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Abstract
Second-order ordinary differential equations (ODEs) is unavoidable in scientific and
engineering fields. This research focuses on the reformulation of two-step implicit linear

second-order initial value problems (IVPs). A two-step, four-off-grid-point implicit block
hybrid collocation method for first-order initial value problems was derived. Its order and error

constants were determined, which shows that the schemes were of order 8, 8, 8, 8, 8 and 9 with

. 275 8 1 8 275 1
respective error constants of \ \ \ \ ,and — )
158723712’ 6200145’ 653184’ 6200145’ 158723712 3061800

derived block method was reformulated into a seven-stage Runge-Kutta type method (RKTM)
for the solution of first-order ordinary differential equations; this reformulation was extended
to handle the required second-order ordinary differential equations. The second-order Runge-
Kutta-type method derived was implemented on numerical experiments. The method was
found to be better than existing methods in the literature.

Keywords: Implicit, Hybrid block method, collocation, Runge-Kutta type method, linear
multistep method.
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1.0 Introduction

The accurate numerical solution of second-order initial value problems (IVPs) in ordinary
differential equations (ODEs) remains a significant challenge in scientific and engineering
computations (Datsko and Kutniv, 2024). These problems are mostly expressed in the general
form:

y'(x) = fl,y,y"), y(x) = yo. ¥ (x0) =0 (1)
that arise in several fields such as applied mathematics, physics and engineering (Denis,
2020). Conventional methods always reduce second-order ODEs into systems of first-order
equations, hence it can cause additional computational burden and inefficiencies (Li et al.,
2024). To tackle these challenges, linear multi-step methods (LMMs) together with the
hybrid and block scheme have been developed for direct solution of second-order ODEs
(Olaleye and Fiyinfoluwa, 2023; Taiwo et al., 2023).

Block hybrid linear multi-step methods are known for their ability to compute solutions at
multiple points within single step, improving it multi solution processing ability and reducing
approximating errors (Li et al., 2024; Omole et al., 2024). However, these methods mostly
depend on already-computed starting values and cannot withstand variable step sizes
(Sharma, 2021). Reformulating these methods into the Runge—Kutta Type method give an
avenue to by-pass these challenges by bringing in a self-starting property and better
adaptability to changing step sizes.

This work focuses on reformulating a two-step block hybrid linear multi-step method into a
Runge—Kutta-Type scheme for directly solving second-order IVPs. By utilizing the
adaptability of Runge—Kutta methods and the efficiency of hybrid block methods, the new
proposed techniques seek to improve the numerical performance and flexibility of finding the
solution of second-order ODEs. The theoretical analysis of the reformulated method,
including its stability and convergence properties, is complemented by numerical experiments
to demonstrate its effectiveness and accuracy. This study complement the advancement in the
numerical methods for solving IVPs, offering a robust and versatile tool for current
computational challenges.

2.0 Materials and Methods

The derivation of Seven — Stage Runge — Kutta Type method reformulated from two step block
hybrid linear multistep method with four intra-step points is discussed in this section. First
order two step block hybrid linear multistep method with four off-grids point was reformulated
to first order Runge - Kutta Type method.

In general, initial value problem (IVP) in first Order Differential Equations (ODEs) is of the
form of form:

y'(x) = fxy), y(x) = o )
We assume power series of the form:
y(x)= iaix’,l =p+c
3) Izlo)ifferentiating (3) gives:
Y=Y iax" @
=0

We find a;’s using matrix inversion techniques to obtain a continuous implicit scheme of the
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form:

y(x) = ag(x)y, + h (Bn+§fn+§ + '8n+§fn+§ + 'Bn+§fn+§ + 'Bn+§fn+§ +

(S0 B st
(5)
Interpolating (3) at x= {x,,} and collocating (4) at x ={xn, X, .1 Ry X, 42 Xnt1 X, 4o X, 42 Xp+2 }

It can be expressed in matrix form as:

2 3 4 5 6 7

1 x, x, Xn Xn Xn Xn Xp' ] - Vo A

0 1 2x, 3x,2 4,3 5x,* 6x,° 7x,° o hf,

0 1 an% 3(xn+%)2 4(xn+%)3 5(xn+%)4 6xn+§)5 7xn+§)6 a, hfn%

0 1 22 350" 4(x,2° 5(0" 606,0° 7,0\ [Pz

0 1 2ty 3sn)® 40011)? 50e)* 6(nsn)® 7(nen)®||% | [Rfara ©)
0 1 2%, 3(xn+§)2 4(xn+§)3 5(xn+§)4 6(xn+§)5 7(xn+§)6 ZZ hf it

