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Abstract 

Often, scientists are interested in studying traits and other unobservable attributes of individuals 

which can only be measured with instruments such as questionnaire, test let, construct, and so 

on. These instruments are useful in extracting information on these hidden traits. Traditionally, 

Karl Pearson's classical approach were in used in modelling these traits with its attendant 

shortcoming ranges from variant estimates to its challenges of validity and reliability. This 

study present a better and modern item response modelling that remedy shortcomings of 

classical approach yielding reliable, consistent, and valid estimate through item response 

functions.   

Keywords: unobservable, attributes, traits, reliability, validity 

 

1 Introduction 

Unobserved traits are mental and emotional activities that cannot be directly observed or 

measured, examples are:  (𝑖. ) psychological constructs such as intelligence, self-esteem, 

depression, academic proficiency, aptitude achievement, attitude or belief,  (𝑖𝑖. ) psychological 

traits and behaviour such as thinking, memory, perception, problem-solving, and decision-

making are all hidden traits which can only be estimated through questionnaire, test lets, 

constructs, schedules, and so on  (Embretson et al., 2000). 

 

Two approaches toward measurement of unobserved traits are: classical test theory (CTT), and 

item response theory (IRT).  The former is a body of related psychometric theory that predicts 

outcomes of psychological testing based on the fact that person’s observed or obtained score 

on a test, construct, and questionnaire is sum of a true score and error score (NCME, 2017). 

This approach is a sample (test, questionnaire, or schedule) based rather than item base. The 

model for this approach is positioned in equation (1) 

    𝑋 = 𝑇𝑥 + 𝐸𝑥:          (1) 

Such that: 𝐸(𝐸𝑥) = 0  

𝐶𝑜𝑣(𝑇𝑥 , 𝐸𝑥) = 0  
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𝐶𝑜𝑟((𝑇𝑥, 𝐸𝑥) = 0  

Where:  𝑋 is the obtained score 

𝑇𝑥  is a true score 

𝐸𝑥 is an error score 

The focus of CTT is to understand and improve the reliability and validity of unobserved traits 

using the entire sample. Furtherance to this, Hambleton et al., (1991) identified various 

shortcomings of CTT which are: inseparability of respondent’s and construct’s characteristics, 

assumptions of equal standard errors for all  respondents, construct oriented rather than item 

oriented, and impossibility of making predictions on how well on individual respondents or 

even group of respondents may do on a given construct item. 

 

The latter is a modern technique of modelling unobserved traits called latent trait theory, strong 

true score theory or modern mental test theory. Adetutu and Lawal, (2020) described item 

response theory modelling as a paradigm for the design, analysis, and scoring of tests, 

constructs, questionnaire, schedule and other instruments used in measuring hidden traits.  This 

approach makes use of item response functions which make it item base rather than sample 

base. 

 

Assumptions 

Potency of IRT and its assumptions that places IRT over CTT as enumerated by Adetutu and 

Lawal (2023) are: (i.) the number of traits that underlies respondents’ behaviours or 

performances. This could be unidimensional or multi-dimensional; for unidimensional, only 

one trait is being measured, otherwise, multidimensional. The differences in observing 

response between respondents would be due to their traits when this assumption hold. (ii.) 

Local independence assumption implies that items in the construct are uncorrelated and hence, 

response to separate item is mutually independent (Lim, 2020). (iii.)  A non-linear regression 

curve relates the probability of response on the item to trait being measured, this is a distinction 

between different latent models, sometime called trace lines or item response functions, and 

(v.) invariant properties of IRT which guarantee unchanging parameters’ estimates even when 

the characteristics of the respondents change. These assumptions have made it possible to 

estimate individual, and item properties rather than sample based of CTT. 

