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Imam?®

ABSTRACT. In this paper, a new general class of contraction, namely
admissible hybrid (G-a-¢)-contraction is introduced and some fixed
point theorems that cannot be deduced from their corresponding
ones in metric spaces are proved. The distinction of this family
of contractions is that its contractive inequality can be specialized
in several ways, depending on multiple parameters. Consequently,
several corollaries, including some recently announced results in
the literature are highlighted and analyzed. Nontrivial compara-
tive examples are constructed to validate the assumptions of our
obtained theorems. We further examine Ulam-type stability and
well-posedness for the new contraction proposed herein. In ad-
dition, one of our obtained corollaries is applied to set up novel
existence conditions for the solution of a class of integral equations.
There is an open problem concerning the discretized population
balance model, whose solution may be analyzed using the methods
established here.

1. INTRODUCTION

The well-known Banach contraction in metric spaces has paved the
way for a new dawn in metric fixed point theory, which is proven to
have many applications in inequalities, approximation theory, optimiza-
tion and so on. Researchers in this area have introduced several new
concepts in metric spaces and obtained a wealth of fixed point results
for linear and nonlinear contractions (e.g., see [2, 9, 17] and the ref-
erences therein). Recently, Karapmar and Fulga [7] introduced a new
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notion of hybrid contraction which combined and unified some exist-
ing linear and nonlinear contractions in metric spaces. For some related
results on generalized contractions, see [, [13] and the references therein.

On the other hand, Mustafa [[10] introduced an extension of metric
space, called generalized metric space (or more specifically, G-metric
space) and proved some fixed point results for Banach-type contraction
mappings. The idea was brought to the limelight by Mustafa and Sims
[11]. Subsequently, Mustafa et al. [12] obtained some fixed point re-
sults for Lipschitzian-type mappings on G-metric space, which in turn
attracted the attention of many researchers in fixed point theory. How-
ever, Jleli and Samet [p] and Samet et al. [15] published observations
that most of the fixed point results in G-metric spaces are direct con-
sequences of existence results in metric spaces. In fact, Jleli and Samet
[b] noted that if a G-metric can be reduced to a quasi-metric, then the
related fixed point results become the known fixed point results in the
context of a quasi-metric space. Motivated by the latter observation,
many investigators (see, e.g. [4, B]) have developed techniques for es-
tablishing fixed point results in G-metric spaces that cannot be followed
from their corresponding ones in ordinary or quasi-metric spaces.

Following the existing literature, we realize that hybrid fixed point
results in G-metric spaces are not sufficiently investigated. Hence, moti-
vated by the ideas in [4, 0, [7], we introduce a new concept of admissible
hybrid (G-a-¢)-contraction in G-metric space and prove some related
fixed point theorems. An example is given to demonstrate the valid-
ity of our result and to show that the main ideas obtained herein do
not reduce to any existing result in metric spaces. Some corollaries are
presented to show that the concept proposed in this paper is an exten-
sion and generalization of well-known fixed point theorems in G-metric
space. Finally, Ulam-type stability and well-posedness of this type of
hybrid contraction in G-metric space are demonstrated. Additionally,
one of our obtained corollaries is applied to establish novel existence
conditions for the solution of a class of integral equations. As an open
problem for future research and application of our results, we highlight
the discretized population balance model, whose solution can be ana-
lyzed using our established techniques.

2. PRELIMINARIES

In this section, we will present some fundamental notations and results
that will be applied subsequently.

Throughout, every set X is considered non-empty, N is the set of
natural numbers, R represents the set of real numbers and R is the set
of non-negative real numbers.
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Definition 2.1 ([11]). Let X be a non-empty set and let G : X x X x
X — R, be a function satisfying:
G(r,y,2)=0ifz =y =z

(G1)

(G2) 0 < G(z,z,y) for all x,y € X with = # y;

(G3) G(z,x,y) < G(zx,y, z), for all z,y,z € X with z # y;

(Gy) G(z,y,2) = G(x,z,y) = G(y,x,z) = ... (symmetry in all three
variables);

(G5) G(z,y,2) < G(z,a,a) + G(a,y, z), for all x,y,z,a € X (rectan-

gular inequality).

The function G is called a generalized metric, or more generally, a G-

metric on X, and the pair (X, G) is called a G-metric space.

Example 2.2. [12]] Let (X, d) be a usual metric space, then (X, G5)
and (X, Gy,) are G-metric spaces, where

(2.1) Gs(z,y,2) =d(z,y) +d(y, z) + d(x, z), Va,y,z € X.

Definition 2.3 ([12]). Let (X, G) be a G-metric space and let {zy, }nen
be a sequence of points of X. We say that {x, }nen is G-convergent to
zif lim G(z,xn,zm) = 0; that is, for any € > 0, there exists ng € N

n,M—00
such that G(z,xpn, xm) < €, Yn,m > ng. We refer to x as the limit of
the sequence {zy, }nen.

Proposition 2.4 ([12]). Let (X,G) be a G-metric space. Then the
following are equivalent:
(i) {xn}nen is G-convergent to x;
(ii) G(x,zp, Tm) — 0, as n,m — o0;
(ii) G(xp,z,z) — 0, as n — oo;
(iv) G(zp,xn,z) — 0, as n — oo.

Definition 2.5 ([12]). Let (X,G) be a G-metric space. A sequence
{Zn}nen is called G-Cauchy if given ¢ > 0, there exists ng € N such
that G(zpn, Tm, ;) < €, Yn,m,l > ng. That is, G(zpn, Tm,x;) — 0, as
n, m,l — oo.

Proposition 2.6 ([12]). In a G-metric space (X, G), the following are
equivalent:

(i) The sequence {xy}nen is G-Cauchy.
(ii) For every € > 0, there exists ng € N such that G(zy, Tm, Tm) <
€, Yn,m > ng.

