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On Fixed Point of Quasi Contraction with Application to
Integral Equation

Rhoda Chiroma', Mohammed Shehu Shagari?* and Jamilu Abubakar Jiddah®

ABSTRACT. It is observed from the surveyed literature that there
is no sufficient study of quasi-weakly contractive operators in the
context of b-metric-like spaces. From this background information,
this paper introduces a new unified notion of the quasi-weakly con-
tractive operator in b-metric-like space. It examines the existence
and uniqueness of invariant points of such operators. The idea put
forward herewith subsumes a few known results in the literature.
Non-trivial illustrations are constructed to verify our proposed con-
cepts and to compare them with other corresponding ones. Corol-
laries which reduce our findings to other famous ideas are presented
and discussed. As an application, one of our obtained corollaries is
utilised to investigate new existence criteria for solving a class of
boundary value problem.

1. INTRODUCTION

Fixed point theory plays an important role in many branches of math-
ematics and applied sciences. The fixed point theorems include results
that deal with fixed points and offer a practical way to locate these
fixed points. In applications, the existence and uniqueness of solutions
of specific differential equations are described as a fixed point problem
of an appropriate integral operator, whose fixed point is equivalent to
the solutions of the differential equations.

One of the most outstanding results in metric fixed point theory is
the Banach fixed point theorem, well known as the contraction mapping
principle, published in the PhD thesis of Banach in 1922. Following
this result, numerous metric space generalizations have been introduced
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and thoroughly studied by researchers in different directions (see e.g,
[10, 15, 19]), one of which is weakening the metric space’s defining ax-
ioms. Among the earliest generalizations in this direction is the quasi-
metric space, established by Wilson [23]. In 1989, Bakhtin [b] (and
also Czerwik [9]) introduced some generalizations of the well-known Ba-
nach fixed point theorem in b-metric spaces and obtained some new
fixed point results in such space. Similarly, Matthews [[18] proposed the
concept of partial metric space as a part of the study of denotational
semantics of data flow networks. The key contribution in [18] is the
demonstration that self-distance in the partial space needs not be zero.
Putting these two ideas together, Shukla [22] proposed a new generaliza-
tion called a b-partial-metric space. In order to improve the partial met-
ric space, Amini-Harandi [4] introduced the notion of metric-like space
by relaxing the axiom of non-negativity and small self-distances in par-
tial metric space. Recently, Noorwali and Shagari [20] used Geraghty
auxiliary mappings to study some fixed point results of weak contrac-
tive operators and improved the ideas in [4], among others. Alghamdi et
al. [3] introduced the concept of b-metric-like space, which generalizes
the ideas of partial b-metric space, metric-like space and b-metric space.
They proved the existence and uniqueness of fixed points and applied
these results to generate new coupled and fixed point results in partial
metric spaces, metric-like spaces, and b-metric spaces. In addition, a
few applications to integral equations and several examples were given.
In another direction, Alber et al.[l] introduced the notion of weak con-
traction mappings in the setting of Hilbert space by defining additional
algebraic structure on the space. Following this, Cho [7] and Hoa [L4]
established some fixed point results for weakly contractive mappings in
metric space and b-metric space, extending some known results in the
literature.

Our review of the existing literature shows that little or no work
has been done on quasi-weakly contractive operators in the context of
b-metric-like space. Hence, motivated by the ideas in [[f, 14], we in-
troduce in this manuscript, a new concept of generalized quasi-weakly
contractive operator in b-metric-like space and investigate the existence
and uniqueness of fixed points of such operators. The idea proposed in
this manuscript generalizes some well-known results in the literature.
Substantial examples are presented to verify our proposed idea and to
compare them with other corresponding results. A few corollaries which
collapse our new concepts to other famous ideas in the literature are
presented and analyzed. As an application, one of our obtained corol-
laries is employed to investigate novel existence conditions to solve a
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class of boundary value problem. Our proposed ideas extend the re-
sults of [B, [7, 14] and some references from complete b-metric space to
complete b-metric-like space. It is well-known fact that metric spaces
are Hasudorff (see [18]), and so cannot be used to study non-Hausdorff
topologies such as those needed in the Tarskian approach to program-
ming language semantics. Hence, this manuscript, being discussed in
the framework of metric-like spaces, possibly contributes to how metric
fixed point results can be examined in the non-Hausdorff topologies.

2. PRELIMINARIES

In this section, we record specific basic concepts that are needed in
the sequel. First, we recall some definitions and basic results in b-metric,
partial metric, b-partial metric, and metric-like spaces. For more details,
we refer to [16].

Definition 2.1 ([9]). Let X be a nonempty set and s > 1 be a real
constant. A function dp : X x X — R is called a b-metric if for all
x,y,z € X, it satisfies the following axioms:

(id) dy(x,y) = dp(y, z);

(iii) dy(z,y) < sldp(@, ) + dp(2,y)]
Then the pair (X, dp) is called a b-metric space with s > 1 a real constant

Definition 2.2 ([18]). Let X be a nonempty set. A function p : X x
X — RT is called a partial metric on X if, for all z,y,z € X, the
following are satisfied:
(1) p(z,x) =p(z,y) =
(1) p(z,z) < p(z,y);
(112) p(z,y) = p(y, );
() p(x,2) < plz,y) +p(y,2) —p(y,y).
Then the pair (X, p) is called a partial metric space.

Definition 2.3 ([22]). Let X be a nonempty set and s > 1 be a real

constant. A function py, : X x X — R™T is called a partial metric on X

if, for all x,y, z € X, the following are satisfied:

(1) po(z,2) = po(@,9) =po(y,y) & @ =y;

(i) po(z,z) < pp(@,y);
o (<, y;

p(y,y) & z=y;

9

(i) ~ pily. )
(iv) (. 2) < slpole.y) + po(y. 2)] — po(o, ).
Then the pair (X, pp) is called a partial b-metric space.

Definition 2.4 ([4]). A mapping 0 : X x X — Ry is said to be a
metric-like on X if for any z,y,z € X, the following four conditions
hold:
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(i) o(z,y) =0 = ==y
(i) o(z,y) = oy, z);
(i) o(x,2) < o(z,y) +o(y, 2).
Then the pair (X, 0) is called a metric-like space.

Combining the axioms of the above Definitions @—@, Alghamdi et
al. [B] introduced another generalization of metric spaces known as b-
metric-like space in the following manner:

Definition 2.5 ([3]). Let X be a non-empty set and s > 1 be a real
constant. A mapping op(x,y) : X x X — [0,00) is said to be a b-
metric-like if and only if, for all z,y, z € X, the following conditions are
satisfied:
(1) op(x,y) =0

(”) Ub( T,y ):d ( 7‘7:);

(131) op(z,2) < s[dy(z,y) + dp(y, 2)].
Then the pair (X, 0}) is called a b-metric-like space with constant s > 1.

Definition 2.6 ([3]). Let (X, 03) be a b-metric-like space and let {zy, }nen

be a sequence of points of X. A point x € X is said to be the limit of the

sequence {T,}nen if Um op(z, z,) = op(x,z), and we say that the se-
n—oo

quence {zy, }ren is convergent to x and denoted it by x,, — = as n — oc.

Definition 2.7 ([3]). Let (X, 03) be a b-metric-like space.

(i) A sequence {zp}nen in X is said to be a Cauchy sequence if

and only if lim oy(zy, 2, ) exists and is finite.
n,Mm—00

(7i) A b-metric-like space (X, 0y) is said to be complete if and only
if every Cauchy sequence {x,}nen © € Xin X, so that

lim  op(zp, 2m) = dpy(z, )
n,m— oo

= lim op(xy, ).
n,—00
Remark 2.8 ([B]). It is clear that every partial b-metric space is a b-
metric-like space with s > 1 a real constant and every b-metric space is
also a b-metric-like space with the same s > 1 a real constant. However,
the converses is not true.