0 1 2xn+§ 3(x, 5)2 4(x, 5)3 5(x,, 5)4 6(x, 5)5 7(x, 5)6 La7_ hfn+§

0 1 20 3G A 5@ 6Gn)® Tl e

Using Maple Mathematical software we find the values of a’s in (5) which gave the continuous formula
Y0 = @GO+ BB + Byt frs + By Frz + Bes fusn + Bys fgs + Bous fs+ Bz frvo
(7)

. _ X—Xn41 at _ 1
Takmgt——h == s (8)
Evaluating (6) at x = x 44,1 = 3 ; 1, 5500 and 2 yields discrete implicit block method
41 18 9
sz = I+ (o + 22 1 4 1 fot 2 fran + 1 st + 2 f 4 e A
_ 3715 725 2125 250 3875 235 275
Yns2 =Y th (36288 fut 1512fn+§ + 12096fn+— serfnrn T 12096fn+§ + 1512fn+— 36288f"+2)
286 128 1504 58 16
Yt =Yt h (G ot i f 2SI 4 945fn+§+%fn+§—ﬁfn+z)
(9)
+h< 137 27 + 387 243 4 9 )
R U yve -V S e yr g M 105f"+1 22407 nt t 250 nes ~ 6720f"+2
1139 11 332 269 22
Yns2 = n F (1134of" 139fn+§ + ﬁfnﬁ * Jass nt1 ~ 3780fn+§ + Efnﬁ h mf””)
_ 19087 2713 _ 15487 586 6737 263
=Y th (181440 e fn+§ 60480 fn+— 2835171 Goaso fn+§ 7560 fn+— 181440 f”+2)
Arranging the discrete scheme (8) in matrix equation form:
P’Mr P’n_i
1 0 0 0 0 O 3 0 0 0 0 0 17
2
0100 0 offn% o 0 0 00 1f'n3
0 01 0 0 OffYn+tr|_|0 0O 0 O 0 1f{¥Yn-1
000100yn+§000001yn_3
3
00 0 0 1 Ofly 5 0 0 00 0 1 y 1
n+2 n—=
0 0 0 0 O 1-{ 3 0 0 0 0 O 1-{ 3
Vn+2- Yn
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2.1 Analysis of the Block Method

difference equation:
Lly(x),h] = ¥  [a;y(x + ih) — hBy' (x + ih)]
(11)

Lly(x), h]l = Coy(x) + Cihy@ (x) + -+ + Chy(x) + -
Where

Co=apt+a; +-+ay

Cl = (0(1 + 0.’2 + e+ kak) _(BO + e+ k(q_l)ﬂk

' 1 1 _
Cq = a((ll +a,+ -+ kqak) —m(ﬁl + .+ k@ 1)ﬁk
Whereq=2,3, ...,k
41 18 9 68 9
FOr sz =+ B (o o+ 2+ 105 s + 1 fonr + 15 st

The order and error constant is obtained using these coefficient:
41 18 9 68 9

The computation is given in the form:

354

~

.

18

18

0 0 0 0 0 19087 - 2713 —15487 586 —6737 263 —863 -
181440 'fn_g' 7560 60480 2835 60480 7560 181440
000 0 0 1139 3 94 11 332 —269 22 —-37
11340 fn_g 189 3780 2835 3780 945 11340
137 3 27 387 34 —243 9 —-29
0o 00 0 0 — - — —_— == =
N 1322 || fa-1 4| se 2240 105 2240 280 6720
000 0 0 286 [f , 464 128 1504 58 16 -8
2835 n—3 945 945 2835 945 945 2835
000 0 0 3715 ||f 1 725 2125 250 3875 235 —275
nt e g
36288 f 3 1512 12096 567 12096 1512 36288
41 18 9 68 9 18 41
0o 0 0 0 0 —|/n- — — — — — —
L 4200 L 35 140 105 140 35 420 A
(10)

2.1.1 Order and error constant of the block method
We discuss the approximation of the order and error constant of the block using the

41
@ =-la=Lh=0bh=5b=0gh=igb=ng g0

41
p
5 +—
s s fsz)

If we assume that y (x) has as many higher derivatives as we require, we can expand the terms
in (11) as a Taylor series about the point x to obtain the expansion

(12)