Definition 2.7 ([12]). Let (X, G) and (X', G’) be G-metric spaces and
let f:(X,G) — (X',G) be a function. Then f is said to be G-
continuous at a point ¢ € X if and only if given € > 0, there exists 6 > 0
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such that z,y € X; and G(a,z,y) < 6 implies G'(f(a), f(z), f(y)) < e.
A function f is G-continuous on X if and only if it is G-continuous at
all ¢ € X.

Proposition 2.8 ([12]). Let (X, Q) and (X', G") be two G-metric spaces.
Then a function f: (X,G) — (X', G’) is said to be G-continuous at a
point x € X if and only if it is G-sequentially continuous at x. That is,
whenever {xy tnen s G-convergent to x, {fx,} is G-convergent to fx.

Definition 2.9 ([12]). A G-metric space (X, G) is called a symmetric
G-metric space if

G(l’,:ﬁ,y) :G(yawi)a Va:,yGX.

Proposition 2.10 ([12]). Let (X,G) be a G-metric space. Then the
function G(x,y, z) is jointly continuous in all three of its variables.

Proposition 2.11 ([12]). Every G-metric space (X, G) defines a metric
space (X, dg) by

(2.3) da(z,y) = G(z,y,y) + Gy, z,x), Y,y X.
Note that if (X, G) is a symmetric G-metric space, then
(24) (XadG) :2G(xayay)7 v.ﬁU,yEX.

However, if (X,G) is not symmetric, then it holds by the G-metric
properties that

3
(25) §G($,y,y) SdG(x7y) < 3G($7yay)7 V$,yEX,
and that in general, these inequalities are sharp.

Definition 2.12 ([12]). A G-metric space (X, G) is said to be G-complete
(or complete G-metric) if every G-Cauchy sequence in (X,G) is G-
convergent in (X, G).

Proposition 2.13 ([12]). A G-metric space (X, G) is G-complete if and
only if (X,dg) is a complete metric space.

Mustafa [[L0] proved the following result in the framework of G-metric
space.

Theorem 2.14 ([10]). Let (X,G) be a complete G-metric space, and
let T : X — X be a mapping satisfying the following condition:

(2.6) G(Tx,Ty,Tz) < kG(z,y, 2),

forall z,y,z € X where 0 < k < 1, then T has a unique fized point (say
u, i.e., Tu=u), and T is G-continuous at u.
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Consistent with [[16], let ® be the set of all functions ¢ such that
¢ : Ry — Ry is a non-decreasing function with lirf ¢"(t) =0 for all
n—-+0oo
€ (0,400). If ¢ € ®, then ¢ is called a ®-map.
Let ¢ € ® be a ®-map such that there exist ng € N, k € (0,1) and a
convergent series of non-negative terms » ., v, satisfying

¢ TH(t) < kg™ (t) + v,
for n > ng and any ¢ > 0. Then ¢ is called a (c)-comparison function
[1].
Lemma 2.15 ([l]). If ¢ € ®, then the following hold:

(i) {¢"(t)}nen converges to 0 as n — oo fort > 0;
(ii) @(t) <t for anyt € Ry;
iii) ¢ is continuous at 0;

) the series > oo, ¢'(t) is convergent for t > 0.

v

(
(

Popescu [14] gave the following definitions in the setting of metric
spaces.

Definition 2.16. ([14]). Let o : X x X — R, be a function. A self-
mapping T : X — X is called a-orbital admissible if for all x € X,
a(z,Tx) > 1 implies a(Tz, T?x) > 1.

Definition 2.17 ([14]). Let o : X x X — Ry be a function. A self-
mapping T : X — X is called triangular a-orbital admissible if for
all z € X, T is a-orbital admissible and «a(z,y) > 1 and a(y,Ty) > 1
implies a(z, Ty) > 1.

We modify the above definitions in the framework of G-metric space
as follows:

Definition 2.18. Let a : X x X x X — R, be a function. A self-
mapping T : X — X is called (G-a)-orbital admissible if for all z € X,
a(z, Tz, T?z) > 1 implies o(Tx, T?z, T3x) > 1.

Definition 2.19. Let a : X x X x X — R, be a function. A self-
mapping 7' : X — X is called triangular (G-a)-orbital admissible if
for all x € X, T is (G-«a)-orbital admissible and «(z,y,Ty) > 1 and
a(y, Ty, T?y) > 1 implies oz, Ty, T?y) > 1.

Lemma 2.20. Let T : X — X be a triangular (G-av)-orbital admissible
mapping. If there exists xo € X such that a(xo, Txo, T?x0) > 1, then

(2.7) a(Tp, Tm,x1) > 1, Vn,m,l €N,

where the sequence {xy}tnen is defined by xpy1 = Txp, n € N.
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Proof. Since T is (G-a)-orbital admissible mapping and a(zo, Tz, T%()
> 1, then we deduce that a(z1,z2,23) = a(Txg, Tx1,Txy) > 1. Con-
tinuing in this manner, we obtain a(z,, Tn4+1,Tns2) > 1 for all n > 1.
Assume that a(z,,Tm,Tm+1) > 1, where m > n. Since T is triangu-
lar (G-av)-orbital admissible mapping and a(zp,, Tm+t1, Tmy2) > 1, then
clearly, a(xn, Tmi1, Tm42) > 1 for all m,n € N. This validates our as-
sumption that a(z,, Tm,Tm+1) > 1. Letting [ = m + 1 completes the
proof. O

Definition 2.21. ([3]). Let a : X x X x X — Ry be a mapping. The
set X is called regular with respect to « if and only if for a sequence
{Zn}nen in X such that a(xy,, Tpt1, Tnye) > 1, forallnand z, -z € X
as n — oo, we have a(zy,z,z) > 1 for all n.

Karapmar and Fulga [7] gave the following definition of admissible
hybrid contraction in metric space.

