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Abstract

This research work presents the derivation and implementation of a 4-step linear multistep method of
block hybrid backward differentiation formula for solving nonlinear second-order initial value
problems of ordinary differential equations. Collocation and interpolation methods are adopted in the
derivation of the proposed numerical scheme where the legendary polynomial is adopted as a basic
function. The 4-step BHBDF has higher order of accuracy p = 11 which implies that it is consistent.
The proposed numerical block method is further applied to finding direct solution to nonlinear second
order ordinary differentiation equations. This implementation strategy is more accurate than some
existing methods considered in the literature.
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1. Introduction

The differential equation is a fundamental tool utilized in the modeling of physical problems that arise
across virtually all knowledge domains. In the fields of science and engineering, ordinary differential
Equations (ODEs) are crucial for stimulating real-world problem. For instance, mathematical models
are frequently created to facilitate comprehension of physical phenomena (Pimenov and Hendy 2015).
There are various differential equations that we study in calculus to obtain closed form solutions, but
not all differential equations have finite answers. Even if they have closed form solutions, obtaining
them can be difficult. In such cases, depending on the need, numerical analysis researchers and scholars
made significant contributions to the development and derivation of several methods for solving this
type of equation (Muhammad and Yahaya, 2012; Kuboye and Omar, 2015; Abdulrahim and Omar,
2016; Muhammad, et al., 2020). Because exact solutions to differential equations are difficult to find,
numerical methods play an important role in providing approximate solutions to them. The type and
category of ordinary differential equations (ODESs) to be solved drive the creation of numerical
methods such as the linear multistep approach, the single-step method, finite difference, finite element,
and finite volume. The mathematical representation of physical problems leads to the approximation
of ordinary differential equations (ODES) using initial or boundary conditions (Omole et al., 2023).
Differential equations fall into two categories: first are ordinary differential equations (ODES)
(Zwillinger, Danie and | 2021)

Zwillinger, Danie, and and Vladimir Dobrushkin. |. Handbook of differential equations. . 2021.

, Where the unknown function is a function of just one independent variable and is expressed as follows:

f(t,u(t),du(t) d’u(t) d%f(t) d”u(t)J

dt ' dt? ' odt® 77 dt

=0 (1)
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And partial differential equations (PDEs) in which the unknown function is a function of two or more
independent variables and the equation involves its partial derivatives. In real life, ordinary differential
equations are used to explain thermodynamics ideas, compute the movement or flow of electricity, and
move an object back and forth like a pendulum.

2. Literature Review

Muhammad et al. (2020) reformulated an implicit block hybrid backward differentiation formula for
k = 2 into a Runge-Kutta Type Method (RKTM of the same step number. The method so formed can
be used to solve both first and second order I\VVPs. Mohammed et al. (2022) formulated block hybrid
backward differentiation formula for the solution of stiff systems of ordinary differential equation
through continuous collocation approach. In the research work, k off - grid points were incorporated
at interpolation in order to retain the single function evaluation characteristic, which is peculiar to
backward differentiation formula. They are frequently employed in fields like physics and engineering,
where it might be challenging to get the precise answer. Akinfenwa et al., (2013), Adeyeye and Omar
(2016), Audu et al.,, (2022), Cardone and D’Ambrosio (2018), Yahaya and Mohammed (2010),
Mohammed and Yahaya (2010), Mohammed (2010), Muhammad et al. (2015a), Muhammad et al.
(2015b). Also Akinfenwa et al. (2017) derived a self-starting second derivative multistep block method
which uses logic behind the Simpson’s 3/8 rule for quadrature using collocation and interpolation
techniques to obtain approximate solutions to stiff differential equations. Their method is of order eight
and A-Stable, effective and reliable for stiff systems of ordinary differential equations. Using a new
class of orthogonal polynomials that Adeyefa (2017) created, a one-step hybrid block technique was
developed using this new basis function. The others are Yukusak and Owolanke (2018), Abualnaja
(2015), Olabode and Momoh (2016), Mohammed et al. (2021), and Olanegan et al. (2015).