(13)
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a, + ag
= (Bo+ Bi+ Bt By + Bt Bs + o)
~2%a, — 1(1ﬁ +2ﬁz+ﬁ1+4ﬁ4+5ﬁs+2ﬁ2>
O a0 ar ) v+ () et () v 22
ol |zren= (@) () 8 () 54 ()5 258
e =2 (@) B+ ) prpr () Bt () 28|
&) [z -2(O o @ mr st (3 e+ () e+ 2°8,)
L |22ra =2 () o @ et s+ (2) et () e 2%5.)
120, -1(() e+ () e+ i+ () B+ (D) B+ 275)
220, - 2((2) B+ () v bt () Bt () e+ 282)
0
0
0
0
0 (14)
0
0
0
_ 1

- 3061800-

Using similar procedures to obtain the order and error constants of the schemes (8).
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Table 2.1: Order and error constants of the scheme (8)

Scheme Order Error Constant
s h( 19087 R 2713 15487 586 6737 Tt 263 3 275
Ynid = 181440f 75607 n+3 60480f 2835f"+1 O480f"+— 7560fn+— 158723712

181440f"+2)
“h ( . 11 332 269 . 22 ) 8 8
Yni2 =0 11340 189 n+— 3780f 2835f"+1 3780fn+% 945fn+§ 11340f”+2 6200145
h( 137 387 243 9 29 ) 8 1
Ynt1 = 1344 n+— t 2240 fn+— 105 f"“ 2240 fn+— 280 fn+§ 6720f"+2 653184
v ( 286 128 1504 58 16 ) 8 8
Vit = 2835/ 945 frittogsfmzt 2835f"“ 925 nit Togs s T 2835f"+2 6200145
3 +h<3715 725 2125 3875 it 235 8 275
§= I 36288 1512fn+1 12096fn+ 567f"+1 12096f"+— 1512fn+— 158723712
36288f”+2)
+h( +— + o + + M ) ? !
iz = Yt hGog 35 St T 120 e 105f"+1 1407 nst fn+§ 22072 3061800

2.2 Reformulation of k = 2 Block Hybrid Linear Multistep Method into Runge — Kutta
Type Method

2.2.1: Butcher's Runge - Kutta methods for the first order ordinary differential equations
Muhammad, (2020) defined an s-stage implicit Runge - Kutta methods for fist order ODEs in
the form:

Yn+1 =Yn T h2f=0 aijki

Wherei=1,2,3,...,s (10)
S
ki = f(.xi + aih, Yn + hz aijki>
i=0
The parameters o, kj and ajj defined the method. In Butcher array form, it can be written as
a | B
| Wi

The Butcher array conditions for first order differential equation is stated as:

@)- Xj=1aij = ¢ @iD). Xj-1 by = 1. (11)
Source:(Muhammad, 2020)

Hence 9 is modified to satisfy the conditions which gave rise to the Butcher table.
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Butcher's Runge Kutta methods for the second order ordinary differential

equations
Consider general second order differential equations (ODEs) with initial value problems
(IVP) of the form

y'(x) = f(x,y,y'(x),y(0)=¢,y'(0) =9

ki=f <xl~ + ajh, y, + ajhy’, + h?

N N

2 aijki,y'n + hz a_ljkl
i=1

i=1

Muhammad, (2020) defined an s-stage implicit Runge - Kutta type methods for second order
ODEs in the form:
Yni1 = Yo + @Ry’ + B2 T3 ajk;

Vne1 =Y an+th¥i a,k;, wherei=123,..5

N

(13)

~

The parameters a;, k;, a;; and @;; defined the method. In Butcher array form, it c4n be written as:

A=a,=p A=a,=p.f=plb=wb=w'p

o ‘ A ‘ A J
T
C A
0 0 0 0 0 0 0 0
1 | 19087 2713 —15487 293 —6737 263  —863
6 1362880 15120 120960 2835 120960 15120 362880
1 | 1139 47 11 166  —269 11 —37
3 | 22680 189 7560 2835 7560 945 22680
1 137 27 387 17 =243 9 -29
2 | 2688 112 4480 105 4480 560 13440
g 143 232 64 752 29 8 —4
Z | 2835 945 945 2835 945 945 2835
? 3715 725 2125 125 3875 235 —275
72576 3024 24192 567 24192 3024 72576
41 9 9 32 9 9 41
840 35 280 105 280 35 840
41 9 9 34 9 9 41
b=1 | 840 35 280 105 280 35 840
where
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Extending (16) to Butcher array for second order ODEs as:

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1| 19087 2713 —15487 293 —6737 263 —86] 647 275 12013 9 7289 323 79
6 | 362880 15120 120960 2835 120960 15120 3628| 103680 18144 725760 560 725760 90720 1451
1| 1139 47 11 166 —269 11 -31 337 299 16 79 53 31 1
3| 22680 189 7560 2835 7560 945 2268 22680 5670 567 2835 3240 5670 126
1| 137 27 387 17 =243 9 -2 125 3 171 5 219 9 31
% 2688 112 4480 105 4480 560 1344 5376 32 8960 112 8960 1120 T 268t
2 143 232 64 752 29 8 -4 2 76 16 232 16 4
3| 2835 945 945 2835 945 945 283] 3 567 2835 2835 567 4 (20)
| 3715 725 2125 125 3875 235 27| 5825 3175 125 125 1625  2.. _l
1| 72576 3024 24192 567 24192 3024 7257 145152 18144 20736 1008 145152 18144 1451

41 9 9 32 9 9 41| 41 3 3 17 3 3 o

840 35 280 105 280 35 840 840 14 140 105 280 70

A1 2 2 32 9 2 A 3 3 A7 3 3

84410 35 280 105 280 35 840 14 140 105 280 70

22 0

840

The (18) Butcher array satisfied the conditions for second order differential equations which
is:

A
(7). ij = % Source: (Muhammad, 2020)

From (21) seven stage implicit Ruge- Kutta type method was obtained as (21) (29):

Yn+1 = Yo+ hy' +h? (@kl T kz 140k3 105k4 280k5 T k6)
(21)
" (oo ky kg ook ok + ks + = + k)

Y1 =Y 840 1 2+ 78073 T 1054 T 255 5 6t 520"
(22)
kl = f(xn' Ino y,)
(23)

_ 1 1, o [ 647 275, 12013 9 7289
ko =f (xn *s hyyn + 6hy nth (103680 oy + 18144 2 725760 ks + 560 k4 725760 ks
323 , 79 , 19087 2713, 15487 293 , 6737 263 _
90720 © 145152 k ) th (362880 ey 15120 ka 120960 3 ' 2835 ka 120960 ° ' 15120 ke
863
362880 k7)) (24)

_ 1 1, 2 ( 337 299 . 16 79 . 53 31,
ks =f (x" *3 hy Y + 3hy nth 22680 ky 5670 ka 5673 1 2535 ka 3240 ks + 5670 ke

1 , 1139 47 11 166 , 269 11 37
1260 k7) Y t+h (22680 ko + 189 ko + 7560 ks + 2835 ky 7560 ks + a5 945 ke — 22680 k7))
(25)
_ 1 1, 5, (125 _ a7 5, 219 9 _
ko = f (x t by tshynth (5376 ey + 3272 ~ 59603 T 11274 T 59605 T Ti20 ke
31 , 137 387 17
26880 kz),y'+h (2688 e + 153 kz * 80 ks + 105 o — 4480 k5 * 560 k6 13440 k7))
(26)
2 32 _
ks =f (x t3 h Ynt3 hy nth ( i+ 557 kz 2835 k3 2835 K4 T 567 k5 * 05 k6
4 143 4
2835 k7) y'+h (2835 ey + 945 k * 55 k3 2835 k4 945 k5 toss k6 2835 k7))
(27)
_ 5 ( 5825 3175 125 125 1625
ke = f( *3 h Yoty hy nth (145152 1 ¥ Te1a2 2 T 207363 T 1008 ¢ T Tas1sz 5 T
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275 , 3715 725 2125 125 3875 235

18144 ke — 145152 k7) y' +h (72576 ey + 3024 ky + 24192 ks + 567 kg + 24192 ks + 3024 ke
275

72576 k7)> (28)

ky = f(xa +2h +5h'+h2(—k+ kot kgt ok ks =k ),V +
7= n » Yn Vn 320 1 2t 12073 T 105 280 5 6)y

h (ﬁ ey *3s k2 280 k3 105 k4 * 280 k5 *3s k6 840 k7))

(29)

3.0 Findings and Discussion
To verify the credibility of our proposed scheme, some problems were selected for testing
and the results were compared with other existing literature.
Test Problem 1: p "(t) =—1001p "= 1000, h = 0.05; w(0) =1, u' (0) =—1.
Exact solution is p(t) = e " (Akinnukawe and Okunuga, 2024)
Test Problem 2:
= L ,0<x<1

1
p'=p,u(0)=1u4'(0) = >0 =155
Exact solution: y(x) = 1 — e® (Akinnukawe and Okunuga, 2024)