Definition 2.22. ([[7]). Let (X, d) be a metric space. A self-mapping
T : X — X is called an admissible hybrid contraction, if there exist
¢ € ®and a: X x X — Ry such that:

(2.8) afx,y)d(Tz, Ty) < (M (z,y)),

where

(2.9)

.
{Ald(:p, Y)? + Aod(z, Tx)? + Asd(y, Ty)?

1

] q p q|a
g (ABTPUHETON)T | (IO Ty } ’

forg >0, z,y € X,
M(z,y) =

Agq
[d(x, )] - [d(z, Tz)]*2 - [d(y, Ty)]> - [d(y’%&aﬁ?h))}

As
. {d(x’Ty);d(y’Tf)} , forq=0, z,y € X\Fix(T),

5
q>0,X>0;i=1,2,...,5such that Y A\; =1 and Fiz(T) = {z €
i=1
X :Tx =x}.

3. MAIN RESULTS

We begin this section by defining the notion of admissible hybrid (G-
a-¢)-contraction in G-metric space.
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Definition 3.1. Let (X,G) be a G-metric space. A self-mapping T :
X — X is called an admissible hybrid (G-a-¢)-contraction, if there
exist p € ® and a: X x X x X — R such that:

(3.1) a(z,y,Ty)G (Tz, Ty, T?y) < ¢(M(z,y,Ty)),

where

(3.2)
|:/\1G(al‘, v, Ty)? + XoG(z, T, T?x)? + A\3G(y, Ty, T?y)?

+>\4 (G(y,Ty,T2y)(1+G(z,Ta:,T2x)) ) q

1+G(z,y,Ty)

1
q] a
25 (SleaTPGreG et ) } , forq>0, z,y€ X,

M(z,y,Ty) =
G(z,y, Ty)™ - G(z, Tz, T?x)*2 - G(y, Ty, T?y)**

A
_ [G(y,Ty,Tzy>(1+c<x,Tx,T2x>>}

1+G(z,y,Ty)

As
'[G(I’y’TyHgG(y’Ty’sz)} , forq=0, z,y € X\Fiz(T),
\

5
qg>0,A>0;i=1,2,...,5such that > A\; =1 and Fiz(T) = {z €
i=1
X :Tx =x}.
Our main result is the following.

Theorem 3.2. Let (X,G) be a complete G-metric space and let T :
X — X be an admissible hybrid (G-a-¢)-contraction. Assume further
that:
(i) T is triangular (G-a)-orbital admissible;

(ii) there exists o € X such that a(xg, Txo, T?x0) > 1;

(iii) either T is continuous or;

(iv) T3 is continuous and o(x, Tz, T?x) > 1 for any x € Fiz(T3).
Then T has a fixed point.

Proof. Let zy € X be an arbitrary point and define a sequence {xy, }nen
in X by x, = T"xq for all n € N. Assume there exists some m € N
such that Tz, = *m+1 = . Then clearly, z,, is a fixed point of 7.
Assume now that x,, # x,_1 for any n € N. Since T is an admissible
hybrid (G-a-¢)-contraction, then we have from (@) that

(3.3) alzp-1,2n, Try)G(Trp-1,Txy, Tan) < (M (zp—1,Tn, Txy)).

Owing to the fact that T is triangular (G-«)-orbital admissible together
with f@) and (@), we have

(3-4) G($na$n+17Tl‘n+1) = G(xna $n+1a$n+2)
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< OZ(ZL‘nfl, Ly iL‘nle)G(TSL‘nfl, Ty, Txn+1)
< QS(M('I’TL*I? Tn, anrl))-

We now consider the following cases:
Case 1: For ¢ > 0, we have

(3.5)
M(xn—laxnyTﬂfn)
= [/\1G(l’n_1, T, T.Tn)q + AoG (a;n_l, Txy_1, T2xn_1)q

+ A3G (xn, Tz, T2$n)q

A G (xrthnyTZI'n) (1 +G(l'n—laTxn—17T2xn—1))
* 1+ G(.’L‘n_l,xn,Tl'n)

q
q

+A G(xn—lyxnaTxn)(l +G(xn—17Txn—17T2xn—1)) %
> 1 + G(xn—17$n7Txn)
= |:A1G($n—17 Tn, xn—l—l)q + )\QG(xn—la Tn, xn—l—l)q

+ 3G (@, Tpg1, Tnyo)?

G(l'nv Tn+1, xn+2)(1 + G(l‘n—la Ln, xn—i—l)) 1
+ A4
1+ G(J:n—lvxmmn—kl)

G(xnfla Tn, anrl)(l + G(.Tn,l, LTy anrl)) a %
+ A5
1+ G(l‘n—la Tn, xn—i—l)

=[MG(@n—1,Tn, Tns1)? + MG (Tn-1,Tn, Tny1)?

+ >\3G(xna $n+1> xn+2)q

Q=

+ MG (T, Tt 1, Tng2)? + A5G (Tn—1, Tn, Tny1)?]
= [()\1 + X2+ A5)G(Tp—1, Tn, Tpnt1)?

+ (A3 + \)G(zp, Tpta, l’n+2)q] a,

Since ¢ is non-decreasing, if we assume that
G(zp—1,Zn, Tn+1) < G(Tpn, Tni1, Tnia),
then (@) becomes
(3.6)
G(Tp, Tnt1,Tnt2) < A(Tp—1, T, 1) G(TTp—1, Ty, Txpy1)
< A([(AM1 4+ A2 + A5)G(@n—1, T, Tpg1)?
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)

< O([(AM1+ X2+ A3 + At + A5)G (@0, Tng1, Tnga) ]
1

= ¢((M + A2+ A3+ A+ A5) 4G (T, Tot1, Tnt2))

Q=

+ ()‘3 + >‘4)G(xm Tn+1, xn-i—?)q]

Q=

)