Definition 2.9 ([17]). Let 7,S : X — X be two mappings. A point
x € X is said to be a common fixed point of T" and S, if Tx = Sz = x.

Definition 2.10 ([17]). Let T and S be two self-mapping on a nonempty
set X. If w =Tz = Sz for some x € X,then z is said to be the
coincidence point of T" and S, where w is called the point of coincidence
of T'and S. Let C(T,S) denote the set of all coincidence points of T’
and S.
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Definition 2.11 ([17]). Let 7" and S be two self-mappings defined on a
nonempty set X. Then , T" and S is said to be weakly compatible if they
commute at every coincidence point, that is, Tx = Sx = T'Sx = STx
for every x € C(T, 5).

Remark 2.12. In Definition ,if T'= S, then T'(orS) is said to be
weakly self compatible.

Definition 2.13 ([8]). Let (X,d) be a metric space. A self-mapping
T : X — X is said to be a quasi-contraction if there exists A € [0, %)
such that for all z,y € X,

d(Tz,Ty) < max{d(x,y),d(x,Tx),d(y, Ty),d(z, Ty),d(y, Tx)} .

Definition 2.14. Let (X, d) be a b-metric space. A mapping 7 : X —
X is said to be weakly contractive, if for all z,y € X,

where A : Ry — R, is continuous and non-decreasing function such
that A(0) = 0 and , liin A(t) = +o0.
——+00

Definition 2.15. A function 7' : X — [0, 00|, where X is a b-metric
space, is called lower semi-continuous if, for all x € X and {z, }neny C X
are b-convergent with lim z,, = z, we have

n—oo

T(z) < liminf x,.
n—oo

Let U = {4 : [0,00) — [0,00)|¢ is continuous and ¢ (t) = 0 < t = 0}.
Also, let & = {¢ : [0,00) — [0,00)|¢p is lower semi continuous and
o(t) =0«<t =0}

Hoa [14] obtained the following results in the context of b-metric space.

Theorem 2.16 ([14]). Let (X,04) be a complete b-metric space with
s > 1 a real constant, and let T, S : X — X be given self-mappings
satisfying S as injective and T(X) C S(X), where S(X) is closed. Sup-
pose ¢ : X — [0,00) is a lower semi-continuous function and p > 2 is
a constant. If there are functions ¥ € ¥ and ¢ € ® such that

(P (d(Tz, Ty) + ¢(Tx) + ¢(Ty))) < V(M(z,y,9)) — ¢(L(z,y, 9)),
for all x,y € X. where
M(z,y, )

d(Sz, Sy) + ¢(Sz) + ¢(Sy),
=max < 3 [d(Tz,Sz) + o(Tx) + o(Sz) + d(Ty, Sy) + o(Ty) + ¢(Sy)],
3 [d(Tz, Sy) + o(Tx) + ¢(Sy) + d(Ty, Sx) + ¢(Ty) + ¢(Sx)]

and
L(z,y,¢) = max {d(Sz, Sy) + ¢(Sz) + p(Sy),d(Ty, Sy) + »(Ty) + ¢(Sy)}
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Then T and S have a unique coincidence point in X. Moreover, T
And S have a unique common fized point provided T and S are weakly
compatible.

Theorem 2.17 ([14]). Let (X,dy) be a complete b-metric space with
s > 1 a real constant, and let T, S : X — X be given self-mappings,
and one of T and S is continuous. Suppose ¢ : X — [0,00) is a lower
semi-continuous function and p > 3,0 < A < % are two constants. If
there are functions ¥ € U and ¢ € ® such that

d(z,y) + o(z) + ¢(y),
n(z,y,p) = Amax ¢ d(Tz,z) + o(Tz) + o(x) + d(y, Sy) + ¢(y) + ¢(Sy),
Ld(Tx,y) + ¢(Tx) + ¢(y) + d(z, Sy) + ¢(x) + ©(Sy)]

and
d(z,y, ) = max {d(z,y) + ¢(z) + ¢(v),d(y, Sy) + »(y) + ¢(Sy)}

Then T and S have a unique common fized point in X.

Lemma 2.18 ([16]). Let (X,d,) be a b-metric-like space with s > 1 a
real constant and suppose that {zp tnen and {yntnen are b-convergent to
x,y respectively. Then we have

1 1
—do(z,y) — —dy(z,2) — do(y,y) < liminf d,(zp, yn)
s s

n—-+00

< lim sup da’ (l'na yn)

n—+oo
< szdg(x,:):)
< s%ds(y,y)
< szdg(l', Z/)-
In particular, if dy(z,y) = 0, then we have lim dy(Tp,yn) =0. More-
n—+oo
over for each z € X we have
1 1 ..
;da(xa Z) - ;da(xal') < lﬁgiggdcr(xna z)

< limsup dy(z, z)

n—-+4o0o

< sdy(z,2) + sdy(z, 2)
In particular if dy(x,x) = 0 then,
1
gdg(m, z) < lim inf do(xp, 2)

< hmsupd (Tn, 2)
n——+oo

< sdy(z, 2).



ON FIXED POINT OF QUASI CONTRACTION 467

3. MAIN RESULTS

We start this section by introducing the following definition.

Definition 3.1. Let (X,d,) be a b-metric-like space with constants
s > 1 and p > 2. The pair (7, .5) of self-mappings of X is said to form a
generalized quasi-weakly contractive operator, if it satisfies the following
condition,

(3.1) Y(sP(d(Tx,Tz) + d(Tz, Ty) + (Tx) + ¢(Ty)))

for all z,y € X, where ¢ € ¥, ¢ € & and

M(z,y,p)
d(Sx, Sy) + ¢(Sz) + »(Sy),
e sld(Tz, Sx) + (Ta) + (Sz)
+d(Ty, Sy) + ¢(Ty) + p(Sy) + d(Tx, Tz)],
3= [d(Tz, Sy) + ¢(Tx) + ¢(Sy) + d(Ty, Sz) + ¢(Ty) + ¢(Sz)]
and

L(z,y,p) = max {d(Sz, Sy) + ¢(Sz) + »(Sy), d(Ty, Sy) + »(Ty)
+o(Sy) + d(Tx,Tx)} .

Theorem 3.2. Let (X,d,) be a complete b-metric-like space with con-
stants s > 1 and p > 2. If the pair (T, S) of self-mappings of X forms a
generalized quasi-weakly contraction such that S is a one-one mapping
and T(X) C S(X), where S(X) is closed in X. Then, T and S have
a unique coincidence point in X. Furthermore, T and S have a unique
common fixed point provided T' and S are weakly compatible.

Proof. Let g € X. As T(X) C S(X), there exists 1 € X with Tzy =
Sz1. Now, we define the sequences {x,, }neny and {yn fnen in X by yn =
Tx, = Sxpyy for all n € N. If y,, = yp41 for some n € N; then we have
Yn = Yn+1 = Txpns1 = Sxpy1 and T and S have a coincidence point.
Without loss of generality, we assume that y, # y,+1 for all n € N.
Applying (B.1) with = = x,, and y = x,,41, we obtain:

(3.2)
V(d(YnrYn) + d(Yn, Yn+1) + ©(Yn) + @(Yn+1))
<P (8P(d(Yn, Yn) + d(Yns Yn+1) + @ (Yn) + @(Yn+1)))
=Y (s"(d(Tn, Txn) + d(Tzn, Txni1) + 0(Tan) + o(TTn41)))
< (M(@n, Tpt1,9)) — & (L(Tn; Tnt1,9))

