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Abstract

Ratio-cum to Dual ratio-cum type of population mean is addressed under known influence of auxiliary variable
which is designed to be resistant to the effects of outliers Datasets. The expression for the bias, mse and
mmse of the proposed estimator is studied and optimality is tested. Theoretical efficiency comparison of the
proposed estimator over some existing estimators of the same characteristics reviews are established. The
performance is evaluated used metrics mention in support of theoretical results, however considered on two
Natural and simulated datasets using R script. Results indicate the superiority of proposed estimator over
existing estimators except for some few cases. Therefore, the proposed estimator is recommended for use in
practical application particularly in presence of outlier or extreme Values in estimating population mean of
the study variable.

Keywords: Ratio; product; Dual-ratio; Dual-Product; ratio to dual-ratio; product to dual-product; linear
combination; optimum values.

1 Introduction

The simple method of population mean is the sample mean obtained by using simple random sampling without
replacement, when there is no additional information on the auxiliary variable available. Sometimes in sample
surveys, along with the study variable Y , information on auxiliary variable X |, correlated with Y | is also
collected. This information on auxiliary variable X, may be utilized to obtain a more efficient estimator of the
population mean. Ratio method of estimation is an attempt in this direction. This method of estimation may
be used when (i) X represents the same character as Y, but measured at some previous date when a complete
count of the population was made and (ii) the character X is cheaply, quickly and easily available. Numerous
study in field of sampling survey as regard to proposed an estimator for estimating population parameters
such as population mean, population variance, population median, etc under the assumption that complete
information about sampling units is available as stated bellow. some authors (Cochran, 1940; Robson, 1957;
Srivenkataramana, 1980; Bandyopadhyay, 1980; Sisodia and Dwivedi, 1981; Pandey and Dubey, 1988; Bahl and
Tuteja, 1991; Upadhyaya and Singh, 1999; Koyuncu and Kadilar, 2009; Sharma and Tailor, 2010; M et al., 2010;
Yan and Tian, 2010; Yadav, 2012; Tailor et al., 2012; Singh et al., 2013; Lone and Tailor, 2015; Ahmed et al.,
2016; Lone et al., 2016; AUDU et al., 2016; J et al., 2017; Audu et al., 2021b).

But so many authors are also work extensively when the population is homogeneous nature that is study
populations can be taken into different accounts of strata and estimate the same as mention above such
population mean, variance, proportion, median, correlation coefficient of variation (Vishwakarma et al., 2010;
Tailor et al., 2011, 2013; Singh and Singh, 2014; Tailor and Chouhan, 2014; Tailor et al., 2015; Shahzad et al.,
2018, 2019; Audu et al., 2020; Javed and Irfan, 2020; Audu et al., 2021a; Ahmad et al., 2021; Rather and
Kadilar, 2022; Hussain et al., 2022; Muneer et al., 2022; Suleiman et al., 2024) are some of current estimators
proposed methods under stratified random sampling however, all the estimators proposed by aforementioned
authors are functions of population mean of auxiliary variable X and since X is known the proposed estimator
can be applied to real life situations.

Traditional statistical estimators, such as the sample mean and variance, widely used to estimate population
parameters. however, these estimators are often sensitive to outliers, which can significantly affect their accuracy
and reliability. To address this issue, this article have proposed robust measure estimator that can accommodate
outliers. these estimators are designed to be resistant to influence of outliers, providing more accurate and reliable
estimates of population parameters. This proposed aims to modify existing estimators of Yadav (2012) that do
not accommodate outliers to robust estimator that can handle outlier. Specifically, the proposed generalized
estimators is develop and evaluate new estimator that combine the benefits of traditional estimators with the
robustness of outlier resistant methods. Our goal is to provide more accurate and reliable estimates of population
parameters, even in the presence outliers. Example of robust measure estimators include the Gini Mean
Difference (G), Downtown Method (D), Probability Weighted Mass (PWM). In survey sampling, outliers can
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occur in various types natural populations. Here are some of examples of population that are commonly known
to have outlier: Income and Wealth, Agricultural, Health and Medical, Businesss and Economic, Environmental,
Traffic and Transportation, Fishers and Wildlife, Geological and Energy Consumption.

Consider a finite population U; = (X;,Y:),7s = 1,2,..., N has a pair of values. N and n: Population and sample
size of study and auxiliary variables, while y = (yn,») are the n sample values. ¥ and X are the population
mean study and auxiliary variables. respectively. Let SZ and S% be the population variances of Y and X
respectively. § and Z are the sample mean of the study and auxiliary variable, s,2 and s2 be respective sample
variance base on the random sample of size n drawn without replacement.

2 Estimators in Review

Usual ratio and product estimators proposed by Cochran (1940) and Robson (1957) are respectively given in
equations (2.1) and (2.2) below:

=7 (g) (2.1)

T

Tio =7 (?) (2.2)

Biases and Mean squared error of the estimators (2.1) and (2.2) are given up first order as (2.3), (2.4),(2.5) and
(2.6) are accordingly defined

Bias (Tn1) = u - Dyc2(1 - pyuCy/Ca) (2.3)
Bias (ﬁg) - %prcxcy (2.4)
MSE(T1,) = a ; Py (CF + C2(1 — 2pyaCy /Ca)) (2.5)
MSE(T12) = “‘Tf)f/? (Ch+ C2(1 + 2pyaCy /Cw)) (2.6)

Srivenkataramana (1980) and Bandyopadhyay (1980) envisaged dual-ratio and dual-product estimators each,
the Bias and mean square error reported as

Tis =73 (%) (2.7)
Tiu=7 (g) (2.8)

The Biases of the dual to ratio and product estimators in (2.7) and (2.8) together with their MSEs under simple
random sampling are given by

Bias (fm) = —“;Jmci(d — pyeCa/Cy) (2.9)
Bias (ffm) = —Wdeyzczcy (2.10)
MSE(T13) = a ;L Ny (C7 + dC2(d — 2pyCy/Cx)) (2.11)
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MSE(T14) = u;if)?? (C2 + dC2(d + 2pysCy /Chr)) (2.12)

Exponential ratio cum, product cum and dual-ratio cum, dual-product cum estimators suggested by Bahl and
Tuteja (1991)) and Sharma and Tailor (2010) are define respectively as.