<M FA+A3+ N+ /\5)%G(azn, Tnt1, Tnt2)
< G(Zn, Tny1, Tny),
which is a contradiction. Therefore, for every n € N, we have
G(xn, Tpy1, Tpyo) < G(Tp—1,Tn, Tny1),
so that (@) becomes
(3.7)
G(Tn, Tng1, Tnr2) < O([(M + A2+ A5)G (-1, Tn, Tg1)?
+ (A3 + M)G (2, Ty, $n+2)q]%)
< &([(M + Ao+ As + A+ 25) G (@1, Ty 2ng1)7 7 )
— (M + A2+ A3+ A+ A5)TC(Zt, Ty Zngt))
< ¢(G(@n-1,Tn, Tnt1))
< ¢*(G(Tp_1,Tn, Tni1))-
Continuing inductively, we have
(3.8) G(Tn, Tnt1, Tnt2) < ¢"(G(xo, 1, 22)).
Now, since
G (2, Tn, Tnt1) < G(Tn, Tni, Tny2) < " (G (20, 21, 22)),

for all n in N with z,1 # xp49, then for any n,m € N with n < m and
by rectangular inequality, we have

(39) G(xm Tn, ‘Tm) < G(xnv Tn, xn-‘rl) + G(mn—I—lv Tn+1, xn-l—?) + -
+ G((L‘m_l, Tm—1, (L'm)

< (@ + " 4 "2 4 NG (g, 21, 1)

m—1
= > ¢'(Glxo,1,72))
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[o.¢]
Since ¢ is a (¢)-comparison function, then the series Z ¢ (G(z0, 21, 29))
i=0

o0
is convergent. Hence, denoting by S, = Z ¢ (G(xg, 1, 22)), we have
i=0
G(‘rn; xnvajm) S Sm—l - Sn—l-
Therefore, as n, m — oo, we see that
G(xn, Ty, Tpy) — 0.

Thus {zy, }ren is a G-Cauchy sequence in (X, G) and so by the complete-
ness of (X, @), there exists z € X such that {z, },en is G-convergent to
z, that is,

lim G(zy,xn,2) =0.
n—oo

We will now show that z is a fixed point of T. By the assumption that
T is continuous, we have
lim G(z,2,Tz) = lim G(xpt1,2n41,T2) = lim G(Tzy, Txy, T2)
n—00 n—00 n—0o0

= lim G(Tzy,Txn,Tx,) =0,

n—o0

so we get Tz = z, that is, z is a fixed point of T
Alternatively, on the assumption that (iv) holds, we have

732 = limTS:pn = z.

In order to demonstrate that Tz = z, assume Tz # z on the contrary.
Then by (@) and Proposition @, we obtain

G(2,Tz,T?*2) < a(z,Tz,T*2)G(Tz,T?2,T3z)
= a(z,Tz,T*2)G(Tz,T?z, 2)
< G(M(2,Tz,T?2)) < M(2,Tz,Tz),

where

(3.10)
M(z,Tz,T%2)

= [AlG(Z, T2, T22)7 + MG (2, T2, T?2)7 + X3G(T2,T%2,T32)1

4 G(Tz,T?2,T32)(1 + G(2,Tz,T%2))\?
4 1+ G(2,T2,T?%2)

T G(2,Tz,T?2)(1 + G(2,Tz,T?z)) 13
5 14+ G(2,T2,T?z)
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= [MG(z, Tz, T22)9 4+ NG (2, Tz, T%2)? + X\3G(2, Tz, T?2)4
+ MG(2,T2,T2)7 + XsG(2, Tz, T2z)q]%
= [\ + Ao+ As + M+ A5Gz, Tz, T22)] 0
— (M1 Ao+ A3+ A+ As) 1 Gz, Tz, T22)
< G(z,Tz,T?z),

which is a contradiction. Hence, Tz = z.
Case 2: For ¢ = 0, we have

M(l’nfl,xn,TIEn)
= G(fl;nfla Tn, Txn))\l -G (l‘nfl, Twy 1, T2$n71)
-G (:Bn, Txn,T2a:n))\3

A2

-G ($n7 Ty, Tan) (1 +G (JUn—lv Trn-1, TZSUn—l)) .
1+ G(xp-1,2n, Txy)

G(Jjn—la Ln, Txn) +G (xna Ty, TQJ:n)
2

As

= G(xn—lv Tn, xn—i—l)/\l

' G(xn—h Txn—la xn+1))\2
G (s Tot, xn—&-?))\s

) -G(x'm Tn+1, xn+2)(1 + G(mn—la Tn, xn+1)):| Ad
1 + G(Jﬁ'n_l, Tn, xn+1)

[ TA
) G($n717$namn+1) +G(mn,xn+1’$n+2) 5
2 -
- G(xn_h ) x”+1)()\1+/\2) : G($na Tn+1, xn+2)(>\3+)\4)
A5

) -G(xn—la Tn, xn—&—l) + G(l‘n, Tn+1, xn+2) |
2

Now, if G(zp—1,Zn, Tn+1) < G(Tn, Tpt1, Tny2), then

M2y 1,20, Txn) = G(Zn, Tpi1, Tnyz) 22 G, 2y, 2pgo) 3T

: G(:I"Tla Tn+1, $n+2)/\5

A +A2+A3+ A1+
(xnvxn-i-hxn-l—Q)( 1+Az A3+ Aa+2s)

=G
< G(xnvxn—i-hxn—f—Q)v
and so (@) becomes

G(lﬂna Tn+1, xn-{—?) < G(l'nv Tn+1, $n+2)u
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which is a contradiction. Therefore,

G(l‘n, Tn+1, $n+2) < G(xnfla Tn, xn+1)'
Hence, by (@) we have

G<$m Tpyl, Tny2) < ¢<G($n—la Tn, xn—i-l))

< ¢2(G($n—17 Tn, Tpy1))

