),d(q, Aq)}

“4)

for all distinct p, g with p L g, where L > 0 and there exists «, 8, y, § € [0, 1)
suchthat0 < ¢ +2(B+y)+6 < 1.

Example

Let M = [0, 1) and the metric d be the Euclidean metric. Define p L g if pq < p
orq forall p,g € M.Let A : M — M be a mapping defined by

-3 . 1
pe—, if0 <p=<;3

A =
(p) {0, if%<p<1.

Choose o = 1/10, B =1/10, ¥y = 1/108 = e¢~3. Then it is easy to observe the
following

[p—pe |14+ 1qg—qge 3]
I+1p—ql

|A<p>—A(q>:a{ }+ﬁ[|p—p63|+q—q63l]

+yllp—qe3+lqg—pe[1+8 Ip—ql
+Lmin{|p—qge |, lg—pe | Ip—pe | lg—qe |}

for all distinct p, g with p 1. g, where L > 0and0 < a+2(8+y)+46 < 1.
Therefore, A is an orthogonal almost Singh, Badshah and Rathore contraction.

Theorem 5 Let (M, L, d) be any O-complete metric space. Suppose that A : M —
M is an orthogonal almost Singh, Badshah and Rathore contraction on an O-metric
space, 1 -continuous and 1 -preserving map. Then A has a fixed point in M.
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Proof Since (M, 1) is an O-set, there exists pyg € M such that
poLgorg L po,forallg e M.

It follows that py L A(pg) or A(po) L po. Without loss of generality, assume
that po L A(po). Let py = A(po), p2 = A(p1) = A*(Po), .., Pus1 = A(py) =
A" (py), foralln € W then from p,, = pu,+1 = Apn,. Thus, p,, is a fixed point,
and hence the proof is completed. Otherwise, we have p; = A(po), which implies,
po L pi1. Since A is L-preserving, A(py) L A(p;), which implies p; L p;. Simi-
larly we get p, L pn1. Therefore, {p,},cw is O-sequence. For p,, p,y1 € M with
Pn L puy1, we getd(purt, pn) = d(A(pn), A(pa-1)). By (4),

d(pn, Apn)[1 +d(pp—1, App—1)]
1L +d(pn, Pn-1) ]

+ B ld(pn, Apn) +d(pp—1, App—1)]

+ v [d(pn, Apn—1) +d(pp—1, Apn)] + 8 d(pn, pu—1)

+ L min {d(pn, Apn—1). d(pn—1, Apn), d(pn, App), d(pn—1, Apn—1)}-

d(pp+1,pn) <o |:

d(pu+1, pn) < ad(pu, put1) + B [d(pus Put1) +d(pn-1, pn)]
+ v [d(pn, pn) +d(pn-1, Pn+1)] + 8 d(pns Pn-1)
+ L min {d(pn, pn), d(Pn—1, Pnt1)s d(Pns Put1)s d(Pn—1, Pn)}-
d(pn+1, Pn) <@ d(pn, prt1) + B ld(pus pn1) +d(pu—1, p)1 + v d(pu—t, Pn+1)
+ 38 d(pn, pn-1)-

(I—a—=B—=y)d(pu+1,Pn) < Bd(Ppp—1, pn) +v dPn—-1, Pu+1) + 8 d(pn, pu—1)
<B+y+8dpu-1,pn)-

B+y+4
d(pny1, pn) = | 77— | d(pa-1, Pn)-
I—a—f—y
By repeating this process, we get
B+v+s 71"
d(put1, pn) < |—————— | d(po, p1).
I—a—B—y

Using triangular inequality, for m > n,

d(pm, pn) < d(pms Pm—1) +d(Pm—1, Pn—2) + ... + d(Pny1, Pn)
< K"V k" K d(pos p1)

le
< |:1 — k} d(po, p1).

n

1—k

B+y+46
l—a—p—y

This implies, d(pm, pn) < |: :|d(po, p1), where k =
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Ifm, n - +oo,thend(py, p,) — 0. Thus, the O-sequence {p, },,cw is a Cauchy
O-sequence. Since M is an O-complete, then there exists a point p € M such that
pn — p-. Also, we have | -continuous of A implies that

n——+00

Ap = A|: lim p,,i| = lim Ap, = lim p,+1 = p.
n—+00 n—+00

Thus, p is a fixed point of A in M. (]

In the said theorem, we don’t have any sort of uniqueness; in order to get unique-
ness we need to assume another condition together with the assumption mentioned
above. The below theorem provides us with the uniqueness of a fixed point.

Theorem 6 Let (M, L, d)be any O-complete metric space. Suppose that A : M —
M is an orthogonal almost Singh, Badshah, and Rathore contraction on an O-metric
space, 1-continuous and 1 -preserving map. Further, if r, s € Fix(A) (The set of
all fixed points of A) withr L s. Then A has a unique fixed point in M.

Proof From Theorem 5, it is clear A has a fixed point. To see uniqueness, consider,

d(r,s) = d(Ar, As)
|:d(r, Ar)(1 +d(s, As))
<«
- 14+d(r,s)
+ yld(r, As) +d(s, Ar)] + 8d(r, 5)
+ L min{d(r, As),d (s, Ar),d(r, Ar),d(s, As)}
<yld(@,s)+d(s,r)]

] + Bld(r, Ar) +d(s, As)]

<2yd(r,s),
which implies that (1 —2y)d(r,s) <0. Since, (1 —2y) > (1 —a —28 -2y —
8) >0, d(r,s) = 0. It concludes that r = s. O
Example

Let (M = [0, 1], L, d) be any O-complete metric space and the metric d be the
Euclidean metric. Define p L g if pg € {p, g} forall p,g e M.Let A: M - M
be a mapping defined by

-3 1.
pe, if0 <p<3;

A =
) 0, ifi<p=<l,

which is an orthogonal almost Singh, Badshah, and Rathore contraction on an O-
metric space, L-continuous and L-preserving map.If Ap = p, then pe™> = p.From
that, it is clear that O is the only fixed point for A.
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Theorem 7 Let (M, L, d) be an O-complete metric space. Assume that M satisfies
the following:

if for any O — sequence {p,} with p, — p, p € M, then p, L p foralln € W.
4)

If A : M — M is a L—preserving map with orthogonal almost Singh, Badshah and
Rathore contraction. Then A has a fixed point in M.

Proof By applying Theorem 5, there exists an O-sequence {p,} € M suchthat p, —
p, which implies p, L p. Since A is L-preserving, we have Ap, L Ap.
Consider,

d(p, Ap) = d(p, pn) +d(pn, Apn) +d(Apy, Ap). (6)
Using the contraction condition, we get

d(pes Ap)1 +d(p, A
d(Apn,Ap)sa[ (Pu. Apu)L1 +d(p ”)]}+ﬁ[d(pn,Apn)+d<p, Ap)I+
1 +d(ps, p)

vld(pn, Ap) +d(p, Ap,)] +8d(pn, p)+
L min{d(p,, Ap),d(p, Ap,),d(p,, Ap,),d(p, Ap)}.

Making n — +o00, we obtain, d(p,, p) — 0, d(p, Ap,) — 0, d(p,, Ap,) —
0. Thus we get d(Ap,, Ap) < (B+y) d(p, Ap). From (6) we have (1 — 8 —
y)d(p, Ap) <0.Since (1 — 8 —y) > 0, we getd(p, Ap) = 0. Thus, p is a fixed
point of A in M. O

Definition 9 A map A : M — M is said to be orthogonal Singh, Badshah and
Rathore contraction on an O-metric space (M, L, d) if it satisfies the condition

d(p, A 14+d(g, A
d(Ap,Aq)sa[ (p: ApUL + d(g q)]]+ﬂ[d(p,Ap>+d(q,Aq>]+
1+d(p,q)

yld(p, Aq) +d(q, Ap)] +8d(p, q) (7

for all distinct p, g with p L ¢, there exist «, 8, y,8 € [0, 1) suchthat 0 < «a +
2B+y)+6 < 1.

Theorem 8 Let (M, L, d) be an O-complete metric space. Suppose that A : M —
M is a Singh, Badshah and Rathore contraction on an O-metric space, L-continuous
and L -preserving. Then A has a fixed point in M.
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Proof Letting L = 0 in (4). Then the proof is trivial from Theorem 5. (]

Theorem 9 Let (M, L, d) be an O-complete metric space. Assume that M satisfies

if for any O — sequence {p,} with p, — p, p € M, then p, L p foralln ¢ W.
®)

Let A : M — M be 1-preserving satisfying the contraction condition (7). Then A
has a fixed point in M.

Proof If L = 0 in (4). Thus the proof is trivial from Theorem7. O

Theorem 10 Let (M, L, d) be any O-complete metric space. Suppose that A :
M — M is an almost Singh, Badshah and Rathore contraction, L -continuous and
L -preserving. Also, assume that if { p,,} is any convergent O-sequence converging to
p € M, then p L Ap. Further, if the operator A is L-continuous for some positive
integer 1, then A has a fixed point in M.

Proof By Theorem5, we construct an O-sequence by using _L-preserving in M
such that p, — u for some u € M. Let {p,, } be the subsequence of {p,},cw Which
converges to the same point u.

1., Al . _ . —

We have to show that u is a fixed point of A. Let m be the smallest positive integer
such that A"u =ubut A"u #u (n=1,2,3,....m—1),m > 1.Foru, Aue M
with u L Au, we getd(Au, u) = d(Au, A™u). By (4),

m—1 m
d(Au, u) = d(Au, A"™u) <o [d(”’A”)“ AT A ”)]]
L +d(u, Am—1u)

+ Bld(u, Au) +d(A™ Lu, A™u)]
+yld, A"u) + d(A™Vu, Aw)] + 8d(u, A" )
+ L min {d@u, A"u), d(A" Y, Au), d(u, Au), d(A™ Lu, A™u))

d(Au,u) =du, Au) < ad(u, Au) + Bld(u, Au) +d(A" 'u, u))
+yld(u, Aw) +d (A" u )] + 8d (u, A" ).

(I—a—B—y)du,Au) < (B+y +8) du, A" 'u).

B+y+$

] dw, A" ).
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Consider,

d(u, A" u) = d(A"u, A" )
“u |:d(A’”’1u, A" 2u)[1 + d(A"2u, A’”’lu)]j|
- 14 d(A™=2u, A"m=1y)
+ BlAd(A™ u, A" u) + d(A"u, A" )
+pld(AN" ", A ) + d(A 2, AMu)] + Sd (AT, A
+ L min {d(A" " u, A"u), d(A" 2, A" ), d(A" T, A ), d (AP0, A )

d(u,Am—lu) < |: :| d(Am_lu,Am—zu).

l—a—B—y
By repeating this process, finally we get
d(Au,u) =d(Au, A™u)

<cdu, A" ') = cd(A"u, A" ) < P d(A" T, AP0

<..<c™d(Au,u),

)

where ¢ = I A+ 7/;— < 1. Hence, d(Au,u) <c"d(Au,u) <d(Au,u),
—a— B —

which is a contradiction. Therefore, u is a fixed point of A. O

Theorem 11 Let (M, L,d) be any O-complete metric space. Suppose that A :
M — M is a Singh, Badshah, and Rathore contraction, 1-continuous and -
preserving. Also, assume that if {p,} is any convergent O-sequence converging to
p € M, then p L Ap. If the operator A" is L-continuous for some positive integer
l, then A has a fixed point in M.

Proof When L = 0 in Theorem 10, then the proof is trivial. O

Theorem 12 Let (M, L1, d) be any O-complete metric space. Suppose that A :
M — M is a L-preserving map. Also, assume that if {p,} is any convergent O-
sequence converging to p € M, then p L Ap and for some positive integer [, A
satisfies

d(p, A'p)[1 +d(q, Alg)]
1+d(p,q)

+yld(p. Alq) +d(q. A'p)] +8d(p, q)

+ L min{d(p, Aq),d(q, Ap),d(p, Ap),d(q, Aq)}

ﬂNnAh)sa[ }+manA%y+ﬂ%Ahn

for all distinct p, q with p L q, where L > 0 and there exists o, B, y, § € [0, 1)
suchthat0 < o +2(B+vy)+68 < 1.If Al is L-continuous, then A has a fixed
pointin M.
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Proof 1t can be easily proved from Theorems 5 and 10. (]

Theorem 13 Let (M, L, d) be any O-complete metric space. Suppose that A :
M — M is a L-preserving map on an O-metric space and for some positive integer
I, A satisfies

d(p, A'p)[1 +d(q, Ng)]
1+d(p,q)
+yld(p, A'q) +d(q, A'p)] +8d(p. q)

d(A'p,Ag) < a[ }+ﬂ[d(p,A’p) +d(q, A'g)]

foralldistinct p, g withp L g, where «, B, y, § €10, 1) suchthat0 < o +2(8 +
y)+ 8 < 1.Also, assume that if { p,} is any convergent O-sequence converging to
p €M, then p L Ap. If A is L-continuous, then A has a fixed point in M.

Proof When L = 0 in Theorem 12, the proof follows. |
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Fixed Point Results in Graphical Convex m
Extended b-metric Spaces L

Mahpeyker Oztiirk, Haroon Ahmad, and Aadil Hussain Dar

1 Introduction

Fixed point theory is an essential technique in modern mathematics. It is not only
widely utilized in pure and practical mathematics but also served as a bridge between
topology and analysis. Fixed point theory is a developing research subject with
numerous applications in various fields. It is concerned with the discovery that a
self-mapping on a nonempty set permits one or more fixed points under specific
conditions. Fixed point theorems concern the existence and uniqueness of fixed
points. Fixed point theory is divided into three primary areas. Metric fixed point
theory, topological fixed point theory, and discrete fixed point theory are all examples
of fixed point theories. Many scholars are working on the topic of fixed point theory.
They are pursuing several avenues and generalizing their discoveries in this field.
Poincare was the first to take the initiative in this area. Later on, in 1922, Banach [1]
discovered a remarkable result known as the Banach contraction principle discussed
by the authors in [2, 3]. The Banach contraction principle has various extensions.
In [4], Gahler offered an extension by introducing 2—metric spaces, while Halpern
et al. [5] proposed the convex compact subset of topological vector space by apply-
ing an inward and outward mapping. Kannan [6] enhanced Banach contraction by
analyzing the completeness of the metric space, and he also produced certain fixed
points using various conditions. In [7], Geraghty developed these findings by offer-
ing generalized contractive mappings, familiarly known as Geraghty contractions
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Following the same methodology, Ciric deduced a generalized contraction, which
includes the results of Banach contraction and quasi-contraction in [8, 9]. Further-
more, Mizoguchi et al. [10] established a multivalued mapping of Caristi’s fixed
point theorem, and Czerwik [13] developed a new contraction mapping in the setting
of b—metric space and also provided some fixed point theorems.

While working on fixed point theory, one of the working aspects is having a com-
mon fixed point for two or more mappings. Mappings should have some features
other than continuity. Jungck [16] proposed the idea of commuting mappings. Fur-
ther, Cho et al. introduced a common fixed point theorem for weakly commuting
mapping in [14]. Assad et al. [17] presented a fixed point theorem for set-valued
mappings.

Graph theory has important applications in the study of fixed point theory. Shukla
et al. [11] put forward a novel concept about graphical metric spaces in 2017, while
Chuensupantharat et al. [12] expanded this idea and offered a notion about the graph-
ical b-metric space in 2018. Chifu et al. [18] applied a fixed point theorem for an
appropriate operator on the cartesian product of a given b-metric space endowed with
a graph. Recently, Younis et al. gave the notion of graphical rectangular b—metric
[23] space and graphical extended b—metric space [27]. For further synthesis on
graphical approach of fixed points with applications, we refer the reader to [15, 25,
26, 28].

In 1970, Takahashi [19] proposed the concepts of the convex structure and the
convex metric space; he also acquired some fixed point theorems for non-expansive
mappings in the convex metric spaces. Besides, Goebel and Kirk [20] investigated
some iterative processes for non-expansive mappings in hyperbolic metric space.
In 1990, Reich and Shafrir [22] established non-expansive iterations in hyperbolic
spaces. Recently, in 2020 Chen discussed fixed point theorems in graphical convex
metric space [29] and convex graphical rectangular b-metric space [30].

Motivated by the works propounded in the noteworthy articles [26, 29, 30], we
put up the concept of the convex graphical extended b-metric spaces by means of
the convex structure. Moreover, the definitions of G-contraction mappings, 7-Mann
sequences, and T-Agrawal sequences are employed to present strong convergence
theorems for these mappings.

2 Preliminaries

To begin, we will clarify some essential concepts and notations stated in the articles
[23, 24].

Let N be the set of natural numbers. Graph G is an ordered pair (V (G), E(G)),
where V(G) is the set of vertices and E(G) is the binary relation on V(G). The
items that belong to E(G) are referred to as edges. If each edge of the graph G has
a direction, the graph is referred to as a directed graph. When each graph’s edge
has no direction, the graph is deemed undirected. Assume that the graph G has no
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parallel edges. We denote by G~! the conversion of a directed graph G, i.e., the graph
obtained from G by reversing the direction of edges. Thus, we have

EG™H ={(x,y), XxX:(y,x)e EG).
We denote by G a directed graph with symmetric edges and define
E(G) = E(G)UE(G™),

then G is a symmetric directed graph. The directed graph G is said to be reflexive, if
the set E(G) contains all loops, thatis, (x, x) € E(G) foreachx € V(G). Moreover,
a directed graph G is transitive if

(x,y) € E(G) and (y,2) € E(G) = (x,7) € E(G).

Furthermore, the directed graph G can be treated as a weighted graph if the distance
between its edges is allocated to each edge.

A relation Z on V (G) is such that (pZq) if there exists a path directing from
ptogqin G and r € pZq)¢ if r is contained in the path (pZ#q)s. A sequence
{Xm}men € V(G) is named a G —termwise connected (G — TWC) if (x,, Zxin11)G
forallm € N.

Definition 1 [27] Let X be a nonempty set equipped with a graph G and e : X X
X — [1,00). A mapping d : XxX — [0, 0o) is termed a graphical extended b-
metric if for all u, v, w € X ensuing assertions are met:

i. d(u,v) =0if and only if u = v;
ii. d(u,v) =d(v,u)forallu,v € X;
iii. wPv),w € (uPv) = d(u,v) <e(u,v)[du,w) +dw,v)].

The pair (X, d) is identified as a graphical extended b-metric space.

Definition 2 [27] Consider (X, d) be a graphically extended b-metric space. A
sequence {w,},cy converges to some w in X, if for each positive €, there is some
positive N, such that d (w,, w) < € for each n > N,. The following describes the
circumstance

lim w, = w.

n—oo
Definition 3 [27] The sequence {w,},cy in a graphically extended b-metric space
(X, d) is said to be a Cauchy sequence, if d (w,,, w,;) — 0 asn,m — oo.

Definition 4 [27] A graphically extended b-metric space (X, d) is said to be
G —complete if every Cauchy sequence is convergent in X with respect to graph
G.

Definition 5 [29] Let (G, d) be a graphical metric space. If a mapping W : V(G) x
V(G) x [0, 1] — V(G) provides
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du, Wx,y;a)) < (1 —a)du,x) +ad(u,y),

forallx, y,u € V(G)and« € (0, 1), then the space (G, d, W) is said to be graphical

convex metric space.

Definition 6 ([30]) Let (Y, d) be a graphical rectangular b—metric space where Y is

the nonempty subset of V(G). If amapping W : Y x Y x [0, 1] — V(G) provides
dlu, Wx,y;a)) < (1 —a)du,x)+ad(u, y),

forall x, y,u € X and « € [0, 1], then the space (X, d, W) is known as a graphical
rectangular convex b—metric space.

3 Graphically Convex Extended b—metric Spaces

This section aims to discuss the existence and uniqueness of fixed points for the
set-valued G —contraction mappings in a G—complete GCE, M S.

Definition 7 Let (G, d) be a graphical extended b-metric space. If a mapping W :
V(G) x V(G) x [0, 1] — V(G) provides

d(u, W(x,y;a)) < (I —a)d(u, x) + ad(u, y),

forallx, y,u € V(G)anda € (0, 1), then the space is referred to as graphical convex
extended b—metric space which will be abbreviated as (GCE, M S).
A set to be utilized in the study is assigned below:

C(V(G)) ={K C V(G) : K isclosed subset of V(G)}.

Definition 8 Let (G,d, W) be GCE,MS and T : V(G) — C(V(G)) be a set-
valued mapping. Assume that xo € V(G) is the initial value. The sequence {x, },en
is referred to as a T —Mann sequence if x,,. 1 = W (x,, u,; o,), where u,, € Tx,, and
a, € (0,1).

Proposition 1 Let (G,d, W) be GCE,MS and T : V(G) — C(V(G)) be a set-
valued mapping. For any x,, € V(G), u, € Tx, and a,, € (0, 1), we have
d(xXp, Xn1) = 0y d (X, uy) and d(xpi1, up) = (1 — ap)d (xp, uy).

Definition 9 (G, d, W) is considered to fulfill the property (P) if forany G — TWC
and T —Mann sequence {x,},cy Which converges to some x € V(G), a positive
integer ny exists such that (x,, x) € E(G) for any ny < n.

Definition 10 (G, d, W) is said to satisfy the property (Q) if for any (x, z) € E(G)
and y = W(x, y; o), we have (x, y) € E(G) and (y, z) € E(G).



Fixed Point Results in Graphical Convex Extended b-Metric Spaces 285

Theorem 1 Let (G,d, W) beaG—complete GC E, M S, which satisfies the property
(P) and the property (Q) and T : V(G) — C(V(G)) be a G—contraction. If the
sequence {a,} C (0, 1) converges to o (a # 0) and the set

Er ={x € V(G) : there exists u € Tx such that (x,u) € E(G)},

is nonempty, then T has a fixed point in G.

Proof Let xo € Er, ug € Tx exists such that (xg, ug) € E(G). Utilizing from the
property (Q), it entails that (x;, xo) € E(G) and (x, ug) € E(G). Using Definition
(7), we procure

d(xy, x0) = d(W (x0, uo; o), x0) < cod (xo, o),

and
d(xy, uo) = d(W(xo, uo; o), ug) < (1 — ao)d(xo, uo).

As T is a G—contraction and (x;, xo) € E(G), thereby for ug € Txgthenu; € Tx;
exists such that

(uo, u1) € E(G) and d(uo, u1) < k(xo, x1).
Due to the fact that G is transitive, we deduce that (x;, u;) € E(G). The sequences
{x,}nen and {u, },en can be obtained with the properties x,,+; = W (x,, u,; «,) and
u, € Tx,, by the induction. We retrieve from the property (Q),

(xn-H ) xn) € E(G) and (xn+1’ un) S E(G)
By Definition (7), we achieve

d(-anrls xn) = d(W(-xns Uy, Oln)s xn) < and(-xns ull)1

and
d(er-l» un) = d(W(X,l, Up; an)’ un) < (1 - an)d(xna un)~

Then, for u,, € Tx,, u,+1 € Tx,,1 exists such that
(uru Mn-H) € E(G) and d(un’ un+l) =< k(xn, xn+1)~

Thereby, it is concluded that 7—Mann sequence {x, },cn is G —termwise connected.
We shall now demonstrate that the sequence {d (x,, u,)} is decreasing.

d(xna un) = e(xnv un) [d(xna un—l) + d(un—ls un)]
= e(xnv un) [d(W(-xnflv Up—1, anfl)s unfl) + kd(xnfl, -xn)]
=< e(xnv Mn)[(l - anfl)d(xnfh unfl) + kanfld(xnflv unfl)]

= e(xn’ I/l,,)(l —Qy-1t+ kan—l)d(xn—]a un—l)~
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Let (1 —a;_1 + ka;_1) = P;,_; fori € N, then

lim Py =1—a+ka <1.

