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Abstract

We develop a class of continuous modified multistep methods (CMMMSs) which were use as boundary
value methods for the numerical integration of special third order boundary value problems in ordinary
differential equations. We investigate the basic properties of the methods and numerical experiments
are given to show the performance of the approach.
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1. INTRODUCTION

Differential equations are important tools in solving real-world problems. These equations arise in
several branches of sciences, engineering and technology, ranging from models that describe acoustic
wave propagation in relaxing media, draining and coating flow problems to the deflection of a curved
beam that has a constant or varying cross section. Boundary value problems also arise in these areas
and as such numerical methods that are faster and accurate in solving them are of importance

Boundary value problems of third order have been discussed in many papers in recent years. Examples
of such papers are (Abdullah et al2013; 2013) had developed a fifth order block method using constant
step size with shooting technique to solve third order non-linear boundary value problems
anddeveloped a fourth order two-point block method for solving non-linear third order boundary value
problems.Khan and Aziz (2003) presented a forth order method that was based on quantic splines
which was used to solve third order linear and non-linear boundary value problems. Collocation
approximation was applied in deriving schemes that were applied as a block method to solve special
third order initial value problems in Olabode (2009). Srivastava and Kumar (2011) andSahiet al (2013)
had all worked in solving third order ordinary differential equations.Jator (2008) used a continuous
linear multistep method to generate multiple finite difference methods that were assembled into a
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single block matrix that was used to generate third order BVPs. A family of three step hybrid methods
independent of first and second derivative components using Taylor approach were proposed to solve
special third order ODEs in Jikantoroet al (2018), These were all done without reducing the ODEs to
equivalent systems of first order ODEs.

Ahmed (2017) used the variational iteration method to get numerical solutions to third order ordinary
boundary value problems after reducing them to a system of first order ODEs

In this paper, the considered special third order ordinary differential equation is of the form:
y"'=fy),  y@=y,y'(@) =80,y"(a) = Bo,yb) =yu (1)

y" = f(x,v), y(@) = yo,y'(a) = 80,y (b) = yu,y"(b) = yn (2)

2. METHODOLOGY

In this section, the construction of the continuous linear multistep methods via the interpolation and
collocation approach is discussed, which will be used to produce several discreteschemes for solving
(1) and (2)

Algorithm

Step 1: Construct the continuous LMM (CLMM) with continuous coefficients as:

U (X) = av (X) yn+v + av—l(x) yn+v—1 + ao (X) yn + thﬂj (X) fn+j + haﬂﬂ (X) fn+,u1 (3)

k

2 for even k
Where v =
k+1 for odd k

2

Step 2: Obtain the main and additional methods by evaluating (3) instep 1 at x,, ; where

]=102v, j=#v-1v

K
yn+j + a, yn+v + av—lynw—l + , yn = hszﬂi fn+i + h3ﬂw fn+w (4)

j=1|-~-!v_1lv+2,...,2V

Step 3: Obtain the first and second derivative formulae which are used to obtain the additional methods
by evaluating U’(x) and U"(x)at x=X,,;, j=0(Qk as

’ 1 ’ ’ ’ : ’ ’
U (X) = F(av (X) yn+v + av—l(x) yn+v—1 + ao (X) yn + h3 Zﬂl (X) fn+i + hsﬁ,u (X) fn+p 7)
i=0

1

U H(X) — h2

k
(Cl\;’(X) yn+v + a\;’—l (X)yn+v—l + a(')'(x) yn + h3 Zﬂiﬂ(x) fn+i + hSﬂZ (X) fn+,u ’j
i=0
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by imposing that U'(a) = y;,U'(b) = yyand U"(a) = y,,U"(b) = yy,

Step 4: Combine the schemes obtained in steps 2 and 3 above to form a system of equations with form
equivalent to Ax =B where

x=(My,M;,M,,...,M ,)" and

Mo = (Yo, Y1, Y2: ¥a) ' My = (Yo, Y1, Y5, ¥5) s My = (Y0, Y1, Y5, Y3)

Step 5: Adopt matrix inversion algorithm to the system of equations in step 4 to obtain the values of
the unknowns in the expected block method.