Tis zgexp<:§;:§> (2.13)
flgzgexp(il)X?) (2.14)
Tir = Jexp (%) (2.15)
Tis = jexp <%> (2.16)

The biases of the ratio cum, product cum exponential estimators of the (2.13) and (2.14) proposed by Bahl and
Tuteja (1991), while the dual-ratio cum, dual-product cum estimators of (2.15) and (2.16) proposed by Sharma
and Tailor (2010) in simple random sampling are given as

Bias (?15) = (ls_nf) VC2(3 = dpyaCy/Co) (2.17)
Bias (?16) - f%?cﬁu — 4pyaCy/C) (2.18)
Bias (?17) = (18_”’0 )V C2(3d — 4pyaCy /o) (2.19)
Bias (ﬁs) - (I;If) YC2(d — 4pyaCy/Ch) (2.20)

The MSE of the estimators f“15, fw, f‘17, and f‘lg under simple random sampling are given by

MSE(Tis) = Lnf) <c§ +C? G - pyzcy/cz» (2.21)
MSE(Tyg) = Lnf) <C§ e (i + pyzcy/cz» (2.22)
MSE(Ti7) = (1;7” (Cﬁ +dC? (g — pyCly /Cz)) (2.23)
MSE(Tis) = (1;7’0) (05 +dc? (g + pyaCly /cz)) (2.24)

Hussain et al. (2021a) suggested new Exponential ratio type later again (Hussain et al., 2021b) proposed
Exponential product estimators to Bahl and Tuteja (1991) classical ratio, product cum by introduced unknown
scale parameter s, \p, 01 and d2 to sample and population mean of auxiliary variable X such that the proposed
estimator 715 and 16 estimate population mean precisely.

tio = Jexp <X)\—jx> (2.25)

tao = Jexp (X): }(x> (2.26)
b

f21 = gexp (1:5—1;() (2.27)
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2 7 —X
tas = Jexp (I@X ) (2.28)
The Bias and MSE of the proposed estimator (2.13) and (2.14) are obtained as equations below
. Z o (1 — f) 2 1 S—1
. 2 1-—
Bias (T = —(n—&”sgi(l/sz — pyaSy/S2) (2.30)
2 1—
Bias (Tzl) - (7nf)52(1/261 14 pyaSy/Sa) (2.31)
Bias (?22) = —MS§(1/261 + py=Sy/Sz) (2.32)
MSE(T) ( + Ry 52 ( Al 2925y /Ss )) 2= X = RSs/pyaS,
2.33)
MSE(T, (S + R S < N 2pyxsy/sx>> (2.34)
v (1- f) 2 2
1 1
MSE(Ta) = % (55 + R(Sisi (Rdi + 20y Sy /Sz)) (2.36)
2 2

Sharma and Tailor (2010) Introduced ratio to dual-ratio estimators of population mean motivated the work of
Cochran (1940) and Srivenkataramana (1980)) the Bias and mean square error of the proposed estimator is
defined be as

T

Tos = (19? +(1-9) }t) (2.37)

Where ¥ are constant parameter to minimized MSE of estimator, the equation of bias, mean square error, and
minimum square error MMSE, up to first term approximation are given as below.

B(fQS) = @Y/Cﬁ (91 — P1pyaCy/Ca) (2.38)

(py2Cy/Cs + d)
(d—1)

MSE(Tas) = a ; )y (CF +91C2 (91 — 2pyaCy/C)) = Vimin = —

(2.39)
Yadav (2012) introduced ratio cum to dual-ratio cum estimator of finite population mean by taking linear
combination of estimators (2.13) and (2.15) of Bahl and Tuteja (1991) and Sharma and Tailor (2010) respectively
in simple random sampling

2 X -z - X
Tosa=7( A = 1-A P E— 2.40
24 y( exp{X_‘_E}-&-( )exp{jt_FX}) (2.40)
The expressions of Bias, mean square errors (MSE) and MMSE up to the first term of approximation are as
follow

Bias (To1) = a - Ny <A2%2 + A; pyeC.C ) (2.41)
MSE (?24) = Lnf) <C + A2 (A — pyaCy/C )> (2.42)
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(2.43)

_ (2py2Ca/Cy + d)
= Ay = d+d)

(2.54)

2~ 1 — _
MSEpin (T21) = (n—f)l” (1—r}e) Cy
Singh et al. (2013) Followed the study of Bahl and Tuteja (1991) equation (2.14) and Sharma and Tailor (2010))
equation (2.16) exponential product cum to dual-product cum estimators of finite population mean is proposed
in simple random sampling
2 _ z—X X -z
T25:y<['exp [i’—i—X} +(1—-TI)exp [m}) (2.44)
The expressions of Bias and mean square errors (MSE) and minimum mean square error (MMSE) up to the
first term of approximation are respectively as follow
~ 1(1— _
Bias (Tzs) =2 %Yci (I + Al pyaCly /C) (2.45)
E - I
MSE (Tos) = ( - Dy <O§ + O+ 4pym0y/0x)> (2.46)
Y 1 — — 2 x x
MSEmin (T25) = %YQ (1 - Piz) 05 = Lopt = —( Py Cy(/ch c—l; d) num (2.47)
Sisodia and Dwivedi (1981) suggested a ratio estimator of population mean using the coefficient of variation of
auxiliary variable, the estimator and weighted constant parameter are
Y _ X —+ C:r, — —
T%:y(:i—&—Cz)’ where 0; = X /(X + Cy) (2.48)
Pandey and Dubey (1988) proposed a ratio and product estimators of population mean using the coefficient of
variation of auxiliary variable, the estimators and weighted constant parameters are defined as
2 _(XB1+ B > S (v
Yor =9y ———— |, where 0; = (2X/ (XS + 2.49
27 y(fﬂlJrBz where 0; = X/ (X1 + B2) (2.49)
2 (T4 Cy S
Tos =7 (}“_; - CI) , where 0; = X/ (X +Cy) (2.50)
Singh et al. (2004) envisaged ratio estimator using unknown waited constants of coefficient variation and skewness
such as C and S
Z, _ Xcz + 51 - -
TYog =17 ( 20, 1 6 ) where 0; = B2 X/ (XCy + B1) (2.51)
Upadhyaya and Singh (1999) Introduced coefficient of variation and kurtosis as the function of auxiliary variable
(2.52)
(2.53)