1—> 00
Therefore, we procure
n n—1
d(xXn, un) < (X, ) Ppoyd (X1, Up—1) < ... < l_[e(x,-, uj) ]_[ Pid(xo, uo).
j=0 i=0

o

As 0 < oy, k < 1, we deduce that P; < 1, which indicates that{d(x,, u,)} is
decreasing sequence. In addition, we possess

dXpg1, X,) = d(W (xy, up; o), X)) = oty d (X, Uy)

n n—1
< a, l_[ e(xj,u;) l_[ P;d(xp, up).
j=0 i=0

Forany p € N, we get

d(xp, xn+p) < e(xp, xn+p)d(x117 un+l) + e(xp, xn+p)e(xn+1 s xn+p)d(xn+l s xn+2)
+ ...+ e(n, Xptple(Xn41, Xntp) - - - e(xn+p71 , xn+p)d(xn+p71 s Xn+p)
< e(xn, Xn+p)0¢nd(xm un) + e(Xn, Xn4ple(Xp+1, xn+p)an+1d(xn+lv Un+1)
+ o+ eQn, Xngple(np1s Xntp) - €Xpg p—15 Xntp)opt p—1d Xt p—15 Ut p—1)
n n—1
< e@n X plan [ | eejouj) [T Prd(xo. uo)
j=0 i=0
n+1 n
+ e(xn, Xntple(Xnt1, Xnt+p)nt1 H e(xj,uj) l_[ P;d(xp, ug) + ...
j=0 i=0
n+p—1 n+p—2

+ e(xn, Xngp) .. €(Xntp—1, Xn4p)ntp—1 l_[ e(xj,uj) l_[ Pid(xq, ug).
Jj=0 i=0

Owing to fact that e(x, y) > 0, we derive

n n n—1
d (X, Xntp) < [ [ e xirpden [ [ e up) [ T PrdCxo, uo)
k=0 j=0 i=0
n n+l1 n
+ ]_[ e( Xk, Xpy p)Opy1 ]_[ e(x;,u;) ]_[ Pid(xo, uo) + ...
k=0 j=0 i=0
n+p—1 n+p—2

+ [ JeCkr xiesp)etnipr [] exjoup) [] Pidixo, uo)

k=0 j=0 i=0
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n+1 n

n n—1
< anl_[e(xj,uj)l_[Pi+an+1l_[e(xj,uj)HP,-+...
=0 i=0 i=0 i=0

n+p—1 n+p—2 n
+anpr [ eiup [T Po| et xirp)dxo, o).
j=0 i=0 k=0
Presume that
n n—1
0. :anl_[e(xj,uj)HP,-, wheren =0,1...p — 1.
j=0 i=0

As a result, we infer that

n

d (X, Xntp) < (On+ Ontt -+ OQuip—1) He(xk, Xietp)d (X0, Uo).
k=0

‘We also notice that

lim supM <1. (1)

{00 n+i

o0
Employing D’Alembert’s test, we see that Y Q; is convergent which implies
i=0
n+m—1
lim ) Q; =0.Hence, we conclude that

i—»oo [,

lim d(x,, x,4p) =0, 2)

n—00

which demonstrates that {x,},cy is a Cauchy sequence. As G is G—complete, z €
V(G) exists such that lim d(x,, z) = 0. The property (P) provides that (x,, z) €

E(G) for large enough n. Then there exists z, € Tz such that
AUy, z,) < kd(x,, 2),

which implies d(u,,z,) - 0 as n — oo. It is necessary to indicate that

lim d(x,,u,) =0, so
n—0oQ

d(xm Mn) = e(-xna un)d(xns xn+p) + e(xnv un)e(-anrpv un)d(xn+p’ un+p) (3)

+ e(xna un)e(xn+p7 un)d(unerv un)v

and
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d(unv un+p) = e(un’ un+p)d(un7 un+1) + e(un’ un+p)e(un+l s un+p)d(un+1 ’ un+2)
+‘~'-*‘e(unaUn+p)e(un+lsun+p)~--e(un+p717un+p)d(un+p71’un+p)

< e(uy, un+p)kd(xm Xnt1) + e(uy, un+p)e(un+la un+p)kd(xn+lv Xn42)
n+p—1

+...+ I_I e(”isui+p)kd(xn+p71vun+p71)
i=0

Due to the fact that e(x, y) > 0, we attain

n+p—1 n+p—1
d(un, ungp) < l—[ e(ui, uiyp)kd(xy, Xpt1) + ]_[ e(ui, uiyp)kd(Xpy1, Xpy2)
i=0 i=0
n+p—1
+ ...+ l_[ e(u;, ui+p)kd(xn+p—lv un+p—1)
i=0
n+p—1
<k [ e uisp) (dCons xni1) +dGnsr, Xus2) + - d g i1, tinip-1))
i=0
n+p—1
<k l_[ e(u;, ui+p) (Qn +Ont1...+ Qn+p71)d(x07 up).
i=0

Also, making use of (1) and (2), we assert

lim d(uy, i p) = 0. 4)
n—o00
We presently have
n+p
A psttnyp) < [ | eCis i) Pagpoi. Pad (X, ). ©)

Taking lim in (3) and using (2, 4, 5), we get
n—oo

n+p
d(xnv Mn) =< 0+ e(xna Mn)E()Cn+[,, un) l—[ e(xi» ui)Pn-&-p—lmPnd(xna un) +0.

i=n
Since

n+p
(1= e, un)eContp, n) [ | Gt i) Puyp1. Pad (X, 1)) (x, 1) < 0.

i=n

We understand this by taking
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n+p
nli)ngo(l - e(x,,, un)e(xn+pv Mn) 1_[ e(xis ui)Pnerfl...Pnd(-xna un)) 75 07

i=n

we obtain
lim d(x,, u,) =0,

n—00

and combining with lim d(u,, z,) = 0, we have lim d(x,, z,) = 0. This amounts
n—0oQ n—o00

to say that lim d(x,, z) = 0. Hence, we conclude that
n—oo
n—0oQ

as Tz is closed, then we have z € Tz, which indicates that z is a fixed point of 7.

We need to demonstrate the uniqueness of a fixed point for a G —contraction in a
G —complete GCE,MS.

Theorem 2 Presume that all the hypotheses of the Theorem 1 are fulfilled. The
following expressions

Xng1 = Wy, tn; o) and x, = W (x,, u,; a,)

are generated as in Theorem 1, where {x,},en converges to x* and {x)},en con-

verges to y*, lim a, = o # 0 and lim o, = o’ # 0. Then x* = y* is provided
n—oo n—oQ

that (x,, x,)) € E(G) for eachn € N.

Proof By Theorem 1, we can conclude that x* and y* are fixed points of 7. Suppose
thatx* # y*, because T isa G —contractionand (x,, x,) € E(G), thusforu, € Tx,,
there exists u), € T'x, such that

(un, u,) € E(G) and d(u,, u)) < kd(x,, x,).

The proof of Theorem 1 ensures that lim d(x,, u#,) = 0. Combining this with the
n—o0

fact
lim d(x,, x*) =0,

we procure lim d(u,, x*) = 0. Byusing the property (P), we gain (x,, x*) € E(G),
n—o00

(x), ¥*) € E(G), (un, x*) € E(G) and (u,, x*) € E(G) for large enough n. More-
over, by using property (Q), we have (x,41,x,) € E(G), (Xpq1,u,) € E(G),

(X1, x,) € E(G) and (x;,,, u,) € E(G) for large enough n. Therefore,

d(x*, y*) < e(x™, y)d(x*, xu1) + e(x™, y)e (i1, ¥ (Xnt1, X 1p)
+ E(X*, y*)e(-er-l’ y*)d(x,/,_H, y*)a
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as we know that e(x, y) > 0,

d(x*» y*) < 6()6*, y*)e(xn+l7 y*)d(X*, xn+l) + e(X*a y*)e(le—lv y*)d(er—la xrlz—&-l)
+ e(x™, y)e(ny1, YA (x40, Y5,

then we attain

d(x*, y*) < e(x*, y)epsr, ¥ [d(x*, Xps1) + d (g, X, 40) +d (x40, ¥9)]
(6)

and

At X)) = AW G, s a), W), 1 )
< (1 = ap)d(xn, W(x,, u); 00)) + ond (y, Wix,, u; )
<(1-a, [(1 —o)d (X, x,) + o, d (xy, u;)]
+ a, [(1 = a))d (uy, x)) + apd(uy, u))]
< (1 —a)(1 — a))d(xn, X)) + (1 — )ty d (i, )
+ a,(1 — a))d(uy, x,) + ano,d(uy, u),)
< (I =) —ay)d(x,, x;,)
+ a, (1 — aw)e(xy, uy) (d(xn, u) + d(uy, uy,))
+ (1 — ))d (uy, x,) + apo,d (g, uy,),
= (1 — o) (1 — o))d(xn, x) + 00, (1 — atp)e(xy, ) d (X, 1)
+ o, (1 —ay)e(x,, u))d(uy, uy) + oty (1 — y)d (uy, x,)

+ ayo,d(uy, u,),
using the fact e(x, y) > 0, we deduce that

d(Xpg1, X4 ) < e, up)[((1 = ) (1 — a,)d (x, X;,)
+ o, (1 — ay)d Xy, uy) + o, (1 — a,)kd (xy, X))
+ o, (1 — a))d(uy, x),) + apor,kd(x,, x),)]
< e, u,)[((1 = ) (1 —ap) + o, (1 — an)k
+ apa,k)d (X, x,) + 0, (1 — ) (X, )
+ o, (1 = 0)d (uy, x,)]
< e(xp, up)l(ak + (1 — ) (1 — )))d (xn, x,,)
+ o) (1 — ap)d (xp, up) + (1 — o)d (uy, x)]1.

Furthermore, if we use e(x, y) > 0, we yield that
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d(x,, x,) < e(xy, x,)d (x,, x*) + e(xy, x,)e(x*, x,)d(x*, y*)
+e(x,, x))e(x*, x))d(y*, x,)
< e(xy, x)e(x™, x,)[d(x,, x*) +d(x*, y*) +d(y*, x,)].

Similarly, it can be written that
d(xn, x,) < e(un, x,)e(x™, x,)[d(up, x*) +d(x*, y*) +d(y", x,)].
Thereby,

d(Xy1, %, 1) < e, w)[(ek + (1 — ) (1 — ap))e(xy, x,)e(x™, x,)[d(x,, x*)
+ d(-X*v y*) + d()’*’ -x;,)] + a;,(l - oz,,)d(x,,, un)
+ o, (1 —a)e(uy, x)e(x™, x,)[du,, x*) +dx*, y*) +d ", x)]].

Together with (6), and letting lim , we get the ensuing conclusion
g n—o0

d(x*, y*) < e(x,, up)[(@'k + (1 — o)1 —a))e(x,, x,)e(x*, x,)d(x*, y*)
+ a(l —ae(uy, x))e(x*, x))d(x*, y*)]

= e(xy, u))e(x*, x)[(@'k+ (1 —a)(1 —a))e(x,, x,)d(x*, y*)
+ a(l —ae(uy,, x,)d(x*, y9)].

As we know thate : X x X — [1, 00), so
e(xy, x)) > 0 and also e(u,, x,) > 0.

If max{e(x,, x,), e(un, x,)} = e(x,, x,,), or max{e(x,, x,), e(u, x,)} = e(uy, x,)
by choosing any of the statements given above, the following statement is derived

d(x*, y*) < e(xn, uy)e(x™, x,)e(x,, x,)[(@'k + (1 —a)(1 —a'))
+a(l —ald", y*)
< e(xy, u)e(x*, x))e(x,, x,) @'k + (1 —a))d(x*, y*).

Since
[1— ('k + (1 —a))e(x,, uy)e(x*, x,)e(x,, x,)]d(x*, y*) <0,

we infer
d(x*,y*) = 0.

Therefore, we get x* = y*.
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4 Fixed Point Theorem for T-Agrawal Sequences

This section proposes establishing some fixed point theorems for 7 —Agrawal
sequences in a G—complete GCE, M.

Definition 11 Suppose (G,d, W) isa GCE,MS and T : V(G) — C(V(G)) is a
set-valued mapping. Presume that xo € V(G) is initial value. The sequence {x, },en
is named T —Agrawal sequences if the ensuing statements are provided

Yn = W(Xn, Zns ,Bn)a Xn+1 = W(Zna Z:l; an)a

where z, € Tx, and z), € Ty,, o, B, € (0, 1).

Theorem 3 Let (G, d, W) bea G—complete GC E, M S, which satisfies the property
(P) and the property (Q) and T : V(G) — C(V(G)) be a G—contraction. Assume
that the sequence {0, }en and {Bp}nen provide 0 < o, 8, < 1 forn=0,1,2....If
the set

Er ={x € V(G) : there exists y € Tx such that (x,y) € E(G)},

is nonempty, then T enjoys a fixed point in G.

Proof For any xg € E7, zo € Txo exists such that (xg, z0) € E(G). Let yy =
W (xo, z0; Bo), from the property (Q), it ensures that (yg, xo) € E(G) and (o, z0) €
E(G). By using Definition (7), we procure

d(yo, z0) = d(W (x0, 20; Bo), 20) < (1 — Bo)d (xo, o).
As T is a G—contraction and (yo, x9) € E(G), thus for zyo € Tx, there exists z;, €
Ty, such that
(z0, 29) € E(G) and d(zo, z) < kd(xo, o).
By the transitivity of G, we obtain (z, yo) € E(G) and (z(, xo) € E(G). Let x| =

W (2o, zqy; o), the property (Q) yields that (xi, zo) € E(G) and (x1, zp) € E(G).
Definition (7) produces that

d(x1,z0) = d(W(x0, 24 @), 20) < atod (20, ()

and

d(xy, zy) = d(W(xo, 245 &), 29) < (1 — ap)d (20, 2())-
Since (x1, z0) € E(G) and (29, yo) € E(G), we gain (yg, x1) € E(G). Owing to fact
that T is a G—contraction mapping and (yo, x1) € E(G), thus for zj € Ty, there
exists z; € Ty; such that

(z9»z1) € E(G) and d(z(, z1) < kd(yo, x1).
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The transitivity property of G assists us to claim that (z;, x;) € E(G) and (z;, z0) €
E(G). We obtain the sequences {x, }nen, {Vn}tnen, {2n}nen and {2, },en, with the prop-
erties

Yn = W(xu, Zn; Bu),
Xn+1 = W(Zna Z,/,; an)a

by induction, where z,, € Tx, and z], € Ty, and it is not difficult to see that

d(Yn, Xz) = d(W(Xn, 2a3 Br), Xn) < Bud(Xn, Zn),

d(Yn, 2n) = d(W (Xn, 205 Bn)s 20) < (1 = B)d (X, 2n)s
d(Xng1,20) = d(W(2n, 23 @), 20) < @nd (20, 2,),
d(xXpt1,2,) = dW(zn, 23 @), 2p) < (1 — a)d (20, 2,),

and

(Zn, Z;,) € E(G) and d(z,, Z;,) < kd(xy, yn),
(Z;” Zn-H) € E(G) and d(Z:,, Zn-H) = kd(y;'u er—l)-

Furthermore, it is concluded that the sequence {x, },en is G — T W C. Next we claim
that {d(x,, z,)} is a decreasing sequence such that

d (g1 Zns1) < st Znrt) [d(Xnsr, 2)) +d (2 Zns) |
< e(Xny1s Zns1) [(1 — o) (zp, 2,) + kd (yn, Xn+1)]
< e(Xpsts Znp1) [(1 — n)kd (X, yu) 4 kd (yn, Xns1) ]
< e(nt1s Zns) [(1 — ) Bukd (X, 20) + kd (yu, Xag1) ], (7)

and

d(Yn, Xnt1) < €n Xnt1) [d (Vs 20) + d (20, Xng1) ]
< e(ns Xns1) [(1 = B)d (X, 20) + ud (20, )]
< ey Xni1) [(1 = B)d (X, 20) + ctukd (X, Y]
< ey, Xut1) [(1 = B)d (X, 20) + 0t Bukd (xy, 20)]
< (1= By + auBuk)e(n. Xns1)d (X, 20).- (8)

Putting equation (8) in (7), then we procure

d(anrla Zn+1) = e(xn+l s ZnJrl)[(l - an)/gnkd(xm Zn)
+ k(l - ,Bn + anﬂnk)e(yn’ xn+l)d(xns Zn)]-

As we know that e(x, y) > 0, then the ensuing statement is yielded
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d(Xn+1, Znt1) < €Xn1, Znr DI — ) Buke (Y, Xn1)d (X, 20)
+ k(1 — By + anBuk)e(Yus Xnr1)d (xn, 24)]
< e(Xnt15 Zn41)€(Yns Xnt D1 — o) Bukd (X, Zn)
+ k(1 = By + auBuk)d(xy, 74)]
< e(xn+1, Zur1) €Y Xt D1 — @) Bk
+ k(1 — By + anBrk)]d (xn, 70),
< ke(xpy1, Zar1)eYn, Xpr DI — (1 = K)o, B 1d (x, 20).

Presume that the expression e(x,,, 2,) > e(Xu+1, Znr1)e(Vn, Xn+1) €Xists and we own
Vo = (1 — (1 —k)a,B,) € [0, 1), we attain

d(er-l» Zn+l) < kyne(xn’ Zn)d(xna Zn) < d(xn» Zn)a

which also indicates that the sequence {d(x,, z,)} is decreasing.
Moreover,

d(xm xn+1) - d(xny W(Zna Z;,; Oln))
< (1 —ay)d(xp, 20) + and(xn, 2),)
=< (1 - an)d(xnv Zn) + ane(xns Z;,)[d(xm Zn) + d(va Z;)]s

and by using e(x, y) > 0, we have

A

d(xXn, Xng1) < e(xn, 2,)(1 — )d (X, 2) + e (X, Z)[d (X, 20) + d (20, 2,)]
e(Xn, 2)[(1 — a)d (X, 20) + cnd (X, 20) + kotyd (X5, Y]
e(xn, Z)d (X, 20) + kot Bud (Xp, Z0)]

e(xy, 7,) (1 + ko B)d (X, 20)-

IAIA

IA

Let e(x,, z,,)(1 + ko, B,) = t,, for p € N. We conclude that

d(xy, Xn+p) < e(xp, Xn+p)d(xn~, Xnt+1) + e(xy, xr1+p)e(xn+l s xn+p)d(xn+l s Xn+42)

+ ey Xntp)e(Xnt1s Xntp) - - - €(Xnp—15 Xntp)d (Xntp—1 Xntp)
n+p—1
< T e@ixisp) [d@a. xus1) +d@air, xu2) + - dGingp1, Xug p)]
i=0
n+p—1

=< 1_[ e(x;, xi+p)[tnd(xn» Zn) + tut1d (Xnt1, Zng1) + o tn+p—ld(xn+p—1, Zntp—1)]
i=0
n+p—1 n n
< J1 et xisplonk [ [rieGei, zi) + itk [ Trieei 2 + - .
i=0 i=0 i=0

n+p—2

+ taeptKP TT wieteis 201 (o, 20)
i=0



Fixed Point Results in Graphical Convex Extended b-Metric Spaces 295

n+p—1 n n
= H e(xi,x,urp)k"[tnH)/,‘E(X,’,Zi)+tn+1k1_[)/ie(xiazi)+~--
i=0 i=0 i=0
n+p-2
+ tagp kP70 [T et z01d(xo. 20).
i=0

n+i—1
Let M,; = t,k' [] vie(xi,zi), wherei =0,1,2...p — 1, we obtain the follow-
i=0
ing
n+p—1
d(xnv -anrp) = kn[Mn + MnJrl +... Mn+p71] 1_[ E(X,', xi+p)d(x07 ZO)'
i=0

Since 0 < o, B, < 1,forn =0, 1,2..., we obtain

. Mn+i+1 . thriJrlkynJri
lim sup = lim sup ——— < 1.
i—00 n+i i—00 In+i

oo

By using D’ Alembert’s test, it is evident that > M; is convergent. Hence, we come
i=0

to the conclusion that

lim d(x,, -xn+p) =0,
n—00

which indicates that {x,},cy is a Cauchy sequence. G—completeness of the space
provides that there exists p € V(G) such that lim d(x,, p) = 0. In view of the
n—o00

property (P), one has (x,, p) € E(G) for larger values n, then p, € Tp exists such
that

d(xn, pp) < kd(x,, p),

which implies d(x,, p,) — 0 asn — oo. Let n — +o00, then

d(pn, p) < e(pn, P (pn, x,) +d(x,, p)] — 0,

which entails that p € T p, owing to the closedness of Tp.

Remark 1 In the preceding proof procedure, we may acquire
lim d(x,,z,) =0and lim d(x,, y,) =0.
n—00 n—oo
Proof From the definition of {x,},en and {y,},en, it ensures that
d(xna yn) = d(xna W(Xn, Zns 1311)) =< ﬂnd(xn’ Zn)-

Hence, we only need to prove that lim d(x,, z,) = 0, since g, € (0, 1). Combining
n—00

with the proof of Theorem (3), we notice that
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n—1

d(xy, 2a) < K" [ [ vee(xis z0)d (xo, 20),
i=0

which entails lim d(x,,z,) =0asy; € [0,1)and k € (0, 1).
n—oo

Now, we demonstrate that the uniqueness of the fixed point for G —contraction
with respect to T —Agrawal sequences.

Theorem 4 Suppose all the hypotheses of Theorem 3 hold, set
Yo = WX, Zns Bu) Xngt = W(Zn, 25 o),
where z, € Tx, and z,, € Ty,, o, B, € (0, 1), and
Up = Wy, Wi 82) s ttngr = W Wy, w3 1),

where w,, € Tu, andw, € Tv,, n,, 8, € (0, 1). The sequences {x,},en and {u, },en
are generated as in the above, where x, converges to x and u, converges to u, the
sequences {a,}, {Bn}, {nn} and {8,} fulfill0 < o, B, N,8, < 1. Thenu = v, provided
that (x,,u,) € E(G) foreachn € N.

