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Abstract

Problems arises from science and technology are expressed in differential equations. These
differential equation are sometimes in ordinary differential equations. Reliability with high
accuracy and stability are necessary for a numerical method for the solution of differential
equations. This research paper presents the analysis of a reformulated block hybrid linear
multistep method into Runge-Kutta type method (RKTM) for first order initial value problems
(IVPs). In view of this, the block hybrld method derlved is of uniform order 6 with error

constants of — —— ' and ——— wh1le the Runge-Kutta type method
1935360 120960 71(:-80 13120

reformulated maintain the order of the derived block hybrld linear multistep method which are

. . 263 Il
of uniform order 6 but with error constants of — -
42326323;.0 264539:;.0
1

17418240" 33067440 an 1083640
linear multistep method and the Runge-Kutta type method shows that the two methods are
consistent and are also zero stable.

. Testing for convergence of both the derived block hybrid

Keywords: Block hybrid, Convergency, Linear multistep method, Order and error constants,
Runge-Kutta type method.

Introduction

Science and engineering modelled their dynamics system in form of differential equations
which require numerical methods for their effective solution (Rice et al., 2023). Traditional
explicit and implicit numerical approaches such as Runge-Kutta and linear multistep methods
fail to simultaneously achieve accuracy and stability while keeping low computational costs
especially for stiff differential equations (Parveen,and Ahmad, 2024).. Block hybrid linear
multistep methods has being adopted to address these challenges but the method still have
limitations in solving complex problems (Areo ef el.,2024).
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Classical fourth order Runge Kutta type method is of the form:
Yot =V T %(kl +2k, +2k; + k4)

where :

k = f(x,,¥,)

h h
k2 =f(xn+§,yn+§k1]
h h
k, Zf(xn"'gayn"'zkz)
k4:f(xn+h,yn+hk3)

The general representation of linear multistep method have the form:

k k
Z A Vi) = hz B S
=0 =

where:

yn+j are the approximate solutions,
fn+j = f(Xn+j, Yn+j),

h is the step size,

a; and f; are the method’s coefficient

k is the step number which determine how many previous steps are used.
While the block hybrid linear multistep method has the general form:
Y=BY+hCF

where:

Y is the vector of function values at both step and off step points

B is the coefficient matrix for dependent variables

C is the coefficient matrix for function evaluations

F is the vector of function evaluation (X, y).

However, conversion of block hybrid linear multistep methods into Runge-Kutta type method
(RKTM) will address these challenges (Aliyu ef al., 2025).

The field of numerical methods requires an enhanced method which delivers high-order
accuracy along with stability preserving capabilities (Sharma et al., 2020). The main challenge
involves in developing a scheme is uniform accuracy, minimal error constants, computational
efficiency and faster convergence (Sharma et al., 2020). A RKTM transformed from block
hybrid linear multistep method will address these challenges through improved error constant,
convergence rate and computational efficiency (Muhammad, 2020).

This research adds value to numerical analysis because it develops a new solution technique
for first-order IVPs. This research investigates the reformulated method through extensive
analysis and improvement to establish it as useful practical instrument applied in engineering
practice and applied sciences. The research addresses only first-order [VPs by explaining the
derivation process while conducting order assessments and stability examination. The
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proposed approach should be expanded to solve higher-order problems and complex
differential equations in future research.

METHODOLOGY
Derivation of the Method

The derivation of six — stage Runge — Kutta type method reformulated from three step block
hybrid linear multistep method with two oft-grids points is discussed in this section. First order
three step block hybrid linear multistep method (TSBHLMM) with two off-grids point has been
reformulated to first order Runge - Kutta Type method.