—~~



468 R. CHIROMA, M. S. SHAGARI? AND J. A. JIDDAH?

M(xm Tn+1, 90)

d(Sy, STnt1) + ©(ST0) + P(STn11),

3ld(Tan, Szn) + (Tan) + o(Szy)
=max<{ +d(Tzpi1,5%n+1) + @(TTns1) + @(Stpt1) + d(Txy, Tay)],
Ti[d(Tx7Lv Sni1) +o(Tzn) + 0(STni1)
+d(Txpt1, Swp) + o(TTp41) + p(STp)]

d(ynfla yn> + <P(yn71) + Q,O(yn),
3[d(Wns Yn—1) + (W) + ©(Yn-1) + d(Yn11, yn)
= max +30(yn+1) + @(yn) + d(yna yn)]a
33 [A(Wns yn) + 0 (Yn) + o (yn)
+d(Yn+1,Yn—1) + ©(Yn+1) + P(Yn-1)]

d(Yn—1,Yn) + ©(Yn-1) + @ (Yn),
%[d(yn, yn,1) + @(yn) + ap(yn,l) + d(yn+1> yn)
< max "Hp(yn-i-l) + @(yn) + d(y'm yn)]7
?t[d(ynv yn) + @(yn) + @(yn) + Sd(yn+la yn) + Sd(yn-l-h yn)
+o(Yn+1) + ©(Yn—1)]

d(Yn—1,Yn) + ©Un-1) + ©(yn), }

<max {4 3[d(Yn, Yn—1) + ©Wn) + (Un—-1) + d(Yn+1,Yn)

+0(Ynt1) + 2(Yn) + d(Yn, yn)]

{ A(Yn-1,Yn) + ©(Yn-1) + ©(Yn), }

< max max{d(Yn, Yn—1) + ¢(Un) + ©(Yn—-1),

A(Yn+1,Yn) + @(Yn+1) + P(Yn) + d(Yn, yn) }

d(Yn—1,Yn) + ¢(Yn—1) + ©(Yn), } .

< max
- AWYnt1,Yn) + @ Wnt1) + @ (Yn) + d(Yn, Yn)

Hence, (@) becomes
(3.4)
d(Yn—1,Yn) + ¢ (Un-1) + @(yn), } '

M mny n ) S
(0, o1, ¢) max{ Ad(Yn+1,Yn) + 2(Yn+1) + ©(Yn) + d(Yn, Un)

Similarly,
(3.5)

[,(Z'n, Tn+41, QO)
] (S, Sri1) + 6(57) + 6(Srs), }
= d(Txps1,STni1) + ©(Txns1) + ©(Sxpy1) + d(Tp, Tay)

= max { d(Yn—1,Yn) + ©(Yn—1) + ©(¥n), }
d(Yn+1,Yn) + @Wn+1) + @(Yn) + d(Yn,yn) |-
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If d(yn, yn—1) + ¢(Yn) + ©(Yn—-1) < dYn: yn) + d(Yn+1, yn) 3 P(unt1) +
©(yy,) for some positive integer n, then it follows from (B.9), (B.4) and
(B.§) that
Y(A(Yn+1,Yn) + € (Wn+1) + 2 (Yn) + d(Yn, Yn))
< Y(d(Yn+1,Yn) + @ (Ynt1) + 2 (Yn) + d(Yn, Yn))
= O(d(Yn+1,Yn) + ©(Unt1) + ©(Yn) + d(Yn; yn)),
which implies that

¢(d(yn+lv yn) + Qo(yn-ﬁ-l) + @(yn) + d(yna yn)) =0,

and hence,

d(Yn+1,Yn) + @ (Ynt1) + @ (Yn) + d(Yn, Yn) = 0,

from which we notice that

Yn = Yn+1,  PYn) = @(Ynt1) =0
is a contradiction. Therefore,
(3.6)
A(Ynt15Yn) 0 Wns1) +0Wn) +d(Yn, yn) < d(Yns Yn—1) +©(Yn) +©(Yn-1)
foralln=1,2,3,...
Hence,
M(Zp—1,Zn, ) = d(Yn—1,Yn) + ¢(Yn-1) + ©(yn)
and
L(xn-1,Zn,¢) = d(Yn—1,Yn) + ©(Yn—1) + @(yn)-
From (), we have
(3.7) V(d(Yns Yn) + d(Yn, Yn+1) + @(Yn) + ©(Ynt1))
< P(A(Yn-1,Yn) + 9(Yn—1) + ©(Yn))
= &(d(Yn—1,Yn) + P(Yn-1) + ©(yn))-
It follows from (@) that the sequence

{d(Yn, yn) + d(Ynt15yn) + ©(Yn+1) + o (yn)}

is non-decreasing. Therefore,

A(Yns Yn) + A(Yns Ynt1) + @(Yn+1) + @(yn) — 7 as n — +oo,
for some r > 0.
Suppose that r > 0, taking the upper limit in (@) as n — +00, using
continuity of ¥ and the lower semi-continuity of ¢, we have
lim sup w(d(ynv yn) + d(yn—I—la yn) + ‘p(yn-i-l) + So(yn))

n—-+0o

< limsup Y(d(Yn, Yn—1) + @(Yn) + ©(Yn-1))

n—-+o0o
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= liminf ¢(d(yn, yn—1) + @(yn) + ¢ (Yn-1));
which implies that
U(r) < 9(r) —liminf ¥ (d(yn, ya-1) + ©(Yn) + @(Yn-1))
< p(r) — o(r) < (r),
a contradiction. Thus,
S d(yn, yn) + d(yns yns) + 9 (Yn) + (Y1) = 0,

from which we have

(3.8) Jm d(yn, yn) = Um d(yn, yn+1) =0
and
(3.9) Jm o(yn) = Hm +¢(ynr1) =0.

Now, we shall prove that {y,}nen is a Cauchy sequence in X. Suppose
on the contrary that {y, }nen is not Cauchy. It follows that there exists
€ > 0 for which one can find sequences {y,(x)}ren and {yn)tren of
{yn tnen satisfying n(k) is the smallest index for which n(k) > m(k) > k,

(3.11) d (Ym(k): Yn(k—1)) < €

By the triangle inequality in b-metric-like space and (|31d) and (Bl]J),
we have

€ < d (Ym(ky: Yn(r))
< 5d (Yim(kys Yn(k-1)) + 5 (Yn(s-1): Yn(r))
< se+ sd (yn(k,l), yn(k)) )
Taking the upper limit as k — 400 in the above inequality, we have

(3.12) e <limsup d (ym(k),yn(k)) < se.

k—+o0
Also,
(3.13)  d (Ym(w)s Yn(t)) < 54 (Ym(r) Yn(h—1)) + 5 (Y1) Yn(r))
(3.14)  d (Yn(r)s Ynr)) < 54 (Yonr) Ym(—1)) + 54 (Yon(e—1): Ynr)) »
(3:15)  d (Ym(k—1): Yn(k)) < 54 (Y1) Ym()) + 54 (Yomk)> Ynr)) -
From (Bld), (Blll) and (Bli‘i), we obtain

€ .
(3.16) = <limsup d (Ym(k)> Yn(e-1)) < €
S k—+o00
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Using (Bld), (B 14]) and (|3 15| we get:

(3.17) - < Bmsup d (Yp(k—1)> Yn(k)) < s%e.
S k—+o00

Similarly,

A (Ym(r—1)s Yn(e—1)) < & Ym(r—1)s Ym@)) + 54 (Ym(k)s Yno—1))
and

d (Ymry Ynk)) < 54 Ym@y» Ymr—1)) + 524 Ym(s—1) Yn(e—-1))

+ s%d (Yn(k—1)s Yn(k)) »

so there is
(3.18) S— < hmsupd(ym(k 1) Yn(k—1)) < se.