Proof By Theorem 3, it is concluded that x and u are fixed points of 7. As T is a
G —contraction, (x,, u,) € E(G) and (x,,, y,) € E(G), thus for all z,, € Tx,, there
exist w, € Tu,, and z,, € Ty,, such that

(Zm Wn) € E(G)a (Zila Z,/,l) € E(G)a

and
d(Zna Wn) S kd(-xna I/tn), d(va Z;) S kd(xnv Yn)

From Remark 1, we deduce that lim d(x,, y,) = 0and lim d(u,, v,) = 0.
n—oQ n—oQ

Noticing that lim d(x,,x) =0 and lim d(u,,u) = 0, we attain
n—oo n—o00

nli)rglo d(y,,x) =0, nli)r{.lo d(v,,u) =0.
By using the property (P), we have (x,,x) € E(G), (u,,u) € E(G), (yn,x) €
E(G) and (v,, u) € E(G) for large enough n. Moreover, by using property (Q),
we acquire (x,+1,2,) € E(G) and (z,, y») € E(G). By transitivity of the graph G,
we conclude (x,11, y») € E(G).

Similarly, we have (u,,+1, v,) € E(G). Combining with (x,,+1, u,+1) € E(G) and
(X441, yn) € E(G), we get (y,, vy) € E(G).Forallz), € Ty,, thereexistsw), € Tv,
such that

(2, w}) € E(G) and (), w}) < kd (v, va)-

Observe that
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dx,u) <e(x,u)d(x, x,41) +e(x, u)e(Xpp1, w)d(Xpq1, Uns1)

+ e(-xv M)e(xn+ls u)d(un+17 I’t)a
with the fact e(x, y) > 0, we deduce that

d(x, M) S e(xv I/t)e(xn+1, M)d(.x, xn+1) + e(xv ”)e(anrlv u)d(-xn+]v un+1)
+ e('x7 u)e(er-l ) u)d(un-H ) M)]
< e(x, we(xppr, wWld(x, Xpp1) +d(Xnt1, tny1) +d g, w)l, (9)

and

d(xpg1,Uns1) = AW (zn, 25 cn), Wwn, wiys 1n))
< A=) = 0)d@n, wn) + (1 — @) ind @n, w)) + an (1 = 12)d (@), Wn)
+ an']nd(Z;z»W;l)
< A=) = 1)d@n, wn) + (I — en)imen, wp)ld zn, 2) + d(zp, wy)]
+ an (1 — nn)e(z),, w)ld(z). zn) + d@n, W)l + annpd (2, w)).

Similarly, by (9), the ensuing expression can be written

d(Xpg 1, tny1) < €(zns wp)ezy, wa) (1 — an) (1 = nn)d (20, wa) + (1 — ap)nnld (@, 2)
+ d(@y, Wi+ an (1 — n)[d (2}, 2n) + d@ny Wn)] + anind (2, wi)]
< e(zn, W;/q)e(Z;p wi)[(1 — Wn)d(znv wp) + (on + Mn — 2ap Wn)d(zns Z;;)
+ 1nd (2, W)
< e(zn, wp)e(zy, wa)l(1 = np)kd (xn, un) + (@n + 1 — 20nm)kd (xn, yn) (10)
+ nnkd(yn, vp)l.

Using expression (9), we yield
d(xp, un) < e(xp, up)e(x, up)ld(xy, x) +d(x, u) +d(u, uy)l, an

and
d(Yn, V) < e(Yn, un)e(x, v)[d(Yn, x) +d(x, u) +du, v,)]. (12)

By using (11) and (12) in (10), we get

d(Xpp1, Ung1) < e(zn, wpe(z,, w)[(1 — ny)ke(x,, uy)e(x, uy)[d(x,, x)
+ d(-xv M) + d(u, un)] + (an + nn - zannn)kd(xns yn)
+ Nuke(yn, un)e(x, v)ld(y,, x) +d(x, u) +d(u, v,)1l,

if we choose max{e(x,, u,)e(x, u,), e(Y,, uy)e(x, v,)} = e(x,, uy)e(x, u,), then
the above inequality provides
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d(Xpp1, Ung1) < e(zn, wpe(z,, w)[(1 — n)ke(x,, uy)e(x, uy)[d(x,, x)
+ d(-xv M) + d(u, un)] + (an + nn - zannn)kd(xns yn)
+ nnke(-xnv un)e(xv un)[d(ynv X) + d(-xv M) + d(uv Un)]]

Using the fact e(x, y) > 0, we achieve

d sty ttng1) < €@nywp)e(zy, wa) (1 — np)ke(xn, un)e(x, up)ld (xn, x) + d(x, u)
+ d(u, up)] + (@n + nn — 20umn)ke(xy, up)e(x, un)d(xn, yn)
+ nuke(xp, un)e(x, up)ld(yn, x) +d(x, u) + d(u, un)ll,
< e(zu, wy)e(zy, Wa)e(n, un)e(x, u,)[(1 — n)kld (x,, x) + d(x,u) (13)
+ d(u, up)] + (an + Ma — 200M0)kd (Xn, yn) + Nukld (yn, x)
+ d(x,u) +du, vy)]l.

On the account of (9) and (13) and lim , we deduce that
n—oo
lim [(1 — ke(zn, w))e(z),, wp)e(xXy, up)e(x, uy))d(x, u)] < O0.
n—0oQ
Furthermore, lim (1 — ke(z,, w),)e(z),, wp)e(x,, up)e(x, u,)) # 0, we deduce

d(x,u) =0,

which asserts that x = u, endorsing the uniqueness of the fixed point.
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Existence and Computational )
Approximation of Fixed Points i
of Generalized Multivalued Mappings

in Banach Space

Khurram Shabbir, Khushdil Ahmad, and Liliana Guran

1 Introduction

Fixed point theory is a domain of mathematics that addresses the study of solutions
of the form T(x) = x, where T is a mapping from a set X to itself. The basic idea
is to find conditions under which such an equation has a solution and to study the
properties of the solutions when they exist.

In Banach spaces, fixed point theory has a remarkable contribution in many areas
of mathematics, including functional analysis, differential equations, and optimiza-
tion theory. The main result concerning fixed point theory area is the well-known
Banach fixed point theorem, which states that each contraction mapping on a com-
plete metric space has a unique fixed point.

More generally, fixed point theorems in Banach spaces can be used to prove the
existence of solutions of nonlinear equations, to establish the convergence of iterative
algorithms, and to study the stability of dynamical systems. The basic approach in
fixed point theory is to construct a suitable mapping T : X — X, and to show that it
satisfies the necessary conditions for a fixed point theorem to hold.

The main techniques used in fixed point theory include metric space theory, func-
tional analysis, and topological methods. One of the key ideas is to use compactness
arguments to extract a convergent subsequence from a sequence of iterates of a given
mapping. Another important tool is the use of the Brouwer degree, which is a topo-
logical invariant that measures the degree of a mapping from a compact domain to
itself.
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In 1922, Banach [1] launched a new study of constructive theory in metric space.
Banach Contraction Principle (BCP) is one of the most useful and relevant theorems
in classical functional analysis. The BCP states that: “Let (8, d) be a metric space and
T : 8 — Bbeaself mapsuchthatd (T (F), T(¢*)) < 9d (P, ¢*) forsome0 < ¥ < 1
and for all 9, {* € B, then T has a unique fixed point”. In 1969, Nadler [2] proved
BCP for a multivalued mapping. Various other extensions of this principle can be
found in [3-8].

Let & be a nonempty subset of a real Banach space B with norm ||.||. A self-
mapping T from & to & is nonexpansive if

IT9 —Tvll < [[9 — vl

Let T be a mapping, and we define the set of all fixed points of T as F(T) := {¢ €
& : ¥ = T¥}. In the literature, Browder [9] and Gohde [10] have established well-
known results. These results state that when £ is a closed, bounded, and convex subset
of a uniformly convex Banach space, the set of fixed points F(T) for a nonexpansive
mapping T is nonempty. These findings have been widely recognized and accepted
in the field. The notion of nonexpansive mappings has found significant applications,
leading various mathematicians to extend and generalize this concept.

In 2008, Suzuki [11] gave the concept of Condition C and obtained the fixed
point results for such mapping. A mapping T : & — & satisfy Condition C if

1
S1I? —Tol <9 —vl = IT9 =Tl < |? —v[l, VI, v e&

Aoyama and Kohshaka [ 12] introduced a more general class of mappings known as
a-nonexpansive mappings. They extensively studied the fixed point results for such
mappings, providing a broader framework than the previously studied mappings.
Their work expanded the understanding of nonexpansive mappings and their fixed
point properties.

A self-mapping T : & — & is @-nonexpansive mapping if for & € [0, 1) such that
forall ¥, v € &,

IT9 —Tvl)* < &llv — TO* +&l|9 — Tvl* + (1 = 2&) |9 — v|*.
Certainly, each nonexpansive mapping is 0-nonexpansive mapping.
Impelled from above, Pant and Shukla [13] propose a generalized &-nonexpansive
for a self-mapping T : & — &, such that for all 9, v € Eand & € [0, 1)
IT9 —Tvl|l < allv = To| +alld —Tvll + (1 = 2a&) 9 —vl|,

and studied the fixed point result for such generalized mapping.
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Harandi et al. [14], propose a new kind of mapping—(@, 8)-nonexpansive map-
ping and studied the existence and approximation fixed point result for such mapping.

Let T:& — & be a generalized (&, B)-nonexpansive mapping, if, for @, § €
[0, 1) such that for all %, v € &

IT® — Tv|* < &||T® — v|* + &I Tv — ?|I*Bll¥ — To > + Bllv — Tvl|?
+ (1 =2& —2B) || — v]|*.

For more discussion about the above mappings, we refer to the reader [12, 15-17,
20] and references therein.

Recently, in 2023, Ullah et al. [18] propose a new kind of mapping more generally
than above mappings which is known as (&, B, 7)-nonexpansive mapping and they
studied the fixed point results for such mapping.

Let T : & — & be a generalized (@, B , ¥)-nonexpansive mapping, if &, B .Y €
[0, 1) with@ + y < 1 such thatforall %, v € &

ITO = Tvll < &ll9 — vl + Bl — T + 79 — Tvl.

A set & is said to be proximinal if, for every ¥ € B, there exists v € & such that
dW,v) =d@, &) = inf{d(¥, v) : v € &}. In other words, & is proximinal if there
exists an element in & that is closest to any given point in B, achieving the minimum
distance to &.

In this chapter, the notion P(E), Pep(E), P o« (E), and Pcg(E) represents the fam-
ilies of nonempty subsets, compact subsets, proximinal subsets, and closed bounded
subsets of a Banach space 8, respectively.

For K, L € Pcg(E), define:

H(K, £) = min{supd(k, L), supd (K, [)},
keK leLl

H is called the Hausdorff~Pompeiu metric on P¢g(E) induced with distance d.

A point ¥ € Eis said to be a fixed point of a multivalued mapping T : & — P(E)
if ¥ € TY¥. We denote the fixed point set by F(T).

Akbar and Eslamian [19] gave the multivalued version of Suzuki’s condition
C. In 2017, Igbal et al. [20] modified another type of nonexpansive mapping from
single-valued to multivalued mapping which they called the multivalued generalized
a—nonexpansive mapping and prove the existence and approximation result of the
mapping. Recently, in 2021, Abbas et.al [21] gave another mapping which is the
multivalued generalized (&, §) —nonexpansive mapping. These mappings are defined
as follows:

Let & be a nonempty subset of a Banach space Band T : & — P(E), then T is
multivalued
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1. nonexpansive mapping if
H(T?, Tv) < | — vl

forall ¢, v € &.
2. Suzuki nonexpansive if

1
4. T9) < 9 — vl = H(T.Tv) < |9 ~v|.. (Condition C)

forall 4, v € &.
3. quasi-nonexpansive if
H(T9, T¢™) < |19 — ¢* |,

forall ¥ € Eand ¢* € F(T).
4. generalized @-nonexpansive if there is an & € [0, 1) such that

H(T®, Tv) < a&d(v, T9) + ad (v, Td) + (1 — 2&)||9 — v,

forall ¥, v € &. y 5
5. Multivalued generalized (&, §)-nonexpansive if there exists &, 8 € [0, 1) such
that
H(T®, Tv) < a&d(v, T®) + Bd(v, Tv) + (1 —a — B)||9 — v,

forall ¢, v € &.

In the current century, many researchers studied and proposed different iterative
schemes for fixed point approximation of a nonexpansive mapping for both single-
valued and multivalued mappings. Mann [22], Ishikawa [23], Thakur [24], and the
hybrid scheme of these with Picard scheme are few popular schemes in a number
of iterative schemes [25-28, 30] and therein. Shahzad and Zegeye [29] presented a
set Pr(¥) = {v € TY : d(¥, TY)} < || — v|| for a multivalued mapping T : & —
P(E). They proved the convergence of Mann and Ishikawa iterative schemes and
showed that these iterative schemes are well defined for multivalued mapping in
uniformly convex Banach space.

We list some of the leading and faster iterative schemes such as Mann, Ishikawa,
Thakur, K, Picard-S, and Picard-S* for multivalued version of the mapping T : & —
P(E). In the above schemes, the rate of convergence of Picard—Thakur iterative is
faster than others for fixed point. The multivalued versions of the above schemes are
defined as follows:

™ 68,

Mann Iterative scheme: +
ﬁnJrl - (1 - Tn)ﬂn + Tn{na nez B
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where {7,} € (0, 1) and ¢, € Pr(9,).

P €&,

Vo1 = (1 = 1,)0n + Ty,

vy = (1 = )iy + by, n €Z*,
pn = (1 =00, + 0380,

Thakur’s Iterative Schemes:

where {n € P']I'(ﬁn)s 9,, € PT(MH)? 19/1 € p’[f(”n) and {Tn}, {Tn} and {an} are the
sequences of parameters in (0, 1).

% €&,
Dpy1 = Uy
Picard-S™* Iterative scheme: v =1 — 1) + Tty
M = (1 = 1) + Tvy,
M= (1 =0,)0, + 0,80, n et

where ¢, € Pr(9,), vp € Pr(n), tn € Pr(in), un € Pr(vy) and {1}, {1}, {0n} €
[0, 1).

Recently, Jie Jia et al. [30] introduced a four-step iterative scheme and claim that
this four-step iterative scheme converges faster than the above discussed iterative
schemes which is defined for single-valued as follows:

191 (S 8,
ﬁnJrl = T(vn)
Vp = (1 - Tn)']r(r)n) + T,,T(,U,n), (131)

Mn = (1 = 7)nu + T T (),
e = (1 —o0n)V, +0,T(%,), ne Z+7

where {t,}, {t.}, {0} € [0, 1).

Once an iterative scheme is formulated, it becomes essential to examine the sta-
bility and convergence properties of the scheme. The importance of stability in an
iterative scheme was thoroughly investigated by Harder and Hicks in 1988 [31, 32].
Their work focused on studying the significance and implications of stability in
iterative schemes.

Inspired by the works of Suzuki [11], Aoyama [12], and the research on stability
conducted by Harder and Hicks [32], we propose a new class of mappings called
multivalued generalized (&, B, ) —nonexpansive mappings. This class of mappings
extends the existing notions and offers a broader framework for studying fixed point
theory and related properties. This work aims to establish the properties and existence
results for this new type of mapping.
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In this study, we provide a numerical example that pertains to the multivalued
version of the mapping. In addition, we introduce the multivalued version of the iter-
ative process (13.1) and provide both weak and strong convergence theorems for this
iterative process in a uniformly convex Banach space. These convergence theorems
shed light on the convergence properties of the iterative process specifically when
applied to multivalued mappings. These convergence theorems serve to highlight the
convergence properties of our iterative process.

By combining theoretical analysis, numerical examples, and practical applica-
tions, this work sheds light on the novel class of multivalued generalized
(&, B, 7)—nonexpansive mappings. It contributes to the understanding of their prop-
erties, existence results, convergence behavior, and potential applications.

2 Preliminaries

This section deals with some basic definitions, lemmas, and other related results
which is useful for our work.

We say that a Banach space B is uniformly convex, if for each ¢ € (0, 2], there
exists a number ¢ > 0, such that for all 6, ¥ € B,

ef <1 0_9
9] <1 implies ‘ | = Z. (13.2)
|6 — v > ¢

Suppose that B is a real Banach space and & be a nonempty subset of B, then
¥, — e,and ¥}, — e represents the strong and weak convergence of a sequence {1, }
to some point e in B.

Suppose we have a bounded sequence ¥, in 8. Then,

e The asymptotic radius of {%},} at a point ¢ in B is

R, {9,}) = limsup ||, — .

n—oo

e The asymptotic radius of {},} with respect to & is
N, E) = inf (R, {9,}) : ¥ € &}
e The asymptotic center of {¢,} with respect to & is defined as

£ &, {0n}) = {0 € &: Re(@, {0,}) = N(®, E)}.
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Definition 1 ([33]) Consider the Banach space 8. Then, B has Opial property iff
for each weakly convergent sequence {¢,} in B with weak limit ¢+ € 8, there is

lim sup |9, ¥ <limsup ||9,, v|,

n—0o0 n—00

foreachv € 8 — {¥}.

The following result is a description of Schu’s proof of uniform convexity [34].

Lemma 1 ([34]) Consider the Banach space B which is a uniformly convex and
O<i=y,=j<1,Yn e NIf{9,}and {v,} are any two sequences in B such that

limsup |9, || < ¢, limsup ||v,|| < £and lim |1,,9, + (1 — p)v, || = Lforsomel >
n—oo n—o00 n—00
0, then lim ||9, — v,|| = 0.
n—oo

Definition 2 LetT : & — Pcg(E). A sequence {1, } in Eis named as an approximate
fixed point sequence (a. f.p.s.) for T provided that d (¢, T(¢,,)) — 0 asn — oo.

Definition 3 A multivalued mapping T : & — P(E) is called demiclosed at v € &,
if for any sequence {#,} in & weakly converges to ¢ € & and a sequence 1, € T¥,
strongly converges to v, then we have v € T9.

Sentor and Dotson [35] gave the definition of Condition I which is defined as

Definition 4 ([35]) A mapping T : & — Pcg(E) meets Condition I if there is a
nondecreasing function ¥ : [0, co) — [0, oo) with properties ¥ (0) = Oand W (v) >
0 for all v € (0, 00), such that d(w, Tww) > V(d(w, F(T))), for all w € &, where
d(w,F(T)) = inf{d(w, ¢*) : ¢* € F(T)}.

Lemma 2 ([19]) Let & be a bounded, closed convex subset of a uniformly convex
Banach space B. If T : & — Peg(E) is multivalued nonexpansive, then T has a fixed
point.

Lemma3 ([29]) LetT : & — P (E) and Pr(n) = {w € T : d(w, Tn) = ||w —
@ ||}. Then, the next statements are equivalent:

1. w e F(T).

2. Pr(r) ={m}.

3. & e F(Pr).

Moreover, F(T) = F(Pr).
3 Multivalued Generalized (&, 8, 7)-nonexpansive
Mapping

We will give next the definition of the multivalued generalized (&, B, ) — nonexpan-
sive mapping and we will provide an example concerning this new type of mappings.
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Definition 5 Let & be a nonempty subset of a uniformly convex Banach space 8. A

mapping T : & — Pcg(E) is called multivalued generalized (@, B, y)— nonexpan-
sive mapping if there exists &, 8, y € [0, 1) such that, for each ¢, v € &,

1 ~

Ed(ﬁ, T9) < |9 — vl = H(T?, Tv) < a||? — vl + Bd@, T?) + yd(@, Tv),
~ ~ 5 (13.3)

with& + B+ <1,suchthat0 <a+8+7 <1— 8.

Proposition 1 Let T : & — Pcg(E), then

1. If'T satisfies the condition C, then T satisfies (13.3).
2. If T satisfies (13.3) with F(T) # @, then T is multivalued quasi-nonexpansive

mapping.
Proof If T satisfies the Condition C,then T satisfies (13.3) witha = 1, B=0= V.
For (2),let ¢* € F(T) # @, then

%d(;*, T¢*) =0 < d(@, ¢*), forall & € &. (13.4)

As T satisfies (13.3), then there exists ¢, B y €[0,1),and @ + ,3 + y < 1,wehave
H(T9, Tv) < @l|9 — v| + Bd(®, T®) + pd (¥, Tv)
holds. Then

H(To, T¢*) <al|9 — || + Bd (9, TY) + 7d(9, T¢)
<all® — ¥+ BUIY — ¢l +d@*, T+ 719 — ¢* | +d(¢*, T¢™)]
<@+ B+ P9 —¢*| + BH(TL*, To).

Using the properties of the metrics, we get

(1 — HH(TW, T¢*) <@+ B+ Ml — ¢*|l
@+B+7

H(T», T¢*) < — 9 —¢"I.
(I—=8)
Since 0 < % < 1, it follows that
H(T®, T¢*) < 19 — ¢l
Hence, T is a multivalued quasi-nonexpansive mapping. (]

Remark 1 The reverse of (1) in Proposition 1 in generally sense, it is not true. In
fact, if a multivalued mapping accomplishes the condition (13.3), it doesn’t have to
result that the mapping accomplishes the Condition C.
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Lemma 4 Foreach 9,v € &and ¢* € TV, we have the following:

1. Forany v € Eand u € T, d(u, Tu) < |9 — ul.

2. Either 1d(z? TY) < |9 —v| or 1d(§ Tc*) < |9 —¢*.

3. Elther]HI(’]I‘l? Tv) < a|v — v +,3d(1? ']Tl?) + pd (@, Tv) orH(T®, T¢*) < ot||19 -
- ||+/3d(19 T®) + pd (D, T¢*), with & + B+ 7 < 1, such that 0 < & + f +
y<1-§

Proof Since %d(ﬁ, T9) < |9 — wll, forany u € T, we have

d(pu, Tp) <H(TY, Tw)
<all9 — pll + Bd@, T?) + pd (9, Tu)
<&l|® — pll + BUY — pll +d(w, T9) + 7 (19 — pll +d(p, Tp))
<@+ B+ MY — ull + yd(u, Tw)
@+B+7)
SlGhl. b 2N PR}
1=y

AS&+B+f§1 and also @ +y <1 = & <1 —y which implies that

d(u, Tp) < |9 — pl.
Now, for (2): Suppose that

1 1
Ed(ﬂ, T#) > |9 — vl and zd(é“*, T¢*) = 19 — ™.
From (13.4), we have
1
Ed(C*,Ti*) <d(®,T¢*) < |9 —¢*|l
d*, Te*) <[|9 — vl + [lv = ¢*|l
1 1 . .
Sid(ﬁTﬂ)—i‘Ed({ , TE™).
1 1
d*, T¢*) — Ed(i*,TC*) <§d(19, T)

l * * l
A" T <2d(®. TD)

d(c*, Te*) <d(9, TY). (13.5)

Also, we have

d@®,TY) <|l¥ — ¢
= = vl 4+ llv = ¢~

1 1 N N
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1 1
d(@,Td) — Ed(ﬁ, T9) <§d(C*, T¢*)

1 1o
A, T9) <2d(&*. T¢")
d®, TY) <d(¢*, Tc*). (13.6)

Combining the inequalities (13.5) and (13.6), we get
d®,TY) <d(*,Tc).

which is contradiction. Hence, (2) holds.
For (3): The condition (3) is directly follows from condition (2). ([l

Lemma S Let € be a nonempty subset of a Banach space Band T : & — Pcs(E) a

generalized multivalued (&, 8, y)—nonexpansive mapping. Then, for any 9,v € E
and € Te, we have

(1+’3)d(19,’11‘z9)+ o

1-» 1=y
Proof From the above Lemma 4, we deduce the next cases:

Case: 1. If %d(u, Tw) < || — wl for any u € To. It follows from Lemma 4 (1)
that

d@,Tv) <

9 — vl (13.7)

d@, Tv) <[I9 — ull +d(pn —Tv)
<II¥ — ull + d(w, T) + d(Tw, Tv)
<2||0 — pll + H(Tp, Tv)
<209 — pull + @l — vl + Bd(u, Ti) + yd (1, Tv)
<209 — pll+a(l® — wll + 119 = vI) + BUD — wll + 719 — ll + d(®, Tv))
SQ+a+ B+ PP — pl 4+ 7d@, Tv) + a9 — vl
<(2+&+B+;7) q

o
= U —ull+ — 1% —v].
T 1P sl s =l

The above holds for any u € T¥; therefore, we have

Q+a+B+79) G
—— " d(®, Ty —
a—p It aT5

d@, Tv) < 19 — vl
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Case: 2. For any 9, v € &, we have

d®, Tv) <d(®, TY) + d(Tv, Tv)
<d(®, T9) + H(T®, Tv)
<d(®,T9) + &||® — v|| + Bd (¥, T®) + pd (D, Tv)
d(®, Tv) — 7d(®, Tv) <(1 4+ f)d(®, TO) + &||® — v|
(1 —7)d®, Tv) <(1 4 B)d(®, TH) + &/ — v||

MﬁT)<E+?dme+(~

9 = vl
)

Therefore, in both scenarios, we obtain the desired inequality. O

Lemma 6 LetE be anonempty closed and convex subset of a Banach space Band'T :
& — Pog(E) be amapping satisfies multivalued generalized (&, B, 7)-nonexpansive
mapping (13.3). Suppose {V,,} is a bounded approximate fixed point sequence for T
in &. Then, p (&, {V,}) is T invariant.