< ¢nG(x07 X1, $2)-

By a similar argument in the case of ¢ > 0, we can show that there
exists a G-Cauchy sequence {x, }nen in (X, G), hence a z in X such that

lim x, = z. To see that z is a fixed point of T', under the assumption
n—oo

that T is continuous, we have

lim G(z,2,Tz) = lim G(zpt+1,Znt1,T2)
n—oo

n—o0

= lim G(Tzp, Txn,T2)

n—o0

= lim G(Txy, Tz, Txy,)

n—o0

:()7

and by the uniqueness of limit, Tz = z. Similarly, if 7 is continuous,
as in case 1, we have that T3z = z. Suppose the contrary that Tz # z.
Then

G(2,Tz,T%2) < a (z Tz, T2z ) (Tz,TQz,T?’z)
=« (z Tz, T2 ) (TZ,TQZ,Z)
< ¢ (M(z,Tz, T2z )
<M (2,Tz1T%z)
=G (z,Tz,T2 )
a contradiction. Hence, Tz = z. O

Theorem 3.3. If in Theorem @, in the case of ¢ > 0, we suppose
supplementary that (X, G) is reqular with respect to a and o(x,y, Ty) > 1
for any x,y € Fix(T), then the fixed point of T is unique.

Proof. Let v,z € Fix(T) be such that v # z. By replacing this in (@)
and noting the additional hypothesis, we have

G(z,v,Tv) < a(z,v,Tv)G(Tz, Tv, T?v)
< ¢(M(z,v,Tv))
< M(z,v,Tv)
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= [AlG(z, v, Tv)! + oG (2, Tz, T?2)? + \3G(v, Tv, T?v)?

G(v, Tv, T?v)(1 + G(2,Tz,T?z))
+ N\

1+ G(z,v,Tv)

4 G(z,v,Tv)(1+ G(2,Tz,T?z)) 93
b 1+ G(z,v,Tv)

1

G(z,v,Tv) 14

|:)\1GZUTU +/\5<1—|—G(ZUTU)>]

< [MG(z,v,Tv)? + /\5G(z,v,Tv)q]%
= [(A +Xs5)G szv)]l

=M+ >\5) G(z,v,Tv)
< G(z,v,Tv),

which is a contradiction. Hence, v = z, and so the fixed point of T is
unique. O

Example 3.4. Let X =[—-1,1] and G : X x X x X — R be defined
by

G(z,y,Ty) =z —y|+ |z =Tyl + |y —Ty|, Vr,yecX.

Then (X, G) is a complete G-metric space. Define ¢ : Ry — R by
p(t)y=4%forallt>0,T: X — X by

T i ge{-1,1},
Txr = i’ £
5, if xe(-1,1),

forallz € X and a: X x X x X — Ry by

0, otherwise.

(3.11) a(z,y, Ty) = {

Then obviously, ¢ € ®, T is triangular (G-a)-orbital admissible, T' is
continuous for all x € X and T3 is Continuous for any x € Fiz(T3). Also,
there exists zo = & € X such that o (3.7(3),7%(3)) = a(3,3,2) > 1.
Hence, conditions ( )-(iv) of Theorem are satlsﬁed

To see that T is an admissible hybrid (G-a-¢)-contraction, notice
that a(z,y,Ty) = 0 for all z,y € (—=1.0) and G (T:U,Ty,T2y) = 0 for
all z,y € (—1,1). Hence, inequality (@) holds for all z,y € (—1,1).

Now for z,y € {—1,1},if z =y =1, then G (Tx,Ty,T y) = 0 for all
q > 0. Ifx:y:—l,letting)\l:%,)\2:)\3:0,)\4— , A5 = Oand
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q = 2, we obtain

1 111
a(z,y, Ty)G (Tz, Ty, T?y) = « (—1, ~1, 5) G < )

5755
4 1
——<1==(2
1 _
(e
2 5
= ¢(M(z,y,Ty))
Also, for ¢ = 0, we have
4
a(z,y, Ty)G (T, Ty, T?y) = -
1
—(2
<5@
= ¢(M(z,y,Ty))

Ifm#y,thenletting)\l:%,)\2:)\3:0, A =2 )\5:%andq:2,
we obtain

1 -1 11
Oé(l’,y7Ty)G (TvavaQy) =« <_1a ]-7 ) G (57 5’ 5>

-1 1 —-11
—e(1-15) 6 (553)

| A\ |

NI R N~ Ot

5
1 -1
=~ (M1 -1 —=
(1 15))
= ¢(M(z,y,Ty)).
Also, for ¢ = 0, we take )\1:/\4:%and A2 = A3 = A5 = 0. Then

1 111
T Ta, Ty, T?y) =a | 1,1, = —. ==
o(z,y, Ty)G (Tz, Ty, T?y) a< 7 75>G<5,5,5>

—1 1 -11
1,-1,— S ==
(1-13)6(5503)

Ut R
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—
\)
~—

e)
)

Hence, inequality (@) is satisfied for all z,y € X. Therefore, T is an ad-
missible hybrid (G-a-¢)-contraction which satisfies all the assumptions
of Theorem and z = % is the fixed point of T

We now demonstrate that our result is independent of the result of
Karapimar and Fulga [[7]. Let a : X x X — R} be as given by Definition
, xg € X be such that a(xg,Txg) > 1and d: X x X — R, be
defined by

= N~ N = =

d(:c,y):|:v—y|, V%?JEX‘
Consider z,y € {—1,1} and take for case 1, z # y, Ay = A2 = 0,
A3 = A5 = %, A = % and ¢ = 2. Then inequality (B.1)) becomes

1 -1 11
a(xvvay)G (T%T?/,T2y) =« <_1a ]-7 5) G (57 5) 5>

-1 1 —-11
(L15)e(353)

=«

_4

5

4

50

_ (&

~ 2\50

1
()
2 5
1 -1
=—(M|[1,-1,—
(v (117))

= ¢(M($, Y, Ty))7
while inequality (@) due to Karapmar and Fulga [[7] yields

a(z,y)d(Tz, Ty) = a(—1,1)d (_517 ;)

— o1, ~1)d <; _51>
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2 37
100

(1)

(M(-1,1))

N~ N~ N~ Ot

(M(1,-1))

= o(M(z,y)).
Take x = y for case 2 and choose \; = 0. Then M (z,y) is undefined for
5
any choice of \; with i =2,3,4,5 and > \; = 1, since
2

[z, )] = |z —y|™
=|-1+1
=1-1/°
=0°.
Therefore, admissible hybrid (G-a-¢)-contraction is not admissible hy-

brid contraction defined by Karapmar and Fulga [7], and so Theorem
2.2 due to Karapmar and Fulga [7] is not applicable to this example.