to ratio and product estimators
) where 0; = CIX/ (XCZ + 62)
(2.55)

Xcac + 52
«fcz + 52

£ﬁ2+cz

fao =y (
) where 0; = BQX/ (Xﬂg + C’Z)

>

|

31

) where 0; = Co X/ (XCq + B2)

>
Il
<

32

( 20y + B2
Zp2 + Co ) where 0; = 52)2'/ (X'Bz + Cz)
and kurtposis as the effect of auxiliary variable, the estimator and weighted constant parameter is
(2.56)

Xcz + 52
Yan and Tian (2010) suggested a ratio estimator of population mean using the coefficient of variation, skeweness

Tos =7 (=
83 y(XﬂQ‘i’Cz

Toa=7 (%) where 0; = f1X/ (XB1 + B2)
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2 _ Xcz + 51 v v
Tis =3 =at"on | where 6 = CoX/(XCq 2.57
35 y(a’ch—O—Bl)weTej c /(C+/31) (2:57)
M and S (2013) suggested a ratio estimator of population mean using the skeweness and quantile deviation as
the effect of auxiliary variable, the estimator and weighted constant parameter is

Fos :g<M

6 + 0D ) where 0; = 51)2/ (Xﬂl + ﬂg) (2.58)

SK et al. (2019) suggested new ratio type estimators to population mean when sample size and correlation
coefficient is effect of auxiliary variable the estimators define as

2 _ nX —+ p — —
137 = i =nX X 2.
37 =¥ < Nt s ) where 0; =nX/ (nX + p) (2.59)
X _(nX +C, > >
38 =7 (W) where 0; =nX/ (nX + Cy) (2.60)

Jerajuddin and Kishun (2016) suggested new ratio type estimator to population mean when sample size is effect
of auxiliary variable the estimator define as

Tao = 7 exp (%) where 0; = X/ (X +n) (2.61)

Zakari et al. (2020) suggested improve new ratio type estimator of population mean by introducing unknown
parameter k to the estimator of Jerajuddin and Kishun (2016) to be determined such that mse of the proposed
estimator is minimized, the proposed estimator is define as

% tn

Tyo = yk exp ();_i_ = ) where 6; = X/ (X +n) (2.62)

The general term 6; of the Bias and mean square error of ratios and products estimator listed above in equations
(2.48), (2.49),..., (2.62) when the auxiliary variable is a function of Traditional Measure of dispersion as mention
in this section 2 below up to fist order of approximation with j** of @ are respectively given as

Bias (?j) = U= DG 5 (C2 = ppaCyCun), ¥ 6, where 5= (31), (34), (35), (36),
(40)

" (37), (38), (39), (40),
(2.63)

Bias (ﬁ) _a = Doy (C2 4 pyeCyCon), ¥ 6,  where  j={(28),(32),(33)}
2.64)
MSE (?j) _a = Dy2 (02 40,62 (0, - 20,00, /C)) (2.65)
MSE (fj) _a = 1)y (C2 +0,C2 (0, + 2pyaCy /Cs)) (2.66)

The are several modifications of ratio product dual estimators of population mean but this study focus the
estimator that satisfied the criteria for building the proposed estimator this criteria are one auxiliary variable,
duality, measure of locations such as Gini Mean Difference (G), Downtown Method (D), Probability Weighted
Mass (PW M), coefficient of variation (C), Tri-mean (T'M), Kurtosis (82), Skeweness (1), Decile Mean (DM),
Mid-range (M R), Hodges-Lehmann (H L), Quantile Deviation @D, Mean Deviation (M D).
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3 Proposed Estimator Under Study

Adopting the same formation as outlined in Sharma and Tailor (2010) and later by Yadav (2012) the following
exponential ratio-cum-type to ratio-dual estimator has been proposed to defined as:

71— 5 [ 6a exp (Am-f_( + Bp;j) — (Am'_i‘ + Bpj) +8gexp (Apjﬂf’t + Bp;j) — (Apj):( + Byj) 3.1)
(ApiZ + Bypj) + (Aij + Bpj) (Ap;Tt + Bypj) + (Am'X + B:DJ')

Where do + 63 = 1 and d., dg are constant parameters to minimized the mean square error and bias while A,;
and B,; represent known function of auxiliary variable such as Gini Mean Difference, Downtown Method and
other as mention earlier in section 2. In order to study the large sample model based properties of the proposed
estimators, we define sample means as

3.1 Properties(bias and MSE) of proposed estimators

To obtain mean square error and bias. Using the error terms equation in (??) we write the proposed estimator
as:

CA,X —A,dX
ij =9 | daexp ( T T X ) + 0p exp 2 24X v
2 (Ap;T + Bpj) + Apj Xea Q(Aij+Bpj) — ApjdXm