k—+o0

Using the same method, one can obtain that

< liminf -
e < lminf d (y(k) yn(e) < s

< lminf d (g, Ynge-1) < €

< liminf d < s
i inf (Ym(k—1)> Un(k)) < 7€

mm\mm\m

< lim inf < se.
< lim inf d (Ym(k—1)> Un(r—1)) < s€

V2)
l\D

In view of the definition of M(x,y, ¢), we deduce

(319) M (Zomk)s Tngr) ¢)

d(SfUm(k), Sriy) + P(STmky) + P(STr(ky),
ST (1), STim()) + @(Txm(k)) + @(STm (k)
+d(T1‘n(k), S, k)) +@(Txnm)) + ©(STnm))
) +d(TiEn(k), Tﬂ?n(k))]
551 d(T T (k) STr(ky) + (TTiry) + (ST (k)
Fd(T ), Sfﬂm(k)) +o(Tznky) + P(STmk))]

d (Ym—1)> Yn(k-1)) + LWm—1)) + L Wn—1))5
A (Ym)> Ym—1)) + LWm)) + L Wm—1))
+d(Yn(k)s Yn(k—1)) + PYnk)) + P(Ynk-1))
Fd(Ym (k) Ym (k)]

ﬁ[d (ym(k)a yn(k—l)) + @ WUmk)) + L Unk—1))
Fd(Yn (k) Ymk—1)) + LYUnk)) + PUm—1))]

Taking the upper limit as & — 400 in (), we obtain

= max

— max

€+ s%e
limsup M (% (k) Tk < max {56,0, }
i sup M (Zin(i)> Zn(h), ) o

= S¢€

471
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Also, we have
L (Tm(k)s Tn(k)> P)

d(STy(ky, STr(k)) + P(STmr)) + ©(STp(k)),
=max  d(TTyp), STpmy) + P(Topm) + (STn)
+d(T 2 (1), T (k)

d (Ym(k-1): Yn(k-1)) + LWUmi-1)) + L Une-1)),
= max d(yn(k), yn(k—l)) + @(yn(k)) + sp(n(k—l)

It follows that,

€ ..
(3.20) 2 < légligf L (T (k) Ty, ©) < se.
Applying (@) with © = x,,(x) and y = z,,(), one can get
(38:21)  (se) < w(s”e) < (s (limsup d(ym(r Ymcr))

k——+o0

+ d (Ym(k)> Yn(k)) + 2 Wmiry) + @ (n@i)) ))

< (lim sup M(xm(k),xn(k)SO))

k—+o0

— ¢ (%m inf E(xm(k), xn(k)90)>

—+00

< . .
> w(é’ﬁ) ¢ <1klgl+lgf L (xm(k)? Ln (k) @)) )

which implies that lklm inf (L(Z (k> Tn, ) = 0, a contradiction to ()
—+00

It follows that {y, }nen is a Cauchy sequence in X. The completeness
of X ensures that there exists a u € X such that
(3.22) ngrfoo d(yn,u) = ngrfoo d(Tzp,u)

= nll}}-loo d(Sxpy1,u)

= lim d(yn,ym)

n—-+oo

=0

Further more, we have u € S(X), since S(X) is closed. It follows that
we can choose a z € X such that u = Sz, and one can write () as

(3.23) ngrfoo d(yn,Sz) = ngrfoo d(Tzp, Sz)
= nEI—II-loo d(Szpy1,52)

=0.
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Following from the definition of ¢, we get

(3.24) p(52) = p(u) < liminf o(yn)
= 0.

That is, p(Sz) = ¢(u) = 0.

If Tz # Sz, taking = w,,(;;) and y = 2 in contractive condition (@),
we deduce that

(3.25)
¢(d(Txn(k),T$n(k)) + d(T.%'n(k),TZ) + cp(Tacn(k)) + gO(TZ)
S PSP (AT iy, Tony) + AT oy, T2) + o(Tapmy) + 0(T2))
S YPM(2r)s 2, 0) — O(L(Tn(k)s 2, P)-

Now, letting k — +oo in () and using (M) and (M) we get,

M(xn(k)) 2, 90)

d(an(k), SZ) + SO(S.%’ (k)
[d(T:): (k)> STnky) + @ (Tx
= max d(Tz Sz)+ ¢(Tz) + ¢(gz) + d(

3= [A(T ), S2) + (T 1)
+d(T'z, Stnky) + 0(T'2) + (ST 1))

( d(yn(k—l)a SZ) + (p(yn(k—l)) + QO(SZ),
%[d(yn(k)vyn(kfl)) + @(Ynk)) + ¢ (Ynk-1))
=max  +d(Tz,Sz) + ¢(Tz) + ¢(52) + d(Yn(k)> Yn(k))»
3= [AYn(ky S2) + (Yn(ry) + ©(S2)
{ +d(T2, Ynk-1)) + P(T2) + ©(Yn(r-1))
ax{ d(9z,92), 318z, Sz) + d(Tz,5z) + o(Tz) + d(Sz, 52)), }
+[52,52) + d(T'z,52) + p(T2)]

e A4 AT ) T2 ), )
%[d(u, u) +d(Tz,5z) + p(T=z)]

+ ¢(5%),
+ @(Szp1))

i)
iy 7)’3: k),T(E())]

m

= max {d(u, u), %[d(u, uw)+d(Tz,5z) + ¢(Tz) + d(u, u)}}
< max {d(u, u), max{d(u,u),d(Tz,Sz) + o(Tz) + d(u,u)}]}
= max {d(u,u),d(Tz,5z) + ¢(Tz) + d(u,u)}
=max {d(Tz, Sz) + o(Tz) + d(u,u)},
which implies,
(3.26) M(2y ), 2, ) = d(T'2,S2) + o(Tz) + d(u,u).
Similarly,
E(:En(k)y 2, 90)
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= max d(Szp(k), S2) + 0(Stnr)) +(52),
d(Tz,52) + o(Tz) + ¢(Sz) + d(T 21y, T k) }

— max{ d(yn(kflﬁ SZ) + So(yn(kfl)) + 90(52)7 }
d(T'z,5z) + o(Tz) + 0(52) + d(Yn)> Yn(k))}
= max {d(Sz,Sz),d(Tz,Sz) + p(Tz) + d(Sz,52)}
= max {d(u,u),d(Tz,5z) + o(Tz) + d(u,u)},
which implies,

(3.27) d(Tz,82) + ¢(Tz) + d(u,u) < L(Tp), 2, P)-
Hence, () reduces to
d(u,u) +d(Tz,Sz) + o(Tz) =0,
which implies that
Tz=S8z, d(u,u) =0, o(Tz) =0,

and z is the unique coincidence point of 7" and S.
For uniqueness, suppose z’ is another coincidence of T" and S such
that z # 2/. Now (B.1)) with 2 = 2z and y = 2/, we obtain that

(3.28) W(d(u,u) + d(T2,T2") + o(Tz) + o(T2))
< P(sP(d(u,u) + (T2, T2') + @(Tz) + p(T2)))
< w(M(za ZI? 90)) - ¢(£(Z’ Z/’ SO))?
where
d(Sz,52") + p(Sz) + p(S7'),
;—s[d(Tz, Sz) + @(Tz) + ¢(S=z)
M(z,2,0) =max{ +d(T2,S2") +(TZ)+ p(S2') +d(Tz,Tz)],
%[d(Tz, S+ o(Tz) + (S2)
+d(T7',8z) + p(T2') + p(S2)]
( d(Sz,82") + p(Sz) + p(S7),
sld(u, u) + (S2) + p(S2)
=max{ +d(v,v) + p(S2") + ¢(S2') + d(u,u)],
i[d(Sz, S2") + ¢(Sz) + p(S2)
+d(S2',S82) + p(SZ') + p(Sz)]

d(Sz,82") + p(S7'),
= max { $2d(u, u) + d(v,v) 4+ 2¢(52') + (SZ')], }
>[2d(5z,52") + 2p(52)]
_ max{ d(Sz,82") 4+ p(S2'), p(S7'), }
sld(gz, 92') + 0(g2)]
= max {d(Sz, S2') + ¢(52')}
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;o d(Sz,52") + ¢(Sz) + p(S2'),
£z 2 9) = max { d(T2,82) +o(T2) + p(52') + d(T+, T2)

;o d(Sz,52') + (S2),
L(z,2,p) = max{ d(v,v) + o(T2') + p(S2') + d(v,v) }

L(z,7,¢) = max {d(Sz,S2') + ¢(S2), 2¢(S2") }
> d(Sz,S52") + p(S2).