The general form of first order initial value problem (IVP) in ordinary differential equations
(ODEs) is given as:

YO =6 3¢) =, )

We use power series as the basis function given in the form:

=Ypr (5)

i=0

Differentiating (3) we obtained:

yl(t) _ ii@iti_l
(6)

Using matrix inversion techniques to find the values of ¢;'s we obtain a continuous implicit
scheme of the form:

0= 0y HEp S 2B D
Interpolating (3) at t={t"} and collocating (4) at t={t N SNRTY Y SEW S S
n n+5 n+ n+3 n+ n+

Which can be expressed in matrix form:

1 n tnz t,,3 t,,4 1n5 zn6 tn7
- Yn
0 1 20 31,2 4,3 st 61> 7t ,®
nr
2 3 4 5 61207 Yn
0 1 2fn+l 3[tn+1J 4(1,,_,_1} 5(1,,+1J 6[;,1_,_1] 7[[,,_,_1] i1 w1
2 2 2 2 2 2 .
A2
- 2 3 4 5 6 _| n
0 U 2 3w)” )’ 5wt i)’ Tai)®|| 23 ]2 Wt
14 .3
2 3 4 5 6 15 hf e
0 1 2pe3 3[,n+éj 4(,,”2} 5(1,”2} 6(;,,+§J 7(1,”2} ﬂ 2
2 2 2 2 2 2) |LAed | af, s
2 3 4 5 6
0 1 242 3tn+2) Hrpn42)”  S(tn+2) 6(17+2)"  7(1n+2) 3
2 3 4 5 6
0 1 2tpn+3 3(tn+3) 4(ln+3) 5(ln+3) 6(fn+3) 7(’n+3)

Making Use of Maple Mathematical software to obtain the values of A's in (8) that result in the
continuous formula:
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0=y NBI Bosf P B Pk oo ®
. r—t dt 1
Taking f = —"2 = —L=—
h dt h
(10)
A . s .
We evaluate (7) att =¢_,,1= > 1,5 ,2and3 , we obtain a block hybrid linear multistep method
as
Ty ] (959 35 487 49 211 1 t
Y n+% 5760 72 1920 360 5760 640 f
I LI R TEE T A B
Y | 1080 45 120 135 360 1080 f (11)
. 103 27 243 13 27 1 el
T R LI R S
2 n 640 40 640 40 640 640 f
1 nid
b% 7 32 4 32 7 0
n+2 - - T - e
! 45 45 15 45 55 f |
yn+3 ﬂ O ﬂ _§ ﬂ ﬂ
L . | 40 40 5 40 40 f n+3

Reformulation of Block Hybrid Linear Multistep Method (BHLMM) into Runge — Kutta
Type Method (RKTM)

Proposed RKTM for first order differential equation

Aliyu et al., (2025) defined an s-stage implicit Runge - Kutta methods for fist order ODEs in
the form:

Vo1 = Va +hzai/ki
=0

k, =f(x,. +ah,y, +h2aﬁk’) (12)
0

wherei =1,2,3,....n

The parameters aj, kj and aj; defined the method. In Butcher array form, it can be written as

p (13)

v

(0

Presenting (11) in the Butcher table we have
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C A
o O O O O O O O
959 ﬁ 487 ﬂ B 211 L
1 5760 72 1920 360 5760 640
2 9 2 o1 8 7 1
1 1080 45 120 135 360 1080
5 027 23 1327 L
> 640 40 640 40 640 640
7 32 4 32 7
L 2= = e - 0
2 45 45 15 45 55
11 81 8 81 11
3 T 0 T - T T
40 40 5 40 40
b=3 [T 81 8 81 11
40 40 5 40 40

The Butcher array conditions for first order differential equation is stated as:

(i).ZS: a; =¢
(ii).ibj =1

Source:(Muhammad, 2020)

Since the butcher table (13) does not satisfied the conditions hence it was modified to satisfied
the conditions (14).