(3.2)
From eq. 3.2 Let A = Ap; X (Ap; X + Bp;)™ ' and B = ApjdX(Ap; X + Bp;)™ V p = 1,2 and j =
0,1,2,3,4,5,6,7,8,9
where
A1 = A1 = A1z = Aoa = Aoz = Aoy = 1, A12 = A1s = G, A13 = A1s = Az1 = PWM, Bi1 = Bao = Bas =
Cyp,A1s = TM,A17 = A2o = DM, Ass = Biy = Bi7 = Bigs = Big = Baz = f2,B12 = Biz = Big = D, Bi5 =
Baz = Bag = f31.
S _ —Am —Bm
75 =7 ( 6a 5
o (e (5235 ) + e (575
(3.3)

2 8

Denote again 6o, = (8+ (A — B)da) and ds, = (8% — (3X* + 8°) 65) expand (3.4) and taking expectation of
both side, after simplification the BIAS is obtain as,

T3 =¥ (14 m0) (1*(5+(>\*5)5Q)ﬂ*(52*(3A2+,32)5ﬁ) ”—)

N _ _ 2
T;j_Y:Y(UD—5a1%—5B1%_ oz17702771) (34)

Taking expectation of above and substituting the values defined at (??), the bias of Y%;j is obtain as

By =-U=Hyp (5 &3 551M> (3.5)

rJ n 8 2
In other to subject the mean square error of proposed estimator of 3.1. Take leading terms of equation (3.4)
squaring both sides and taking expectation the MSE of T;j is obtain:

* _ \/ L .
M(Tp]) = TfY2 (C; + 6@1031 (6C¥1 - 4wa01/cz 1)>
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To obtain minimum mean square error of proposed we differentiate (3.6) w.r.t.d0, and equate the result to zero
therefore arrived as
_ 00, C3

[ (0ay) = 5 PyaCyCo = bay = 2pyaCy/Cs (3.7)

After solving the above equating in terms of d, therefore attend the optimal value to minimize the mean square
error

S = (2pyaCy /Co — B) (A= B) " (3.8)

Substitute the R.H.S. of (3.8) into equation (3.6) place of L.H.S. simplify we obtain the minimum mean square
error as follow

MY ) min = L= S yee (1-p2) (3.9)

n Y

Substituting the value of a from equation 3.1 in equation yields the ‘asymptotically optimum estimator’ (AOE)
as

T* 2pyzCy/Cz — B (Apj X + Bpj) — (Ap;T + Bpj) 2pyxCy/Cx — B (Apji't + Bpj) — (Ap; X + Byj)

pj=@<( A=B )EIp((APjE+BPj)+(APjX+BPj)>+<1_( A=B >>ezp<(Apjit+Bpj)+(Aij+Bpj)

(3.10)

3.2 Theoretical efficiency compassion

The investigation of theoretical efficiency conditions of the proposed estimator T;j against existing estimators
T review on the study were established in this section.

To test if Proposed Estimator 3.1 is to be superior than Cochran (1940) and Robson (1957) ratio,
product estimators, respectively require

M@ min >m(T11), = pye > (8a, +2) /4C,C;" (3.11)
M min > m(T12), = pyr > (60, — 2) /CyC (3.12)

To test if Proposed Estimator 3.1 is to be superior than Srivenkataramana (1980) and Bandyopadhyay
(1980) dual-ratio, dual-product estimator, respectively require

MYy ) min > m(13), = pyz > (0ay +2d) /4C,CL " (3.13)

M) min > m(Y1a), = pyz > (0, — 2d) /4C,Cy" (3.14)
To test if Proposed Estimator 3.1 is to be superior than Bahl and Tuteja (1991) ratio cum and product
cum estimators, respectively require

M (T min > m(Tis), — pye > (62, + 1) /AC,C; (3.15)

MY min > m(Yie), — pyz > (8, — 1) JAC,C ! (3.16)
To test if Proposed Estimator 3.1 is to be superior than Sharma and Tailor (2010) dual-ratio cum,
dual-product cum estimators, respectively require

M(T)min >m(Tie), = pye > (ay +4d) /4C,C; (3.17)

M( ﬁ;:j)min > m(fw)v = Pyz > (5o<1 - d) /4Cycz_l (318)
To test if Proposed Estimator 3.1 is to be superior than Hussain et al. (2021a) and (Hussain et al.,
2021b) ratio estimator, require. Where 01 = d2 and Ay = Ay

M (X5 min > m(T19), — pyz > (00, —2/61) /4C,CL " (3.19)
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M (Y min > m(Y19), — pyz > (0ay +2Xa) /4C,CL " (3.20)
To test if Proposed Estimator 3.1 is to be superior than Sharma and Tailor (2010) ratio to dual-ratio
estimator, require

M (1) min > m(Ta1), = pyz > (8ay +201) /4C,CL* (3.21)

To test if Proposed Estimator 3.1 is to be superior than Yadav (2012) ratio cum to dual-ratio cum estimator,
require

M(T;J)mzn > m(f22), — Pyzx > (5a1 + Al) /4Cy0;1 (322)

To test if Proposed Estimator 3.1 is to be superior than Singh et al. (2013) product cum to dual-product
cum estimator, require

M) min > m(Tes), = pya> (da, — I1) /4C,C; " (3.23)

To test if Proposed Estimator 3.1 is to be superior than Sisodia and Dwivedi (1981), Pandey and
Dubey (1988), Singh et al. (2004), Upadhyaya and Singh (1999),Yan and Tian (2010), M and S
(2013), SK et al. (2019), Jerajuddin and Kishun (2016), Zakari et al. (2020) ratio proposed estimators
of 6; for i refer to equation (2.63)

MY min > m(T3), — pyz > (0ay + 26;) JAC,C* (3.24)

To test if Proposed Estimator 3.1 is to be superior than Pandey and Dubey (1988) and Upadhyaya
and Singh (1999) product proposed estimators of 6; for 7 go to equation (2.64)

MY min > m(T3), = pye > (80, — 26;) /4C,CL (3.25)

Established from the equations list as follow; (3.11), (3.12), (3.13), (3.14), (3.15), (3.16), (3.17), (3.18), (3.19),
(3.20), (3.21), (3.22), (3.23), (3.24), (3.24) is an indication that for proposed estimator to be more those quantity
most provided. To test the efficiency conditions, of the above, the sample statistics from sample observations
can be used.