3. Methodology

The derivation process starts from an orthogonal polynomial of the form:

r+s-1

= ; c;Li (1) (2)

where r and s are number of interpolations and collocations points respectively, C;'S are coefficients

(to be determined) of the Legendre polynomial. In this project a class of 4-step hybrid block method
is proposed for solving ODEs in second order.

3.1 4-Step Block Hybrid BDF for Second Order (BHBDF I1)

As specified above, the degree of the Legendre polynomial for the proposed method for approximating
the exact solution of ODEs is 12 and it is given be

U(t)=c, +ct +(§t2 —ljcz +(§t3 —§t]c +(§t4 —Et2 +§)c4 (Et?’ 35t3 +Et)c5
2 2 2 2 8 4 8 8 4 8
+[231673154 105273j +(429776935 3153*%@
16 16 16 16)° 16 16 16 16 )7
+(6435 o 3003 (s, 3465, 315, 35 J (12155t9 6435, 9009 ., 1155, 315tj
128 64 32 128 128 32 64 32 128
+( 46189, 109395, 45045, 15015, 3465, 63
256 256 128 256 256 256
. (88179 g1 230935, 109395 ; 45045 15015, 6930 g
256 256 128 128 256 256
+[676039 2 969969 ., 2078505, 225225, 225225, 9009, 231 qu
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©)

ti+' . :
Interpolating (4) at t = 5' ,0< ) <4, (tiﬂ- =t + Jh) and collocating its second derivative at t =1;,,,
lead to the following 13x13system of equations. h is a given step size.

U(t)=u, U(tné):un%’ U(ti+%):ui+%

(
(

U(t,,)=U, U (tnn ) =Uy, U (tn%) =Uie ()
(

Using the matrix inversion technique via the Maple software, (5) is solved for C; 'S whose values are
the substituted back into (3.4) and then simplified to obtain the continuous collocation method of the
form:

U(t)=a,(t)u +a, (t)u,, +a, (), , +oy (t)u, + o, (D, o +a, (U, +a,(t)u;,,
5 5 5 5 5 5 5 5 5
+a, (U, +a, (DU, + s (U + s (U +a, (DU, +0P B, (H)Vi, ®)
Equation (6) is the continuous scheme of the proposed method whose by the tradition of BDF has only
one evaluation point which is T=1 + 4h. And upon implementing this, the following obtainable
scheme from (6) is given below.

, __ 4899604203 = 093505500 = 169955950 = 94709296656 50567692500
" 3719054980 ' 120322367 "5 10938397 ' 601611835 ' 120322367 %

4172844600 =~ 34685775774 = 10813166000 = 63868346100
10938397 i 54691985 ° 10938397 *% 120322367 ¥

, 9906198264 ~ 77374571625 = 96247674900 1120392
54691985 *° 481289468 *¥ 2045480239 ¥ 54691985 *

(6)

The proposed method is aimed to be implemented to solve ODEs via block method. Hence there is

need to generate additional schemes to (7) from the same continuous scheme that would meet the

algebraic condition for unique solution. To do this, the second derivative of (6) is evaluated at
. 1267 1112 _16 17

ti+j;J:_1_5_5_121_|_|3!_!_!4

5555 55 5 5
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118776743969751 7430962304040 2516108892252 13699667032800

u,, = U — u,,+ Uy — U,
"5 132317548848290 ' 10118400794281 '** ' 299360970245 ' 778338522637 '
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+ i 7 ui+ + Uiu — Ui
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U3 — Ut U
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Also, the first derivative of (3.6) is evaluated at the same points as above in order to cater for the first

derivative term of a general second order ODE in the implementation process of the method.

, 8075155060326 ~ 1402191817488 ~ 1128571779952 ~ 4482715805568
"5 60196975329685 ' 9206596226893 ¢ 3540998548805 - 708199709761 ¢
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3.1 Convergence Properties of the Methods
In this section, we examine the order and error constant for consistency and also zero stability.
According Lambert (1973), zero stability and consistency of a linear multistep method are necessary
and sufficient conditions for its convergence.