Proof Let g € p (&, {9,}). As T satisfies (13.3), we obtain

d®,, To, Un —
) ( )+( )II vl

d(W,, Tv) < 8 +h)

Using the definition of asymptotic center, we have

o (Tv, {9,}) =limsupd (P, Tv)

n— o0
_a /3) %
limsupd (¥, TY,) + —— limsup |9, — V||
(1 - n—o0o ( J/) n—o00
:—~ lim sup ||&, — v||
(1 — )/) n—00

D>
Ql

+y < limplies@ < 1 — y, it follows that

o (Tv, {9,}) =limsup |9, — v|

n—oo

=0 v, {In}).

Therefore, Tv € p (&, {U,}). O

Lemma 7 ConsiderT, & and B as defined in Lemma 6. Let ¥, be a suitable sequence
of fixed point for T in &. Then,

limsupd (¥, Tv) < limsup [|¥, — v|.

n—00 n—00
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Proof From Lemma 5, we get

d(ﬁn,ﬂrv)58+'3)d(ﬁn,ﬂrﬂ)+ PR

) 1=y

Sincea+y <1,suchthatad +py <1 — ,5 implies that @ < 1 — y, it follows
that
limsupd(9,, Tv) < hm [[9, — v].

n—00
So, the underlying space satisfies Opial’s property, which implies that v € F(T). OJ

Next, we present a result concerning the existence of fixed points for a multivalued
mapping that satisfies condition (13.3).

Theorem 1 Consider T, &, and B as defined in Lemma 6. Suppose the asymptotic
center is nonempty and compact for each approximate fixed point sequence of T.
Then, T possesses a fixed point.

Proof By using Lemma 6 of the T invariant, Lemma 7 of Opial’s property and
Theorem 1. of [17], we get our conclusion. |

4 Convergence Analysis of Fixed Point

This section deals with the approximation of the fixed point of multivalued general-
ized (&, B, 7)-nonexpansive mappings by a four-step iterative scheme of Jia Jie et
al. [30] which is (13.1) and the multivalued version of that Picard—Thakur hybrid
iterative scheme is as follows:

% €&,

ﬁn-&-l = dn,

v, = (1 —t,)b, + Tcn, n €z, (13.8)
Mn = (1 = 7)0 + Tubn,

M = (1 —ou)e, + onan,

where a, € Pr(%,), by € Pr(nn), cn € Pr(in), dn € P11‘(1},,) and {n,}, {t.}, {0n} €
[0, 1).

Lemma 8 Let B be a uniformly convex Banach space, & be a subset of it, and T :
E = P (E) be a multivalued mapping such that F(T) # @ and Pr is multivalued

generalized (&, B, 7 )-nonexpansive mapping (13.3). Let {0,,} be the sequence defined
by (13.8). Then lim ||9, — ¢*| exists forall ¢* € F(T) and lim d(¥,, Pr(9,) = 0.
n—00o n—00o

Proof As ¢* € F(T), using Lemma 3, then Pr(¢*) = {¢*} and F(T) = F(Pr). As
P is multivalued generalized (¢, B, y)-nonexpansive mapping, then
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1
gd(;“*,f%({*)) =0 < |19, — &7l
Thus,

HPe(0,. Poc”) <610, — £ + fd(3,. Pe(@)) + 7d(D, Pr(E)
<@, — £+ BB, — 21+, Pr(o,)
7010, — £+ 4@ Pr )
<G B+ P — 1+ A Pry)
Py, gy,
a—p

As@ + f+ 7 < 1implies@ + 7 < 1 — f, which implies that
H®Pr@), Pr(c™) < 10, — ¢l (13.9)

Similarly,

H®Pr (), Prc™) <lva — ¢"I,
H®Pr (), Pr(c™) <l — &I,
H®Pr (), PrC) <ln. — &Il

Next, by Picard—Thakur hybrid iterative scheme (13.8), we have

mn = ¥ =111 = 0w) P + onan — ¢
<A = o)l = ¥ + oulla, — &Il
=1 = o)llPy = ¢l + o HPr (@), Pr(£7))
= = o)l = &7l + oulldn — 7l
<l — &I (13.10)

len = 51 =11 = @u) 1t + Cnbn — &7l
=0 =olm = "Il + enllbn — &7
=1 =) = "Il + e HPr (1), Pr(57))
<A =o)lm = &*ll + oulln. — ¢
<l = &Il

From (13.10), we have

lin = &FI < 190 = ¢7I. (13.11)
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Next,

e = ¢l =10 = 1)y + Tucn — &7l
<A =) bn = &1+ Tallew — &7l
=1 = DH®Prn, — | + mHPr(1n), PrC)
=A =)l = &I+ Tl — &7

From (13.11) and (13.10), we have

lve = ¥ < 119, — &7 (13.12)
Now, for the fourth step of (13.8), we get
191 = I =ldy = ¢
<H®Pr(,), Pr(*))

<lva = ¢*1.

From (13.12), we get

1P+1 — ¢ < 1190 — 7l (13.13)

From (13.13), we can say that {||2, — ¢*||} is bounded and nonincreasing. Hence,
lim |9, — ¢*|| exists for all ¢* € F(T).
n—o0

Now, we have to show that

lim d(9,, Pr(9,)) =0 = lim [, — ax].
n—o00

n—o00

Assume that

lim |9, — ¢*| = €. (13.14)
n—oo

From (13.10) and (13.11), we have

limsup [, — ¢*|| < ¢ (13.15)
n—0oQ
and
limsup ||v, — ¢¥|| < L. (13.16)
n—oo

Also, we know that

lan — ¢*Il <H®Pr (@), Pr(c™) < llea — "I
ldy — ¢*Il <H®Pr(n), Pr(6™) < llva — 7.
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Applying lim sup as n — oo on both sides of the above expressions, we get

limsup |la, — ¢*|| < £, (13.17)
n—oo

lim sup ||d, — ¢*|| < €, (13.18)
n—oo

and

¢ =liminf ||9,41 — ¢*|| < liminf ||d, — ¥
n—oo n—0o0
<liminf H(Pr(v,), Pr(¢*)) < liminf |v, — ¥ . (13.19)
n—00 n—oo
From (13.16) and (13.19), we get
lim v, — *|| =L (13.20)
n— o0
Also, from (13.13), (13.12) and (13.11), we can say that
e = ¢l < i — &7l
Applying lim inf as n — oo on both sides, we obtain
liminf [|v, — ¢*|| < liminf ||n, — ¢*|,

which implies that
¢ < liminf ||n, — ¢¥|. (13.21)
n—00

From (13.21) and (13.15), we get
lim ||n, — ¥l = ¢. (13.22)
n—o0
By (13.22), we have
€= lim |n, — ¢
n—oQ
= lim ”(1 - O—n)l?n + ona, — g*”
n—00
<[ = 03) Tim 1, = "I+ oulla, — £
<t.

Consequently,

Jim I[(1 = 0,) @ = &%) + o (@, = ¢HIl = ¢. (13.23)
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Thus, from (13.23), (13.17), (13.14), and Lemma 1, we have
lim ||%, — a,|| = lim d(&,, Pr(%,)) = 0. (13.24)
n—00 n—00

Theorem 2 LetE, Band T, Pr F(T) and {9, } be as in Lemma 8. Then {9,,} — F(T).
Proof In the above Lemma 8, we have already been shown that {9, } is bounded and

lim d(9,, Pr(9¥,)) = 0. Since & is compact then there exists a subsequence {%,, }
n—0oQ

of a sequence {#,} such that {¢},,, } converges to some v € &. Since Pr is multivalued
generalized (¢, B, y)—nonexpansive mapping, which satisfies (13.7) and

(1+58)
d(@y,, Pr(v)) < p A, T(Dy,) + —— 10, — VIl
1=y (1 V)
Since F(T) = F(#r), taking liminf as i — oo, we get v € T(v). Therefore,
{9,} = v e F(T). O

Theorem 3 Let & B and T, Pt F(T) and _{19,1} be as in Lemma 8. T also satisfies
Opial’s property and 0 = lim inf d(9,,, ¥ (T)). Then {9,,} — F(T).

Proof By Lemma 8, we have lim |9, — ¢*|| exists for all £* € F(Pr) = F(T).
n—oo
Thus, lim d(9,,F(T)) exists. Now, liminfd(d,,F(T)) =0 gives that
n—o0o n—o00

lim d(9,, F(T)) = 0. Then, there exists {t},,} a subsequence of {1}, } and v; € F(T)
n—0oQ

such that ||9,, — v;|| < zi for alli € N. Based on the {1, } is nonincreasing, we have

1
I < 5

P41 = vill < 100, —vi

Consequently,

igr — vill Slvigr — Pt + 1410 — vill

1 1
Sy T
=——>Oasz—>oo
2!

Then, {#,} is a Cauchy sequence in & which converges to ¢*. Since Pr fulfill
(13.7), we have

d(*. Pr(c*) <19, — £l +d @y, P2(c™)
(1+5)

d(®,, Pr(0, B, —
(=54 PrC >)+( 5510 = 71

— Qasn — oo.

5”1911 - g*” +

Result £* € Pr(¢*) and ¢* € F(Pr). Using Lemma 3, we get {* € F(T). Then,
the sequence {0} — F(T). O
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Theorem 4 Let & B and T, Pt F(T) and {9} be as in Theorem 3. T also satisfies
the condition (I) such that F(T) # @. Then, {8,} — F(T).

Proof AsLemma 8, implies {¢,,} is nonincreasing. Also, lim ||¢, — ¢*| exists for
all¢* € F(T). Let £ = lim |9, — ¢*||, for some £ > 0. If £ = 0, then we are done.
n—o00

If £ > 0. Then,
(041 — I < 19 — &7l

implies that
liminf | #41 — ¢*I| < liminf ||, — ¢*|.
n—00o n—o00o

Therefore,
d(Wpq1, F(D)) < d(@P,, F(T)).

Consequently, lim d (o, F(T)) exists and
n—00

F(T) = F(Pr).
By Lemma 8 and the given Condition (/), we obtain
lim W(d(?,, F(T))) < lim d(@,, FPr(9,))) = 0.
n—0o0 n—00

As WV is nondecreasing and W (0) = 0, we get lim d(9,, F(T)) =0.
n—o0

We get the conclusion following similar steps as in Theorem 3. ]

Theorem 5 }et &, Band T, F(T) be as in Theorem 3. Let Pt be a multivalued gen-
eralized (&, B, y)-nonexpansive mapping and let I — Pt be a demiclosed mapping
w. 1. t zero. If a sequence {U,,} is given by (13.8), then, {0, } converges to F(T).

Proof Suppose ¢* € F(T) = F(Pr). By Lemma 8, is true that {1, } is bounded and
there exists lim |9, — ¢*||,foreach * € F(T). We know that B is uniformly convex
n—o00

and then, reflexive. Thus, there exists a subsequence {1, } of the sequence {1}, } which
it converges weakly to some v € &. As we have that I — PT is demiclosed at zero.
Moreover, v; € F(Pr) = F(T). If 9, - vy, then, there exists {#,,} a subsequence
of {,} such that &,, — v, where v; # v,. Clearly, v, € F(Pr) = F(T).

Using Opial’s property, we get the following:
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lim [|8, — val| = lim [|8,, — v
n—oo 11— 00

< lim ||, — val|
1—> 00

= lim [|9, — v
n—0o0

< lim [[9y, — vl
j—oo

< lim [0y, — il
j—)OC

= lim ||9, — v].
n—o0

Contradiction. Consequently, since v; = v,, it follows that %, — F(T). O

5 Numerical Analysis of Convergence

Example

Let (R, ||.]|) be a normed space with usual norm and & = [1, 3]. Define T :
E — P(E) by

D427 -
T — (1, %], if o €[1,2)
{1}, if 9 € [2, 3].
Then,

L. T does not satisfy the ConditionC.
2. T is multivalued generalized (&, 8, y)— nonexpansive mapping.

First, we have to show that T does not satisfies the Condition C.
For this, let take ¥ = % andv = %, then

1 1 8 5 1
—d®,TY) = -d(-,T(2)) = -
4@, 1) = 2d(5, T(7)) = 3

and
16 — 25

=15 = %
0 "0 10

8 5
||19—V||=’§—§’=’

which implies that %d(z?, T@)) < |0 —v].
On the other hand
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13 9
H(T#®, Tv) = — > — = || — v]|.
10 10
Thus, T does not satisfy the Condition C.
Now, we have to show that T satisﬁes (13.8). For this we have the following cases:
Let take @ = 2,,3 = andy =z
Case: 1. Let 9, v e [1,2), then

allo — vl + Bd@, T(®)) + 7d (@, T(v))

1 1 0 +2 2
:§|l9—v|+—|l9_; _| l)—i_|
Zl‘g_u——(ﬁ—w)——(ﬂ—v+2)‘
1 1 1 1.1 2 2
=50 =50 -3+ gy vt ot
1,6-3-2+1 _ -8 10
Sl 5t g
L2y 8, 10

—2'6" 9 18

S -1+ 10,

) 18
Z%ﬂ_ﬂzﬂmeWW)

Case: 2. The case becomes trivial when both ¢ and v belong to the interval [2, 3]
Case: 3. Let % € [1,2) and v € [2, 3], then

al|9 — vl + Bd(@, T(¥)) + pd (@, T(v))

2, 1
=—|z§‘—v} 40-% el 1]
ziyﬁ—v——(ﬂ—ﬂ;)——(ﬁ—lﬂ
1 1
_§|ﬂ—v—ﬁ+2—§0+—|
>l|_119_ _|_l|
=273 3
L,
=2'3 3
>l|z§‘+3v—1|
=2 3
1

|19 2| = H(T(®), T(v)).

Hence, T is multivalued generalized (%, }1, %)-nonexpansive mapping.
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Now, our objective is to demonstrate that P is a multivalued generalized
(a, B, y)-nonexpansive mapping For this we consider we have the following cases:

1. If & € [1,2), then

9 +2
veT®): |e—v|=d@,I1, +]M

veT(ﬁ):|ﬁ—v|=|ﬁ—¥}

e 2
vemmwﬁ—q:w_g_gu

veTo): o v = PP

veT(ﬁ):ﬂ—v:Z— Since ¥ > v € T(¥)
3

9 +1
veT®):v= T+}

(
{
{
{veﬁr<ﬁ>:rﬁ—v\=|2—ﬁ—%|}
(
{
-

2. If 9 € [2, 3], then

Pr={v e TW): |9 —v| = d®, {1)]]

={
={veT®) : |9 —v|=]9 -1}
={veT®):9 —v="10—1} Since ¥ > v € T(®¥)
=fveT®) :v=1}

By following the same argument as in the above example, we prove that P is
multivalued generalized (&, 8, y)-nonexpansive mapping.
For the approximation of the fixed point, let us consider the initial point ¢ = 5

and the parameter 7, = %, On = nzj-—n-i—S and 0, = ”ﬁ The following Table and
Figures prove that the sequence {9, } generated by (13.8) converges faster than the
other compared schemes. Therefore, the fixed point of T is {* = 1. In each iteration,

we begin with a specific chosen value of ¥ 1 and terminate the iteration process once
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—— Thakur

—6— Picard-Ishikawa

14 Picard-S" Iteration
—+— Picard-Thakur Iteration

T
—+— Thakur

145 —&— Picard-Ishikawa
Picard-S" Iteration 13
14 —+— Picard-Thakur Iteration

n

n
@
Value of e

Value of e

. . . . . . .
1 2 3 4 5 6 7 8 9 10
Number of iterations

1 2 3 4 5 6 7 8 9 10
— I _ n+3 —
Number of terations b 7, = Vs> On = Binis In =
n2+3

— n+3 - _ n+2 il
@Th=0% 0n=7350n =15  \ s

Fig. 1 Comparison of iteration processes with various parameter choices

the condition |#n — ¢*| < 1079 is satisfied, where ¢* = 1 represents the fixed point
of the mapping T.

Initial Values Thakur Scheme Picard-Ishikawa Picard—S* Picard-Thakur

1.22 22 18 12 08
1.55 22 18 12 08
1.99 23 19 13 09
2.01 23 19 13 09
291 24 19 13 09

Next, we analyze and compare the convergence behavior of the iteration (13.8)
using different parameter choices. Specifically, we examine the convergence of the
Picard—Thakur hybrid scheme (13.8). The following graphs shows the convergence
comparison of the iterative schemes for different choice of parameter and upon
observation, it becomes evident that the iteration process (13.8) exhibits a faster
convergence rate towards the fixed point in comparison to the other iteration processes
(Figs. 1 and 2).

6 Application to Integral Equations

In this section, we investigate the application of our iterative scheme, defined as in
(13.8), for solving integral equations. We explore the capability of the scheme to
provide a solution to the given integral equation. It is well known the contribution
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15 T S e Thatr

—4— Thakur 145 —6— Picard-Ishikawa
145 —&— Picard-Ishikawa Picard-S" lteration
Picard-" lteration 14 —+— Picard-Thakur Iteration
14 —+—Picard-Thakur Iteration
1.35
1.35
o~ 13
& 13 5
5 o 125
o 125 3
3 > 12
>

=

1 2 3 4 5 6 7 8 9 10 Number of iterations
Number of iterations

1 1 = fz2 = [ = |-
(@) 1, = nL-l—6’ On=720n=74y (b) 7 n243° On wea On n2+2

Fig. 2 Comparison of iteration processes with various parameter choices

of the integral equations in the modeling of real world processes as from physics,
biology, engineering, etc.

Suppose the space B = L2([0, 1], R) of real valued functions on [0, 1] implies
+00
f |h(1)]> < 4o00. Since all the Hilbert spaces are uniformly convex Banach spaces,
—00
then £2([0, 1], R) is an uniformly convex Banach space.
Consider the integral equation:

1

F(@) =m(@) + / J(q.w, fw)dw, (13.25)

0

where g € [0, 1]. Assume that (13.25) satisfies following conditions:

(i) m € £([0, 1], R),
(i) J:[0, 1] x [0, 1] x L2([0, 1], R) — R is measurable and satisfies the condi-
tion:

)

forg,w € [0, 1]and f, g € L%([0, 1], R) such that f < g.

Next, we assume that there exists a nonnegative function h(.,.) € L2([0, 1] x
[0,1]) and G < % such that

V(g w. )| <f(q.w) +GIf],

for g, w € [0, 1]and f € £2([0, 1], R).
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Moreover, it is true
2
E= {f € .[: ([O, 1], ]R)SMC]’Z that||f||£z([0,1]’R) < U},

where o is sufficiently large, that is, & is a closed ball of L2([0, 1], R) centered at 0
with radius o.
Define the operator T : £%([0, 1], R) — £2([0, 1], R) by

1

T(f(q)) = m(@) + / J (g, w, fw))dw. (13.26)

0

It is easy to prove that T(E) C & and it is nonexpansive map.
As £2([0, 1], R) is an uniformly convex Banach space and taking 8 = £2([0, 1],
R) and T as in (13.26) in Theorem 5, we get the following result.

Theorem 6 Under the aforementioned assumptions, it can be shown that the
sequence generated by the iteration scheme (13.8) converges to a solution of the
integral equation (13.25).

7 Conclusion

In this chapter, we introduced the multivalued generalized (¢, B , ¥ )-nonexpansive
mapping and related result for existence and approximation of fixed point. Moreover,
we present the convergence results for Picard—Thakur hybrid iterative scheme (13.8).

We compared the Picard—Thakur hybrid iterative scheme. We have shown numeri-
cally and graphically that the Picard—Thakur hybrid iterative scheme converges faster
to the fixed point than other schemes as given in the literature. In the last section, to
validate our results we gave an application to integral equations.
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Common Fixed Point Results in Soft )
b-Metric Spaces with Application L

Vishal Gupta, Mohammad Saeed Khan, Aanchal, and Ishit Sehgal

1 Introduction

The concept of b-metric space was given by Czerwik [1]. Many types of sets have
been introduced by various researchers to deal with uncertainties. In the case of data
consisting of parameters, Molodstov [2] gave soft sets to deal with the uncertainties.
Das and Samanta [3, 4] applied the concept of soft sets to metric spaces and hence
presented soft metric spaces utilizing soft points of soft sets. The concept of soft sets
was then extended to fuzzy sets and fuzzy metric spaces by Maji et al. [S] and Beaula
and Gunaseli [6] respectively and therefore introducing soft fuzzy sets and soft fuzzy
metric spaces. Afterward, the concept of soft b-metric space came into existence.

A new type of contractions called JS contractions was given by Hussain, Parvaneh,
Samet, and Vetro [11], and we will use these new type of contractions to prove fixed
point theorems.

In this paper, we are going to extend the fixed point theorems given by Al-Mazrooei
and Ahmad [8] to soft b-metric space.

2 Preliminaries

In this section, we have given some definitions and results already present in the
literature that will be used to formulate our new results.
In our results Y is the absolute soft set and U is the set of parameters.
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Definition 1 ([2]) Soft set is a pair (S, U) on a universe Y where U represents the
parameter set and S defines the map from U to power set of v, i.e., S: U — P(v).