(14)

Therefore six-stage implicit Ruge-Kutta type method is obtained as

.
1. 27 8 27 11
=y, +hl —k+—k,——k, +—k,+—k
Yot =V (120l 207 157720 10 6j
where
k1=f(x,,,y,,) (
ko= flx 4By on[ 20 g 30y A48T, 49 21
6 17280 " 2162 5760 1080 ¢ 17280 1920
)

k,=f|x,+

n

—. ), +h(£kl +£k2 +£k§ +ik4 _LkS +Lkﬁ)
3240 135 360 ° 405 1080 3240

h

3

h 103 9 81 13 9 1
k, = +—,y, +h k+—k,+—k+—k,——k,+——k
= 2 (19201 40 7 640 0 120 ' 640 ° 1920 6))

2h 7 3% 4
ky = +—.y, +th| —k +—k +—k~+ —k
s =Bt (1351 35 st s R s 5D

ky=f|x,+h, yn+h( 1 k1+0k2+£k3—§k4 27k5 1 k6D

120 40 15 40 120
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RESULT AND DISCUSSION
Order and Error Constant of the TSBHLMM

We analyze the approximation of the order and error constant of the derived block method
using the difference equation:

L[y(t),h]=Z[a,y(r+ih)—hﬂy'(z+ih)j
(16)

We assume y(¢) to have as many higher derivatives we require, expanding the terms in (16)
as a Taylor series about the point t we obtain the expansion

Ly©.1=Cy®+Chy" O +..+ C 'y () +...

where

Co=a,+a, +..+a,

C =(ay+a,+..+ka,)—(fy+ B +...+ k" B whereq =2.,3,....k

a7

The order and error constant is obtained by applying (13) and (14) in (11)

Table 3.1: Order and Error Constants of the TSBHLMM

Scheme Order Error Constant
yn o 6 B 263
2 1935360
Yn+1 6 B 11
120960
s A 6 B
2 71680
Yn+2 6 _ 1
15120
Yn+3 6 _ 3
4480

Table 3.1 shows that the block method (11) is of uniform order 6 with the respective error
constants as shown in the table.

Order and Error Constant of the RKTM
Using the idea of Muhammad, (2020), we choose &, =7, " which implies that
k= faky =Fooks = Foanky = fogo ks = fcS .andk, = [

1 1
=c¢ =0,c, :g,c3 =—,c,=—,05=—,C =1

37T
kl:fo:fn»kz:fl:f’Hlakszflzfmykzt:fl:f“ykszfz :J[Hgaandks:fl:fnu
6 6 3 3 2 2 3 3
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Hence (15) becomes

1 . 27 8 27 11
=y, +hl —f +— +— +— +—
Yo = [120f” 40fn+§ 15fn+§ 40fn+§ 120f”“]
7 32 7
=y, +hl — — — +— +—
N (135 135f; fw; 1357 135fn+§]
103 . 9 81 13 1
Yok T0T (1 920" 40f~+g 640f~+§ 120fn+§ 640f~+§ 1920 f”“]

169 11 8 7 1
+h _fl _f1+ fl_ f2+—fn+1j

(3240 1357ml 3607 nt 4057w 10807 w2 3240

fl fl—f2+

959 PR 211 L,
17280 6"t 576 1 108070t 172807002 T 19207

n+7
6

Taylor series expansion of

o =904 =y 1)+ @y Oy
2 2 2 ., 2.,
M (5 ) Gh Ch
v 2= SR = 3+ Sy )+ -y -y s Sy )
J 1 2 3 4 l K
(5”) <2h> oM Gh
¥ = Ay = 3+ 2 )+ 2+ 2y + 2y )ty )
| | GG &0} G
V=0T = )+ )+ + Ry + 2y 2y
n+§ N
(éh)z %h)"’ (éh)“ G hy
b= ) = 3+ Ay )+ =Sy )+ ey ey )+t Sy ()
h 3 h4 ) hs—l -
fi=fne iy =y o+ Oy + )+ Gy e ()
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2 2 2

(5 hy’ (5 hy* G ( )
fy=fn+= h) y(m)+= hy (1) + —2—— y"(n) + P+ )+t —( " ¥
(% ny? (%h)“ ) Gh
Si=rn+= h) y'(n)+= hy "(n) + —=—y"(n) + y"(n)+ Ty”(n) +... mys‘1 (n)
! % hy’ (% hy R0} (A
fi=f(n+= h) y'(nm)+= hy"(n)+ y"(n)+—=——y"(n)+ y(n)+.+ ¥ (n)
3 41 (s—1)!
%h)z (%hf iy -
f f(n + = h) y'(n) += hy"(n)+ n'( ) y'V( )+ a0 y"(n) +...+ (s _1)' ys (i’l)

