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Abstract  
Second-order ordinary differential equations (ODEs) is unavoidable in scientific and 
engineering fields. This research focuses on the reformulation of two-step implicit linear 
multistep block hybrid method into a seven-stage Runge-Kutta type method for the solution of 
second-order initial value problems (IVPs). A two-step, four-off-grid-point implicit block 
hybrid collocation method for first-order initial value problems was derived. Its order and error 
constants were determined, which shows that the schemes were of order 8, 8, 8, 8, 8 and 9 with 

respective error constants of , , , , . The 

derived block method was reformulated into a seven-stage Runge-Kutta type method (RKTM) 
for the solution of first-order ordinary differential equations; this reformulation was extended 
to handle the required second-order ordinary differential equations. The second-order Runge-
Kutta-type method derived was implemented on numerical experiments. The method was 
found to be better than existing methods in the literature. 
Keywords: Implicit, Hybrid block method, collocation, Runge-Kutta type method, linear 
multistep method. 
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1.0 Introduction 
The accurate numerical solution of second-order initial value problems (IVPs) in ordinary 
differential equations (ODEs) remains a significant challenge in scientific and engineering 
computations (Datsko and Kutniv, 2024). These problems are mostly expressed in the general 
form: 

,                                                                        (1)
that arise in several fields such as applied mathematics, physics and engineering (Denis, 
2020). Conventional methods always reduce second-order ODEs into systems of first-order 
equations, hence it can cause additional computational burden and inefficiencies (Li et al., 
2024). To tackle these challenges, linear multi-step methods (LMMs) together with the 
hybrid and block scheme have been developed for direct solution of second-order ODEs 

 et al., 2023). 
Block hybrid linear multi-step methods are known for their ability to compute solutions at 
multiple points within single step, improving it multi solution processing ability and reducing 
approximating errors (Li et al., 2024; Omole et al., 2024). However, these methods mostly 
depend on already-computed starting values and cannot withstand variable step sizes 
(Sharma, 2021). Reformulating these methods into the Runge Kutta Type method give an 
avenue to by-pass these challenges by bringing in a self-starting property and better 
adaptability to changing step sizes. 
This work focuses on reformulating a two-step block hybrid linear multi-step method into a 
Runge Kutta-Type scheme for directly solving second-order IVPs. By utilizing the 
adaptability of Runge Kutta methods and the efficiency of hybrid block methods, the new 
proposed techniques seek to improve the numerical performance and flexibility of finding the 
solution of second-order ODEs. The theoretical analysis of the reformulated method, 
including its stability and convergence properties, is complemented by numerical experiments 
to demonstrate its effectiveness and accuracy. This study complement the advancement in the 
numerical methods for solving IVPs, offering a robust and versatile tool for current 
computational challenges.  

 
2.0 Materials and Methods 
The derivation of Seven  Stage Runge  Kutta Type method reformulated from two step block 
hybrid linear multistep method with four intra-step points is discussed in this section. First 
order two step block hybrid linear multistep method with four off-grids point was reformulated 
to first order Runge - Kutta Type method.  
In general, initial value problem (IVP) in first Order Differential Equations (ODEs) is of the 
form of form: 

                                                                                                   (2)
 
We assume power series of the form: 

   
                                                                                                              

(3)         Differentiating (3) gives: 

                           

We find  using matrix inversion techniques to obtain a continuous implicit scheme of the 
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form: 

                                 

     

Interpolating (3) at =  and collocating (4) at  = . 

It can be expressed in matrix form as: 

(6)

Using Maple Mathematical software we find the values of  in (5) which gave the continuous formula 

(7)  

Taking                                                                                                                                              (8)

Evaluating (6) at  yields discrete implicit block method  

  

  

          

(9) 

 

   

  

 
Arranging the discrete scheme (8) in matrix equation form: 
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+    

(10)      
 
2.1       Analysis of the Block Method 

2.1.1 Order and error constant of the block method 
We discuss the approximation of the order and error constant of the block using the 
difference equation: 

                                                              
(11)                                                                                          
If we assume that  has as many higher derivatives as we require, we can expand the terms 
in (11) as a Taylor series about the point  to obtain the expansion 

                                                                            (12)  
Where 

 
  (  

. 

.                                                                                                         
                                        

 
.
 

  (                                                

 

For  

The order and error constant is obtained using these coefficient: 

, ,  

The computation is given in the form:  

(13) 
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= = 

(14) 

 
Using similar procedures to obtain the order and error constants of the schemes (8). 
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Table 2.1: Order and error constants of the scheme (8) 
Scheme Order Error Constant

 

8 

 
8 

 

 
8 

 
8 

 

 

8 

 
9 

 

 
2.2 Reformulation of  Block Hybrid Linear Multistep Method into Runge  Kutta 
Type Method 
2.2.1:  Butcher's Runge - Kutta methods for the first order ordinary differential equations
Muhammad, (2020) defined an s-stage implicit Runge - Kutta methods for fist order ODEs in 
the form:  
 
 

                                                                                                           
Where i = 1, 2,   (10) 

 

 
j, kj and aij defined the method. In Butcher array form, it can be written as 

                                
 
 

The Butcher array conditions for first order differential equation is stated as: 
(i).          (ii). .          (11) 

Source:(Muhammad, 2020) 
Hence 9 is modified to satisfy the conditions which gave rise to the Butcher table. 
 