Definition 2 ([3, 4]) A Soft Metric Space is a 3-tuple (Y, p, U), where the soft met-
ricis p : SP(YT) x SP(Y) — R(U) here R(U), is the set containing non-negative
soft real numbers and p satisfies the given conditions for all i, , v.,, w,, € SP(Y):
(1) 15(’/_561 £ 1_)62) > (i);
(i) 15(1261 ’ 1_)62) = 0iff lzel = l_}ez;
(111) ﬁ(ﬁel s ﬁez) = 15(1_)627 ﬁel);
(V) p(ide,, Ve,) < plide;, Wey) + P(Wey, Ve, )-
Definition 3 ([5]) Fuzzy soft set is a pair (S, U) over a universe Y, where U

represents the parameter set and S defines the map from U to F(Y) which is the set
containing fuzzy subsets in universe X, i.e., S : U — F(T).

Definition 4 ([6]) A soft fuzzy metric space is the 3-tuple (T, S, %), where soft fuzzy
metricon Y is given by map S : SP(T) x SP(Y) x (0, 00) — [0, 1] satisfying the
given conditions for all u,,, v,,, we, € SP(Y) and s, ¢ > O:

(i) S(ue,, Vey, 1) > 05
(i1) S(ite,, Ve, t) = Liff u,, = v,,;
(iil) S(ie,, Ve,, 1) = S(Ve,, ey, 1);
(iv) S(ite,, Ve,, t +5) = S(te,, Wesy, 1) * S(Wey, Ve, §);
v) S(ite,, Ve, .) : (0, 00) — [0, 1] is continuous.

Definition 5 Consider Y # ¢. Themap S, : T x_’Y' — Rt is called a soft b-metric
if the following properties holds for all 7, k¥, y € Y, where k > 1,

Sb; Sy (1, k) = 01if and only if t = k;
Sbii  Sp(t, k) = Sp(k, 1);
Sbiii  Sp(L, y) < k(Sp (@, k) + Sp(k, 7).

Then, (?, Sp, IE) is known as a soft b-metric space.

Qy
Example 1 Consider, T = R and soft b-metric S, : T x T — R defined as

Sy i) =[T—Fk |
for all 7, € Y and k = 2. Then, (T, S, k) is a soft b-metric space but it is not a

soft metric space.

Consider W as a set of functions from [0, co) to [1, co) which satisfies the given
assertions:
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1. i is nondecreasing and ¥ (¢) = 1 for o = 0;

2. Ity ¥ (0,) = lifand only iflt,_, 0, = 0 where {g,} is a positive real number
sequence;

3. y(h+k) <y(h)+ (k) forh, k > 0;

4, for0 <8 <land0 <K < oowehaveltgﬁoﬂlf(gl_l =K.

Definition 6 ([11]) Consider (Y, i) as a metric space and a self-map S, then S is
a JS contraction if it implies the existence of a function ¥ € W and positive real
numbers Ay, hy, h3, hy with O < hy + hy + h3 + 2h4 < 1 so that

Y (1 (St, SK)) < [¥ (e, O Y (v, SO (i, Si)1™]
[ (e (e, SOV + [ (e, SHI™,

forevery(,k € Y.

Consider X.,(T) as the class of all non-empty subsets of T that are bounded and
closed. Let Py, Py, P; € 2., (Y) and define My, : T, (Y) x . (Y) — RF as

My (P, P;) = max{my(Py, P,), my(P2, P1)},

where

mb(Pl, Pz) = sup{Sb(Z, E) 1l e Pl, K € Pz},
8@, P3) = 8p({t}, P3) = inf{Sp(t, 7)1 y € P3}.

Here, M,, is known as the Hausdorff b-metric space induced by soft b-metric Sj.

Lemma 1 Consider (T, Sp. k) as soft b-metric space, then the following conditions
holds for Py, P, P3 € (V) andt,k € Y,

(a) 6p(L, P2) < Sp(t, y) wherey € Py;

(b) my(Py, Py) < My(Py, P2);

(c) 8p(it, P2) < My(P1, Pp), where i € Py;

(d) My(Py, P) =0;

(e) My(Pr, P,) = My(P>, Py);

(f) Myp(Py, P3) < kIMp(Py1, P2) + My(Py, P3)];
(8) S (, P1) < k[Sp(, k) + Sp(ic, P1)].

Proof The proof is on similar lines as given in [9]. |

Definition 7 Consider x; (k > 1) as the family of maps ¢ : R(U) — (1, 00), where
R(U) is the set containing non-negative soft real numbers, that satisfies the following
properties:

¢ 9@ < @(k), fort < k; )
@i @) =1, if and only if /#,_, 5 (te,) = 0 where {(z,,)} € R(U);
@i 5000 — %) = j,fori € (0,1)and j € (0, 00);
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@iv  @linfP) =infe(P) withinf P, > 0; B B
Oy if p(kt,,) < [(p(Zenfl)]k, where n € Nand 0 < k < 1, then go(kn"D < [
Te, ).

Now, we are giving an important lemma that will be used in our new results.

Lemma 2 ([10]) Consider ('Y", Sh, IE) as soft b-metric space and Py, P, € Ech('f"),
then (1) holds for allt € Py,

Sp(t, P2) < My(Py, Pa). (1)
Proof The proof is on similar lines as given in [10].

In the next section, we are going to extend common «-fuzzy fixed point theorems
in a soft b-metric space.

3 Main Results

Theorem 1 Consider (T‘, Sp, IE) as complete soft b-metric space, where k>1and
Sy is continuous. Let ny, 0y : Y — Y, such that for every 1,k € Y, there exists
Bn (D), By, () € (0, 1] 50 that[mf],_«;”l @ [mKklp, @) € Zep(T). Now ifforallt,k € T
with Mb([m[],gm@, [172/2],3”2 @) > 0 and 0 < k < 1, there exists @ € X; so that (2)
holds

@My (Imlp,, @+ [M2k1p,, @) < [@(Sp(@ )] ()
Then, there exists i* € Y with i* € [(mr*1g,, ¢ N 0281, -

Proof Consider i, € Y, thus there exists B, (@,) € (0, 1], so that [mfeo],gn1 G, €
Zep(Y). Now, let Z, € Y. Then, for z,, there exists [11,1p, @) € Zes(T). By
Lemma 2 and (2), we have

Q(kS (e, [mie,1p, @) < @My (ImTe,)p, 0.)» [M2te,)p,, @) < [0(Sp (e, Te )]
3)

Hence,

@(kS @, [male)p,, @) < [9(Sp (e, T )] “4)

Thus, we have

Q(kS @y, 1286, 1p,, @) = i f5etmic, a9 K So (Tey s 7)), (5)
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and

i fsetnsie, s @ kS Ty 9)) < [0S T, s eI (6)
Thus, there exists i, € [n2le,1p,, @) With i, # L, so that (p(lESb(Zel, ley)) < [(Sp
()]

Now, for t,, there exists 0 < B (L) < 1, so that [mZeZ],gm(;Q) € T (Y). Then,
we have

kS (e, [Mile, 1, @) < @kMy([Male, 1g,, a)s MiTer 1, @) < [9(Sp(Tey s Ty

(7)
Hence,
QkS ey, IMTe,1p,, @) < [0(Sp(Te,» T (®)
Thus, we have
Q(kS (es [MTe)py, @) = infsetmivisy, o @ kSp (e, 7)), 9)
and
i f5etniiy oy ooy @ kS (Ters ) < [0S Ty 2T (10)

Thus, there exists i, € [nile, g, @, With le; 7 L,, so that P(kSy ey, Tey)) < [@(Sp
ey T

Going this way, we have a sequence {i,,} € Y so that (11) holds foreveryn € N,

leyyy € [Miley, 18, ooy

) ) (11)
leysn € [772[62"+1 ]ﬂnz (Tegy1)?

PkSy (Tory 11> Lenin)) < [0(Sh(Te, s Leny s NI (12)

PkSh(Terrirs Leryi3)) < [0(Sp(Tensys LoD (13)

Thus, we have

QK" Sp (T, Te,,)) < LoK" " Sp (e, T )],

that implies

A

QK" Sy (e, Tey)) < [k Sy o, T DIF < @K 28y e,y Ty NIF
o < Lo(Sp(Te,, NI

IA
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Hence,

QK" Sp(Te, s o)) < [@(Sp(Te,, T NIF

Now, taking n — 00, We getltnqoogo(lz"Sb(Zen, le,,) = 1.
Therefore, 1t,_ ook" Sp(Le,, Le,,,) = 0. Hence, there exists 0 <s <1 and o €
(0, 00), so that

(p(/E"Sb(Zg”, Z€n+1)) —1 _
n—0o0 -

(k" Sp (e, Tepi )

Consider @ < oo and let ®, = %. Thus, there exists m, € N such that (14) holds

forall n > m,,

K" _e ) _e - 1
(P(k_Sb(l_n tjﬂ)) ol <0, (14)
(k" Sp (e, » Ley))*

Thus, we have (15) for all n > m,,

k" Sy (Te, Lo, )) = 1

_ohlen e >0—0,=— =0, (15)
(anb(Le,,s L€n+]))s

o
2
1
Therefore, for ®;, = —, we have
0,
n(k"Sp (e, e,,,))* < O1nlpk" Sy, 10,,,)) — 11.

Now, consider & = 0o and ®; > 0. Thus, for m, € N we have (16) for all n > m,,

L RSy T ) — 1
T kS tey)) (16)
n(k" Sy (te, Tey.))* < Oinlp (K" Sy, s 1oy, ,)) — 11.

Thus, overall we have

n(k" Sp(te, s te,,))' < Ornlepk" S (e, To,.,)) — 11.

Hence, we get
n(k" Sp(te, s te,,))’ < O1n([9(Sp(Te,, 1, — 1).

Now, taking n — 00, we have ltnﬁoon(lE”Sb(fen, le,,))’ =0.
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Thus, ltn_won(%)lz” Sp(teys Lepyy) = ()_; that irr_1plies Z:il ks, (te, s Le,,, ) cONverges.
Hencg, {t,} is a Cauchy sequence in Y. As (Y, Sy, k) is complete, thus there exists
™ € T, so that,

- —x
Ity soole, = 1.

Now, claim that t* € [n20"]g,, -

Consider the opposite, then there exists m; € N and subsequence {Zemk} of {t,,}
so that, S, (Zez"wl, [n20] By ™) > 0, where my > m,. Now, from (2) with T = Uomy+1
and k¥ = (*, we have

O (Sp(Tey,1- (M 1p,@)) < @IkSy ey, .+ (120715, @)]
< @lkMy([Mile,, .\ 1p,, Uy ) 1128 g, 0)]
< [9(Sp ey, - TN

Now, as 0 < k < 1, we have
Sb ey 1 M2 1p,,0) < Sb(Tey,, s T
Taking n — oo,
Sp (@, [mt"1p, @) < 0.

Thus, * € [n2t*]p,, ¢+ Similarly, we can easily prove that I* € [n,0*], @) Hence,
e mt*lp, @ N Imat*lp, @

Now, we are giving corollaries to our main result by taking ¢ (t*) = V", where
* > 0.

Corollary 1 Consider n, n; : Y — G(Y), so that for every l,k € Y, there exists
B (O, By, (i) € (0, 1] and [mlg, @, [m2k]1p,, &) € Zep(T)

kMy(Ims,, @ [M2€1p,, @) < kSp(T, ) (17)

where 0 < k < 1, then there exists 7" € Y so that T* € [771?"],3’71 @ N [UZZ*]ﬁﬂz(Z*y

Corollary_2 _Consider n: Y = G(Y), 50 that for all 1, k € Y, there exists By, (©),
B, (€) € (0, 1] [ntlg, 0, [Mklp, &) € Zen(Y)

]EMh([r}Z]ﬁn(D’ [niclp, @) < kSp(t, k) (18)

where O < k < 1, then there exists 1* € Y so that T* € [nt*1g, @)
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Now, we will give an example to validate our new result.

Qy
Example 2 Consider Y = {0, 1,2} and S, : ¥ x T — R defined as

0, fori=k«k,
S@R) = o PrIAERNLEE0),
3 fort £k Ntk €{0,2},
1, fort kNt ik €{l,2}.
_ _ . - 3
Thus, (T, Sp, k) is a soft b-metric space where k = 5
Now, define
L fore=0
) or =V,
M0)(¢) = @D =432
0, for¢={1,2};
0, for¢ ={0,2},
2 =11
2)(¢) L fore =1,

— 1 -
Now, consider 8 : Y — (0, 1] defined as (1) = 2 for all t € Y. Thus, we have

0, fori={0,1},

[UL-J(%)Z 1, fori=2.

Now, for 7, & € Y, we have
1
My(ntly. [n2)) = My(0.1) = .

Now, considering ¢ (1*) = VT , where * > 0 and k = 1, we have

1
2’

kM, ([0 210 = e D < e (s, (L 2T
@(kMp([n0] 1), [n2](1))) = e <e [n(S,(1, 2)]".

Thus, all the conditions of Theorem 1 holds and hence 5 has 0 as its soft a-fuzzy
fixed point.
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4 Application

Now, we will give an application to our new results.
Let the Volterra integral inclusion defined as

A@r) € ﬁ(r)—i—/ ¢(r,H, A(H))dH, (19)
0

where 0 <r < land ¢ : [0, 1] x [0, 1] Xx R — A (R), where A, (R) is the class
of all non-empty subsets of I, be a given set-valued mapping and 77, A € C[0, 1],
where 7 is given and A is unknown.

Consider soft b-metric S, on CJ[0, 1] defined as (20) for all 7, k € C[0, 1] and
k>1,

Sp(@, i€) = (max,co.y | 1(r) — (r) DF = max,eoy | 80r) —ic(r) £ (20)

Then, (C[0, 1], Sp, 25" 1) is a complete soft b-metric space. Now, consider the fol-
lowing assertions:

{) ¢(r, H, A(H)) is lower semi-continuous in [0, 1] x [0, 1]foreach A € C[O0, 1].

(i) There exists a continuous map m : [0, 1] — [0, 4o0] so that (21) holds for all
r,H e[0,1]andt, k € C[O, 1],

| ¢ H,D) — ¢(r, Ho&) "< m(H) | 1(H) — kk(H) | . (21

(iii) There exists 0 < r < 1 such that,
r koo

m(H)dH ) < .

( /0 k=1

Theorem 2 The integral inclusion (19) possesses a solution in C[0, 1] if it satisfies
the assumptions (i)—(iii).

Proof Consider Y = C[0, 1], define n : ¥ — G(Y) as (22) forall 0 < r < 1,
[ntl,0 = (& € Y 1 k(r) € ij(r) +f ¢(r, H, t(H))dH}. (22)
0

Consider 7 € Y be arbitrary, thus there exists 8,(1) € (0, 1].

Now, for & (r, H) : [0, 1] x [0, 1] => A (R), there exists ILi(r, H) : [0, 1] x
[0,1] = R, so that I(r, H) € [0, 1]. Thus, we have 7(r) + [y Li(r, H)dH €
[n(D]p,®- Therefore, [n()]g, # ¢. Now, itis easy to show that [ ()]s, is closed.

Further, as  and ¢;(r, H) are continuous, they have bounded ranges, i.e., [7(D)],q)
is bounded. Hence, [1(1)1,@ € CB(Y).
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Consider t,,, t,, € Y, then there exists Bn(e,), By(te,) € C B(Y). Take Ke, €
[U(Zel)]ﬂy,ﬁq)’ so that (23) holds for 0 <r < 1,

i, (r) € ﬁ(r)—i—/ ¢(r, H, A(H))dH. (23)
0

This implies that for all », H € [0, 1], there exists I;e] (r,H) e &, (r,H) = G, (r, H,
e, (H)), so that (24) holds,

Ke (r) =n(r) + /r L, (r, H)dH. (24)
0

Thus, for all ¢,,, t,, € Y, we have
| ¢(r, H, 7o) — ¢(r, H,Te,) "< m(H) | T, (H) — Te, (H) | .
That is there exists U (r, H) € &, (r, H), so that (25) holds

| I;

ley

(r, H) = U(r, H) [*< m(H) | o, (H) — 1, (H) | . (25)
Now, take Z as a set-valued operator defined as

Zr,H)y=¢, (nH)N{ze R:|

[”l

(rnH) —z|=m(H) | t,(H) — i, (H) |}.

Therefore, Z is lower semi-continuous. Thus, there exists a continuous operator
L, (r, H) : [0, 1] x [0, 1] — R so that I, (r, H) € Z(r, H), then k., (r) = 1(r) +
Jo L., (r. H)dH that satisfies

Ke,(r) € (1) +/ ¢(r,H,1.,(H))dH.
0

Thus, k., € [nt,]p,q.,) and we have,

| o, () = ey () ¥ < ( / VLG H) — B HY | dEY
0

, k
</ mM(H) | L, (r) = e, (r) | dH)
0

maxueo. | (CH) — R(H) [ ( / m(H)dH)
0

IA

IA

}’2

Fsb (e Te) -

Hence, we get 2718y, (ke , Ke,) < 728 (e, ey )-
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On interchanging t,, and ¢,,, we get
kHy ([T, 15, ..+ [1es 15, 00)) < 728 Ty Teo)-

Hence, we have

\/kHb([nZel]ﬁ”(Tgl)’ [(Mte;1p,@y)) = T3/ Sb(ley, Ley)
o R e ey s I ) < /i),

Taking v € Af defined as v(r) = eﬁ, we get the solution of (19). U

5 Conclusion

This work of us has introduced new fixed point results in soft b-metric spaces along
with applications to Volterra integral inclusions. Our new results can be further
extended to other spaces as well as new results can be derived from them.
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In traditional calculus, all of the real phenomena cannot be modeled using the oper-
ators. That’s why Numerous researchers try to find generalizations of these operators
[11, 12]. So, we are concerned with the further generalization of Riemann-Liouville
and Hadamard .% . &. To get this, the authors of [13] have introduced the notion of
the generalized proportional integral operator, which specifies the probability den-
sity functions. With the help of [13], we have generalized a .# .7 & known as the
generalized proportional (k, p)-.# .# & of y(h) € L'[a, b] of order ¢ > 0 and defined
as

h |: [ :| 1 1 S_q
/ e [+t — e ] * T e peepyeay. (1)
a

=N

1—
il s B

o0
where 6 € (0,1], p e R— {1}, T'(k) = [ e "n*"'dt, h, vy € I =[a,b], a, k >
0

Oand ¢: 1 — R, is continuously differentiable and nondecreasing.

There are several possible cases, which are obtained by taking the particular values
of £, k, pand 6.

If = 1in Eq. 1, we get the following .% .# &, which is studied by Bezziou et al.
[14] for the various type of Gruss inequalities,

(p+ D'

h <
[5Zs oy] () = T [ [+ (h) — e (D] () y(dy.
k a

If ¢(h) = hin Eq. 1, then we get the following .% .# & and studied by Rahul et al. [6]
for the existence of solution,
_ < h ((;_])[hp+l_7,/:+l]
i g DI e [l e,
[pIay] (h) = 0ikiT [%] g € [h Y ] Yy (y)dy.

If¢(h) = hand 0 = 1inEq. 1, then, we get the following .% .# &, which is introduced
by Mehmet et al. [4] and studied for the various type of inequalities,

) +1 1= h s_
[Zay] () = %/ [+ = Py (.
k a

If ¢(h) = h, 6 = 1 and p = 0in Eq. 1, then, we get the following .% .# & defined by
Mubeen and Habibulah [15] and discuss some other k-type .# .7 &,

ks _ 1 " A1
(TN = ey ), =0
k a

If¢(h) =h, 0 =1, p=0and k = 1in Eq. 1, then, we get the classical Riemann-
Liouville # . &,
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[Z2] ) = / h— AT y()dy.

If ¢£(h) = log(h), where h € I = [a, b], a > 0 and p = 0 in Eq. 1, then, we get the
following .% . & and studied for the existence of solution,

1 " it Ry
kZ“(’ h) = —/ 3 [IOgT] |:] _i| ud ,

Y Y

the terms ¢, a, kK > 0,and 0 € (0, 1].
If £(h) =log(h), k =1 and p = 0 in Eq. 1, then, we get the following . .¥ &,
which is introduced by Barakat et al. [16] for some related inequalities,

s—1
Llog h y)
7 gt X2
M[]/ [Ogv} v

If¢(h) = log(h), k = 1, # = 1 and p = 0inEq. 1, then, we get the following % .# &,
which is defined by Hadamard [17],

I R vy
Ty (h) = —— log — EASEY)
[Zv] o F(g)/a [Ogv] v 7

Hence, we can see that Eq.1 is a more general form, while others are particular
cases. These equations are very useful in real-life problems of engineering sciences,
modeling, statistics, etc. ([25-33]). Hence, all the above equations are very useful for
various purposes, like their existence solutions, modeling, some Gruss inequalities,
and various phenomena that have been developed in another discipline.

On the other hand, it is observed that some fractional operators found singularities
which make some obstacles in modeling [34, 35]. Numerous authors proposed a new
type of nonsingular fractional operator that contains either an exponential kernel or
Mittag Leffler functions [36, 37] and is helpful in modeling. Our goal in this paper
is to generalize a fractional operator that contains a nonsingular kernel (exponential
kernel) which will be helpful in modeling. So first, we generalized a 2.% .7 and
then study the existence solution of generalized proportional (k, p)-% . &, using
DPFPT.

The structure of this article is as follows: In Sect. 2, we present some preliminary
remarks and definitions. In Sect. 3, we check the existence and some properties of
generalized proportional (k, p)-# .#&. In Sect.4, we generalized a .7 &7 . In
Sect.5, we prove the existence solution of generalized proportional (k, p)-.% .4 &,
using 2.% & 7, and give an example that verified the obtained results. Section 6 is
devoted to the conclusion.

[Z2y] () =
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2 Definitions and Preliminaries

The following notations are used throughout this paper.

e [E: so called, Banach space having a norm || . ||g;

o %: closure of B,

o Conv%: The convex closure of %;

e _//x: a subset having all E that are bounded and nonempty;

e I a subset of ., that also includes all relatively compact sets;
e R, := 10, 00);

e C(I): the set of all continuously differentiable functions.

Banas and Lecko [18] provided the definition of a .Z A€

Definition 1 An.#Z /% defined on EE is a mapping & : .45 — R, if it meets the
following assertions, for all B, B, B, € Mx.

(Ny) The family ker o&f = {# € Mg : &/ [B] =0} # @ and ker &7 C Ng.

(N2) %) C % = I [%] < d[%)].

(N3) o [B] = [A].

(Ny) A [ConvPB)| = o [HA].

(Ns) A [kB,+[1 —kl| B <kt [$1]+[1 — k]l [SB,] forall kin [0, 1].
(No) If B, € My, By = By, Bpi1 C B, and nlirgod[,%’,,] = 0; where n =

1,2, ..., thus B = N2, %, # ¥ and precompact.