3.3 Order and error constants
The linear differential operator L associated with (6) is defined by

L[u(t);h]:_zk;[aju(u ih)=h"Au® (t+ jh) (23)

where N is the order of the differential equation considered. Expanding (8) in Taylor series, we have
L[u(t);h]=cou(t)+chu’(t)+c,hu"(t)+...+c,hud (t) (24)
Co=0,+a, +a,+a,+..+a,
C, =y +2a, +3a, +...+ ke,
1
c, :—|(al +2%a, +Fa, +..+Kq, )—(,6'0 + B+ B+t B)
where © 2!

c =il(a1+2pa2+3pa3+...+kpak)—

ﬁ(ﬁﬁz“ﬁz +3"7 By +..+ kP2 B,)
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Definition 3.1: The LMM (8) is said to be of order p if ¢, =¢, =C, =...=C,=C,, =0 and C,,, #0 is
the error constant.

Definition 3.2: The LMM (8) is said to be consistent if it has order of accuracy p>1
3.2 Order and error constants of BHBDF II

Considering the discrete scheme (7), the coefficients are given as follows:

. 4899694293 _993505500 _ 169955950 94709296656
"7 3710054980" 4 T 120322367 ¥4 10938397 '~ 601611835
__ 50567692500 4172844600 34685775774

§ 120322367 ' 5 10938397 '’ 54691985
 _ 10813166000 63868346100 9906198264

% 10938397 ' % 120322367 ' ° 54691985 '
Yy 77374571625 _96247674900 1 - 1120392

g 281289468 ' %~ 2045480230 '+~ "% 54691985

and applying (9),

Co :a0+a%+a%+al+a%+a%+a2+a% +(Z%+063+0!% +C¥% +a, =0

1 2 6 7 11 12 16
C=|=|a +| = |, vy +| = o, +| = |a, +(2) oy +| = |y +| = |, +(3) oy +| = |t
5) 5 \95) ¢ 5) 5 \5) ° 5) ¢ 5 ) ¢ 5) ¢

C, = > : -p=0
2! Y 17y’ 2
+[€J a%+(€) a, +(4) a,
(1) a +[E] a;+al+(fj a +(fj a1+(2)3a2+(E) a +(12) a +(3)3a3
C3:% ° 3 ° 53 5 ° _(4ﬂ4)=0
. (%) a%-f(%j a +(4)3a4
[J a +[Ej a2+a1+[fj a§+(zj al+(2)4az+(gj a J{Bj a,+(3) a
1[5 5 £7(5) 5 5 1,
Tl ey (Y (4] =0
+ gj a +(Ej a, +(4)
o+ 2 a, o, + a, + ! a, +(2) a, L ” 12 a, +(3) a,
L1 5 5) "+ 7\5) L(s4)-0
(E) (5 ey ¥
Do +(2)a +a + a, + 7 a, +(2) a, L u 12) 4 +(3) a,
.- 1|\5 5 5 s \5 s 3(43ﬁ )_0
"5l (l6j (17)5 5 a e
+ ag+| = | ay,+(4) a,
5 s 5
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1Y 2y 6) 7Y 7 11 12 7
Sl a+|=| a,ta+ a+| = | a,+(2) a,+ a,+| = | a,+(3) «,
1|\s) 7 \5) 7F 5 5) ¢ 5) % 5) % L g
“=7 7 7 —5( B.)=0
[EJ a +(£j a +(4)7a
5) 7% (5) % N
8 8 8 8 8 8
(lj %J{gj al+a1+[6) a§+( ) a7+(2)8a2+(2) ag+(gj o¢ﬁ+(3)soc3
1) E ) 5 5) % \5) % L)
Cq _Q s s _a( ’84)_0
(Ej a +(£j a +(4)8a
5) % (5) % N
9 9 9 9 9 9
(lj a1+(zj a2+a1+(—j a6+(—j a, +(2)9 a2+(1_1j an+(gj a12+(3)9 a,
C1(\5) = 5) 5) ; 5) % (5) % L4 5\—0
RETIIETSY 0 -2(478,)=
6 17 9
(—j am+(—] a, +(4) a,
5) % \5) 7%
l 13 2 13 6 13 7 13 3 11 13
S+ o | gt o aH| o | @+ (2) | = | ay
c _i 5 s \5 5 5 s \ 5 5 5 5 _i(4ﬂﬂ )_ 190648242
B3l o8 " 16\ 17\ " 1 7 1175023115234375
+(—J a, +(3) a3+[—j aw+[—j a, +(4) a,
5) % 5) ¢ \5) %
. . 190648242
Hence the method is of order p = 11 and the error constant is ¢, =
1175023115234375