4 Numerical Efficiency Comparison

In this section, we study the performance of the proposed estimator over review estimator consider section (2)
using two approaches, Natural and simulation Data, the detail and summary description are given in subsections
(4.1) and (4.2).

4.1 Empirical study under populations data

Population 1: Subzar et al. (2017) source :(Murthy, 1967, P. 228). Here, Study character (y) denotes output
of 80 factories and fixed capital as auxiliary character (z). The population parameters are as follows: N = 80,
n = 20, Y = 5182.637, S, = 1835.659, C, = 0.354193, X = 1126.463, S, = 845.610, C, = 0.7506772,
B1 = 1.050002, B2 = —0.063386, py. = 0.941, MD = 757.5, TM = 931.562, MR = 1795.5, QD = 80.25,
HL = 1040.5, DM = 588.325, G = 901.081, D = 801.38, pwm = 791.364, M D = 1150.7:

Population 2: Yadav and Zaman (2021).Here, The production (Yield) of peppermint oil in kilogram as study
character (y) and The area of the field in Bigha (2529.3 Square Meter) are considered as auxiliary character (z).
The parameters of the population are as follows: N = 150, n = 40, Y = 79.58, S, = 62.1785, C,, = 0.781333,
X = 6.5833, S, = 4.3564, C, = 0.661726, f1 = 1.4984, B2 = 5.408, py = 0.9363, MD = 6.22, TM = 6,
MR=11,QD =3, HL =7, DM = 3, G = 8.2298, D = 9.2542, pwm = 9.3707:
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Population 3: Subzar et al. (2017) source :([Page 177] Singh and Chaudhary (1986)) Consider study variable
(y) represent area under guava crops and area under fresh fruits and area under fresh fruits as auxiliary character
(x). The population parameters are as follows: N = 34, n = 20, ¥ = 856.4117, X = 199.4412, p,, = 0.4455,
Sy = 733.1407, S, = 150.2150, Cy, = 0.8561, C, = 0.7531, B2 = 1.0445, 1 = 1.1823, MD = 142.5, TM =
165.562, MR = 320, QD = 89.375, HL = 184, DM = 89.375, G = 162.996, D = 144.481, pwm = 206.944,
DM = 206.944:

4.2 Empirical study using simulation data

In this section, simulation study is conducted to examine the superiority of the proposed estimator over other
related estimators consider in the section two. For this purpose Data size of 1000 units were generated using
function defined in Table 3 study population were generated using simple linear regression with a1 slope of 30
and as intercept of 60. Sample size of 60 is selected 10,000 time by method (SRSWOR) the Bias, MSE and PRE
of the proposed and considered estimator are computed using eqn (4.1), (4.2) and (4.3) the results is indicated
in Table 2.

10000
~ 1 = Z, sk
Bias(0s) = 10000 (g — T) Y5,V ={11,12,...,40} , 7,5,V p,j = {(1,2),(0,1,2,3,4,5,6,7,8,9)} (4.1)
R 1 loowo - . .
MSE(9:) = 15500 (5-T7)°,75,¥) = {11,12,...,40} , T3,V p,j = {(1,2),(0,1,2,3,4,5,6,7,8,9)} (4.2)
A VAR(y 2 2.
PRE(6,) = (J\M(g*)) x 100,7;,V) = {11,12,...,40} , 7,5,V p,5 = {(1,2),(0,1,2,3,4,5,6,7,8,9)} (4.3)
pJj
Table 1.Parameters and distributions used to simulate populations
Populations Auxiliary variables Study variables
Distribution 1 X ~ Gamma(1.2,1.8) Y=a14+aX+e Ve~ (0,5)
Distribution 2 X ~ Normal(3,5) Y=a1+aX+e Ve~(0,4)
Distribution 3 X ~ Uniform(0,1) Y=a1+aX+e Ve~(0,4)

5 Discussion of Results

Tables 2 and 3 shows the criteria for better judgment between proposed and related existing estimators, such
criteria are BIASs, MSEs and PREs. As indications from Tables 2 and 3 the proposed estimator eqn (3.1) have
less BIAS and mean square error MSE and also have larger PRE than existing estimators in eqn (2.1), (2.2),
(2.7), (2.8), (2.13), (2.14), (2.15), (2.16), (2.25), (2.26), (2.27),(2.28), (2.37), (2.40), (2.44), (2.48), (2.49), (2.50),
(2.51), (2.52), (2.53), (2.54), (2.55), (2.56), (2.57), (2.58), (2.59), (2.60), for all data sets I, II, IIT and simulated
data under Gamma, Normal, Uniform distribution accept some few cases as explain below into detail.

From Table 2: In population one, the members of proposed class estimators ff for 7 = 11,12, ...,25 accept only

for j = 15,24 produced the same higher percentage relative efficiency of 873.218 while for existing estimator 1
for j = 15 produced the PRE of 777.551 this showed that proposed class estimator have improved with percentage

relative efficiency of 95.667 however, from the lower level of proposed class estimators Ya‘j* for j = 15,24 both

produced percentage relative efficiency of 589.754 and 871.007 and existing estimators 7; for j = 29 and (30, 37)
have PREs of 10.5468 and 10.3962 respectively in comparison, which indicate efficient of proposed class estimator

with respect to natural population one. In population two, the members of proposed class estimators Yi“f for
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Table 2. Statistical analysis of three different data based on artificial populations