Remark 1 Subsequently, o (Bo) = o [0 B, | € o (B,), o (Bs) =0, then
B € kerdd .

Theorem 1 (SFPT) [19] A mapping G : BB — 9B which is compact and continuous
has a fixed point property(F P), where A is a convex, closed, bounded and nonempty
(N BECE) subset of a Banach space E.

Theorem 2 (2.% P.T) [20] Assume that G : B — A is continuous and <7 is an
MNC. If D is a nonempty subset of B, there is a k in [0, 1] satisfy

o [GD] < k &/ (D),

thus the mapping G has a F P in A.

Definition 2 ([21]) The continuous functions .% : Ri — R, that are reputed as & -
class functions if they gratify,

(F)  F(p, <) < p.
(%) F(,)=pu = p=0o0r¢=0forall u,s € R.
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Example: (i) 7 (u1,<) = p1 — .
(i) F(u,¢) =kp, 0<k<l.

Let A be the set of all continuous mapping Y : R, — R, gratify below assertions
[23]:

(Y)) Yh)=0<h=0.
(T2) Y is nondecreasing function.
(Y3) Y(h) < h,forh > 0.

3 Existence and Some Properties of Generalized
Proportional (k, p)-% .7 &

First, we have checked the existence of generalized proportional (k, p)-% . & (1).

Theorem 3 Ify(h) is any Lebesgue measurable function defined on [a, bl andk > 0.
Then [’;I;Z] y(h) exists for any h € [a, b], a, a > 0, ¢ € (0, 1] and £ is monoton-
ically increasing function on [a, b].

Proof Suppose W = [a, b] x [a,b] and Y : W — R is defined by
[ O-n[ert -+l o] }

I E— s

Y(h,7) = (e [+t — el )]

0, otherwise.

1

E’K'y)é/(ﬂ,)), a<y<h<b

Since Y is measurable on W, then we have

b h o-n[et -]

/ Y(h,y)dy = / e[ ! ][eﬂ“(h) — e ] e edy

a a
- et @—ertim
p [elmere]

} P () — gt i'
<(p+1)e [é (-t (a)]

=

Again by using the integration, we have

b b
/ / Y(h,y)y(dy | dy
b b

- / ¥ / Y(h, 7)dv | dvy

a a
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< — / (9 . WW]] [ (h) — Z”“(a)]% ly(mldy
B c(p +1)
B [ ) — e (@) / y(Dld~y
“sp+ D
< 00.
b
Hence, [ Y (h,y)y(v)d is integrable function on [a, b]. So the generalized propor-
tional (k, p)-F .9 & [';I; jj] (h)exists. O

In the next Theorem4, we will prove that generalized proportional (k, p)--% . &
satisfies the commutative property.

Theorem 4 Assume that y be a real-valued continuous function on [a, b], a, k are
non-negative and the terms ¢, u > 0. Then

[zd][[zetvm]] = [zt yw] = [zd] [[fztvom] ]

Proof Using Dirichlet’s formula and the concept of generalized proportional (k, p)-
FIE (1), we have

[z} (b))

e - -t )]
p+D"F | <
= / e [e”“(h) e"*‘w)]k eI ydy
ot [z] Je
e - -t )]
p+D'"F | S|
= / e [t — et o] e
pRkEr 3]
@-n[erto-etl o]
u

-1 — o 7 u
(”u“)kfve[ ’ }[e/’“(y)—@f’“(r)}" Lo ryenydr | dy

(9—|>[eﬂ+1 (hy—ePt1 (r)]

O
/ e P (r)er(r)

taal

et et ] iﬂmz/(ww} dr.

h
{ / [+ — 0¥
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_ [ero-eto)
If we choose, y = [ =] then we have

h
f [ ) — e o] [ ) — e 0] ey

1 ot 1 < u
= LY — pptl 3 1 — y)i~lyf-!
(p—i—l)[e (h) — "' (n)] /0( Y yEeTdy
= o [ (h) — ' ()] " kBiGs. ).

Hence, we have

(i) [ty ]

|: 0 :| stu
/e [Z”“(h)fl”*l(r)] 70 ep ety y(rydr

=5 Za"" v

Hence completes the proof. O

4 Generalization of 2.% 2.7

We will prove a generalized fixed point result in this section, which serves as an
extended version of [22, 23].

Theorem 5 Let B be a N BECE subset of a Banach space E and G : B — B is
a continuous mapping that satisfies,

o (GB) A (B) o (GA)
T / pdy | =7 | T /(@(v)dv Y / omdv| . @
0 0 0

where of isa M NC on E, p : R, — R, is a continuous functions, T : Ry —
R, is a nondecreasing and continuous function and F Ri — R is a continuous
Sunction with F(u,¢) =pu = pu=0o0r ¢ =0 for all u,s € R. Then G has at
least one FP.

Proof Let A, is a closed and bounded sequence in & with By = & and £, =
conv(G%,) foralln > 0.
Also,GBy = GAB C B = By, B = conv(GHy) C B = HBy.Insimilar man-
ner, we have
BoD By Dy, DBy D, ... 3)
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Equation (3) shows that %, is a nested sequence. The fact that {7 (%,)}.en is a

non-negative decreasing and bounded below sequence which implies that {.o7 (%))}
o ('%)1+1) }

is a convergent sequence. Let lim 27(%,) = r. We claim that { [ eMmMdy
n—oQ 0

is a decreasing sequence.
By Eq. (2), we have

A (Bri1) o (conv(GAB,)) o/ (GABr)
T / pdy| =7 / pdy| =71 / g (Vdy
0 0 0
o (B) A (GHBn)
<7|r /@(v)dv T / o (Ddy
0 0
o (B)

< /so(v)dv,

0

since Y is nondecreasing function, we get

A (B 1) A (Bn)
sy | = | [ ey
0 0
A (Bn)
Hence, { / p(v)d*y} is a decreasing and bounded below sequence, then
0
A (Bn)
lim | [ pMdy|=L
n— 00 0
Again, we have
A (Bs1) A (Bn) A (GHAy)
| [ eoar| =g (1| [ eoar|x| [ eou
0 0 0
-Qj(f%'n)
=T » (dy

0

Taking the lim of whole inequality, we have
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A (B 1)
lim Y / @ (dy
n—oo
0
o (Br) A (GHr)
<7 | 1im | T / pedy | | tim |1 / oy
n—o0o n—o00
0 0
A (Bn)
< lim T / & (Ndy
n—oo
0
A (Bn) A (GAy)
= % | lim | Y / pdy ||, lim | Y / e (v)dy
0 0
A (Bn)
= lim | T / @ (dy
0

Therefore by the (.%,) property, we have

B A (B )
Iim | Y / © (Vdy =0.
n—oo
L 0
A (B) ] ¢
Hence, lim | [ g@(y)dy|=0, but for every € >0, [ (y)dy > 0, then
n—oQ 0 0

A (B,) — 0 as n — oo. Since B, is nested sequence, so by the (Ng) property
of M NE, we conclude that By, = N2 | B, is N PBEE subset and belongs to
kero. In light of this, B is invariant and compact under G. As a result, according

tothe SFPT, G hasa FP. O

Corollary 1 By replacing o (v) = 1, F(u, ) = p — sand Y (y) = ~y in Theorem 5,
then we get the D.F P .

5 Existence Solution of Generalized Proportional
k, p)-FIE (4)

In this section, the .# 4% is the space of all continuous functions C (1), we will
show the existence solution of the following .% .# & for the continuous function y(h),

v =V [hym. [Szi6y| i), )



348 Rahul et al.

where € (0,1], peR*, a, ¢, k>0, hel, V:Ix R2? — R is a continuous
function and £ : I — R, is continuously differentiable and nondecreasing function.
Let B,y ={y e C(I) : [yl = ro}.
The .# A€ in the space of all continuous functions C (/) and its norm is defined
as
Iy I=sup{ly(m)|:hel=la,bl}, yeCU).

Let & be a nonempty and bounded subset of a Banach space C(/) and for any
function y € X and € > 0, the modulus of the continuity of function y is defined as

p(y, €) =sup{ly(hi) — y(h2)| : hi, hy € 1, |hy — ha| < €}.
Then the function is defined by
po(X) = lim 1u(X', €)
isa.Z A% in C(I), where
p(X, €) =sup{u(y,e):y € X}.

The relation between the .#Z A€, po(X) and o7 (X) on C(I) for the nonempty
bounded set X is as &7 (X) = %#O(X) (see [24)).

Theorem 6 If generalized proportional (k, p)-F S & (4) satisfies the following
assumptions:

(1) Let V : I x R? = R be a continuous functions with |V (h,0,0)| =0, 0 <
ay < 1, and oy > 0 satisfying

[V [, y1(h), 1] = V [h, y2(h), I2]] < aqly1(h) — yo(W)| + aglly — Iol, b, Iy, I €R.

(I11)  sup{|V(h,y(h), ID|:h €I, y(h) € [ro,rol, I1 € [=J, J]} <o,
where J = supl] [’;I;;ﬁcy] ()| :h e, yh) € [=ro, rol).
[w—n[eﬂ“ @-tr+ )] }

111) « +a2(f’+”'%i .
( ) ! ge;k[r']r[i]

Then, Eq. (4) has a solution in C(I), where a > 0.

[+ (h) — e (@)]F < 1.

Proof Let us consider the operator G : C(I) — C(I) is defined as
Gt =V [h oy, [ST Gy ]

We will complete the proof by step I-step II1.
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Step I: G is a self-mapping on B,,.
Let y € B,,, then by using the Eq. (4) and considered assumptions, we have

G| = IV [y, [ST1Gy | ()] = V(1. 0,0 + 1V (1, 0,0)]

= arly®| + ol [ST1Gy ] ),

and

fimier)o
G-t -1t )]

D=t ph [%] -1
_ % / ¢ [l — et | ey pay
k

s S
OkkkT |2
-t -t ()]
7(”‘“)1_% " f +1 1 TE!
< et [T [t = e ] " e elyldy
OFKRT ]

o-n[ert! <a> o-n[erl-ele)]

1 |: h *—1
ro(/) + ) % [ I:gﬂ+l (h) — gﬂ“ﬁl (’Y)] k Zp('y)e/(’y)d"/

%r[]

[0 1>[z/’+1(a> zf’“(h)]

=

_s
_rolp+1) ke
0

|:€p+l(h) _ Zp+1(a)]

e

k(i
If ||y|l < ro, then |Gy|| < ry, by the assumption (/7). Hence, G is self-mapping
on B,,.
Step II: G is continuous mapping on B,,.
Lete > Oand y;, y» € By, with ||y; — y2|| < ¢, then we have

IGynh) = Gyl = |V [y, [5Gyt | ] = v [, [A75 06w | ]|

< arly(h) = ya ()| + o |[BZ5 06w | ) = [5750 6o

[5zsd6m ] o - [sz5i6m] m

-t im-etl o]
0

-1
} [+ — e ] e ) - mo)ldy

IA

S
(p+1 % /’[
—_ e
k a

[ -t @-ert ) }
[

(p+1' ke

h S_1
. / [ — e ] E T el — alldy
gEkEF[i] a

{(0 1)[eﬂ“<a> W“(b)]}

1-$
e(p+1) ke -1

h S
f [+ — e ] ey
a

ﬁkir[g]
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O-n[erH @-et ]
7

_e(p+ 1)_ie[
B GOk [£]

[£p+1 (h) — €p+1(a)]i .

Therefore,
[ o-v[et @-vt v }
S
Gy () = Gy ()] = e + 2 [t -
@]t

Hence, |(Gy;)(h) — (Gy2)(h)] — 0 as e — 0. Hence, G is continuous on B;,.

Step III: An estimate of G with respect to .Z 4 ¢ <.
Lethy, hy € I, then for any € > 0, we have |h, — h{| < €, whenever h, > h;. Then

we have

[(Gy)(h2) — (Gy)(hi)]

= |V | ha, y(ho). | XT3 0Gy | (ha) | = V |y, y(h), [ET30Gy | ()

< 1V [ y), L7506y | )| = V [2, v, [5Gy ] )]

+ 1V | ha y(ho), KT Gy | () | = V | ha, y(hy), | K50 Gy | () ||

IV (o, y(h), |KT50Gy | () | = V [y, | A TS0 Gy | () ||

p~al

< ol [SZ06y | ()=, [SZ 16y | (hl + cnly(ha) = y ()| + v (1.,

where

py (U, €)
=sup{|V [h2, y(h1), 1] = V [k, y(hy), 11| hy, ha € 1, 1 € [T, J], y(hy) € [—=r0, rol},

and
u(y, €) = sup{|y(hz) — y(h1)| : h1, ha € I, y(ha), y(h1) € [—ro, rol}-
Also,

0 0
[zt 6] i) = [kzs6v]
-n[ert tp—ert1 )]
1

h S_
f ? i ! } [+ ) = 1 ] * T e nerndy

_rglp+ DR
, [(94)[@9“<h|>—eﬂ+1<v>]} .
- ' [W‘(hl)—Zﬂ“m]rlzp(w)@/(v)dv‘
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(6—1)[6/)“ (a)—tPt! (b)]
-k !
_Tolp+1D ke

i otiir (3]

N IR
- [T etan - e Z”('Y)Z/(v)dv}

by 0+1 +1 %71 0
[ / [+ o) = 1 0] * T e ey ndy
a

[ o-v[ert -t v
_rolp+ D re
B oIk [£]

<[Ep(h2) — @p(a)]% — [W)(hl) _ gﬂ(a)]i )

Hence, | [’;I;:ZGy] (hy)—, [’;IZ:ZGy] (h1)| — 0, since £(h) is a continuous func-
tion.
Therefore, we have

1(Gy)(h2) = (Gy)(h)| = aqply, €) + py (U, €),

this implies
w(Gy, €) < ajp(y, e) +uy(,e).

Since V is uniformly continuous on [ X [—rg,ro] X [—J, J], so we get
pny (1, e) = 0.

Further, if we take sup and e — 0, we have
yev

Ho(Gy) < aqpo(y), = A (Gy) < a1 (y).

As a direct consequence of #.% &7, G has a F P in B,,, and the Eq. (4) possesses
solution in C([1). O

Example 1 Take a look at the following .% .# &

19— 1| —
=

iy | [ o

1 4h? m ’ )

y(h)

for £(h) = h, m > 30, where h € [1,2] =1,

and
211

T 3r@ J,

1 1 h 3 3 3 3 1
Ex0 e D nE =iy )y,

Also, V(h, y(h), J) = % + % It is obvious that V is continuous function satis-
fying

h? 1
[V(h, yi(h), J1) = V(h, y2(h), )| < ——= |y1(h) — ()| + — [J1 — 2]
1+h m
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Therefore, oy = ay = % Further,

1
3’

10 *[1*2‘%’]
r02 e

m3'T(4) [2(%) - 1]4 = To-

.
IV (h, y(h), JD)| < § +

If we choose rg > 0, then we have

o-v[ertlw-rte]
7

L ol 1)—%e[
O ki [¢]

[+ (h) — 77 (@)]F

T L Ll I 1
=_+—[2(i)—1] <1, where a, = —.
3 30(3H)T'(4) 30

Therefore, all the assumptions from (I)— (1 1 I') of the Theorem 6 are satisfied. Hence,
the Eq. (4) has a solution in C[1, 2].

6 Conclusion

The central claim of this article is to demonstrate a new approach to fractional inte-
gral referred to as generalized proportional (k, p)-# .#& and a generalization of
DF P T . First, we defined a generalized proportional (k, p)-% .# & and then show
the existence of generalized proportional (k, p)--# . & with some of its properties.
After that, we generalized 2.% .7 and established the existence of a solution of
generalized proportional (k, p)-F ¥ & via 9% &7 . In order to support the current
findings, we have now provided an example.
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1 New Weak Topology for Partial M-Metric Spaces

2 Introduction

After introducing partial metric spaces by Matthews in [34] many papers are written
specially in fixed point theory which all of them turn on p(a, a) is not zero. In this
work we introduce a weaker topology of the PMS, and we remove the condition
p(x,x) < p(x,y) in the main definition of PMS.

Definition 1 ([34]) Let X be anonempty setand p : X x X — R™ be aself mapping
of X such that for all x, y, z € X the followings are satisfied:

pl x=y < p(x,x)=px,y)=pQ,y),
p2 p(x,x) < px,y),

p3 p(x,y) = pQ,x),

p4 p(x,y) < p(x,2) + pz,y) — pz, 2).

Then p is called partial metric on X and the pair (X, p) is called partial metric space
(in short PMS).

At first, we show that the condition p2 is redundant in Definition 1 of partial
metric. By p4 if we put y = x, then

p(xs-x) S p(-xs Z) +p(th) _p(sz)'

p(x,x) + p(z,2) <2p(x,2).
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Therefore we have
2p(x,x) < p(x,x) + p(z,2) <2p(x,2)

or
2p(z,2) < p(x,x) + p(z,2) <2p(x, 2).

So p(x, x) < p(x, z), forevery x, z € X.
Note also that each partial metric p on X generates a Ty topology 7, on X, whose
base is a family of open p-balls

{B,(x,e):x € X, e >0}

where
By(x,e) ={y € X:p(x,y) < px,x)+e},

forallx € X and ¢ > 0.
It’s time to introduce new definition of partial metric.

Definition 2 ([7]) Let X be anonempty setand p : X x X — R be a self mapping
of X such that for all x, y, z € X the followings are satisfied:

pl p(x,x)=px,y)=pl,y) < x=y,
p3 p(x,y) = p(y,x),
p4 p(x,y) < p(x,2)+ pz,y) — p, 2).

Then p is called partial metric on X and the pair (X, p) is called partial metric space.

Put

d(x,y) = p(x,y) —min{p(x, x), p(y, W} + klp(x,x) — p(y, »I. (1)
Proposition 1 d is a metric on X.

Proof (1) If x = y, then
d(x,x) = p(x,x) —min{p(x, x), p(x, x)} + k| p(x, x) — p(x,x)| = 0.
(2) Andifd(x,y) =0, then

p(x,y) —min{p(x, x), p(y, y)} +klp(x,x) — p(y, y)| = 0.

So

px,y) < px,y) +klp(x,x) — p(y, y)| = min{p(x, x), p(y, ¥)} < p(x,y).
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Thus p(x, y) = p(x,x) or p(x,y) = p(y,y). Hence
p(x,y) +klpx,x) — p(y, W = plx,y) = plx,x) = p(y,y).
Therefore p(x,y) = p(x,x) = p(y, y) which means x = y.
(3) Symmetry is obvious.
(4) For triangle inequality by the following inequality
min{a, ¢} + min{c, b} < min{a, b} + ¢ Va,b,c € R", 2)

we have

d(x,y) = p(x,y) —min{p(x, x), p(y, »)} + k|p(x, x) — p(y, y)|
< px,2)+pz,y) —pi2)
— min{p(x, x), p(z, 2)} — min{p(z, 2), p(y, Y)} + p(z, 2)
+ klp(x, x) — p(z, 2| + klp(z,2) — p(y, ¥)I
=dx,z2)+dx, 2).

3 Main Results

We define weak topology 7, by the balls
Bi(x,e) ={y e X:d(x,y) < e},

for every k € (0, 1), makes t, is Tp.

Theorem 1 Balls B{j (x, €) for every x € X and ¢ > 0 makes a base for topology
T4.

Theorem 2 Topology t, is weaker than topology .

Proof Puty € B%(x, ¢). Hence
p(x,y) —min{p(x, x), p(y, »)} + kIp(x,x) — p(y, )| < ¢
thus
p(x,y) = plx,x) < p(x, y) —min{p(x, x), p(y, M} +klp(x, x) —p(y, Yl <&
plx,y) —plx,x) <e=ye€Byx,e)

which means Bs (x,8) € Bp(x, ). O
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4 Second Weak Topology

If we put
D(x,y) := p(x,y) —min{p(x, x), p(y, ¥)} 3
and
Bp(x,e) ={y € X : D(x,y) < ¢},
then

() Bi(x.e) = Bp(x.e).

ke(,1)

Also, we know that
p(x,y) = p(x,x) < D(x,y) := p(x, y) —min{p(x, x), p(y, )}
We define weak topology t which is Tp, by the balls
Bp(x,e)={ye X:D(x,y) <¢}.
Remark 1 D isn’t a metric. Put X := {1, 2} and define p as follows:
p(, 1) =1pQ2,2)=2,p1,2) =p21) =3,

So pisapartial metricand D(2,2) = p(2,2) —min{p(1, 1), p(2,2)} =2 —-1=1.

Theorem 3 Balls Bp(x, €) for every x € X and ¢ > 0 makes a base for topology
p.

Theorem 4 Topology t, is weaker than topology tp and topology tp is weaker than
topology t,.

Proof Puty € BX(x, ¢). Hence
p(x,y) —min{p(x, x), p(y, »)} + klp(x,x) — p(y, )| < &
thus
p(x,y) — px,x) < p(x, y) —min{p(x, x), p(y, M} + klp(x,x) — p(y, y)| <&
p(x,y) —plx,x) < D(x,y) <d(x,y) <e =y € Bp(x,e) C By(x,¢).

which means Bs(x, €) C Bp(x,e) C By(x, ¢). [l



New Topologies on Partial Metric Spaces and M-Metric Spaces 359

Definition 3 ([7]) Let (X, p) be a partial metric space. Then

e asequence {a,} in (X, p) is said to be convergent to a point a € X if and only if

lim d(ay, a) =0 < a, = a.
n—o0

(lim D(a,,a) =0 < a, = a).
n—00
e asequence {a,} is called a Cauchy sequence if

lim d(ap,a,) ( lim D(ay,ay))
m,n— 00 m,n— 00

exists and finite;
e (X, p) is said to be complete if every Cauchy sequence {a,} in X converges to a
point a € X with respect to t,. Furthermore,

lim d(a,,,a,) = lim d(a,a,) =0
m,n— 00 n— o0

e A mapping f : X — X is said to be continuous at ay € X if for
Ve > 036 >0 f(B(ao,8)) S BY(f(ap), e).

(Ve > 035 >0 f(Bp(ao,8)) < Bp(f(ao),e)).

Example 1 Let X :={1,2,3}, x, :=1, x =3 and p(x, y) = max{x, y}. Hence
X, — xin T, butx, 4 xin 74.

Example 2 Let X := {% :neNjU{l}, x,:= %, x=1 and p(x,y) =
max{x, y}. Hence x, — x in 74, 50 x, — x in 7.

Lemma 1 Let (X, p) be a partial metric space. If {a,} be a sequence in (X, p) such
that p(ay,, a,+1) — 0asn — oo. Then d(a,, ay+1) — 0 asn — oo.

Proof By p(a,, a,) < p(an, ay4+1) so p(a,,a,) — 0 as n — oo with respect 7,.
Therefore d(a,, a,+1) — 0 asn — oo. O

The next lemma states that converse convergent condition in 74 and 7, topologies.

Lemma 2 Let (X, p) be a partial metric space. If a, i aand lim p(a,, a,) exists.
n—oo
Then

lim d(a,,a) = lim D(a,,a) = (k+ 1)(p(a,a) — lim p(a,,a,)).