Theorem 2.1:Let P;(x) = 2XT, (X) =T, (X),n = 0(1)(k +3) be the Chebyshev Polynomial used as basis

function and W a vector given by W = (Y., Youvss Yoeys Tov Toigvee ) Where T is the transpose.
Consider the matrix V defined as

P, (X,) P(x,) ... Pu.s(Xx,)
Po(Xpva)  Pi(Xpivs) oo P (X))
Po(Xn)  P(Xh) oo Bs(Xh)

v=| Rlx) P(x.)) ... PRL(x)
PXna)  P(%a) - Bla(X)
PoXn)  P(Xu) Pis (Xni )

I30” Xn+k ) Pl” Xn+k ) oo Pk!ZS (Xn+k )

and V; obtained by replacing the jth column of V by the vector W and let (3) satisfy the following
conditions

U(Xn+J) = yn+j J =0,v-1v

U™ (%) = o i =0k (4)
then the continuous representation (3) is equivalent to
ke4 det(V.)
U(x) = 2P (x 5
()jz_(;det(\/) 1 (X) (5)

Assuming the basis functions as
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k+4

a; (X) ZaH—lJ |(X)

k+4

hsﬂj (X)=Zh ﬂH—lj |(X) (6)

k+4

hsﬁy(x) - Zh IBHI// |(X)

where ., i, By B, are coefficients to be determined.

Substituting (6) into (3) yields

k+4 k+4 k+4

U (X) ZaHlV i (X) yn+v + zawlv -1 (X) yn+v 1 + ZC(H“)P (X) yn
i=0

k+4 k+4

h ZZﬂHu |(X) fn+1 +h Z'BHlﬂ '(X) f”*/l’

j=0 i=0
which is simplified as

k+4 k
U (X) = Z{aiﬂ,v yn+v + ai+1,v—1 yn+v—1 + ai+1,0 yn + Z hsﬂiﬂ,j fn+j + hsﬂi+l,w fn+w }P| (X)
i=0 j=0 (7)

k+4

~U(X) =Y R (x)

where I, = ,,,,0,Y,,...

imposing conditions (4) on (7), we obtain a system of (k+5) equations which can be expressed as
VH =W where H = ([}, I},T,,....T )" is a vector of (k+5) undetermined coefficients.

We proceed to find the elements of H using Cramer’s rule, thus;

r- det(V;)
det(V)

1 =00)(k +3)

replacing the jth column of V by W gives the value ofVJ—

k+4 (V)
=U(X)= Zd t(\/)

3. SPECIFICATION OF THE METHODS

(x)

Evaluating the CMMM (3) at X,.;i=1...,v=2,v+1...,Kand using it to obtain the first derivative
formulae given by
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U'(x) = %(0@' ()Y + 1 (X) Yo+ (X)Y, + hBZk:ﬁ} () o + 03B (%) fn+w-J (8)

j=0
effectively applied by imposing
U'(a) = y,,U'(b) =y 9)
to produce derivative formula of the form (8). The second derivative formula is also obtained from (3),
this is given by

" 1 " " " : " "
U (X) = F[av (X)yn+v + 6lv—l(x)ym-v—l + Qg (X)yn + h3Zﬂj (X) fn+j + h3ﬂw(x) fn+w’) (10)
j=0

effectively imposed by applying
U"(a) = y5,U"(b) = yy (11)
to generate the formulae in (10)

4. CONVERGENCE OF THE METHOD

Here the convergence of the method is established. The equation (3) is evaluated at X
X Xn+v+1 A Xn+wa Xn+2V to give

X

n+l? n+2 o

n+v-21

k
(Y] @ 1 —h3 @ 3 @)
yn+1 +0(V yn+v +av—1yn+v—1 +0(0 yo - h Zﬂl fn+i + h ﬂw fn+w
i=0

k
(2) (2) (2) —h3 (2) 3 3(2)
yn+2 + av yn+v + av—lynw—l + ao yo - h Zﬂl fn+i + h ﬂ(u fn+w
i=0

Kk
(v-2) (v-2) (v-2) _ h3 (v-2) 3 n(v-2)
yn+v—2 +av yn+v +av—l yn+v—1 +0€0 yo - h Zﬂl fn+i + h IBw fn+w (12)
i=0

k
(v+1) (v+1) (v+1) __ h3 (v+1) 3 p(v+l)
yn+v+1 + av yn+v + av—l yn+v—1 + ao yo - h Zﬂl fn+i + h ﬂw fn+w
i=0

k
() (@) (@) —h3 (@) 3 p(w)
yn+w +av yn+v +av—1 yn+v—1 + ao yO - h Zﬂl fn+i + h /Bw fn+(u
i=0

k
(k) (k) (k) —h3 (k) 3 (k)
yn+k +av yn+v +av—1yn+v—l +0€0 yo - h Zﬂl fn+i + h ﬂ(u fn+(u
i=0
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U’(x) is evaluated at x ; j=0()k and X,,, to give

k
' 1(0) 1(0) 1(0) _ L3 1(0) 3 nr(0)
hyn +av yn+v +av—1 n+v-1 +0(0 yn - h Zﬂl fn+i + h IBw fn+w
i=0

k
’ (1) (1) (1) ) (1) 3 nr()
hyn + av yn+v +av—1 yn+v—l +0(0 yn - h Zﬂl fn+i + h ﬂw fn+w
i=0