Population One Population Two Population Three

S/No. | Estimators Bias MSE PRE Bias MSE PRE Bias MSE PRE
1 Tio 0 126361 100 0 | 70.8797 100 0 11067.1 100
2 T%u 60.8932 189939 66.527 | -0.06742 | 9.30871 | 761.434 4.93805 10960.8 | 100.969
3 Tio 48.6256 | 1197974 | 10.5479 | 0.70628 | 234.131 | 30.2736 5.06211 28301.8 | 39.1038
4 Tis -48.6256 | 21421.3 | 589.885 | -0.70628 | 36.7256 | 192.998 -5.06211 16158.7 | 68.4898
5 T%m -0.0055 268698 | 47.0272 | 0.35521 | 125.868 | 56.3129 -13.9074 42625.7 | 25.9634
6 Tis -56.1817 | 16251.1 | 777.551 | -1.17298 | 27.3842 | 258.834 -6.37416 8872.9 | 124.729
7 Tis 83.5613 520269 | 24.2876 -1.3327 | 139.795 | 50.7025 8.8742 17543.4 63.084
8 Y7 -101.815 | 58124.6 | 217.397 | 1.44159 52.122 | 135.988 -11.91 9243.39 119.73
9 Tig 110.941 226130 | 55.8797 | 1.49967 | 92.9987 | 76.2158 15.4815 21629.8 | 51.1659
10 Y:]g -27.0362 462032 27.349 | 0.07454 | 257.291 | 27.5484 -2.49966 17650.6 | 62.7008
11 en -14.5404 | 14915.8 847.16 0.091 14.045 | 504.661 -1.25673 8873.03 | 124.727
12 Yoy 80.5601 410261 | 20.2876 -1.3017 | 129.795 | 37.7025 8.8701 17520.4 60.084
13 fzz -99.805 | 58112.2 | 215.337 | 1.41112 41.122 | 113.982 -10.91 9211.39 114.73
14 Tos 22.3562 140920 | 89.6684 0.7685 | 46.0197 154.02 14.101 20873.7 | 53.0192
15 Yoy 60.7797 189519 | 66.6745 | -0.11428 | 10.7129 | 661.627 4.882 10929.2 | 101.262
16 fzs 60.7797 | 1196883 | 10.5575 | -0.11428 | 215.001 | 32.9672 4.882 28204.9 | 39.2382
17 Tos 158.159 189975 | 66.5146 | 0.58031 | 24.4889 | 289.436 14.932 10917 | 101.375
18 Yo7 60.9059 189987 | 66.5104 | -0.18794 | 30.8473 | 229.776 4.83536 10902.8 | 101.507
19 Tos 62.7162 196710 | 64.2373 | -0.07764 | 9.52145 | 744.421 4.88437 10930.5 101.25
20 Yoo 158.1644 | 1198097 | 10.5468 | 0.44227 | 131.151 | 54.0442 14.8897 28124.1 | 39.3509
21 f‘;o 161.001 | 1215455 | 10.3962 1.30914 | 230.241 30.785 14.9721 28209 | 39.2324
22 Ta1 60.9023 189973 | 66.5152 | -0.18966 | 19.4833 | 363.797 4.87237 10923.7 | 101.313
23 Tso 60.682 189157 66.802 | -0.17182 | 15.3851 | 460.704 4.82199 10895.3 | 101.577
24 iili 12.05357 | 14470.8 70.553 | -0.10934 | 56.0087 | 126.551 | -0.561560 | 9960.995 | 111.104
25 Ts4 60.9059 189987 | 66.5104 | -0.18794 | 30.8473 | 229.776 4.83536 10902.8 | 101.507
26 Tss 62.7162 196710 | 64.2373 | -0.07764 | 9.52145 | 744.421 4.88437 10930.5 101.25
27 fso 158.1644 | 1198097 | 10.5468 | 0.44227 | 131.151 | 54.0442 14.8897 28124.1 | 39.3509
28 Y7 161.001 | 1215455 | 10.3962 1.30914 | 230.241 30.785 14.9721 28209 | 39.2324
29 Tis 60.9023 189973 | 66.5152 | -0.18966 | 19.4833 | 363.797 4.87237 10923.7 | 101.313
30 T30 60.682 189157 66.802 | -0.17182 | 15.3851 | 460.704 4.82199 10895.3 | 101.577
31 Yo 12.05357 | 14470.8 70.553 | -0.10934 | 56.0087 | 126.551 | -0.561560 | 9960.995 | 111.104
32 Y:'ﬁ 1.0601 | 14470.7 | 873.218 | -0.41764 | 8.74246 | 810.752 -5.39844 8872.57 | 124.734
33 17, 1.05801 | 14470.7 | 873.218 | -0.43766 | 8.74246 | 810.752 -5.39959 8872.57 | 124.734
34 1y 1.05616 | 14470.7 | 873.218 | -0.43197 | 8.74246 | 810.752 5.39796 8872.57 | 124.734
35 Yﬁﬁ -6.06e+28 | 14470.7 | 873.218 | -398538 | 8.74246 | 810.752 | 5.15e+21 8872.57 | 124.734
36 s -0.61791 21426 | 589.754 | -0.27253 | 15.8528 | 447.112 -2.92167 9006.35 | 122.881
37 Tis | -2.69e+17 | 14470.7 | 873.218 | -372.615 | 8.74246 | 810.752 2.2E+10 8872.57 | 124.734
38 Yi“f} -1.07e+14 | 14470.7 | 873.218 | -0.59458 | 8.74246 | 810.752 -5.40389 8872.57 | 124.734
39 Tis | -9.20e+19 | 14470.7 | 873.218 | -67.3499 | 8.74246 | 810.752 7.4E+09 8872.57 | 124.734
40 o 838.124 | 14470.7 | 873.218 | -1.13533 | 8.74246 | 810.752 -4.85365 8872.57 | 124.734
41 3 1.07139 | 14470.7 | 873.218 | -0.40214 | 8.74246 | 810.752 -5.39177 8872.57 | 124.734
42 s 1.07138 | 14470.7 | 873.218 | -0.41325 | 8.74246 | 810.752 -5.39174 8872.57 | 124.734
43 T:}*z 13.0925 | 14470.7 | 873.218 | -0.66063 | 8.74246 | 810.752 -4.46914 8872.57 | 124.734
44 13 1.02959 | 14470.9 | 873.208 | -0.07905 | 22.9412 | 308.962 -5.40092 8872.57 | 124.734
45 o 0.68124 | 14507.5 | 871.007 | -1.43006 | 86.9975 | 81.4732 -5.40174 8872.57 | 124.734
46 f‘jﬁ, 1.3232 | 14470.7 | 873.218 | -0.39916 | 8.74246 | 810.752 -5.40171 8872.57 | 124.734
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Table 3. Statistical Analysis of three different populations based on simulated data