Furthermore lim p(a,, a,) = p(a, a), then
n—o00
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lim d(a,,a) =0, and lim D(a,,a) =0,
n—oo n—oo

or
Td 125}
a, — a, and a, — a.

Proof According to d(a,,a) = p(a,,a) —min{p(a, a), p(a,, a,)} + k|p(a,a) —
p(a,, ay)| and p(a,, a,) < p(a,,a) + p(a,a,) — p(a, a) assertion is clear. O
About the condition lim p(a,,a,) = p(a,a), in Lemma 2, look at the
n— o0
Examples 1 and 2.
Next theorem is an application in fixed point theory as base on Banach’s theorem.

Theorem 5 Let (X, p) be a complete partial metric space. T a self mapping on X
and

p(Tx,Ty) —min{p(Tx, Tx), p(Ty, Ty)} + klp(Tx, Tx) — p(Ty, Ty)|
<Il(p(x,y) —min{p(x, x), p(y, Y)} +klpx,x) — p(y, YD,

for some | € [0, 1) and for every x,y € X. Then T has a unique fixed point on X.
Proof By Proposition 1, d is a metric and d(Tx, Ty) < ld(x, y). (I

By the new topology and metric d, many complicated contractions could be ver-
ified in the same way.

Corollary 1 Let (X, p) be a complete partial metric space. T a self mapping on X
and

p(Tx,Ty) —min{p(Tx, Tx), p(Ty, Ty)} < l(p(x,y) —min{p(x, x), p(y, Y)}),

for some | € [0, 1) and for every x,y € X. Then T has a unique fixed point on X.
Proof By Definition 3, D(Tx, Ty) <ID(x, y). O

5 Introduction and Preliminaries to M-Metric space

In 1994 Matthew in the article [34] introduced the partial metric space notation and
proved Banach’s fixed point contraction theorem. After that, many mathematicians
in the world proved fixed point spaces with various well-known structures for partial
metric. In this regard, in this article we try to introduce a new definition for M-metric
space Let us introduce (introduced in 2014 by Asadi and his colleagues in [9]) that
the extension is partial metric and give an example that this is not necessarily a new
Hausdorff space. By presenting the topology of this space, while examining some
of its properties, we define the new topology and state that it is weaker than the
previously defined topology. For more detail, see [1-70].
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The following views are necessary in the rest of the article:

(1) myy := min{m(x, x), m(y, y)},
(2) M., :==max{m(x, x), m(y, y)}.
(3) 0 = Myy —myy = Im(x,x) —m(y, y)l

Now we define the new version of a M-metric space as follows:

Definition 4 ([10]) Let X be an infinite set. Function m : X x X — R* An m is
called a metric whenever

(ml) m(x,x) =m(y,y) =m(x,y) < x =y
(m2) m(x,y) =m(y, x)
(m3) (m(x,y) —myy) < (m(x,2) —my) + (m(z, y) —myy).

In this case, (X, m) is called M-metric space.

We note that the condition m,, < m(x, y) in [9] is obtained from the condition
(m3) assuming x = y and z = y. It is enough to note that

Mx,x =My = m(x, x)~

Example 3 Suppose X := [0, co) and m(x, y) := x + y. In this case, m is an m-
metric on X.

There are examples where m is a metric but p is not a metric.

Example 4 Suppose X = {1, 2, 3} and put:

m(l,1) =1
m2,2) =9
m@3,3) =5

m(1,2) =m@2,1) =9
m(1,3) =m@3,1) =7
m3,2) =m2,3) =17.

m is a metric that is not p metric.

Example 5 Suppose m is a m metric in this case
D(x,y) =m(x,y) —my .
D is not ordinary metric. It is enough to assume X := {1, 2} and

m(1,2) =m@2, 1) =m(1,1) =1 and m(2,2) = 2.
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In this case
D(1,2)=m(1,2) —mj,=1—1=0

But I # 2.

Example 6 Suppose (X, d) is a metric space and ¢ : [0, o0) — [¢(0), 00) is a one-
to-one ascending or strictly ascending mapping such that ¢ (0) > 0 be defined and

dx+y) =p(x)+¢(y) —¢(0), Vx,y=>0.
in this case m(x, y) = ¢(d(x, y)) and m is an m-metric.

Example 7 For metric space (X, d) Assuming a, b > 0 in this case m(x,y) =
ad(x,y) + b and m is a metric because it is enough to assume according to the
previous example ¢ (t) = at + b.

Example 8 Suppose m is a m metric, then m™ and m* are normal metrics:

(1) m“(x,y) =m(x,y) — 2myy, + My,
(2) m*(x,y) =m(x,y) —my, whenx # yandm*(x,y) =0ifx =y .

Remark 2 For each x, y € X we have

(1) Mx,y — My y = |m(x, )C) _m(yv y)|,
(2) m(x,y) — Myy =m”(x,y) <m(x,y) + My,
(3) (m(x,y) — M) <m'(x,y) <m(x, y).

In other words

[m"(x,y) —m(x, y)| < My, and |m’(x,y) —m(x, y)| < My,.

Lemma 3 Each p is an m metric.

6 Initial Topology of M-Metric space

In [9] authors verified that every m-metric m on X produces a Ty for the topology
7,,. Collection
{By(x,e):x € X,e >0},

where in
B,(x,e) ={y e X :m(x,y) <m,,+e}

makes a base to t,,,.

Theorem 6 Topology 1, is not Hausdorff.
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Example 9 Let X = {1, 2, 3} and

m(l,1)=m(,3)=m@3,1)=m(1,2) =m®2,1) =1,
m2,2) =3,
m3,2) =m2,3) =m(@3,3) =2.

This is an m-metric but it is not a p-metric. Put

in M-metric space x, — 2 and x, — 3 in 7,,.
lim (m(x,,2) — mx,,,Z) =0,
n—0oQ
lim (m(x,,3) —my, 3) =0,
n—oo

which means a sequence has two different limits.

7 A New Topology ™ for M-Metric Space

Now we define a weaker topology than the last topology called 7", which is generated
by open balls as follows:

{B/'(x,e) :x € X, e >0},
where 0 < k < 1 and
Bl'(x,e) ={ye X :m(x,y) —myy+k(Myy —my,) <e}
T is Tp. Since, if x # yand e :=m(x,y) — my y, + M, , — m, ,,theny ¢ B(x, ¢).
B} (x, £) generates a base for topology t”. Fixed 0 < k < 1. For every x € X
ande > 0

yeB'(x,e) = m(x,y) —myy +k(Myy —myy) <e.

We claim
38 >0 B/'(y,8) € B/ (x,¢).

Let
S:=¢e—(mx,y) —myy +k(M,, —m,,)).

z€ B(y,8) = m(y,z) — my . +k(My,z - my,z) <46
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m(y,z) —my, +k(My . —m,.) <e&—(m(x,y) —my,+k(M,, —my,))
by the following property
My . —my . = |m(x,x) —m(z, 2)| < |m(x,x) —m(y, )|+ m(y, y) —m(z, 2)|

or
M, —my, < Myy—myey+M,,—m,y;

by (m3) and 0 < k < 1

m(z,x) — mzx + k(Mx,z - mx,z) <m(y,z) — my - + k(Mva - my,Z)
+m(x,y) —my, +k(M,y, —my,) <é€

SO
z€B"(x,¢).

Theorem 7 Topology t™ is weaker than topology t,,.

Proof 1t’s clear that, if y € B]"(x, &) C B, (x, ¢), then

m(x,y) —myy, <m(x,y) —myy, +k(M, —m, ) <e.

We also note that
[ Bi'(x.e) = Bu(x.e).

ke(0,1)
Fixed 0 < k < 1.

Definition 5 Let (X, m) be a M-metric space. Then:

(1) A sequence {x,}in a M-metric space (X, m) converges to a point x € X if and
only if
lim (m(xna x) — My, x + k(Mx,,,x - mx,,,x)) =0. 4

n—oo

(2) A sequence {x,}in a M-metric space (X, m) is called a m-Cauchy sequence if

im (m(x, X)) — My, s, +k(My, v, —my, 2)) 5)
n—oo
there exist (and are finite).
(3) A M-metric space (X, m) is said to be complete if every m-Cauchy sequence
{x,} in X converges, with respect to ", to a point x € X such that

lim (m(xn, X) =My, « +k(My, « — mxu,x)) =0.

n—0o0
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Lemma 4 Assume that x, — x and y, — y as n — o0 in an M-metric space
(X, m). Then

Hm m (s, yn) = M, y,) k(M0 — M, ) = m(x, y) = Moy + K(Myy — My y).
Proof We note that

[(mGen, yn) = M,y ) — (MG, y) —mx y)| < (MG, x) — My x) + (MG, y0) —myy,) -
So

|(m(xn7 )’n) — My,,y, +k(Mxn,y,, - mx,,,y,,)) - (m(x, y) —My,y +k(Mx,y - mx,y))| =<
(mQen, x) = my, x +k(My, x —my, x)) + (MmO, y) —my, y +k(My, y —my, )

From Lemma 4 we can deduce the following lemma.

Lemma 5 Assume that x, — x as n — oo in a M-metric space (X, m). Then
nlingo(m(xn’ y) - mx,,,y) + k(Mx,,,x - mx,l,x) = m(x, y) — Myy + k(Mx,y - m)c,y)~

forall y € X.
About uniqueness of a limit a sequence, we have the following lemma.

Lemma 6 Assume thatx, — x andx, — yasn — ooina M-metric space (X, m).
Thenm(x,y) — myy +k(My y —m, ) = 0. Furtherifm(x, x) = m(y, y), thenx =
y.

Proof By Lemma 4 if we put y, = x,,, then we have
0= nl_i)moo(m(xn, Vn) = My, y,) +k(My, x —myx, x) =m(x,y) — myy +k(My y —my y).

O

Example 10 Let X = R and m(x, y) = max{x, y}. So m is a m-metric on X. Put
x, =1+ % So x, — lin t™ and 1,,.

Example 11 Let X = {1, 2, 3} and

m(l,1)=m(1,3)=m@3,1)=m(,2) =m®2,1) =1,
m2,2) =3,
m@3,2) =m2,3) =m(@3,3) =2.

This is an m-metric but it is not a p-metric. Put
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in M-metric space x,, — 1 in t” and 7,, and x,, — 3 in 7, but x,, 4 3 in "

lim ((m(x,, 1) —my, 1) +k(My, | —my, 1)) = 0.

n—0o0o
lim (m (s, 1) = my,1) = 0

lim (m(xy,3) —my,3) =0,
n—o00o

while
lim ((m(xnv 3) - mxn,3) + k(Mx,l,S - mx,,,3)) 7& 0.

n—00

We know

0 =< Mxn,l — My, 1 = |m(xns xn) _m(lv 1)| =1-1=0
0 < M.x,l,3 — My, 3 = |m(xns xn) - m(3, 3)| = |1 - 2| =1
Proposition 2 If

D, (x,x) =m(x,x) —min{m(x, x), m(x, x)} + klm(x, x) — m(x, x)|.

Then d is a metric on X.
Proof (1) If x = y, then

D, (x,x) =m(x,x) —min{m(x, x), m(x, x)} + k|M; . —m, | =0.
(2) Andif Dy, (x,y) =0, then
m(x, y) —min{m(x, x), m(y, y)} + k|My,y — my y| = 0.
So
m(x,y) <m(x,y) +k|Myy —my | = min{m(x, x), m(y, y)} < m(x, y).
Thus m(x,y) = m(x, x) orm(x,y) = m(y, y). Hence
m(x, y) +klm(x, x) —m(y, y)| = m(x,y) = m(x, x) = m(y, y).
Therefore m(x, y) = m(x, x) = m(y, y) which means x = y.
(3) Symmetry is obvious.

(4) For triangle inequality by the following inequality

|Mx,y - mx.,y| <My —my | + |Mz,_v — Mgy (6)
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we have

Dy (x,y) =m(x,y) —myy + kM y —my |
=m(x,z) —my; +k|My; —m,y |
+(z,y) — mzy + kIMz,y - mz,yl
< Du(x,2) + Dp(x, 2).

Theorem 8 Topology ™ is Hausdorff.

8 Conclusion

We verified two topology ™ and t,,. Topology 7" is Hausdorff while topology t,,
isn’t. We present, new definitions for partial metric space and M-metric space. By
presenting the topology of those spaces, we obtain some of its properties. Also, a
new topology that is weaker than the previously defined topology.

After introducing of partial metric spaces by Matthews, many papers are written
specially in fixed point theory. All of them turn on p(a, a) # 0. In this article, we
made a weaker than its topology and we remove the condition p(x, x) < p(x, y)
from partial metric space and m, , < m(x, y) from M-metric space.
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1 Introduction

A branch of mathematics that is still developing is fixed point theory, which is con-
nected to functional analysis and topology. The rapidly expanding fields of nonlinear
operators and nonlinear analysis heavily rely on fixed point theory. This branch of sci-
ence is still rather new, yet it is growing quickly. Fixed point theorems and their fixed
points have historically been fundamental theoretical tools in fields as numerous as
topology, differential equations, economy, game theory, optimal control, dynamics,
and functional analysis. Fixed point methods have become a crucial tool in the arse-
nal of the applied mathematician as a result of effective methods for computing fixed
points and the development of accuracy, which has greatly increased the concept’s
importance for applications.

Major areas of mathematics such as general topology, set theory, functional anal-
ysis, and algebraic topology are just a few that provide ideal contexts for fixed point
theorems. Fixed point theorems are used in a variety of disciplines, including poten-
tial theory, approximation theory, mathematical economics, game theory, theory of
differential equations, and others, to answer problems in these fields. When someone
is passionate about a system of integral, differential, or functional equations, it is pos-
sible to analyze a variety of problems from engineering and science utilizing fixed
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point methodologies. When dealing with control systems and elasticity concerns,
this approach is quite helpful. Younis et al. in [1] solved a functional equation rep-
resenting a dynamic programming problem related to a multistage process in 2022
and in [2] solved a nonlinear model indicating a rocket’s ascending motion. In [3],
authors used their graphical contraction to deal with a model of elastic beam defor-
mation and in [4], authors focus on contemporary applications, mainly pertaining to
the presence of solutions for diverse models associated with engineering challenges.

In order to demonstrate the solutions to various mathematical models (varia-
tional inequalities, integral, partial, and differential equations, etc.), which represent
phenomena arising in a variety of fields like chemical reactions, steady-state tem-
perature distributions, epidemics, economic theories, Neutron transport theories, and
fluid flow, fixed point theorems are one of the most crucial tools available. They are
also used to examine how challenging it is to choose the appropriate central for these
systems.

Following Poincare [5], metric fixed point theory, initially established by Banach
[6], has expanded significantly, encompassing both linear and nonlinear expressions
in metric spaces (MS) (have alook at, [7, 8] and so on). In 1968, Kannan [9] used the
terms 4 (x, Tx), 4 (y, Ty) instead of single term 4 (x, y) used by Banach [6], whence
Chatterjea [10] used the terms 4 (x, 7x), 4 (y, Ty) to extend the theory. Again, in
[11] Riech combined all the three terms used by Banach and Kannan to define the
contraction. Later in 2023, Alam et al. [12] defined rational contractions utilizing
auxiliary functions to generalize the theory.

As a further extension of metric space, Sedghi et al. [13] presented S—metric
space. The assertion that S—metric space is an extension of G —metric space [14]
was also made by them. The claim, according to several researchers, is false. Addi-
tionally, it is asserted that the classes of S—metrics and G —metrics are both distinct.
A new concept of b—metric space is firstly developed by Bakhtin [15]. Czerwick
makes considerable use of the Bakhtin notion in [16, 17]. By combining the ideas of
S—metric and b—metric, Souayah and Mlaiki [ 18] established the idea of S, —metric
space. A broader definition of S,—metric space was provided by Rohen et al. [19].
Research publications in [20] provide additional findings on S, —metric space.

Of course, it is impossible to address all these ideas in a brief overview. In this
study, we limit ourselves to summarizing the generalizations of fixed point theory
in Sp—metric structure, which is one of the most interesting generalizations of the
metric concept. Before we explain the definition of S, —metric, for self-control let
us recall the terms S—metric and b—metric.
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2 Definitions and Examples

First, we go over the basic definitions and characteristics to know S, —metric space.

Definition 1 ([13]) An S—metric space is a pair (9, S;), where 9 is any set and
S:9 x99 x99 — RT, sothat for u, v, w, x € ¥ if

Sbl) S(u,v,w) =0 u=v=w,
(Sb2) S(u, v, w) < S(u, u, s) + S(v, v, x) + S(w, w, x).

In this case, S is known as Smetric on &.
Remark 1 An S—metric is automatically symmetric with respect to the variables.

Definition 2 ([15]) A b—metric space is a pair (9, b) with some s > 1, where 9" is
any setand b : 9 x 9 —> R™*, so that for u, v, w € ¥ if

(Sbl) b(u,w) =0 u=w,
(Sb2) b(u, w) = b(w, u),
(Sb3) b(u, w) < s[b(u, v) + b(v, w,)].

In this case, b is known as b—metric on 9.

Definition 3 ([18]) An S,—metric space is a pair (9, Sp) with some s > 1, where
9 isany setand Sp : 9 x 9 x 9 —> R, so that for u, v, w, x € I if

(Sbl) Sy, v, w) =06 u=0v=w,
(Sb2) Sp(u, u, w) = Sp(w, w, u),
(Sb3) Sp(u, v, w) < s[Sp(u, u, s) + Sp(v, v, x) + Sp(w, w, x)].

In this case, S;, is known as S, —metric on 9.

Example 1 ([18]) Consider a pair (%, S,) for s > 1, where 9 = 9; U9, with
card (97) > 4, card(Y) > 5, card (97N 9,) =0 and Sp: Y x Y x Y — RT be
defined as
0, fu=v=w=0,
Sp(u, v, w) = { 3s, if (u, v, w) € 97,
1, if (u,v,w) ¢ 9;.

Then the pair (9, Sp) is a S, —metric space for s > 1.

The following definition is about the convergence of the sequences in the
S, —metric structure.

Definition 4 ([19]) In an S, —metric space (9, S}), a sequence {w,,} is

(a) convergent to w € 9 if and only if lim Sy(w,,, w,, w) = 0.
m— 00

(b) Cauchy if and only if lim Sy(w,, Wy, wp) = 0.

m,p—00

Again an S, —metric space (9,S;) is complete if all Cauchy sequences in (9, Sp) is
convergent in (9, Sp).
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Now we give some definitions which are used by the researchers to generalize the
theory in the context of S, —metric structure.

Definition 5 Let (9,S,) be an S, —metric space fors > 1l and T : 9 — 9, a point
w € 9 is a fixed point of T if Tw = w.

Definition 6 Let (9,S,) be an S, —metric space fors > land T3, T, ...: Y — 9,
a point w € 9 is a common fixed point of T3, T, ... if Tiw = Gw = --- = w.

3 Results and Examples

Now we give fixed point results and their generalizations in S, —metric structure.
Souayah et al. [18]

Souayah and Mlaiki [18] presented their first contraction theorem by extending

Banach [6] in S;, —metric space utilizing an auxiliary function ¢ : R™ — R™, which

is an increasing function so that lim " (r) = 0, Vr > 0. Let us consider W as the
m—00

collection of such auxiliary functions.

Theorem 17.1 ([18]) Let (9,S),) be a complete S,—metric space for s > 1 and
T .9 —> 9 be a continuous function, so that

Sy (Tu, Tv, Tw) < Y (Sp(u, v, w)),Yu, v, w € Y, (D)

where r € W. Then T has a unique fixed point in .

Sedghi et al. [21]
In that same year, Sedghi et al. [21], utilizing the compatible condition of mappings,
presented their common fixed point result for four self mappings in S, —metric struc-
ture.

The concept of compatible mappings is presented in a manner similar to how
S—metric spaces were.

Definition 7 ([21]) In an S, —metric space (9,S;), two mappings 7;, 7, are called

compatible if for any sequence {w,} in 9 with lim 7w, = lim ZTw, = w, for
m— 00 m— 00

w € o, implies lim Sy(T,Twy, TiTwy, TTiw,) = 0.
m—00

Theorem 17.2 ([21]) Let (9,S)) be a complete S,—metric space for s > 1 and
T, T, T3, Ty - Y —> 9 are self mappings having compatible pairs {T;, ‘T;}, { Tz, T3}
with T,(9) € T,(9), T.(9) S T:(9), so that

Sp(Tiu, Tyu, w) < %M(u, ww),Vu,w €Y, 0<§ <1 s>, (2)
N

SRS
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where
MGy, w) = sup { Sy (T, Tow, Trw), Sy(Tow, Toa, Tow), Sy(Tow, T, Ty,

1
SUSy(To, Tow, Tow) + ,(Tiw, T, Trw)] .

Then the mappings T;, T, I;, T; have a unique common fixed point in .

Example 2 ([21]) Consider the S,—metric space (9, Sp) for s = 4, where & =
[0,1]and Sp: & x 9 x 9 —> R be defined as

Sp(u, v, w) = (v +w— 2u|l + |v—w|)?, Yu, v, we.

Then the mappings T;, T, T3, T, defined as T,w = (%)8 , Tow = (%)4 , Tw = (7‘7’)4,

Tiw = (%’)2 VY w € 9 satisfy Theorem 17.2 for § = i—f < 1 having a unique com-
mon fixed point 0.

Remark 2 ([21]) 1) If the mappings T;, T, (respectively 73, T;) considered to be
identity maps in Theorem 17.2, then the mappings 73, 7, (respectively 7;, 7;) has a
unique common fixed point.

2) If the mappings T3, 7; considered to be identity maps in Theorem 17.2 and
T; = T, = T, then the mapping 7 has a unique fixed point.

Remark 3 Note that, form the Remark 2, Theorem 17.2 is a clear generalization of
Theorem 17.1, as the continuity condition of the self mapping in Theorem 17.1 of
Souayah et al. [18] is released in Theorem 17.2 of Sedghi et al. [21].

Rohen et al. [19]

In S, —metric structure, Rohen et al. [ 19] introduced coupled coincidence point results
for rational contractions containing a sum of seven constant multiples of rational
terms.

Remark 4 In 2017, Rohen et al. [19] released the condition (Sb2) of Definition 3
to redefine S, —metric space including only the rest two conditions (Sb1) and (Sb3).
If the condition (Sb2) is added to the conditions of new redefine S, —metric space,
in that case the S, —metric space will be called symmetric S, —metric space.

The following example illustrates the above remark.

Example 3 ([19]) Consider a pair (9,S,) for s >2, where 9 =R and
Sp: Y x 9 x 9 — R7T be defined as

0,if w=v=w,

2,ifu=v=0,w=1,
Sp(u, v, w) = 4, ifu=v=1,w=0,
17

if otherwise.

Then the pair (9, Sp) is a non-symmetric S, —metric space for s > 2.
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Definition 8 ([19]) Let (9,,S,) be an S,—metric space for s> 1 and
T, T 1Y Xy — 9, apoint (u, w) € Y x 9 is a coupled coincidence point of
T, T if T(u, w)=T(u,w) and T(w,u)= T(w,u). In case of
Ti(u, w) = To(u, w) = u and T(w, u) = T,(w, u) = w, the point (u, w) is called
a common coupled fixed point of 7; and 7.