It follows from () that
(3.29) Y(d(Sz,S2") + ¢(S2))
< §(d(Sz, S2) + ¢(87)) — ¢(d(Sz, 52') + (S52)).
Hence, we get that
d(Sz,52") + ¢(S2') =0,
which implies that,
Sz =87, 0(S2") = 0.

Since S is an injective mapping, then z = 2/, that is, z is a unique
coincidence point of T and S. Furthermore, if T and S are weakly
compatible, then it is easy to show that z is a unique common fixed
point of T and S. O

We construct the following example to verify the hypotheses of The-
orem B.2.

Example 3.3. Let X = [0,00) and d,(x,y) = (z +y)? for all z,y € X.
Then obviously, dp is a b-metric-like on X with constant s = 2 and
(X,dy) is complete. Also, dp is not a metric-like or b-metric (and not a
metric) on X. Define the self-mappings T',S : X — X by Tz = § and
Sz =3 forallz € X. Clearly, T(X) C S(X), S is one-to-one and S(X)
is closed in X. To see that the pair {7, S} is a generalized quasi-weakly
contraction; let 1(t) = ¢, ¢(t) = §, ¢(t) = t* and the constant p = 2.
Without loss of generality, let < y for all z,y € X. If z = y, then

W(s(d(T2, Ta) + d(T, Ty) + p(T'x) + p(Ty)))
T N2 T 2 N\ 2 2
222<(2+2) +(3+3) +(3) +(§))

2
:4<x2~|—m2—|—$2>

= 102>
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2737 32
<1222 =
=~ x 5

_ 2712
()
— (max{27x 722, 1322 }) —¢<max{272m2’ 152x2}>

=YpM(z,y,¢)) — cb(ﬁ(l‘,y, ©))-
If x < y, then
Y(s(d(Tz, Tx) + d(Tz, Ty) + o(Tz) + ¢(Ty)))
=42’ + (z+y)+2°+y°
= 622 + 2y% + 2zy
< 43:2 + 4y% 4 4y

= (9:c +9y% + 92y — (2% + 4 + ay))

(92 + 9% + 9y) — 3 (a2 + 47 + 2)
() )
() 9”))
() ()
(5+3)+(5) +<5’> )

= PpM(z,y,9)) = ¢(L(x,y, ©))-

Therefore, all the hypotheses of Theorem @ are verified. It follows that
x = 0 is the unique common fixed point of 7" and S.

The following Figure [ll, demonstrates the behaviour of contractive
inequality (B.1) using Example for some selected values of x,y € X.
Specifically, it shows that the right-hand side (RHS) of (@) dominates
its left-hand side (LHS).

Since d, as we defined in this example is not a metric or b-metric, the
result of Hao [[14] is not applicable to this example.

The following corollaries are some consequence of Theorem @
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10000 _p RHS of (3.1)
" pLHSof(3.1)

.1 234567 809101112131415161718192021222324252627282930

FIGURE 1. Illustration of inequality (@) using Example
forx,y € X withz =y

Corollary 3.4. Let (X,dy) be a complete b-metric-like space, T : X —
X be a given self-mapping with constants s > 1 and p > 1 and let
¢ : X — [0,00) be a lower semi-continuous function. Suppose further
that the following conditions are satisfied:

(1) Y(sP(d(Tz, Tx)+d(Tx, Ty)+o(Tz)+p(Ty))) < b(Molz,y, ¢))—

d(Lo(z,y,0)), where p € ¥, ¢ € & and
d(Tx,Tz) + d(Tx, Ty) + o(Tx) + o(Ty),
Mo(z,y, ) = max { 5[d(Tz, Tx) + p(Tx) + d(Ty. Ty) + ¢(Ty)],
35 [d(Tz, Ty) + o) + ¢(Ty)]
and
[ (T, Ta) + d(Tr, Ty) + o(Ta) + 9(Ty),
Lole,y, ¢) = max { d(Ty,Ty) + 2¢(Ty)
(i) T is weakly self-compatible.
Then T has a fized point in X.

Proof. Take T'= S in Theorem @ O

Corollary 3.5. Let (X,dy) be a b-complete metric-like space with con-
stant s > 1 and let T, S : X — X be a given self-mappings satisfying
S as injective and T'(X) C S(X) where S(X) is closed. Suppose p > 2

is a constant, such that

(3.30)  ¥(s"(d(Tz,Tz) + d(Tx,Ty))) < Y(Mi(z,y)) — ¢(L1(z,y)),
for all x,y € X, where ¢y € ¥, ¢ € & and

Ml(x7y)

R { d(Sz,Sz) + d(Sz, Sy),
o %[d(Tx, Sz) + d(Ty, Sy) + d(Ty, Ty)], %s[d(Tx, Sy) + d(Ty, Sz))

|
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Ly (z,y) = max {d(Sz, Sz) + d(Sx, Sy),d(Ty, Sy) + d(Ty,Ty)} .

Then T and S have a unique coincidence point in X. Moreover, T and
S have a unique common fixed point provided that T and S are weakly
compatible.

Proof. Put ¢(t) =0, for all t € R* in Theorem @ O

Corollary 3.6. Let (X,d,) be a complete b-metric-like space with con-
stant s > 1, T, S : X — X be a given self mappings satisfying S as in-
jective and T'(X) C S(X) where S(X) is closed and let p : X — [0, 00)
be a lower semi-continuous function. Suppose p > 2 is a constant, such
that

P(sP(d(Tx, Tx) + d(Tz, Ty) + o(Tx) + ¢(Ty))) < p(M(z,y,¢)),

or all x,y € X, where ¥ € ¥ and M(z,y,p) is the same as Theorem

@ . Then T and S have a unique coincidence point in X. Moreover,
T and S have a unique common fixed point provided that T and S are
weakly compatible.

Proof. Take ¢(t) =0, for all t € RT in Theorem @ O

The following is a version of Theorem @ in the setting of metric-like
space with s = 1 in Theorem B.2.

Corollary 3.7. Let (X,0) be a complete metric-like space, T,S : X —
X be a given self mappings satisfying S as injective and T(X) C S(X)
where, S(X) is closed. Suppose ¢ : X — [0,00) is a lower semi-
continuous function, such that
Y(d(Ta, Tx) + d(Tx, Ty) + ¢(Tz) + ¢(Ty))
S YM(z,y,9)) — o(L(z,y,0)),
for all x,y € X, where.w eV, ¢ €® and L(x,y,p) and L(x,y,p) are

the same as Theorem 3.9 .

Then T and S have a unique coincidence point in X. Moreover, T’
and S have a unique common fixed point provided that 7" and S are
weakly compatible.

Theorem 3.8. Let (X,d,) be a complete b-metric-like space with con-
stants s > 1, p>3 and 1,5 : X — X be given self-mappings and
one of T and S is continuous. Suppose ¢ : X — [0,+00) is a lower
semi-continuous function, such that

(3.31) (sP(d(Tx, Tx) + d(Tx, Sy) + o(Tx) + (Sy)))
< ¥(a(@,y,¢)) — ¢(S(z,y,9)),
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forall x,y € X, where ¢y € ¥ |, ¢ € & and
a(z, y, %)

d(z,y) + ¢(x) + ¢(y),
=max< 3[d(Tz,z) +o(Tx) + o(z) + d(y,y) + d(y, Sy) + ©(y) + ¢(Sy)],
e(y) +d(z, Sy) + (x) + ¢(Sy)]

r(z,y, )
= max {d(z,y) + ¢(z) + »(y),d(y,y) + d(y, Sy) + ¢(y) + ©(Sy)}

Then T and S have a unique common fized point in X .