Population One(Gamma) Population Two(Normal) Population Three(Uniform)

S/No. | Estimators Bias MSE PRE Bias MSE PRE Bias MSE PRE
1 Tio 3.2151 | 30.2243 100 3.62089 | 1186.04 100 0.26375 | 4.09683 100
2 Ti1 | -1.25312 | 10.3262 | 292.695 0.74494 39.013 | 3040.12 | -0.07348 | 3.82492 98.426
3 Tﬁ‘lz -3.54134 | 47.2015 | 49.0679 | -12.3542 | 4351.47 | 26.9252 | -0.32232 | 4.55324 | 89.9761
4 Tis 2.85809 | 23.5834 | 128.159 2.96209 | 1008.58 | 117.595 0.22761 | 2.92214 | 128.835
5 Ti4 | -2.36864 24.437 | 94.7775 -3.7824 | 1312.35 | 89.2781 | -0.20351 | 4.12321 | 99.3601
6 'fls 0.85749 | 1.46839 | 2058.34 1.22226 | 212.557 | 557.988 0.06674 | 0.30476 1235.3
7 Tie | -2.88217 | 33.3444 | 69.4595 | -7.07126 | 2423.92 | 48.3366 | -0.25808 4.3 | 95.2751
8 Ti7 3.39566 | 33.8946 | 89.1714 3.96227 | 1281.25 | 92.5688 0.28217 | 4.23073 88.985
9 f}s -2.24734 | 22.5443 | 102.735 | -2.87688 | 1105.23 | 106.009 | -0.19132 | 4.08394 | 100.316
10 Tio | -32.3143 | 1046.73 | 2.88751 | -31.1976 1001.2 | 118.462 | -31.8767 | 1016.97 | 0.37019
11 Yoo 0.78966 | 1.22335 | 2470.63 | -2.43656 | 337.054 | 351.885 0.14127 | 0.82294 | 457.475
12 T%21 80.5601 410261 | 20.2876 -1.3017 | 129.795 | 37.7025 8.8701 | 17520.4 60.084
13 Yoo -99.805 | 58112.2 | 215.337 1.41112 41.122 | 113.982 -10.91 | 9211.39 114.73
14 o3 2.90449 | 21.3223 | 108.623 5.93455 | 102.689 | 1140.97 0.19132 | 42.5503 | 9.62819
15 ’f24 -2.10901 | 15.1159 199.95 | -3.58853 | 672.603 | 176.336 | -3.79129 | 3.28249 | 114.691
16 Tos | -0.52028 | 0.80018 | 2894.44 | -5.95458 | 450.173 | 260.264 | -0.06132 | 0.01222 | 335.326
17 Tos | -0.78376 2.0363 | 1484.28 | -2.95013 | 1570.14 | 75.5375 0.62623 | 10.4711 | 35.9534
18 f27 -0.72798 | 1.75531 | 1721.88 | -2.92102 1590.9 | 74.5518 0.21387 | 1.62911 231.09
19 f‘gs -3.46284 | 42.3618 | 71.3481 0.77261 | 11.5933 1023.4 3.2612 43662 0.0086
20 Yoo | -0.16843 | 1.85215 | 1631.85 | -9.09901 | 1051.15 | 111.462 0.04214 | 237.019 | 1.58836
21 T30 0.91633 | 2.48207 | 933.123 -0.7307 | 6.77882 | 17283.8 | -1.90922 | 34.5922 | 11.8432
22 iﬂl -1.22282 | 4.99201 | 605.454 | -0.81947 | 2823.18 | 42.0109 -0.0269 0.0374 | 118.616
23 T3 | -1.32201 | 5.99127 | 501.908 | -2.79971 | 1674.75 | 70.8189 -0.3112 | 34.9204 | 11.1833
24 Y33 | -1.32606 | 5.88127 | 513.908 | -2.79971 | 1674.75 | 70.8189 -0.3164 | 36.9604 | 10.1858
25 f;m -0.72798 | 1.75531 | 1721.88 | -2.92102 1590.9 | 74.5518 0.21387 | 1.62911 231.09
26 T35 | -3.46284 | 42.3618 | 71.3481 0.77261 | 11.5933 | 10230.4 3.26122 | 436692 | 0.00086
27 T3¢ | -0.16843 | 1.85215 | 1631.85 | -9.09901 | 1051.15 | 111.462 0.04214 | 237.019 | 1.58836
28 T:';w 0.91633 | 2.48207 | 933.123 -0.7307 | 6.77882 | 17283.8 | -1.90922 | 34.5922 | 11.8432
29 Tss | -1.22282 | 4.99201 | 605.454 | -0.81947 | 2823.18 | 42.0109 -0.0269 | 0.03114 1186.6
30 T30 | -1.32201 | 5.99127 | 501.908 | -2.79971 | 1674.75 | 70.8189 -0.3112 | 34.9204 | 11.1833
31 T%4o -1.32606 | 5.88127 | 513.908 | -2.79971 | 1674.75 | 70.8189 -0.3164 | 36.9604 | 10.1858
32 TH 0.28817 | 0.36961 | 8177.34 2.0202 | 15.3477 | 7727.83 | -0.02243 | 0.30156 | 1248.43
33 Ty, 0.05862 | 0.50244 | 6015.48 5.21147 | 87.5933 | 1354.03 | -0.02116 | 0.30937 | 1216.89
34 ff; 0.18846 | 0.38388 | 7873.36 | -0.41505 | 1.66589 | 71195.6 -0.0168 | 0.30806 | 1222.08
35 f‘ﬂ 0.05804 | 0.50323 | 6006.06 -4.4717 | 64.8619 | 1828.57 | -0.02125 0.3094 | 1216.77
36 Ty 0.92099 | 1.62615 | 1858.64 -2.9385 | 521.163 | 227.576 0.19076 | 0.99928 | 376.742
37 s 0.31523 | 0.37668 | 8023.89 | -1.33608 | 7.75801 15288 0.01302 | 0.30225 | 1245.55
38 ff} 0.13655 | 0.41731 | 7242.59 0.41283 | 1.65715 | 71571.1 | -0.05334 | 0.32289 | 1165.96
39 Ty 0.28817 | 0.36961 | 8177.34 2.0202 | 15.3477 | 7727.83 | -0.02243 | 0.30156 | 1248.43
40 Y7o | -0.24533 | 1.08855 | 2776.58 0.77604 | 12.3453 | 9607.27 | -0.04496 | 0.40449 | 930.736
41 '1%2*0 -8.27773 | 241.569 | 12.5117 | -0.39063 | 33.1598 | 3576.74 0.4923 13.035 | 28.8817
42 T3 | -8.12475 | 233.163 | 12.9628 | -0.39259 | 31.9233 | 3715.28 | -0.49178 | 13.0104 | 28.9363
43 15 0.21214 | 0.37463 | 8067.74 | -1.46453 | 8.98638 | 13198.2 0.02461 | 0.30147 | 1248.79
44 T:}*; 0.21106 | 0.37497 | 8060.37 0.2561 | 1.11417 106451 0.08648 | 0.31087 | 1211.05
45 s 0.14261 | 0.41247 7327.7 | -0.44071 | 1.76927 | 67035.8 | -0.10415 | 0.35865 1049.7
46 35 0.37207 | 0.40618 | 7441.05 5.12272 | 172.072 | 689.271 0.05286 | 0.30294 | 1242.74
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j=11,12,...,25 accept only for j = 15,23, 24 produced the same higher percentage relative efficiency of 810.752
while for existing estimator f‘j for j = 11 produced the PRE of 761.434 this show that proposed estimator
have improved with percentage relative efficiency of 49.318 however, from the lower level, proposed class fj*
for j = 15,23, 24 have produced percentage relative efficiency of 447.112, 308.962 and 81.4732 respectively and
existing estimators fj for 7 = (12,19), and (30, 37) produced PREs 0f30.2736, 27.5484 and 30.785 respectively
in comparison, which indicated efficient of proposed class estimator with respect to natural population two. In
population three, all members of proposed class estimators fj* for j = 11,12, ..., 25 produced the same higher