  



Proceedings of International Conference on Mathematical Modelling Optimization and 

Analysis of Disease Dynamics (ICMMOADD) 2024 

 
 

495 
 

Properties   

Discrimination parameter of modern latent traits theory determines the rate at which the 

probability of correct response option to an item or construct changes as a function of ability 

or trait continuums. This is often called slope of item response curves whereby negative values 

are discarded, hence, it is a monotonic increasing because as ability or trait increases, 

probability of endorsing correct response category to a construct or test also increases and vice-

versa (Baker and Kim, 2004). In addition, difficulty parameter describes how easy or hard an 

item of a construct is being perceived by the respondent in binary IRT, while this is tagged 

‘propensity of endorsing a response option’ in a polytomous IRT (Linden, 2018). However, the 

third property is pseudo-guessing parameter which only apply to educational setting, and this 

is the impact of chance on observed response. This means a lower trait respondent may have 

non-zero probability of endorsing an item in a test correctly; even an item that seems to be 

difficult to endorse. 

  

                       Figure 1: Properties of Unobserved Ability or Traits Model 

Vertical axis of the Figure  1 displays probability of correct responses to an item while 

horizontal axis represent trait or ability continuum; this means, any point on the response curve 

is a function of respondents’ traits with a specific probability of response. The implication of 
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this is that items and individual respondent characteristics can be estimated at any point on the 

item characteristic curve which is a plus for IRT modelling. 

 

The Aim and Objectives 

The study was motivated by the need to efficiently measures and models latent, hidden, not yet 

manifested, personality characteristic, or trait of respondent devoid of drawbacks associated 

with traditional approach of CTT. The specific objectives are to describe how to estimate the: 

i. Value of an assumed latent trait (discrimination, and difficulty/location parameter) 

ii. Attributes of the individual (trait/ability) 

iii. Describe variation of the latent parameters among individuals 

2. Methodology 

2.1 Study Designs and Measures 

A well structure construct, questionnaire, multiple choice question, likert-scales or instruments 

that are scored dichotomous and polytomous would be suitable in extracting information from 

respondents using suitable sampling techniques on area of interest is applicable here. 

 

2.2 Methods 

Responses from the respondents are coded polytomously to form 𝑛 ×  𝑝 matrix depending on 

number of respondents and items on the construct, after which graded response model (GRM) 

proposed by Samejima (1969) which allowed categorical or ordered item responses function is 

used.  

 

2.3 Graded Response Model  

The likelihood of a respondent with trait   𝜃  responds in response category   𝑘  of item    𝑖   is: 

 

Pr(𝑌𝑖𝑗 ≥ 𝑘|𝑎𝑖, 𝑏𝑖, 𝜃𝑗) =
exp {𝑎𝑖(𝜃𝑗−𝑏𝑖𝑘)}

1+exp {𝑎𝑖(𝜃𝑗−𝑏𝑖𝑘)}
  :         𝜃𝑗   ~𝑁(0, 1)         (2) 

Where:  

𝑎𝑖 is the discrimination parameter index for item   𝑖,  and 

𝑏𝑖 is the difficulty (location) parameter of category (threshold) for item   𝑖   

𝑖(𝑖 = 1,2, … , 𝐼)   
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The principle of GRM is based on operating characteristic functions which indicates the 

likelihood of responding to a particular category given trait or ability level   𝜃  are computed by 

subtracting adjacent  𝑃∗
𝑖𝑘(𝜃) as defined in equation (3). 