Theorem 17.3 ([19]) Let (9,S,) be a symmetric complete S,—metric space for
s>land T;, L, . Y X Y —> 9, so that

Sb(q}(uv ’Z}), ‘2‘1(11, ’l/), ‘TZ(W’ 7(,)) = M(u’ v, W, 7(,)7 Vu, v, W, X € 9/7 (3)
where

M, v, w0, 1) = € Sp(u, u, w) + Sp(v, v, ) +E Sp(Ti(u, 0), T1(u, v), To(w, x))Sp (1, u, w)
O = 2 2 1+ Sp(u, u, w) + Sp(o, v, )

Sp(T1(u, ), Ty(u, 0), Ta(w, 1))Sp(v, v, %)

14 Sp(u, u, w) + Sp(v, v, x)
tey Sp(u, u, Ty(u, v))Sp (u, u, w) +és Sp(u, u, T1(u, v))Sp(v, v, x)
14 Sp(u, u, w) + Sp(v, v, x) 14 Sp(u, u, w) + Sp(v, v, x)
Sp(w, w, To(w, x))Sp(u, u, w) Sp(w, w, To(w, x))Sp(v, v, x)

+ + :
S Sy )+ Sy, 000 T L+ Sy w) + S (o 7. 0)

+&3

with&; > 0, Z & < lands < % Then the mappings ‘I;, ‘I, have a unique

common coupled fixed point in Y.

Remark 5 If the mappings ‘73, 7 considered to be one, that is, if 7, = 7, = 7T in
Theorem 17.3, then the mapping 7 has a unique coupled fixed point.

The following is a consequent corollary of Theorem 17.3 in [19].

Corollary 1 ([19]) Let (9,Sp) be a symmetric complete S,—metric space for s > 1
and T, T, . Y X Y —> &, so that forall u, v, w, x € Y,

Sp(Ti(u, v), Ti(u, v), To(w, 1))

Sp(u, u, w) + Sp(v, v, x)

<é 2

Sp(u, u, Ty(u, 0))Sp(w, w, T(w, x))
1+ [y (u, w, w) + Sp(v, v, 1) + Sp(u, u, To(u, 9)) + Sp(w, w, Ty(w, X))’
4)

+ &

2
where with & > 0, Z & <lands < ﬁ Then the mappings ‘I;, T, have a unique

common coupled ﬁxed point in Y.

Remark 6 If 7, = 7, = 7 in Corollary 1, then the mapping 7 has a unique coupled
fixed point.
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The following example illustrates Theorem 17.3.

Example 4 ([19]) Consider the S,—metric space (9, Sp) for s = 2, where 9 = R
and Sp: 9 x 9 x 9 — RT be defined as

Sp(u,v,w) =|lu—w|+|lv—w|, Yu,v,we?y.

Then the mappings 7;, 7, defined as 7;(u, w) = T(u, w) = 2= Vu, w e R
satisfy Theorem 17.3 for&; = % & =0,i=2,3,4,5,6,7having aunique coupled
fixed point (1, 1).

Remark 7 Note that, Example 4 also satisfy Corollary 1 for & = % & =0 con-
cluding the result.

Sedghi et al. [22]

Utilizing the R— weakly commuting condition for a pair of self mappings with the
help of an increasing continuous functions ¢ : Rt — R satisfying¢(r) <7, r >
0Oand ¢ (0) = 0, Sedghi et al. [22] proposed the following common fixed point results.
Let the collection of such functions be denoted by &.

Definition 9 ([22]) In an S, —metric space (9, S;), two mappings T;, T, are called
R—weakly commuting if there is some R > 0, so that

Sp(TLw, TiLw, T,Tiw) < RSy (Tiw, Tiw, w), Yw €Y.

In case of R = 1, we simply call 7;, 7, are weakly commuting maps.

Example 5 ([22]) In an S, —metric space (9, Sp) for s > 1, where 9 = R and
Sp: Y x 9 x 9 —> RT be given by

Sp(u, v, w) = (v +w — 2ul + |v— w|)’, Yu,v,w e,

the mappings 7;, 7; defined as Tyw = 2w — 1, Tw =w?, V,w € R are R(=
4)—weakly commuting, but not weakly commuting.

Theorem 17.4 ([22]) Let (9, Sp) be a symmetric complete S,—metric space for s >
land 1;, T, : 9 —> 9 be two R—weakly commuting functions with T;(9) C ‘T,(Y),
so that

1
Sp(Ti, Tyu, Tiw) = 72 (Sp(Te, Ton, Tyw)), Vi, w €, o)
N

where ¢ € . If in addition, anyone of the mappings I;, ‘T, is continuous, then I;, T,
have a unique common fixed point in .

We now have an example that satisfies Theorem 17.4.
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Example 6 ([22]) Consider the S, —metric space (9, Sp) for s = 4, where 9 = R
and Sp: ¥ X 9 x & —> RT be defined as

Sp(u, v, w) = (lv+w—2ul+|v—w|)?, Yu,v,we?.

Then the R—weakly commuting mappings 7;,‘7; defined as
Tiw=1 Tw=2w—1, YV, w € R satisfy Theorem 17.4 for ¢ (r) = %’ having a
unique common fixed point 1.

Remark 8 If the mapping 7, considered to be identity in Theorem 17.4, then the
mapping 7; has a unique fixed point.

Mlaiki et al. [23]
To generalize Y —contraction, the concept of Souayah et al. [18], Mlaiki et al. [23]
in 2017 presented o — ¥ —contraction results utilizing o« —admissibility condition of
the self mapping.

Definition 10 ([23]) In an S, —metric space (9, S5), a self mapping 7 : & —> 7 is
called o —admissible if

a(u, v, w>1) = S,(Tu, Tv, Tw) > 1,

where o : 9 x 9 x 9 — RT.

Theorem 17.5 ([23]) Let (2, S),) be a symmetric complete S,—metric space for s >
1 and T:9 — % be an o—admissible continuous function, so that
A w, € ¥ with a(w,, wy, Tw,y) > 1 and for some € ¥,

o(u, v, w)Sy(Tu, T, Tw) < Y (Sp(u, v, w)),Vu, v, w € Y. (6)

Then T has a fixed point in Y.

Remark 9 Notice that, the Theorem 17.5 includes the continuity restriction on the
mapping 7. To release the continuity restriction Mlaiki et al. [23] defined the follow-
ing corollary by adding a sequential condition, known as « —regularity condition.

Corollary 2 ([23]) Let (9,Sp) be a symmetric complete S,—metric space for
s>1and T:9 — 9 be an a—admissible function, so that 3 w, € Y with
a(wy, wy, Twy) > 1 and for some y € Y,

o(u, v, w)Sp(Tu, Tv, Tw) < Y (Sp(u, v, w)), Yu, v, w € . (N
If for any convergent sequence {w,} in 9, converging to w € Y we have «

(Why Wiy Wi 1) > 1 = (W, wy, w) > 1, Vm €N, then T has a fixed point in

.
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Remark 10 We see in Theorem 17.5 and Corollary 2 of Mlaiki et al. [23], the
fixed point may not be unique. For the uniqueness of fixed point, in addition to the
conditions of Theorem 17.5 we have to add the following condition:

Jv e ysothata(u, u, v) > 1, (w, w, v) > 1 for any two fixed points u, w € .

The example below illustrates Remark 10 with Theorem 17.5.

Example 7 ([23]) Consider the S,—metric space (9, Sp) for s > 1, where & =
[0,3]1\ (1,2) and Sp: & x & x 9 —> RT be defined as

Sp(u, v, w) = lu —w|+ v —wl, ifu, v, w € [0, 1]
P supfu, v, w), otherwise.

Then the mapping 7 : & — 9 defined as

He ifo<w<1

Tw = % ifw=2
e if2<w<3,

satisfy Theorem 17.5, for v (r) = 1r and

esup{u,V}*’”, if sup{u, v} —w > 0
o(u, v, w) = {0, if sup{u, o} —w = 0

having a unique fixed point 1.

Saleem et al. [24]

Combining the concept of compatibility of pair of mappings and monotonicity of the
triple (Y, ¢, F) defined in Definition 11, Saleem et al. [24] generalized the results
of Souayah and Mlaiki [18] and Sedghi et al. [21] as follows.

Definition 11 ([24]) A three tuple (¥, ¢, F) is known as monotone if u < w =
FW(w),¢p(w) < FW(w), p(w)), Y u, w e RT, where F :[0,00)> — (—00,
oo) and satisfies F(r;, ) <1, and F(r;, ) =1, = eitherr, =00rrn=0; ¢ :
R* — R* is increasing continuous and satisfies ¥ (r) = 0 & r = 0; ¢ : Rt —
R* is continuous and satisfies ¢(r) > 0, Y r > 0 and ¢(0) > 0.

Example 8 ([24]) Let ¢ (n)=r0<r<1,y()=rr>15¢(1) =n
F(r;, r5) = r; — 1. Then the triple (¢, ¢, F) is monotone.

Example9 ([24]) Let y()=r0<r<Ly()=rr> L) =r"
F (r;, r,) = r; — 1. Then the triple (¢, ¢, F) is monotone.

Theorem 17.6 ([24]) Let (9,Sy) be a symmetric complete S,—metric space for
s>1 and T, T, 5, Ty Y —> Y are self mappings having compatible pairs
{71, T}, T2, T} with T(9) S Tu(9), T(9) S T3(9), so that
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¥ (s*Sp(Tyu, Tiu, Tow)) < FIY(M(u, ), p(M(u, w)], Yu,w €Y, (8)
where

M (u, w) = sup {Sp(TGu, Tu, Tyw), Sp(Tiu, Tiu, Tu), Sp(Lw, Tw, Tw),

e,

[S)(Tow, T, o) + Sy( Ty, Ty, Trw)])

N =

and (Vr, ¢, F) is monotone defined in Definition 11. If s > @ and T3, T, are

continuous, then the mappings I;, T,, I3, Iy have a unique common fixed point in Y.

Example 10 ([24]) Consider the S,—metric space (9, Sp) for s = 2, where & =
[0,1]and Sp: & x 9 x 9 —> R be defined as

Sp(u, v, w):(|v+w—2u|+|v—w|)§, Yuov,we?.

Then the mappings T;, T, T3, T; defined as T,w = (%)4 , Tow = (%)2 S Tw = (1’)2,

Tyw= %V we Y satisfy Theorem 17.6 for ¢ (r) =r,¢(r) = 1507;?@ -1 F

Y

(ry, 12) = #, having a unique common fixed point 0.

Remark 11 ([24]) (1) If the mappings 7;, T, (respectively T3, ‘T;) considered to be
identity maps in Theorem 17.6, then the mappings T3, ‘Z; (respectively 7;, 7,) has a
unique common fixed point.

(2) If the mappings 73, 7, considered to be identity maps in Theorem 17.6 and
T, = T, = 7, then the mapping 7 has a unique fixed point.

Thounaojam et al. [25]

In the year 2021, Thounaojam et al. [25] carried out and concluded « —Meir-Keeler
contraction results, concerning o —admissibility of mappings, of Gulyaz et al. [26]
in b—metric structure, to S, —metric structure.

Definition 12 ([25]) In an S, —metric space (9,S;), a self mapping 7 : & —> 9 is
called o« —Meir-Keeler contraction of type AL, if Ve > 0,3 6§ > 0, so that

£
e<Mu,v,w) <e+06 = a(u, v, w)S(Tu, Tv, Tw) < —
K

whereor : 9 x & x & — Rt and

M (u, v, w) = sup{Sy(u, v, w), Sp(u, u, Tu), Sp(v, v, Tv), Sp(w, w, Tw)}.

e Ifin Al type « —Meir-Keeler contraction u = v, then the contraction will be called
a—Meir-Keeler contraction of type All.
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e If in Al type o—Meir-Keeler contraction M (u, v, w) = sup{Sy(u, v, w),
Sy (u, u, Tu), Sp(v, v, Tv), Sp(w, w, Tw), }T[Sb(u, u, ) + Sp(v, v, Tw) + S,
(w, w, Tu)]}, then the contraction will be called o« —Meir-Keeler contraction of
type BIL.

e Ifin BI type « —Meir-Keeler contraction » = v, then the contraction will be called
a—Meir-Keeler contraction of type BIIL.

Theorem 17.7 ([25]) Let (7,Sy) be a symmetric complete S,—metric space for
s> landT : Y —> 9 be ana—admissible « —Meir-Keeler continuous contraction
of type AL Then T has a fixed point in Y.

Remark 12 ([25]) (1) We see in Theorem 17.7, the uniqueness of fixed point is not
mentioned. In addition to the conditions of Theorem 17.7, if we add the following
condition:

Jv e ¥sothata(u, u, v) > 1, a(w, w, v) > 1 for any two fixed points u, w € .

Then fixed point of 7 becomes unique.
(2) Torelease the continuity condition of 7 in Theorem 17.7, we can add « —regularity
condition defined in Corollary 2.

Remark 13 ([25]) The Theorem 17.7 and Remark 11 is true for all other o« —Meir-
Keeler contraction of types All, BI and BII.

Example 11 ([25]) Consider the S, —metric space (9, Sp) for s = 2, where & =
[0,00)and S;: 9 x & x & —> RT bedefined as Sy (u, v, w) = |v + w — 2u|. Then
the mapping 7 : 9 — 9 defined as
w ifo<w<1
‘T — 8 9 — f—
“ { 1+ log(w), if w € (1, 00),

satisfy Theorem 17.7, for

1, ifu, v, w € [0, 1]
0, otherwise

a(u, v, w) = {

having a unique fixed point 0.

Aytimur et al. [27]

Later in 2022, Aytimur [27] presented geometric interpretation concerning Jleli-
Samet type contractions to analyze fixed figure (circle, ellipse, hyperbola, Cassini
curve, Apollonius circle) problems in the S, —metric structure.

Definition 13 ([27]) In an S, —metric space (7,S;) for s > 1, let wy, w;, wy, € Y,
a circle having radius p and centered at w, is given by ij;,p ={wey:S
(w, w, wp) = p}; a disc having radius p and centered at =, is given by
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@iﬁn,p ={wey:S(w, w, wy) < p};anellipseis given by ‘Bpsﬁ(wl, wy) ={wey:
Sp(w, w, w;) + Sp(w, w, wy) = p}; ahyperbolais given by }[p“gﬁ(wl, wy) ={wey:
|Sp(w, w, w)) — Sp(w, w, wy)| = p}; a Cassini curve is given by
Cgﬁ(wl, wy) ={w € Y : Sp(w, w, w)Sp(w, w, wy) = p}; an Apollonius circle is

Sp(w, w,w;)

given by ﬂgﬁ(wl, w,) = {w € Y \{we}: Loy = Py
A figure Fig is called fixed figure of 7 : 9 — 9 if Tw = w,V w € Fig.

Example 12 ([27]) In an S, —metric space (7, S) for s = 1, where 9 = R¥ and
Sp: Y x 9 x 9 —> RT be given by

Sp(u, v, w) = (lu— ol + v — w| +|w—u)’, Vu,0,w e,

let wy = (1,1, 1) = w;, wy, = (—1, —1, —1) and p = 40. Then

Cop={wv,w)yed :|lu—1°+|v— 17+ |w— 1’ = 5}

e Dy, ={(w,v,w) €Y |u—1°+|v— 17+ |w— 1) < 5)

o B (wp, w) = {(u, 0, w) €Y (Ju— 1|+ u+ 1D*+ (lo — 1| + v + 1))
+(lw = 1] + |w + 1))* < 50}

o H¥(wy, wy) ={(wv,w) €Y :|lu—1—|ut+ 1 +|lv— 1| — o+ 1|
Hlw — 1| — |w+ 1| < 5}

o C¥(wy, wy) ={(u,v,w) €71 (Ju— 1u+ 1)’ + (|v — 1|v + 1))’

+(|lw — 1w+ 1)) < 5}

o A5 (wy, w,) = {(u, vw) e () 4 () + () < 5}

Theorem 17.8 ([27]) Let (7,S,) be a symmetric complete S,—metric space for
s> 1land T : Y — 9 be a function, so that for w,, w;, wy € ¥

Sp(w, w, wp) > 0 = ¢(Sp(w, w, Tw)) < [p(M(w, wy, wi, w)) %, &)

where 0 <§& <1, p = min{Sy(w, w, Tw) : w # Tw, w € Y}, ¢ : (0, 00)
—> 91, 00) is increasing and

o when M (w, wy, w;, ws) = Sp(w, w, wy), ¥ w € Y, the inequality (9) called Jleli-
Samet type D,,, — Sp— contraction, T fixes the disc Q)fjm o

o when M(w, wy, w;, w.) = Sp(w, w, wy) + Sp(w, w, w,), Vw € ¥\ {w;, wy}and
Tw; = wy, Tw, = w,, the inequality (9) called Jleli-Samet type E,, ., — Sp— con-
traction, T fixes the ellipse E;f"(wl, wy).

e when M(w, wy, w;, ws) = |Sp(w, w, w;) — Sp(w, w, wy)|,Vw € ¥\ {w;, w,},
p > 0and Tw, = w;, Tw, = w,, the inequality (9) called Jleli-Samet type H,, ., —
Sp— contraction, T fixes the hyperbola }[l,fﬁ(wl, w,).

e when M(w, wy, w;, ws) = Sp(w, w, w;)Sp(w, w, w,), Vw € ¥ \ {w;, wy} and
Tw; = wy, Tw, = w,, the inequality (9) called Jleli-Samet type C,, ., — Sp— con-
traction, T fixes the Cassini curve C/fﬁ(wl, w,).
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o when M(w, w,, wy, ws) = %,Vw € Y\ {w;, w,} and Tw;=w,

Twy = wy, the inequality (9) called Jleli-Samet type 4, ,,, — Sp— contraction,
T fixes the Apollonius circle ﬂfj(wl, wy).

The example below satisfies Theorem 17.8 having fixed figures.

Example 13 ([27]) Consider the S,—metric space (9, Sp) for s = 1, where & =
(=7, —V2}U[-1,11U{~2,2,7,8,21} and S,: 9 x 7 x 9 —> R* be defined
as Sp(u, v, w) = |u+ w — 20| + |u — w|. Then the mapping 7 : & — 9 defined as

_Jw,ifwe )\ ({8}
Tw—{m if w=3,

satisfy Theorem 17.8, for ¢(r) = 1 +r, r > 0 and p = 2 as follows:

o fora = %, wy = 0, Jleli-Samet type D, — S,— contraction and 7 fixes the disc
Dy, =[—1,1].
o fora =1, w,=—2 w, =1, Jleli-Samet type ‘E,, ., — Sp— contraction, T fixes
2 2 2 Yp 1, W2

the ellipse 'Ejﬁ(wl, wy) = [—%, %].

o fora = 190, —1, w, = 1, Jleli-Samet type #,,, .,, — Sp— contraction, T fixes
the hyperbola }[55( 1, 1) = {—2, 2}

o fora = ;, —1, wy = 1, Jleli-Samet type C,, ., — S,— contraction, 7 fixes

the Cassini curve Cj”(—l, 1) = {—+/2,0,2}.

o fora = %, w; = —7, wy, = 7, Jleli-Samet type 4,,.., — Sp— contraction, 7 fixes
the Apollonius circle ﬂjﬁ(— 7,7) ={Z1,21}.

Thounaojam et al. [28]
In the context of two S, —metric spaces Thounaojam et al. [28] investigated coupled
coincidence point and coupled fixed point results to enlarge the theory in 2022.

Definition 14 ([28]) In an S,—metric space (9,S,), two mappings
T XY — 9, T, Y — 9 are called w—compatible if

Ti(u, w) = Gu, T(w, u) = Ghw = TL,T(u, w) = Ti(Tu, Tw), Vu,we€ Y.

Theorem 17.9 ([28]) Let (97,5s,), (9%,55,) be two symmetric S,—metric spaces
for s > 1 in an universal set Y with Sp,(u, u, w) < Sp, (u, u, w),V u, w € Y and

Y XY — VT, Y —> 9 are two mappings having w—compatibility with
T1(9”>< Y) C T(9), so thatV u, v, w,x € Y

Spy (T1(u, w), Ty(u, w), T1(v, x)) + Sp, (T1(w, w), Ty(w, w), Ti(x, v)) < M(u, v, w, X)),
(10)
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where

M(u, v, w, x) = §118p, (T2u, Tou, T3v) + Sp, (Tzw, Tzw, T2x)] + §2[Sp, (T2u, T2u, Ty (u, w))
+8p, (Tzw, Taw, Ti(w, u))] + &3[Sp, (Tou, T2u, Ti(v, X))
+8p, (1w, Tyw, T1(x, v))]

and€é €[0,1], 0 <& + &+ & < Slz If ,(Y) is Sp, —complete, then the mappings
T, T, have a unique common coupled fixed point in 9.

Remark 14 (1)If we remove the w—compatibility condition from Theorem 17.9,
then instead of having a unique common coupled fixed point, 7;, 7, have a coupled
coincidence point in 9.

(2) Instead of taking two symmetric S, —metric spaces, if we take one symmetric
complete S,—metric space, then the results can also be concluded.

(3) If the mapping ‘T is considered to be identity, then we will get the corresponding
coupled fixed point results.

We have an example that is concluded using Theorem 17.9.

Example 14 ([28]) Consider the two S, —metric spaces (97, Sp, ), (92, Sp,) fors = 1,
where Y =9, =9 =Rand Sy, Sp,: ¥ XV XY —> R be defined as

Sp, (1, v, w) = (u+ v — 2w)*, Y u, v, w € 9,

u+v— 2w

2
p ),Vu,v,we%.

Sp, (1, v, w) = <

Then the mappings 7;, 7, defined as T3 (u, w) = ”’T“’, Tow = 2w, ¥V u, w € Y satisfy
Theorem 17.9for&; = é, & =0, i =2, 3having aunique coupled fixed point (0, 0).

There is another generalization by Rao et al. [20], who represented common
coupled fixed point results and solved an initial valued problem by utilizing the
corresponding integral equation. Recently, Tas et al. [29] investigated some geometric
properties by proving common fixed point results in the context of S, —metric space.
Besides generalizing the theory, they proposed that parametric rectified linear unit
activation functions also fixes some figures. Consequently, Researchers Investigated
the S, —metric in different ways and generalized the theory in many directions.

4 Conclusion

Starting with the fixed point result for contractions involving only one self mapping,
we discussed, with examples and remarkable comments, coincidence fixed point
results, common coupled fixed point results for contractions involving up to four
mappings satisfying w—compatible conditions in the context of S, —metric structure.
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There are also some fixed figure results collected that are interpreting geometric
properties of figures like circle, ellipse, hyperbola, Cassini curve, Apollonius circle,
etc. in S,—metric spaces. By demonstrating these results, we want to encourage
young researchers that there is still an opportunity to explore this intriguing area
with its vast potential for applications.
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