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ABSTRACT 

The project studi e s expensively some application of optimal 

control theory ; and with respect to Kalman and Ackerman equations . 

Pontryagin ' s maximum principle otherwise called the Hamiltonian 

form was used to obtain the Riccati Equation from whi ch the 

opt!mal control of a quadiatic cost 'iunction is obtained . 

At the centre of the project is the Faddeev algorithm whi ch 

helps to obtain the transfer functions. A computer program was 

developed for the algorithm to handle up to 3 dimensional matrices , 

indicating the number of iterations before ~onvergence. The 

algorithm code was used to solve sample problems . These examples 

are obtained as output in the last pages of chapter 2 . 
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CHAPTER ONE 

ELEMENTS OF CONTROL THEORY 

1.1 INTRODUCTION 

We study in this chapter as literature review the elements of 

time- invariant linear syst~m~ Our concern is specifical ly on the 

representation of a control system by block diagram and analysis of 

state space system 

DEFINITION 1.1 (CONTROL SYSTEM) 

A contr9l system maybe defined as consists of components whi ch 

functions under excited signals . The signals are the inpllt rospnnS0 

and the output response . 

1.2 BLOCK DIAGRAMS OF CONTROL SYSTEM 

Systems· are often represented by block diagrams . It is 

essential to understand and learn the rules for working with block 

diagrams . 

Definition 1.2 (Open Loop Control System) 

An open loop control system maybe defined a s the simplest 

system whose components respond only to the input respo nse and the 

output response . In this system no feedback is fed back il1to Lhe· 

system to monitor it ' s function . 
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R(s) __ (_I_n_p_u_t_) ____ ~hl __________________ ~-------C-(-s.~ (Output) 
.... _ CONTROL SYSTEM .... 

Fig 1 . 1 A simple control system . 

R(s) is the Laplace transform of th~ reference (input) response and 

C(s) is the Laplace transform of the output response . 

1.2.1 THE FEEDBACK CONTROL SYSTEM 

A feedback system is representable by the block diagram 

below:-

R(s) G (s) r----------.--____ . C(s) 

E(s) (Error) 

H (s) 

F'(s) (Feedback) 

Fig . 1 . 2 : Feedback Control System 

Every feedback control system can be represented by t he general 

block diagram shown .in fig 1.2 , in whi ch G(s) is sometimes called 

the direct transfer function or direct transmission gain (DTG) . 

H(s) represents all the components between the output and input 
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summing po ints via the feedback path (H(s)) . In many instances H(s) 

is merely a constant and quit e frequently it is equal to unity . 

When H(s) = 1~ the signal E(s) is the difference between the input 

and o utput 

[R(s) - C(s)}E(s) is cOTIlT(lonly called the error . It is 

also called the actuating signal since a signal present at E(s) 

will actuate or make the system respond . The signal F(s) represents 

the feedback signal. When H(s) = 1 , F(s) is equal to the output 

C (s) • 

Referring to figure 1 . 2 we can write 

C(s) 

F(s) 

E (s) 

G(s)E(s) 

H(s)C(s) 

H(s) - F(s) 

substi tut ing (1 . 2~2 into (1 . 2.3) yields 

E(s) = R(s) - H(s)C(s) 

and now substituting (1 . 2.4) into (1 . 2 . 1) we get 

C (s) G(s) [R(s) H (s) C (s) 1 

G(s)R(s) - H(s)G(s)C(s) 

i. e . 

C(s) [1 + H(s)G(s) 1 G(s)R(s) 

3 

(l. 2 . 1) 

(1 ~ 2 . 2) 

(l. 2 . 3) 

(l. 2 . 4) 

(l. 2 . 5) 

------



Then . 

C(s)/R(s) G(s)/[l + H(s)G(s)] (1. 2 . 6) 

Equation (1 . 2 . 6) which relates the output to input is called the 

closed loop transfer function of the system the quantity H(s) G(s) 

is the product of all the gains in the loop it is also the ratio of 

feedback signal to error signal with feedback l oop 

F (s ) /E (s) H(s)G(s) (1. 2 . 7) 

Equation (1 . 2 . 7) is called the open loop trans fer function or 

simply the loop gain . 

Equation (1 . 2 . 6) can be stated as 

CLOSED LOOP TRANSFER DTG/[l + LOOP GAIN] (1. 2 . 8) 

·.Another equation of interest is obtained by substituting e . g 

(1.2 . 1) into (1.2.6) to get 

E(s)/R(s) 1/[1 + H(s)G(s)] (1. 2 . 9) 

called the actuating signal ratio . Equation (1. 2 . 9) relates the 

error to the input . 