Table 3.1: Comparison of the result between exact solution, Runge-Kutta type method and
Akinnukawe and Okunuga, (2024) for test problem 1

X Exact Solution Proposed Method Error in Error in
Proposed Akinnukawe and
Method Okunuga, (2024)

0.1 0.95122942450071400910  0.95122942450071400909 1. 00E -20 1.85296E-13

0.2 0.90483741803595957318  0.90483741803595957316 2. 00E -20 3.35731E-13

0.3 0.86070797642505780725  0.86070797642505780723 2. 00E -20 4.54636E-13

0.4 0.81873075307798185870  0.81873075307798185867 3. 00E -20 5.48339E-13

0.5 0.77880078307140486828  0.77880078307140486825 3. 00E -20 6.19726E-13

0.6 0.74081822068171786611  0.74081822068171786607 4. 00E -20 6.72684E-13

0.7 0.70468808971871343440  0.70468808971871343435 5. 00E-20 7.09821E-13

0.8 0.67032004603563930079  0.67032004603563930074 5. 00E -20 7.34135E-13

Table 3.1 showed the absolute errors |Y(x,) — y,| of the Runge-Kutta Type method and
Akinnukawe and Okunuga, (2024) on test problem 1 for A = 0.05, Clearly the table shows that
the Runge-Kutta type method closer to the exact than Akinnukawe and Okunuga, (2024) . The
Runge-Kutta Type method approaches the exact solution faster than Akinnukawe and Okunuga,
(2024) within the interval of 0 < x < 1 for h = 0.05 on test problem 1

Table 3.2: Comparison of the result between exact solution, Runge Kutta Type method and
Akinnukawe and Okunuga, (2024) for test problem 2

X Exact Solution Proposed Method Error in the Error in Akinnukawe
proposed method and Okunuga, (2024)

0.01  -0.0100501670841681 -0.010050167084168058 4.2 E-17 3.10862E-15

0.02  -0.0202013400267558 -0.020201340026755811  1.1E-17 1.39888E-14

0.03  -0.0304545339535169 -0.030454533953516857  4.3E-17 3.24185E-14

0.04  -0.0408107741923882 -0.040810774192388229  2.9E-17 6.12843E-14

0.05  -0.0512710963760240 -0.051271096376024043  4.3E-17 1.01918E-13

0.06  -0.0618365465453596 -0.061836546545359626  2.6E-17 1.56541E-13
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0.07  -0.0725081812542165 -0.072508181254216484  1.6E-17 2.28706E-13
0.08  -0.0832870676749586 -0.083287067674958561  3.9E-17 3.19744E-13
0.09  -0.0941742837052104 -0.094174283705210366  3.4E-17 4.33875E-13
0.1 -0.1051709180756476 -0.10517091807564763 3.0E-17 5.75096E-13

Table 3.2 showed the absolute errors |Y(x,) — y,| of the Runge-Kutta type method and
Akinnukawe and Okunuga, (2024) on test problem 1 for h = 0.01. Clearly the table shows that
the Runge-Kutta type method closer to the exact than Akinnukawe and Okunuga, (2024). The
Runge-Kutta type method approaches the exact solution faster than Akinnukawe and Okunuga,
(2024) within the interval of 0 < x < 0.1 for h = 0.01 on test problem 2

4.0 Conclusion

Reformulation of the two-step implicit linear multi-step block hybrid method into a Runge—
Kutta-Type scheme for the solution of second-order initial value problems (IVPs) in ordinary
differential equations represents an important advancement in numerical methods for the
solution of ordinary differential equations. The reformulated method propagates the efficiency
and stability properties of the hybrid method it was reformulated from while incorporating the
adaptability and self-starting type of Runge—Kutta schemes. The Runge—Kutta-Type method
derived demonstrates uniform accuracy and computational efficiency because of its better
performance in numerical experiments when compared to the existing methods in the literature.
The method’s capability to handle second-order ODEs without reduction provides a versatile
tool for wide applications in science and engineering.

5.0 Recommendation

In view of the results obtained, it is recommended that advance research be conducted to extend
the applicability of this method. Future studies could investigate its performance on its
adaptation to variable step-size techniques for enhanced computational efficiency. Also,
investigating its application to higher-order ordinary differential equations and large-scale
systems would further validate its flexibility and reliability. The method's strength for parallel
implementation should be examined too to support modern computational resources
effectively. In summary, the proposed Runge—Kutta-Type method gives an unquantifiable
contribution to the field of numerical analysis and holds great promise for solving advanced
initial value problems.
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