(13)
(@) (@) (@) 3 S (@) 3 pr(w)
’ (o (o (@ r(o (o
hyn + av yn+v + av—l yn+v—1 + 0(0 yn = h Zﬂl fn+i + h IBw fn+w
i=0
(k) (k) (k) 3 : (k) 3 pr(k)
’ ’ ’ ’ ’ !
hyn +av yn+v + av—l n+v-1 + ao yn = h Zﬂl fn+i + h ﬁw fn+a>
i=0
And also evaluate U "(x)to give
(O] (0) (0) 3 : (0) 3 pn(0)
" " n " " n
hyn + av yn+v + av—l yn+v—l + ao yn = h Zﬂl fn+i + h ﬂw fn+a)
i=0
@ @ @ 3 S @) 3 on(1)
" " " " " n
hyn +av yn+v + av—l yn+v—l +C¥0 yn = h Zﬂl fn+i + h ﬂa} fn+w
i=0
(14)

Kk
" " (w) n(w) n(w) __ h3 n(w) 3 non(w)
hyn +av yn+v +av—1 yn+v—1 +a0 yn - h Zﬂl fn+i + h ﬂw fn+w
i=0

k
" n (k) n (k) n (k) __ h3 n (k) 3 pr(k)
hyn +av yn+v +av—l n+v-1 +a0 yn - h Zﬂl fn+i + h ﬂw fn+w
i=0

All the equations in (12) to (14) are of order O(h*") and can be compactly written in matrix form by
introducing the following notations. Let P be a 3N x 3N matrix defined by

Pll PlZ Pl3
P=|P,; P, Py|where Pjare N xN matrices given as
P31 P32 P33
SPSBIC2019
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1(0) 1(0) 1(0)
av—l av ao
11(0) r7(0) 11(0)
av—l av aO
) (1) (3]
1 o o« a,
(2) 1(2) (2)
1 a. @, %
(v-1) (v-1) (v-1)
1l o a, o
(v) (v) (v)
1 o) o, o
P — : :
11 1 a(k) a\sk) aék)
0 0
@ @ a
1 ()] @
1 a\s—)l av aO
(v-1) (v-1) (0)
av—l av 0{0
v) (v) (v)
av—l av aO
(k) (k) (k)
1 av—l 0{\, aO

al @

a\;(Z) a\’,(z) a(;(Z)
P, = aﬁ’ a;(k) a{)(")

a'® ac(l) ac,)(l)

v-1

al® g0 g

rr(1) (1) rr(1)
av—l av aO

11(2) 11(2)
av 0{\, 0(0

P31: a\;:(lk) a\ir(k) a(l)!(k)
(1) (1) (1)
. a, @

rr(k) rr(k) r1(2v)
o) a, 0(0

P,, P3, Py, Py, are NxN null matrices and P,,, P;; are NxN identity matrices. Similarly,
another matrix Q which is a 3N x3N matrix defined as

Qll Q12 Q13
Q = Qzl sz Q23
Q31 Qsz Q33
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Where Q; are N x N matrices given as

B B
g By
A Y
(v—.2) (\;—2)
1 2
ﬂ]_(v+l) 2(v+1)
gL g
Q11 =
1 1
g p
k k
B p
Q21 =
B'Y ByY
B gy
Q31 =
SPSBIC2019

10
k
()
k
@
k
(v-2)
k
(v+1)
k
()
k
1(0)
0
r(0)
0
(v=2)
0
(v+1)
0
(k)
0
(1)
k
(1)
k
(1)
0

k k
/Y B

(1)
k

(1)
k

B B

1(0) 1(0)
1 k
(1) (1)
1 k
(v-2) (v-2)
1 k
ﬂ(v+l) (v+1)
1, k
(k) (k)
1 k
*) '
(k) (k)
0 ﬁl k
(1) (1)
1 k
r(k)
k
1(k) 1 (k) 1 (k)
Bo” BT By
rr(1) rr(1) (1)
,Bo .ﬂl k
rr (k)
k
rr(k) rr(k) rr(k)
0 1 ﬁk
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QL. Qi Q,,,Qy3, Qy,,Q,; are N x N null matrices

And then the following vectors are defined

" T

Y_ = (yn+1""’ yn+k’hy;Hl""’hyr,1+k’h2y:1’+l""’h2yn+k

Y = (Y Xpen)r- o Y ) Y (K)o Y (Ko ) DY (Xi), DY (X))

SR R

.,h2f” T

n+k

F=(f ..., .0

*1 Tn+2v? n+lere e

() X (PP I S LN KA I |

C = (B0 f, —hyg, BN £, —hyg, B7h* g =y, B30 £, B89 o, BN,
BEN%E,,0,...,0, BN f, —alPy,, BN E, — Ny, ,0,...0, BLOR f, —al Py,
BrOndf, —al®y,,0,...0)

With L(h) representing the local truncation error vector at the point X, of the methods (12) to (14).