 

           

      WT 

(17) 
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2.2.2:  Butcher's Runge Kutta methods for the second order ordinary differential 
equations 

Consider general second order differential equations (ODEs) with initial value problems 
(IVP) of the form 

                                                                           
(18)
Muhammad, (2020) defined an s-stage implicit Runge - Kutta type methods for second order 
ODEs in the form:

                                           
     (13) 

 

The parameters j, kj, aij and ij defined the method. In Butcher array form, it can be written as: 
     
           
 
 
 
 

 

C A 
0 
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b=1 
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Extending (16) to Butcher array for second order ODEs as: 
 

 
  

0 

 

 

 

 

 

1 

                                            

 

             

 

 
The (18) Butcher array satisfied the conditions for second order differential equations which 
is: 

    Source: (Muhammad, 2020) 

From (21) seven stage implicit Ruge-Kutta type method was obtained as (21)  (29): 

                                           

(21) 

          

(22) 
                 

(23) 

  (24) 

                      

(25) 

                       

(26) 

                            

(27) 

(20) 
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              (28) 

                 

(29) 
 
3.0 Findings and Discussion 
To verify the credibility of our proposed scheme, some problems were selected for testing 
and the results were compared with other existing literature. 
Test Problem 1:  

 (Akinnukawe and Okunuga, 2024) 
Test Problem 2: 

 

 (Akinnukawe and Okunuga, 2024) 
 
Table 3.1: Comparison of the result between exact solution, Runge-Kutta type method and 
Akinnukawe and Okunuga, (2024) for test problem 1 

x Exact Solution Proposed Method Error in 
Proposed 
Method 

Error in 
Akinnukawe and 
Okunuga, (2024)

0.1 0.95122942450071400910            0.95122942450071400909   1. 00  -20 1.85296E-13 

0.2 0.90483741803595957318      0.90483741803595957316 2. 00  -20 3.35731E-13 
0.3 0.86070797642505780725 0.86070797642505780723      2. 00  -20 4.54636E-13 

0.4 0.81873075307798185870    0.81873075307798185867 3. 00  -20 5.48339E-13 
0.5 0.77880078307140486828 0.77880078307140486825 3. 00  -20 6.19726E-13 

0.6 0.74081822068171786611 0.74081822068171786607 4. 00  -20 6.72684E-13 
0.7 0.70468808971871343440 0.70468808971871343435 5. 00 -20 7.09821E-13 

0.8 0.67032004603563930079 0.67032004603563930074 5. 00  -20 7.34135E-13 

 
Table 3.1 showed the absolute errors  of the Runge-Kutta Type method and 
Akinnukawe and Okunuga, (2024) on test problem 1 for  Clearly the table shows that 
the Runge-Kutta type method closer to the exact than Akinnukawe and Okunuga, (2024) . The 
Runge-Kutta Type method approaches the exact solution faster than Akinnukawe and Okunuga, 
(2024) within the interval of on test problem 1 
 
Table 3.2: Comparison of the result between exact solution, Runge Kutta Type method and 
Akinnukawe and Okunuga, (2024) for test problem 2 

x       Exact Solution                          Proposed Method                            Error in the 
proposed method 

Error in Akinnukawe 
and Okunuga, (2024) 

0.01 -0.0100501670841681 -0.010050167084168058 4.2 E-17 3.10862E-15 
0.02 -0.0202013400267558 -0.020201340026755811 1.1E-17 1.39888E-14 
0.03 -0.0304545339535169 -0.030454533953516857 4.3E-17 3.24185E-14 
0.04 -0.0408107741923882 -0.040810774192388229 2.9E-17 6.12843E-14 

0.05 -0.0512710963760240 -0.051271096376024043 4.3E-17 1.01918E-13 

0.06 -0.0618365465453596 -0.061836546545359626 2.6E-17 1.56541E-13 
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0.07 -0.0725081812542165 -0.072508181254216484 1.6E-17 2.28706E-13 
0.08 -0.0832870676749586 -0.083287067674958561 3.9E-17 3.19744E-13 
0.09 -0.0941742837052104 -0.094174283705210366 3.4E-17 4.33875E-13 

0.1 -0.1051709180756476 -0.10517091807564763 3.0E-17 5.75096E-13 

 
 
Table 3.2 showed the absolute errors  of the Runge-Kutta type method and 
Akinnukawe and Okunuga, (2024) on test problem 1 for  Clearly the table shows that 
the Runge-Kutta type method closer to the exact than Akinnukawe and Okunuga, (2024). The 
Runge-Kutta type method approaches the exact solution faster than Akinnukawe and Okunuga, 
(2024) within the interval of on test problem 2 
4.0 Conclusion 
Reformulation of the two-step implicit linear multi-step block hybrid method into a Runge
Kutta-Type scheme for the solution of second-order initial value problems (IVPs) in ordinary 
differential equations represents an important advancement in numerical methods for the 
solution of ordinary differential equations. The reformulated method propagates the efficiency 
and stability properties of the hybrid method it was reformulated from while incorporating the 
adaptability and self-starting type of Runge Kutta schemes. The Runge Kutta-Type method 
derived demonstrates uniform accuracy and computational efficiency because of its better 
performance in numerical experiments when compared to the existing methods in the literature. 

-order ODEs without reduction provides a versatile 
tool for wide applications in science and engineering. 
5.0 Recommendation 
In view of the results obtained, it is recommended that advance research be conducted to extend 
the applicability of this method. Future studies could investigate its performance on its 
adaptation to variable step-size techniques for enhanced computational efficiency. Also, 
investigating its application to higher-order ordinary differential equations and large-scale 
systems would further validate its flexibility and reliability. The method's strength for parallel 
implementation should be examined too to support modern computational resources 
effectively. In summary, the proposed Runge Kutta-Type method gives an unquantifiable 
contribution to the field of numerical analysis and holds great promise for solving advanced 
initial value problems. 
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