Proof. Let g € X be arbitrary. Define a sequence {z,},eny € X by
Tn+1 =TTy , Tpto = Sxpqq for all n € N. Suppose that z,11 # Tpio
for all n € N. Then, taking ¢ = z,, and y = 2,41 in (B.31]), we obtain:
(3.32) Y(d(@nt1,Tn+1) + d(Tny1, Tnt2) + @(Tn1) + @(Tn42))

< PP (d(@nt1, Tnt1) + d(@nt1; Tnga) + @(Tnt1) + @(Tni2))

= ¢(s"(d(Tx,Tx) + d(Tx, Sy) + ¢(Tx) + ©(Sy)))

S T/J(Q(xn, Tn+1, 90)) - (ﬁ(%(ﬂ')n, Tn+1, SO))7

where,
(3.33)

Q(xnv Tn+1, 90)

[d(Tzy, 20) + @(T2y) + p(20)

= max +d($n+1, LT+ + d(xn—l—h an-‘rl) + @(-rn-l-l) + @(an-‘rl)]a
?i[d(Tmna Tpy1) + @(Txn) + @(Tny1)
+d(Tn, STnt1) + ©(Tn) + P(STn11)]

d(@n, Tnt1) + 0(Tn) + ©(Tn+1),

%[d@nJrlv Tp) + P(Tnt1) + o(Tn)

=max{ +d(Tni1; Tns1) + d(Tnt1; Tngz) + @(Tnt1) + P(Tni2)],
2715[d(xn+17 Tnt1) +@(@nt1) + O(Tns1)

+d(Tn, Tnt2) + @(@n) + @(Tni2)]

(T, Tnt1) + 0(@0) + ©(Tnt1),
%[d(:cwrh Tn) + Q(Tnt1) + @(Tn) + d(@Tnt1, Tni1)
< max +d(Tnt1,Tnt2) + @(Tnt1) + @(Tni2)]s
i[d(mn_,_l, Tpt1) + P(Tnt1) + @(@nt1) + 8d(Tn, Tnt1)
+8d(Tni1, Tnt2) + ©(n) + @(Tni2)]

{ d(xn, anrl) + o(rn) + ‘P(anrl)a }
< max

cll(:vn, Tny1) +@(2n) + (L),
)

2
1

%[d(anrla Tp) + @(Tny1) + @(2n) + d(@ni1, Tngr)
+d(Tn+1, Tnt2) + @(Tnt1) + P(Tns2)]
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d(-rn7xn+1) + (P(mn) + P\ Tn+1),
< max max{d(zpi1, Tn) + ©(Tni1) + @(zn),
d(Tny1,Tot1) + d(Tng1, Tniy2) + @(Tns1) + @(Tni2)}
d(l‘n, xn+1) + (p(xn) + ¢($n+1 )
< ma
B X{ A(Tnt1, Tnt1) + A(Tnt1, Tntz) + o(

Hence, () becomes

(3.34)

Q(xnv Tn+1, 80)

< max d(l’n, x”+1) + @(xn) + QO(l’n+1),
- d(@nt1, Tng1) + d(@nt1, Tnsz) + @(@ns1) + @(Tng2) [

Similarly,
(3.35)

%(x'nu Tn+1, SD)

= max d(‘rﬂﬂ mn—&-l) + Sp(xn) + QO(LUn_;’_l),
d(@nt1; Tp41) + d(@nt1, ST1) + @(Tnr1) + @(Snt1)

_ max{ d(xna mn—i—l) + So(xn) + 90($n+1), }
d(Zni1, Tni1) + d(@Tng1, Tng2) + @(Tni1) + @(Tng2) [

If d(xnaxn—i-l) + W(xn) + (P(xn+1) < d(xn—l—lyxn—i—l) + d($n+17xn+2) +

O(Znt1) (xn+42) for some positive integer n, then it follows from
(B.32), (@; and (B.39) that

V(d(Tnt1, Trt1) + A(Tnt1; Tnta) + P(Tnt1) + P(Tni2))
< Y(d(Tnt1, Trt1) + d(Tnt1; Tnt2) + P(Tnt1) + P(Tni2))
— ¢(d(Tn+1, Tnt1) + d(Tnt1, Tny2) + ©(Tnt1) + ©(Tn2)),
which implies that

P(d(@nt1, Tnt+1) + d(Tnt1, Tnto) + @(Tnt1) + P(Tnt2)) = 0,

and hence,

d(Tn+1, Tnt1) + A(@nt1, Tny2) + 0(Tnt1) + @(Tng2) =0,
from which we notice that

Tn4l = Tpt2,  P(Tn+1) = @(Tni2) =0
is a contradiction. Therefore,
(3.36) d(Tn+1, Tnt1) + A(@Tns1, Tng2) + (Tnt1) + @(Tnt2)
< d(@n, Tnt1) + @(Tn) + @(Tn1),

forallm=1,2,3,...
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Hence,

q(Tn; Tnt1, 0) = d(Tn, Tnt1) + 0(Tn) + @(Tn41)
and
S(@ns Tnt1, ) = d(Tn, Tnt1) + ©(Tn) + @(Tnt1).
From (), we have
(3.37)
Y(A(@nt1, Tpt1) + d(Tnt1, Tng2) + @(Tnt1) + 0(Tnt2))
< P(d(@n, Tnt1) + 0(@0) + @(@n41)) — S(d(@Tn, Tnt1) + @(Tn) + @(Tni1))-
It follows from () that the sequence

{d(@nt1, Tn41) + d(@ns1, Tnt2) + 0(Tn41) + @(Tn12)}
is non-decreasing. Therefore,
d(xn—f—la xn+1)+d(xn+17xn+2)+90(xn+1)+90(xn+2) — 7 as n — +0o0o,

for some r > 0.
Suppose that r > 0, taking the upper limit in () as n — 400,
using continuity of ¢ and the lower semi-continuity of ¢, we have

lim sup ¢(d($n+1, $n+1) + d(xn—i-la $n+2) + (p(xn-‘rl) + @($n+2))

n—-+00
< limiup Y(d(Tn, Tn+1) + 0(Tn) + @(Tn+1))
n—-+0oo
—liminf ¢(d(zn, Tnt1) + ©(Tn) + @(Tn41)),

n—-+o0o

which implies that
Y(r) () — limin @(d(n, n41) + o(n) + p(ni1))
< Y(r) —o(r)
< (r),
a contradiction. Thus

lim d(zpi1, Tny1) + A @nt1, Tng2) + @(@n41) + @(ng2) =0,

n—-+0o0o

from which we have

(338) ngr—lr—loo d(xn—f—l; xn—&—l) = ngr—s{loo d(xn—‘rla xn+2)
=0

and

(3.39) Jm o(zns) = Hm o(zn2)

=0.
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We shall prove that {z,, },cn is a Cauchy sequence in X. Suppose on the
contrary that {x,}nen is not Cauchy. It follows that there exists € > 0
for which one can find sequences {z,, (i) }ren and {z, k) }ren of {T }nen
satisfying n(k) as the smallest index for which n(k) > m(k) > k,

(340) €< d(xm(k+1)7$n(k+1))7
(3.41) AT (k) Tn(k—1)) < €

Using the same technique in the proof of Theorem B, we can deduce
that

(3.42) € <Hminf d(zp,), Tnry) < Hmsup d(@Tp ), Tng)) < S6,

k=00 k—+o0
€
3.43) - <liminf d _ <l d(zm, < s%e,
(3.43) ; < liminf (T (k=1)s Tn(k)) im sup (T (k—1)s Tn(k)) < 57€
(3.44)
€ .
2= légli{.lf ATrm(k—1)s Tn(ke1) < lﬁiif’ ATy (k—1)s Tn(rr1)) < S°€,