Similar procedure is applied to the discrete schemes that constitute the block members of BHBDF 11
and the summary of the order and error constants is given in the tables below:

Table 3.1: Order and Error Constants of BHBDF 11

Equation  Order p Error constants
Cp+2

3.7 11 1.622506311 x 10°
9

3.8 11 3.097970596 x 10°
9

3.9 11 -9.197700413 x
10!

3.10 11 3.621094306 x 10°
10

3.11 11 9.875049942 x 10°
12

3.12 11 6.196932974 x 10
11

3.13 11 8.33642171 x 10
11

3.14 11 3.623624551 x 10°
12

3.15 11 3.18967290 x 10
10

3.16 11 -8.96155326 x 10

11
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3.17 11 -4.181635836 X
10-10

3.18 11 -1.622744053 X
101

Table 1 displays the order of accuracy of each member of the derived block method (BHBDF I1) with
its corresponding error constant. It is revealed from analysis that the block method is of uniform order
p = 11 which is greater than 1. Hence the method is said to be consistent.

3.3 Zero stability

In order to characterize the method for stability, we rewrite the derived schemes as a matrix difference
equation as follows:

1 0 1
PUU, =PU, , +h"Q"V, (25)
where
T
UW - (un+% ! un+% +Unaas un+g ! l'In+%’ Un.2s un+%’ un+% +Unias un+%’ un+%’ un+4)

.
U,,= (Un,%1Un,%,Un_pUn,g,Un,%’Un_z,Un,%’un,%,Un_31Un,g,Un,g1Un_4)

.
Viia = (Vn% Ve Vi Vg Vi Voo Vo Vi Vs Vi s Voo Vn+4)

and P(l), P(o),Q(l) are matrices whose entries are given by the coefficients of the block method, whose
first characteristic polynomial is given as

p(2)=[aP® P (26)
Definition (Zero Stability) 3.3 : A block linear multistep method is said to be zero stable if the roots

(4 ) of the difference equation in (3.46) as h—0 is |4|<1, k=1,..,n and the multiplicity of the

roots |/1k| =1is not greater than the order of the ODE.

Zero Stability of BHBDF 11, The first characteristics polynomial is given as:
p(2)= ‘ZP(” ~P®1=0.0000135194" (1 +1) =0 (27)

= 1={0,0,0,0,0,0,0,0,0,0,0,1}
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Hence the proposed method BHBDF Il is zero stable.

4. Results and Discussion

Problem 2:

Consider the nonlinear problem in Guler et al. (2019): u”+(u’)” —u? =1-sint,u(0)=0,u’(0)=1
and h = 0.01 Exact Solution: U (t) =sint

Table 4.2: Comparison of the Exact and Numerical Results for Problem 2

T Exact solution Numerical solution
0.1 0.099833416646828152307 0.099833416646828141012
0.2 0.19866933079506121546 0.19866933079506114447
0.3 0.29552020666133957511 0.29552020666133937661
0.4 0.38941834230865049167 0.38941834230865008339
0.5 0.47942553860420300027 0.47942553860420229076
0.6 0.56464247339503535720 0.56464247339503424468
0.7 0.64421768723769105367 0.64421768723768942938
0.8 0.71735609089952276163 0.71735609089952051408
0.9 0.78332690962748338846 0.78332690962748041151
1.0 0.84147098480789650665 0.84147098480789267764
Profile solution for Problem 2
Figure 4.2: Graph of Exact and Numerical Solutions for Problem 2
Problem 3:

Consider the nonlinear problem: u"+u®+u =(cost +&sin (10t))3 —99¢sint, with the following
initial conditionsu(0)=1,u’(0)=10¢ and h = 0.005
Exact Solution: U (t):(cost+gsin(10t)), where ¢ =10