Theorem 4.1: Let (y;,Y:,Y)be an approximation to the solution vector (y(x;), Y'(x;), y"(x;)) for the
systems (1) and (2). If & =|y(x) - yi|.e/ =[y'(x) - yi|. &=

y"(x;)—y{|, where the exact solution

given by the vector (y(x), y'(x), y"(x)) is several times differentiable and if |[E| = | —Y]|, then the
BVMs are said to be convergent of order k +1which implies that

|E[|=0(h***), where k is the step number.

Proof: Consider the exact form of the system formed from (12) to (14) and given by

PY —h’QF(Y)+C+L(h) =0 (15)
where L(h) is the truncation error vector obtained from the formulas (12) to (14). The approximate
form of the system is given by

PY —h®QF(Y)+C =0 (16)
where Y is the approximate solution of vector Y .

Subtracting (15) from (16) and letting E = ‘V—Y‘ =(e,,...ey,8;,...€5,e/,...er )" and using the mean
value theorem, we have the error system

(P -h*QB)E = L(h) (17)

where B is the Jacobian matrix and its entries B..,r,s=1,2,3, are defined as

rs?

SPSBIC2019 616 |Page



FUTMINNA - SCHOOL OF PHYSICAL SCIENCES BIENNIAL INTERNATIONAL CONFERENCE 24™ - 28™ JUNE, 2019

afl(rfl) N afl(rfl)
(s-1) (s-1)
L . afN.
B = - (-
oy . O
afl(s—l) afl\gs—l)

From (16) and L(h)
E =(P-h°QB)™"L(h)
E = SL(h)
[l = st
=0(h*)0(h*)
=0(h*")
Which show that the methods are convergent and the global errors are of order O(h**™)

Numerical Examples
Here, two numerical examples are considered.

Problem 1: Consider the third order boundary value problem (Jatoret al, 2018)
y"(x) = xy(x) = (x* =2x* =5x—3)e*,0 < x <1

y(0) =y@=0y'(0) =1

Exact: y(x) = (x—x*)e*

The problem above was solved using the proposed method and the behaviour of the method was
observed. The results gotten are compared with the results in Jator (2018) and the results gotten from
the Extended Trapezoidal Methods (ETRs). Maximum of absolute error was obtained within the
interval of integration. It is observed from Table 1 that the proposed methods did better than the
methods of Jator (2018) and the ETRs in terms of accuracy.

Table 1: Comparison of the Proposed Methods, Jator (2018) and ETRs

N Proposed Method Jator (2018) ETRs
6 8.33E-07 1.525E-05 1.089E-02
12 2.06E-08 9.257E-07 7.666E-05
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24 7.0E-10 5.873E-08 5.108E-06
48 6.52E-11 3.683E-09 3.300E-07
96 4.31E-12 2.305E-10 2.098E-08
192 2.13E-13 1.428E-11 1.323E-09
Problem 2: y” =-2e™¥ + (1+4x)3 ,¥(0)=0,y@1) =In2,y'(0)=1,0<x<1

Exact: y(x) = In(1+ x)

The proposed method was applied to the problem above and the results were compared to the results
in Mohammed (2016). The maximum error was also obtained within the interval of integration. Table
2 suggests that the proposed methods generate results that are at least of approximate accuracy with
Mohammed (2016).

Table 2: Comparison of the Proposed Methods and Mohammed (2016).

N Proposed Method Mohammed (2016)
6 1.24E-06 1.079E-06

9 - 1.290E-07

12 3.93E-08 2.770E-08

15 - 8.990E-09

24 2.45E-10 -

48 9.32E-12 -
96 4.69E-14 -

192 8.38E-16 -

Note tha:t Mohammed proposed a three step method with one off grid point for the solution of third
order ODEs

5. CONCLUSION

In this paper, CMMMs have been proposed using the boundary value technique to integrate special
third order boundary value problems in ordinary differential equations. This has been done without
reducing the differential equations to systems of first order ODEs. The convergence of this class of
methods was carried out and numerical examples were given. The efficiency of the methods was given
in the tables 1 and 2. A future research will be carried out based on applying this approach to higher
order ODEs while increasing the number of off grid points.
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