Corollary 3.5 (see Theorem ) Let (X, G) be a complete G-metric
space, and let T : X — X be a mapping satisfying the following condi-
tion:

(3.12) G(Tz,Ty,Tz) < kG(z,y, 2),

forall z,y,z € X where 0 < k < 1, then T has a unique fized point (say
u) and T is G-continuous at u.

Proof. Consider Definition @ and let a(x,y,Ty) = 1 for all z,y € X,
Ty =2z, M =1, =X =X =X =0and ¢(t) = kt forall t >0
and k € [0,1). Clearl € ® and T is an_admissible hybrid (G-a-¢)-
contraction. Hence, (ﬁ)) coincides with (R.6) of Theorem m due to
Mustafa [[10]. Therefore, it is easy to see that we can find a unique point
u in X such that Tu = u and T is G-continuous at wu. U

Corollary 3.6 (see [16, Theorem 3.1]). Let (X,G) be a complete G-
metric space. Suppose the map T : X — X satisfies

G(Tx, Ty, Tz) < ¢(G(2,y,2)),

for all x,y,z € X. Then T has a unique fized point (say u) and T is
G-continuous at u.
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Proof. Consider Definition @ and let a(z,y,Ty) = 1 for all z,y € X,
Ty=2z A =1and Ao = A3 = Ay = A5 = 0. Then,
M(z,y,2) = G(a,9, 2),
for all z,y,2z € X and ¢ > 0. Hence, inequality (@) becomes
G(Tz, Ty, Tz) < ¢(G(,y, 2)),
for all z,y,z € X and ¢ € ®. This coincides with Theorem 3.1 due to

Shatanawi [16] and so the proof follows in a similar manner. O

Definition 3.7. ([1]). Let T: X — X and a: X x X x X — R} be
two mappings. Then T is said to be a-admissible if for all x,y,z € X,
a(z,y,z) > 1 implies o(Tz, Ty, Tz) > 1.

Definition 3.8. ([l]). Let (X,G) be a G-metric space and let T :
X — X be a given mapping. Then T is said to be a G-a-¢-contractive
mapping of type [ if there exist two functions o : X x X x X — Ry
and ¢ € ® such that for all z,y, 2z € X,

a(z,y, 2)G(Tx, Ty, Tz) < §(G(x,y, 2)).

Corollary 3.9 (see [I, Theorem 29]). Let (X, G) be a complete G-metric
space. Suppose that T : X — X is a G-a-¢-contractive mapping of
type I and satisfies the following conditions:

(i) T is a-admissible;

(i) there exists xg € X such that o(xo, Tz, Txo) > 1;

(iii) T is G-continuous.
Then there exists w € X such that Tu = u.
Proof. Consider Definition @ andlet Ty =z, a: X x X xX — R, be
a-admissible mapping and A1 =1, Ao = A3 =4 =5 =0. Then T is a
G-a-¢-contractive mapping of type I and so inequality (B.]]) becomes

a(z,y,2)G(Tz, Ty, Tz) < ¢(G(z,y, 2)),

for all z,y,2z € X and ¢ € ®. Hence, the proof follows Theorem 29 of
Alghamdi and Karapmar [1]. O

By specializing the parameters \; (i = 1,2,...,5) and ¢, as well as
letting a(z,y,Ty) = 1 for all z,y € X and ¢(t) = kt for all t > 0,
k € (0,1), the following result is also a direct consequence of Theorem
8.2

Corollary 3.10. Let (X,G) be a complete G-metric space. If there
exists k € (0,1) such that for all x,y € X, the mapping T : X — X
satisfies:

(3.13) G (T:c,Ty,sz) < kG(x,y,Ty),

then T has a fized point in X.
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4. ULAM-TYPE STABILITY

Ulam stability was introduced by Ulam and is seen as type of data
dependence. This notion was further developed by Hyers and other
researchers (see [7]). Karapimar and Fulga [[7] investigated general Ulam-
type stability in the sense of a fixed point problem in metric spaces. Here,
we consider general Ulam-type stability as a fixed point problem in the
framework of G-metric space.

Suppose that T' : X — X is a self-mapping in a G-metric space
(X, G). Then we say that the fixed point problem

(4.1) Tz =z,

has the general Ulam-type stability if and only if there exists an increas-
ing function p : Ry — Ry, continuous at 0, x(0) = 0 such that for
every € > 0 and for each ¢y € X which satisfies the inequality

(4.2) Gy, Ty, T%) <,
there exists a solution z € X of (@) such that
(4.3) G(2,9,Ty') < ple).

For a positive number C, we take p(t) = Ct for all ¢ > 0. Then the fixed
point of (@) is said to be Ulam type stable.

On a G-metric space (X, G), the fixed point problem (@) is said to be
well-posed if the following assumptions are satisfied:

(i) T has a unique fixed point z € X;

(ii) G(xp,z,2) = 0 for each sequence {z}neny in X such that
lim G (wn,Txn,Tan) =0.
n—oo

Theorem 4.1. Let (X,G) be a complete G-metric space. If in addition
to the assumptions of Theorem , we have A1 + A5 < % where K =
max{1,2971}, then the following hold:
(i) the fixed point equation (B is Ulam-Hyers stable if a(u, v, Tv)
> 1 for any u,v satisfyin );
(ii) the fized point equation ) is well-posed if a(z, xy, Txy) >
for any {zp}tnen in X such that lim G (wn,Txn,Tan) =
n—o0
and Fix(T) = {z}.