(3.45) g < lim inf A Trn(k)s Tr(ke1)) < 1]?3—?—25 AT (ks Tn(k+1))-

Letting x = x,(4) and y = (41 in (), we obtain

(3.46)

Y (d(@nh41)s T 1)) T ATne41)s Tme)) + @(@nt1)) + 2(@mm)))

O (sP(d(T (k) Tny) + ATy, STme-1)) + P(TTnkr)) + P(STm(r-1))))
V(@) Tm—1):9)) — O(S(Tn(k)s Tmk—1)>9))-

In view of the definition of ¢(z,y, ), we deduce

q(xn(k)a Tm(k—1)s 50)
d(afn(k),ﬂfm k—1)) + @ (Tnk)) + P(Tmr—-1))
1T Ty, Togry) + (T Tnai)
+<)O(xn )+d(mmk 1) Tm(k— 1))
+d($m(k 1) Sﬂ?m(k 1) + P(Tmk—1)) + P(STmr—1))];
[d(T%() mk—1)) + (Tmn(k))+<p($m(k 1)
+d(l’n(k),5=’17m(k 1)+ e(@nr)) + P(STmr-1))]

ATk, Tmk—1)) + P(Tnm) + P(Tmk—1));
%[d(fﬂn(kﬂ), fUn(k)) + @(Tnkr1)) + P(Tn(k))
FA(Trm(k—1), Tmk—1)) + ATmk—1)s Tm(k))
+o(Tmr-1)) + @ (@Tmx))];
21T et 1)s Tm—1)) + (@n(rr1)) + C(Tm—1))
+d(Tp k), Tm(k)) + P(Tnk)) + O (Tmr))]

= max

= max
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It follows from (B.3§) — () that

3
(3.47) limsup q(Ty,(k)s Tm(k—1)> ) < max {526,0, s 6:— se}

k—o00

(3.48) < s%e.
Also, we have,
7xm(k 1) 90
(Trk)> Trmk—1)) + @ (@Tn@)) + P(Tmr—1));
= max dl’ (k—1)» Tm(k— 1))+d($m(k 1) Sx (kfl))
+o(Tp—1)) + P(STm—1))

A(Tpkys Tmk—1)) T P(Tnk)) + 2 (@Tmr—1)),
=max{  d(Tmk—1)s Tmk—1)) T ATm—1)> Tm(k))
+o(@mr-1)) + O (Tm))

It follow from (B.38), (B.3d) and (B.43) that

™

. < < limi < s2.
(3 49) — lklglig d(xn(k:)axm(k‘—l)) > s¢€
By virtue of (B.4d), (B.47) and (B.49)

(3.50)

2.\ _ 3€
vis?e) = (s5)
< Y(sP(limsup d(Tp(k41) Tn(kt1))
k—+o00

+ d(Tnkt1) Tmk) + P (Tnkr1)) T P(@Tmm))))
< Y(limsup ¢(Tn(k), Tmr-1): ¥)) — lim inf ¢(3( Tr(k)s Tm(k—1)1 L))

k—4o00

< ¢(526) — lim inf gb(%(xn(k:)vl‘m(k—l)a SD))?

k——+o0

which implies that
(3.51) Liminf S(2,), Tme—1), @) = 0

k—+o0

a contradiction to () Hence, {zp }nen is a Cauchy sequence in X.
The completeness of X ensures that there exists a x* € X such that

(3.52) lim Tz, = lim Sz

n—-+o0o n—-+o0o

=z".

By the definition of ¢ , we deduce that

(3.53) o(z*) < liminf ¢(x,) = 0.
n—oo

Now, we will show that if one of the mappings 7" and S is continuous,
then T'(z*) = S(z*) = «™.



484 R. CHIROMA, M. S. SHAGARI? AND J. A. JIDDAH?

Without loss of generality, we suppose that 1" is continuous. It follows
from () that

(3.54) ¥ = lim Tz, =T( lgn xn) =T (z").

n—o0

That is 2* is a fixed point of 7. From the contractive conditions (),
we get
(3.55)  (d(a",27) + d(", Sa7) + p(a") + p(Sz7))

< P(s"(d(Ta”, fz*) + d(Ta", Sz¥) + p(27) + (527)))
<

Plg(a®, 2% 9)) — o(S(a™, 2%, ),

where,
q(z*, 2%, ¢)
d(xz”, x* +90(x*)+90( )
+d(z*, Sz*) + p(x *)+<P(S )+d(x z*)],
wld(@™, x%) + o(z*) + p(z*) + d(z*, Sz*) + (x)+<p(SI*)]
max{ d(a*,x%), gld(z*, %) + d(z*, Sz*) + p(z7) }
+o(Sz*) + d(z*, %) 5= [d(z*, z*) + d(z*, Sz*) + o(z*)]

= max {d(x*, x¥), %[d(w*, N+ d(z, Sz¥) 4+ p(z¥) + o(Sx™) + d(x*,x*)]}

S
,S") + (") + p(S27) +d(27, 27)}}
9}

< max {d(z*, x"), max{d(x ,x*), d(z*
= max {d(z", 2") + d(z", Sz7) + p(Sx

S(x*, 2", p) = max {d(z*, %), d(x*, x¥) + d(z*, Sx™) + p(z¥) + ¢(Sz™)}
= max {d(z*, 2*) + d(z*, Sx™) + p(Sz™)} .

It follows from () that,
Y(d(z", ") + d(z, Sz7) +90(593 )
< Y(d(z”,2%) + d(z", Sz*) + p(Sz7))
— ¢(d (fL‘ ,x7) + d(ﬂﬁ Sz*) 4 p(Sz")).

Hence,

da*,2*) + d(a*, Sa*) + p(Sa*) =
This implies that, d(z*,2*) = p(Sz*) = 0 and z* = Sx*. Therefore, z*
is a common fixed point of 7" and S.

Next, we want to show that 7" and S have a unique common fixed
point. Suppose that v is a fixed point of T', w is a fixed point of S and
v # w. Then T'(v) = v £ w = S(w). It follows that d(T'(v), S(w)) =
d(v,w) > 0. Applying (B.31)) with x = v and y = w, we obtain

(3.56) P(d(v,v) + d(v,w) + p(v) + e(w)
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< Y(sP(d(Tv, Tv) + d(Tv, Sw) + p(Tv) + p(Sw)))
§ ?,/)(Q(ana 30)) - gzb(%(v,w, 90))7

where,

q(v,w, ¢)

— max
w

d(v, w) + ¢(v) + p(w),
3 ld( Tv v)+s0( v) + (v) + d(w, Sw)
(w) + p(Sw) + d(w, w)],
d(Tv,w) —|—<,0Tv)+<,0( ) )
d(v,w) + ¢(v) + p(w),
3d( P(v) + d(w, w) + p(w) + p(w) + d(w,w)
d(v,w +</>( )+ (w) +d(v,w) + (v) + p(w)

{

L
max{ d(v, w) + @(v) + p(w), }
.

s

ol

+d(v, Sw) + p(w) + p(Sw)]
)

= max

1d(v,v —|—2<p ) 4 2d(w, w), 2= [2d(v, w) + 2¢(v) + 2p(w)]
d(v, w) + ¢(v ( ), 3d(v,v) + ¢(v) + d(w, w) + p(w), }
[d(v, w) + ¢(v) + p(w)]
d0.1) + (o) + () 51d(0,0) + (o) + dlw,w) + plw)]}
d(w,w) +dw v)) 4+ (V) + e(w), sd(v, w) }
v) + d(w, w) + p(w)
d(w w)+d(w v)) +¢(v) +p(w)}.