Applying (16) and (17) to the new reformulated BHLMM from the RKTM gives
Table 3.2: The Order and Error Constant for the Proposed RKTM

Scheme Order Error Constants
a1 6 _ 263
4232632320

yn -i-E 6 e 71 L

3 264539520

1

yn -i-l 6 T

2 17418240
yn -i-l 6 =3 71

3 33067440
‘yn -l-l 6 — 71

B 1088640

Table 3.2 shows that the uniform 6 from the block hybrid linear multistep method was
maintained when it was reformulated back to Runge — Kutta type method. The respective error
constants are shown in the table

Zero stability of the BHLMM and the RKTM

If (11) is written in the normalized block form we have

AoYs = A1Y;_3 + h(BoFs—3 + B4 E) (19)
Where s represent the block number
T
Y, = (J”n_ij-yn+1- Vs Ytz 3"11-1-3) (20)
2 2
T
Yo3= (}TI_E Yn-2, -}n—E ¥n- 1-3‘11) (21
T
= (Fusn Fus o fava fuss) 22)
2 2
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Foa = (£, s fanfy sifas) 23)

1 ——
2 2

Also, Ay, A4, By and B,are matrices in which their entries are given by the coefficient of the
block method (11) and reformulated (18).

The zero stability of equation (11) and (18) can be obtained as

p() = [140 — 4O (24)
where

0 0 0 0 0 1 1 0 0 0 0 O

00 0 0 0 1 0100 0 0
4@_]0 0 0 0 0 1] ,p_|0 0 1 0 0 O

o o o 0o 0 1 1o 0 01 0 0O

0 000 0 1 0O 00 0 1 O

0 00 0 0 1 0O 0 0 0 0 1

pM=F@A-1=0. A4 =(0000,01),j=12345and6
Clearly the method (11) and (18) are zero stable which satisfies ‘ELJ,-I =1

Consistency of TSBHLMM and RKTM

The methods (8) and (27) — (31) are said to be consistent if they have order greater than one
with the first and second characteristics polynomial defined respectively by:

@A) .p(r)= Za‘/z"

Wﬁé}ﬁ(fs)tﬁe%iﬁﬁﬁal root, which satisfy these conditions

i @; =0
j=0
and
p'1)=o()
Table 3.3: Parameters for Obtaining Consistency of the BHLMM (8)
Scheme Z a p'(1) o
o
£
=)
Yn43 6 0 3 3
Yni2 6 0 2 2
Y s ¢ ! 30003
2 2
Yn+1 1 1
Bt 1ol
2 2
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The first order Runge-Kutta type method in ordinary differential equation (ODE) are said to be
consistent if

#(x, y(x),0) = f(x, y(x)) holds.

Note: Consistency required that

S

Db =1

J=
Sources: (2022; Muhammad, 2020)

From the Butcher table resulted in (15) it shows that the conditions are satisfied for RKTM,
derived. Hence the RKTM are consistent.

CONCLUSION

Three step block hybrid linear multistep method was successfully transformed into a Runge-
Kutta type method and the uniform order was maintained which enhanced the numerical
performance. The research analysis demonstrates that RKTM solution method present
consistency and zero-stability properties with convergence characteristics which allows their
application to first-order IVPs. The research adds to numerical method development by
presenting strategies which enhance hybrid techniques used for differential equation solutions.

RECOMMENDATIONS
Recommendations for Further Studies

. Researchers should study how to extend the new method to handle both higher-order
differential equations alongside systems of [IVPs because it could determine its full usefulness.

il. Insights about RKTM effectiveness on complex differential problems can be acquired
by studying its execution on stiff equations during analysis.

1. The proposed method requires testing through its application to physical problems and
engineering applications and financial challenges to prove practical usage.

iv. Evaluation of the reformulated approach requires additional comparison tests with
Runge-Kutta methods as well as hybrid methods to demonstrate its relative benefits and
drawbacks.

v. The optimization of computational algorithms together with parallel computing
research would boost its performance speed for solving significant problems.
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