1
0
Proof. (i) In Theorem @, we have shown that there exists a unique
2z € X such that Tz = 2. Let 3/ € X such that for any € > 0, we have

Gy, Ty, T%) <.

Then obviously, z satisfies (@) and so we have a(z,y’,Ty') > 1. Hence,
by rectangular inequality,

G(z,y, Ty
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< G(z, Ty, T*) + G(T%/ .y, Ty)

=G(Tz Ty, T?) + G/, Ty, T*)

<alzy, Ty)G(Tz, Ty, T*) + Gy, Ty, T*y')
(M (2,9, Ty)) + Gy, Ty, T*y)

< M(z,y/,Ty") + G(y', Ty, T*y)

IN

[ G(z,9, Ty )+ NG (2, T2, T?2)" + \3G(y, Ty, T?y')4
+

G\ Ty, T* )1+ G(2,Tz,T?z2))

4( 1+ G(z,y,Ty) >
o

1

G(z, 9, Ty )1+ G(2,Tz,T%2))\ "]«
1+ G(z,y,TY)

Q

5 + G(y,,Ty/,TQQI)
[ 1G (2, Ty + MGz, 2,2)1 + MGy, Ty, T?y')*

(G v, Ty, T%y) (1 + G(z, z, z))>q
o

A 1+G(z,y,TyY)

Gz, v, Ty) 1+ G(z,2,2)) \?
1+ G(z,y,TY)

Q=

+GW, Ty, T*)

Gy, Ty, T%) \*
14+ G(z,y,Ty)

As

B [AlG(z, Y. TY) + MG, Ty, T?y ) + A <

1
G(Zuylvzy/) N ’ I 2,0
A Gy, Ty, T
+ 5<1+G(zy’Ty’) TG, Ty, T7Y)

< [AlG(z,y’,Ty )+ NGy, Ty, T*y) ! + MGy, Ty, T*y')?
+ A5G 2,y Ty )] 1 + Gy Ty T%))
< MGz 0, Ty + Aze? + Mae + A5G (2,4, Ty') ]
= [+ A)G(z ¥, TN+ (g + Aa)et] s + e
Therefore, we have

Gz, Ty < K[(M+ Xs5)G (2,9, Ty") 4+ (A3 4+ Aa)e? 4 €],

Q|

+ €

where K = max{1,297!}. Hence, the above inequality reduces to

KA +AM+1)

Glzy\ Ty)! < =7 KOu )

which is equivalent to
G(2,y,Ty') < Ce,
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where ¢ = KQstdatl) 4, any ¢ > 0, A;,As € [0,1) such that
AL+ A5 < %

1-K(A1+XAs)

(74) Taking into account the supplementary condition and since

Fiz(T) = {z}, then we have

G(z,xp, Txy)

<@ (z, Tx,, T2:Un) + G (T2xn, T, Tl’n)

(Tz,Txy,, T2mn) + G (:cn, Tz, T29:n)
oz, &p, Tp)G(Tz, Txn, T?x,) + G (:L’n, Txy,, T23:n)

< (M (z, 2y, Txy)) + G (;Un, Txy,, T2$n)
< M(z,xpn,Txy) + G (ZL’n, Txn,Tan)

= [AlG(z, Ty Txp)? 4+ NG (2, Tz, T2z)q + \3G (xn, Tx,, szn)q

o\ G (zn, Txy, T?xy) (1 + G(2,T2,T?z)) !
4 1+ G(z, 20, Txy)

L G(2, 2, Txy) (1 + G(2,T2,T%2))\? .
b 1+ G(z,2n, Txy)

+G (:cn, Txy,, Tan)

= |:)\1G(Z7 Tn, Twn)q + )\QG(Z, Z, Z)q + A3G (xna Ty, Tgxn)q

A
o 1+ G(z, 20, Txy)

Q=

A5 + G (n, Tarn, T?1y,)

(a 2, T, T?2,,) (1 +G<z,z,z>>>q

G(z,xp, Txy)(1+ G(z,2,2)) \
1+ G(z,2p, Txy)

= |:A1G(Z, T, Txp)? 4+ N3G (:Bn, Tx,, TQ:Un)q

G (xnaTxnyTgxn) ! G(z,2n, Tp) ! %
+ M + X5
14+ G(z,xn, Txy) 14+ G(z,xn, Txy)

+G (:L'n, Tx,, T2xn)

< [x\lG(z, T, Txp)? 4+ N3G (:cn, Tx,, T2xn)q

+ MG (mn, Txy, T2$n)q + A5G (2, Ty, Tmn)q] z
+ G (l'n, Txn: T2xn) :
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Therefore, we have
G(z,xn, Tx,)? < K[)\lG(z,xn,Txn)q + A3G (a:n,Txn,szn)q
+ MG (:zn, Tx,, Tan)q + A5G (2, zp, Txp)?
+ G (zn, Tz, T2xn)q ],
where K = max{1,297!}. Hence, the above inequality reduces to

KX+ XM +1)
G b ) T S
Letting n — oo and keeping in mind Proposition @ and

lim G (24, T2n, T?z,) =0,

G (ﬂsn, Tx,, szn) .

n—oo
we obtain
lim G(zp,z,2) = lim G(z,x,, Txy)
< lim G (mn,Txn,Tan)
n—oo
=0.
That is, the fixed point equation (@) is well-posed. O

5. APPLICATIONS TO SOLUTION OF INTEGRAL EQUATION

In this section, Corollary is applied to examine the existence
criteria for a solution to the following integral equation:

b
(5.1) u(t):h(t)+/ L(t, ) f (s, u(s))ds, € [a,b]

where h : [a,b] xR — R, L : [a,b] x[a,b] — R4 and f : [a,b] xR — R
are given continuous functions, and the function u is unknown.