 

 𝑃𝑖𝑘 = 𝑃∗
𝑖𝑘 − 𝑃∗

𝑖𝑘+1           (3) 

 

Where: 

𝑃∗
𝑖𝑘 =

𝑒
 {𝑎𝑖(𝜃𝑗−𝑏𝑖𝑘)}

1+𝑒
 {𝑎𝑖(𝜃𝑗−𝑏𝑖𝑘)}            (4) 

 

𝑃∗
𝑖𝑘+1 =

𝑒
 {𝑎𝑖(𝜃𝑗−𝑏𝑖𝑘+1)}

1+𝑒
 {𝑎𝑖(𝜃𝑗−𝑏𝑖𝑘+1)}           (5) 

 

2.4 Parameters Estimation in Graded Response Model 

The parameterization of equation (2) in term of slope-intercept is presented as 

 

Pr(𝑌𝑖𝑗 ≥ 𝑘|𝛾𝑖, 𝜔𝑖, 𝜃𝑗) =
exp{𝛾𝑖(𝜃𝑗−𝜔𝑖𝑘)}

1+exp{𝛾𝑖(𝜃𝑗−𝜔𝑖𝑘)}
         (6) 

 

     
𝑎𝑖 = 𝛾𝑖

𝑏𝑖𝑘 = 𝜔𝑖
𝛾𝑖

}           (7) 

 

When   𝑦𝑖𝑗 is the observed response for 𝑌𝑖𝑗 and 

 

 𝑝𝑖𝑗 = Pr (𝑌𝑖𝑗 = 𝑦𝑖𝑗|𝛾𝑖𝜔𝑖 )                                                                             (8) 

Conditional density for respondent 𝑗 is  

 

 𝑓(𝑦𝑗|𝑮, 𝜃𝑗) = ∏ 𝑝𝑖𝑗
𝐼
𝑖=1          (9) 

Where: 

𝑦𝑗 = (𝑦1𝑗, 𝑦2𝑗 , … , 𝑦𝐼𝑗) 

  𝑮 = (𝛾1, 𝛾2, … , 𝛾𝐼 , 𝜔1, 𝜔2, … , 𝜔𝐼 )     and  𝐼 is the number of items. 
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The likelihood of the respondent  𝑗 is  

 

𝐿𝑗(𝑮) = ∫ 𝑓(𝑦𝑗|𝑮, 𝜃𝑗)∅(𝜃𝑗)𝑑(𝜃𝑗)
∞

−∞
        

 (10) 

 

Where: ∅(𝜃𝑗) is the density function for standard normal distribution.  

 For  𝑁 respondents 

  1𝑜𝑔𝐿(𝑩) = ∑ 1𝑜𝑔𝐿𝑗(𝑮)𝑁
𝑗=1                                                                                                 

(11) 

Equation (11) is intractable, numerical method such adaptive quadrature would be 

implemented in Stata or R software. 

4.0 Item Category Characteristic Curve and Discussions 

A typical item category characteristic curve is a non-linear regression curves that displays 

likelihood of respondent responding in each of the mutually exclusive response categories.  

 

 

Figure 2: A Typical Category Characteristic Curve of an Item 
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In Figure 2, there are four responses to this item, curve  1,  is taken as a base. The lower trait 

respondents are most likely to respond to this particular item by endorsing curve  1  instead of 

a base curve   0 with the corresponding likelihood or probability of endorsing the response 

option, this is because the first curve to cross base curve from the left is curve  1.  This have 

negative index on ability axis. Moreover, an average individual most likely to endorse curve  2 

instead of the base response, this is because where it crosses base curve on the ability axis is 

close to 0 while those respondents endorse curve  3 have higher trait, this is because curve  3 

is the last to cross the base curve towards right.  

 

In addition, response option tagged curve  3 would mostly discriminate respondents. This is 

because of all the response options, it has the largest slope and curve  2 would have the least, 

hence least in classifying respondents in term of their abilities.  

 

5. Conclusions 

The results from item response theory modelling is item base rather than sample, therefore 

attributes of individual item such as discriminating and location indices, and respondents’ traits 

are estimable at any point of item response curve, this places IRT over CTT.   In addition, 

parameters estimates remain unchanged under IRT even when attributes of respondents and 

environment surrounding estimation changes; this is a plus for IRT over CTT.  The major focus 

and challenge of CTT is improving validity and reliability of estimates which are already be 

taken care of by IRT when its assumptions hold.  
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