percentage relative efficiency of 124.734 while for existing estimator 7 for § = 15 produced the PRE of 124.729
this show that proposed estimator have improved with percentage relative efficiency of 0.005 however, from
the lower level, existing estimators f'j for j = (12,14) produced PREs of 39.1038 and 25.9634 respectively in
comparison, which indicated efficient of proposed class estimator with respect to natural population three.

From Table 3: likewise in simulation, Gamma Distribution In population one, the members of proposed class
estimators f’f for j = 11, 18 both produced higher percentage relative efficiency of 8177.34 and the minimum less
among proposed class for j = 20 with values of 12.5117 while for existing estimator f'j for j = 25 produced the
PRE of 289.44 with the less among minimum fj for 7 = 19 with PRE of 2.888, this showed that proposed class
estimator have the percentage gain of 5282.93 respectively in comparison which indicated efficient of proposed
class estimator with respect to Gamma. In population two (Normal), the members of proposed class estimators
TA'; for j = 23 produced higher percentage relative efficiency of 106451 with less among the minimum of 227.576

for j = 15 while for existing estimator Y; for j = 35 produced the PRE of 10230.4 the percentage gain between
two higher performance proposed and existing is 60965.2 this show that proposed estimator have improve which
indicate efficient of proposed class estimator with respect to Normal. In population three (uniform), member of
proposed class estimators T_“j* for j = 22 produced higher percentage relative efficiency of 1248.79 and minimum
among for j = 20 of PRE 28.8817 while for existing estimator Y; for j = 38 produced the PRE of 1186.6 also
minimum among Y; for j = (22) produced PREs of 0.00086 respectively this show that proposed estimator
have improved with percentage gain efficiency of 62.19 in comparison, which indicate efficient of proposed class
estimator with respect to Uniform simulation.

6 Conclusion

In section (2) the existing estimators of ratio, product, ratio cum, product cum, dual-ratio, dual-product, dual-
ratio cum, dual-product cum of all the family of usual ratio and product estimators were reviews and in section (3)
linear combination of generalized exponential ratio cum to dual-ratio cum estimators for the population mean
of the study variable is developed within the parameters of a simple random sampling plan. The suggested
estimator’s properties are deduced up to the first order of approximation. Both the theoretical and empirical
comparisons of the suggested estimator’s efficacy are made with that of other existing estimators. Evaluation of
the suggested estimator’s performance using data from a known natural population and simulated data. Findings
are shown in Tables 2 and 3, which demonstrates that the proposed linear combination of generalized version
of exponential ratio cum to dual-ratio cum type estimator outperforms better than other existing estimators
by having less BIASs, MSEs and higher percentage relative efficiency. Therefore, the proposed estimator is
recommended for use in practical application in estimating population mean of the study variable.
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