Let X = C([a,b],R) be the set of all real-valued continuous functions
defined on [a, b]. We equip X with the mapping:

(5:2) G(u,v,w) = max (Ju(t) — v(t)] + |u(t) —w()] +|v(t) —w(t)]).

Then, it is clear that (X, G) is a complete G-metric space. Consider the
self-mapping T : X — X defined by

b
(5.3) Tu(t) = h(t) —l—/ L(t,s)f(s,u(s))ds, tE€ la,b].

One _can see that u* is a fixed point of T if and only if u* is a solution

to (B.1).

Now, we study the existing conditions of the integral equation (EI)
under the following hypotheses.

Theorem 5.1. Assume that the following conditions are satisfied:
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(C1) [f(s,2) = f(s, )| + | f(ss2) = f(s,2)| + [f(s,9) — f(s,2)]
< |:L'—y\+|:n—z|+|y—z| for allt € [a,b], x,y,z € R;

(Ca) max/[ﬁts]ds—n<1
tela,b)

Then, the integral equation ) has a solution in X.

Proof. Taking (@) into account, we obtain

G(Tu, Tv, T?v)
= max (|Tu(t) = To(®)] + [Tu(t) - T20(t)| + |Tu(t) — T2u(t)|)
—532‘%]< / L{t,s)(f(s,u(s)) = f(s,v(s)))ds

b
" / C(t,)(F(s,0(s)) — £(5. Tv(s)))ds

< max/ 1Lt 5)] [1£(s,u(s)) — F(s,0(s)]

te(a,b|

+1f(s,u(s)) = f(s,Tv(s))| + | f(s,v(s)) = f(s,Tv(s))| ] ds
<max/ 1L(t,5)] [Ju(s) —v(s)]

t€la,b]
+u(s) = Tv(s)| + [v(s) — Tw(s)|]ds

< <max/ |L(t,s) ]ds)
tela,b]

maX/ [lu(s) = v(s)| + [u(s) = Tv(s)| + [v(s) — Tw(s)| |ds

t€la,b] Jq
= nG(u,v,Tv).

Hence, all the conditions of Corollary are satisfied. It follows that
T has a fixed point u* in X, which corresponds to a solution to the
integral equation (p.1]). O

Example 5.2. Let X = C([0,1],R) and consider

t2 1 [t 82 1
(5.4) u(t) = —l—/o ( : . ds, tel0,1].
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To obtain the solution of (@), we prove that u(t) is a fixed point of
Tu(t), that is, Tu(t) = u(t), where

Tu(t)—t2+1/1 s L s, telo]
S (B5+t) TJo B+t B+u(s) T
Notice that the integral equation (@) is a special case of (@), where
t2 52 1
ht) = ———,  L(t,s) = —, ) [ —
O=5+p CO=Grn TV =1mram)

Obviously, the functions h(t), L(t,s) and f(s,t) are continuous. More-
over, for all u,v € R,

[f(s,u) = F(s,0)| + [ f(s,u) = f(s, Tv)[ + If(S v) = f(s,Tv)]

1 1 1
‘7(3+u(s)) 7(3+v ’ ‘7 B+u(s) 7B+Tu(s ))’
. 1

73+u(s)) 73+ Tv
B ‘ v—u ' N Tv —u ‘
173 +u(s))(3 +v(s)) 7(3+u(s))(3+ Tv(s))
N Tv —v '
734+ v(s))(3 4 Tv(s))
1
< §(|u—v|+|u—Tv|+|v—Tv])
<|u—wv|+ |u—Tv|+ |v—Tuv|.
Also, notice that
2
max/ |L(t,s)|ds = max ds
tea,b] t€[0,1] (5+1)
1
B Jélﬁ}f] 3(5+1)
1
<
— 15
< 1.

Hence, all the conditions of Theorem @ are satisfied. Therefore, the
integral equation (p.1) has a solution in X.

6. OPEN PROBLEM

For further research, an open problem is highlighted as follows:
A discretized population balance for continuous systems at a steady
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state can be modeled by the nonlinear integral equation:

01 60 = 5t /0 ot — )g(@)de + e, peR.

So far, it is still unclear whether or not the existing conditions for the

solution of (p.1)) can be obtained using any of the results established in
this paper.

Remark 6.1. (i) We can deduce many other corollaries by replac-
ing Tx with y or T?%y with 2z, and by particularizing some of the
parameters in Definition B.1l.

(ii) None of the results presented in this work can be expressed in
the form G(z,y,y) or G(x,z,y). Hence, they cannot be ob-
tained from their equivalent versions in metric spaces.

7. CONCLUSION

An extension of metric spaces was introduced by Mustafa and Sims
[11], called G-metric space (or generalized metric space) and several fixed
point results were studied in that space. However, Jleli and Samet [5] as
well as Samet et al. [15] noted that most fixed point theorems obtained in
G-metric space are direct consequences of their analogs in metric space.
In this note, we introduce a new class of contractions, the admissible
hybrid (G-a-¢)-contraction and prove some fixed-point theorems that
cannot be deduced from those in metric spaces. The key advantage of
this family of contractions is the fact that its contractive inequality can
be specialized in several ways, depending on multiple parameters. Con-
sequently, a handful of corollaries, including some recently announced
results in the literature are highlighted and analyzed. Nontrivial com-
parative examples are constructed to validate the assumptions of our
obtained theorems. Furthermore, we examined Ulam-type stability and
well-posedness for the new contraction proposed herein. In addition, one
of our obtained corollaries is applied to setup novel existence conditions
for the solution of a class of integral equations. In regard to some future
aspects of our results, an open issue relating to a discretized population
balance model may be analysed using the methods established in this
work.
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