Table 4.3: Comparison of the Exact and Numerical Results Problem 3

T Exact solution Numerical solution
0.005 0.99998750003103956190 0.99998750003104148000
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0.010
0.015
0.020
0.025
0.030
0.035
0.040
0.045
0.050

0.99995000042664861944
0.99988750212430299300
0.99980000668644471149
0.99968751630044298218
0.99955003377853953694
0.99938756255777835656
0.99920010669991977454
0.99898767089133896263
0.99875026044290880042

0.99995000042666361119
0.99988750212435328633
0.99980000668656354220
0.99968751630067456136
0.99955003377893889990
0.99938756255841116595
0.99920010670086213063
0.99898767089267724763
0.99875026044473940375

Profile solution for Problem 3

1.0000 -——

0.9998

0.9996

— 0.9994

0.9992

0. 9990 -

o.9938

= %= New method
Exact solution

T
o000
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001 002
t
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o049 0.05

Figure 4.3: Graph of Exact and Numerical Solutions for Problem 3

Table 4.5: Comparison of Accuracy for Problem 2

T Exact solution Error in Guler Errorin Error in
etal. (2019) Ogunlaran and BHBDF 11
Kehinde
(2022)
0.1 0.099833416646828152307  3.490.108 9.300x101°  1.130x10%
0.2 0.19866933079506121546 1.160x10°7 1.990x10%°  7.099.10Y
0.3 0.29552020666133957511 - - 1.985,10%6
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0.4 0.38941834230865049167 1.130x107 3.180x10%°  4.083.107°
0.5 0.47942553860420300027 4.610x10%7 3.230.10%°  7.095.1071¢
0.6 0.56464247339503535720 7.800x107 3.510.10%°  1.113.107%°
0.7 0.64421768723769105367 1.400,10 3.740,.10%°  1.624.107"°
0.8 0.71735609089952276163  4.1600x 107 3.530.10%° 2248107
0.9 0.78332690962748338846 1.400,10% 3.030.10%° 2.977.107%°
1.0 0.84147098480789650665 4.100x10% 2.750x10%°  3.829,107%°
Table 4.6: Comparison of Accuracy for Problem 3
T Exact solution Numerical solution Errorin
BHBDF Il
0.005 0.99998750003103956190 0.99998750003104148000 1.918107%°
0.010 0.99995000042664861944 0.99995000042666361119 1.500,10
0.015 0.99988750212430299300 0.99988750212435328633 5.029.10
0.020 0.99980000668644471149 0.99980000668656354220 1.188.10%3
0.025 0.99968751630044298218 0.99968751630067456136 2.316x107"3
0.030 0.99955003377853953694 0.99955003377893889990 3.994,.10°13
0.035 0.99938756255777835656 0.99938756255841116595 6.328x107"3
0.040 0.99920010669991977454 0.99920010670086213063 9.424,10°%3
0.045 0.99898767089133896263 0.99898767089267724763 1.338x107?
0.050 0.99875026044290880042 0.99875026044473940375 1.831.10*2
5. Conclusion

In this project, an effective numerical approach for solving higher-order ordinary differential equations
is sought. To achieve this milestone, the research focused on developing a class of block hybrid
backward differentiation formula (BDF) that simultaneously generates approximate solutions to an
equation on the entire interval of integration. The techniques of interpolation and collocation are
employed for the derivation of the method. In the derivation process of the method, which is four-step,
that is, k = 4, a number of off-grid points were carefully selected at the interpolation points over the
interval [0, 4] for the second ODE, BHBDF Il. Convergence analysis of the methods reveals that
BHBDF 11 has an order of accuracy (p + 2) of eleven. The methods are zero stable and consistent,
which implies their convergence. Furthermore, numerical experiments were carried out where BHBDF
Il was implemented on several nonlinear second problems. The graphical illustrations displayed
therein show that the method conforms to the exact solution. Further comparative analyses of BHBDF
I1in tables 2—4 reveal that the method has the advantage of producing smaller global errors over several
existing methods in the literature, including some of the most recent ones. Error analysis in comparison
with some existing methods further testifies the efficacy of the method.
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