= max

\ /\

| /\

and

N B d(v,w) + ¢(v) + (w),
3(v, w, ) = max { d(w, Sw) + o(w) + p(Sw) + d(w, w) }

_ max{ Ao, w) + p(v) + p(w), }
d(uw, w) + p(w) + p(w) + d(w, w)

=max { d(v,w) +¢(v) + p(w), 2p(w) }
> max { d(v,w) + ¢(v) + p(w) }.

It follows from () that

¢(d(v, w) + ¢(v) + p(w))
< p(s(d(w, w) + d(v,w)) + ¢(v) + p(w))
— ¥(d(v,v) + d(v, w) + ¢(v) + p(w))
< p(s(d(w, w) + d(v,w)) + ¢(v) + p(w))
— ¥((d(v,v) + s(d(w, w) + d(w, v)) + ¢(v) + p(w))
< p(d(v, ) + s(d(w, w) + d(v,w)) + (V) + p(w))
— ¥

P((d(v, v) + s(d(w, w) + d(w,v)) + (V) + p(w)),
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which implies that d(v,w) + ¢(v) = 0. That is, v = w and ¢(v) = 0.
Hence the pair (7, .5) has a unique common fixed point. This completes
the proof. O

Corollary 3.9. Let (X,d,) be a complete b-metric-like space, T, S :
X — X be a given self-mappings, and one of T and S is continuous
with constant s > 1. Suppose p > 3 is a constant such that

(357)  ¥(s"(d(Tw,Tx) + d(T'x,Sy))) < P(q(z,y)) — ¢(r(z,y)),
for all x,y € X, where ¢y € ¥, ¢ € & and
{ d(z,y), 5[d(Tz, ) + d(y,y) + d(y, Sy)], }

q1(z,y) = max [d(Tz,y) + d(z, Sy)]

N[

and
Si(x,y) = max{d(z,y),d(y,y) + d(y, Sy)} -
Then T and S have a unique common fixed point in X.

Proof. Put ¢(t) =0 for all ¢t € R, in Theorem @ O

The following is a version of Theorem @ in the setting of metric-like
space with s = 1 in Theorem

Corollary 3.10. Let (X,dy) be a complete metric-like space, T,S :
X — X be a given self-mappings, and one of T and S is continuous with
constant s > 1. Suppose ¢ : X — [0,00) is a lower semi-continuous
function such that

Y((d(Tz, Tx) + d(Tz, Sy) + p(Tx) + p(Sx))
<@, y,9)) — ¢(L(2,y,9)),

for all z,y € X, where p € ¥, ¢ € ® and q(x,y,p) , L(z,y,p) are the
same as in Theorem and Theorem @ respectively. Then T and S
have a unique common fized point in X.

Corollary 3.11. Let (X,d,) be a b-complete metric-like space, T :
X — X be a given self-mappings with constants s > 1 and let ¢ :
X — [0,00) be a lower semi-continuous function with ¢(t) = 0 if and
only if t = 0. Suppose p > 2 such that

¥ (P (d(Tx, Tx) + d(Tx, Ty) + ¢(Tx) + ¢(Ty)))
< Uiz, y,9)) — ¢(k(z,y,9)),
for all x,y € X, where ¢y € ¥, ¢ € & and

d(z,y) + o(x) + (),
(T, ) + o(Tx) + o(x)
+d(y,y) + d(Ty, Sy) + d(y, Ty) + ¢(y) + ¢(Ty)],
2 1d(Tz,y) + o(Tx) + o(y) + d(z, Ty) + ¢(y) + ©(Ty)]
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and

k(x,y,¢) = max {d(z,y) + p(z) + ¢(y), d(y,y) + d(y, Ty) + ¢(y) + o(Ty)]}

Then T have a unique common fized point in X.
Proof. Take T'= S in Theorem @ 0

Corollary 3.12. Let (X,d,) be a complete b- metric-like space with
s>1,T:X — X be a given self-mappings and let ¢ : X — [0, 00)
be a lower semi-continuous function with ¢(t) = 0 if and only if t = 0.
Suppose p > 2 is a constant such that

P (s"(d(T, Tx) + d(Tx, Ty) + o(Tx) + ¢(Ty)))
< ¢(]($’ Y, 90)) - ¢(](:’Ua Y, @))7

for all z,y € X, where ) € ¥, ¢ € ® and j(x,y,p) is the same as in
Corollary |3.1 1 Then T has a unique fized point in X.

4. APPLICATION TO THE EXISTENCE OF SOLUTIONS OF INTEGRAL
EQUATIONS

Lipschitzian-type, fixed point results play a vital role in the existence
theory of various class of equations. Not long ago, Karapinar et al.
[21] applied some fixed point results to study new conditions for the
existence of a solution to an ordinary differential equation. Meanwhile,
many authors (e.g., see [L1-13]) have proposed different techniques for
analyzing solvability conditions of either integer or non-integer order
differential equations. Motivated by the work in [3, 14], we study the
existence of solutions to a nonlinear integral equation using Corollary

. To this effect, consider the integral equation:

¢
(4.1) x(t) :/0 ~(t, r)x(r,z(r))dr, te€[0,(].

The integral equation (@) is equivalent to the following integral equa-
tion:

¢
(4.2) x(t):/o K(t,r,z(r))dr.

Let X = C[0,(] be the set of continuous real-valved functions defined
on [0, (]. Define a function d, : X x X — Ry by

(4.3) do(z,y) = sup |z(t) +y(t)F,
te[0,¢]

for all z,y € X. Then clearly, (X,d,) is a complete b-metric-like space
with p > 1 and s = 2P~ 1,



488 R. CHIROMA, M. S. SHAGARI? AND J. A. JIDDAH?

Consider the self-mapping T': X — X defined by

¢
(4.4) Ta(t) = /0 K(t,r, 2(r))dr

The following result discusses the existence of solution to the integral
equation (@3

Theorem 4.1. Suppose in the integral equation (@) that the following
conditions are satisfied

(i) K :[0,¢] x [0,(] x R — R4 is continuous;
(i) there exists a continuous function v : [0,¢] x [0,(] — R such
that

¢
(4.5) sup / K(t,r,z(r))dr

te[0,¢] /0
(#i7) there exists a constant L € (0,1) such that for any t,r € [0,T],

(16) 1K () + Kt y(r)] < {7 (e nle(r) + ().

Then the integral equation (@) has a unique solution u* in X.

Proof. For any z,y € X, given assumptions (i) — (i4i), we have from
(1.3) that

d(Tz,Ty) = sup |[Txz(t) + Ty(t)[
t€[0,¢]
¢ p
= sup / K(t,r,x(r ))—i—/ K(t,r,z(r))dr
t€[0,¢]

< sup (/ K (tr2(r) + K (1, 2(r) ]dr)p

te[0,¢]

ti%% </ \/7 t,r)|x(r) + y(r )dr>

db(x Y)-

IN

| /\

sP
Therefore,

W (d(T2, Ta) + d(Te, Ty))) < (1 L e+ Hd(:c,w)

— (1~ Dd(z,2) + d(z,y)]
_ (d(a,2) + d(z.y)) — L(d(z,2) + d(zx,y))
¢(M2( T,y )) _¢(£2($7y));
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where, 1(t) = t and ¢(t) = Lt. Hence, all the hypotheses of Corollary

are satisfied with S = I'x, the identity mapping on X and ¢(t) =0,
for all t € RT. This implies that there exists a unique fixed point u*
in X such that Tw* = u* and u* is a solution of the integral equation

(b9). 0

CONCLUSION

This manuscript introduced a new concept of generalized quasi-weakly
contractive operator in b-metric-like space, and the existence and unique-
ness of fixed points of such operators were investigated. The proposed
ideas herein were supported with non-trivial comparative example, demon-
strating genuine generalizations of a few concepts in the literature. As
an application, one of our obtained results was applied to study new
criteria for the existence of solutions to a particular class of boundary
value problems.
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