If the input R(s) is set to zero we get 

1 + H( s )G(s) = 0 (1 . 2 . 10 ) 

4 



called" the characteristics equation of the system . 

It is from this equation that info rmation about the stability 

or behaviour of the system is derived . 

1.3 THE DYNAMICS OF LINEAR SYSTEMS 

The dynamic b e haviour " of many dynamic systems i s gil ill' 

naturally charact"erized by systems of first order differential 

equations For a general system these equations in state space 

notation take the form 

X ' f(x , u , t) (1. 3 . 1) " 

and in a linear system they take the special. form 

X ' A(t)x + B(t)u ( 1. 3 . 2 ) 

where x = [X l , X l , .• , Xn] is the system state vector and u [U I, 

u : , • • • I Um] is the input vector . 

If the matr ices A and B in (1 . 3 . 2 ) are constant matrices that 

is not functions of time he system dynami cs is said t o b e " Li me 

invariant ", with the state space methods the des c r iption of the 

system dynamic' in the form of differential equations is retained 

throughou t thi s proj ect . I f a subs ystem i s c haract e r i zeu by cJ 

transfer function it is often necessary to convert the transfer 

function to differential equations in order to proceed by state 

"5 



space methoqs. 

In chapte r 3 we shall d e velop the general formula for the 

solution of a vecto r matrix differential equation in the f orm of 

(1.3 . 2) in terms of a very important matrix known as the state 

transition matrix using the Faddeev algo rithm which described how 

the state X(t) of the system at time t evo lves into (or from) the 

state X(t) T time to , for time invariant system the state 

transition matrix is the matrix exponential functi on whi ch is 

easily calculated 

1.3.1 DERTVATION OF STATE VARIABLE MODEL 

Consider the single input single output (SlSOj nth- order 

transfer functi on of a system 

+ b l S + b) 
H (s) 

+ U I S + U 

The first o rder differential equations are formed fr om phase 

variable states ; selected via defining the variabl es as 

Xl (t) 

X2 (t) 

X l (t) 

y (t) 

x ' l(t) 

x ' .: (t) 

X r, (t) = x ' r, - l ( t) 

y ' (t) 

y " (t) 

y ,, - l (t) 

6 
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(1. 3 . 5) 

(1. 3 . 6) 



U I Y (t) - U2Y ' (t) U n- l y" -':: ( t ) + Ku ( t ) ( 1. 3 . 7) 

From which the first order d . e for the var,i ables xl (t) , ~ (t) , ... , 

xn(t) are given by : 

X ' J (t) X I (t) 

X ' Z (t) x d t) 

X ' n (t) = - a l X l (t) - a~x ": ) - ••• - U n-1 X ro - i t) + Ku ( t) ( 1. 3 . 7) 

Y(t) = (bo- b roa ) (bl - 13vw ) (b, ,- J - 13vU V- l ) X + Ku ( t) ( 1. 3 . 9) 
It 

l . e . 

x ' l(t) 010 o Xl o U I 

X' ::: (t) 0 0 1 o X 2 o u :' 

= + (1. 3 . 10) 

X ' r, (t) -Ul - a 2 ••• -an X n K U Il1 

Equations (1.3 . 9) and 1.3 . 10) may b e written in the general form as 

X ' (t) = Ax(t) + Bu(t) (1.3 . 11) 

y(t) = Cx(t) + Du (t) (1.3 . 12) 

where u(t) is t h e s i ngl e input or forcing s ignal y(t) is t he 

s i ' 11 output signal ; A is termed the nxn- dimen sional inpu t matrix; 

B d he nxl ~imensiona l ' input ma trix ; C is the lxn dimens ional 

7 
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output matrix and D is the Ixl dimensional feedforward matrix . 
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CHAPTER TWO 

TRANSFER FUNCTION 

In analysis and design, differential equations are usually 

used to describe control systems. Block diagrams are devices for 

displaying the interrelationships of the equations pictorially. 

Each component is described by its transfer function. Here in 

this chapter , we shall study the interrelationship of these 

components using the faddeev algorithms. 

A monovari able system with input U{t) and outputy{t) is said 

to be linear if the relationship between u{t) and y{t) is a 

linea r dif ferentia l equation with constant coefficients (a. and 

b,) ; 

dny dy . dYu du 
all t ... ta ld tay;:.b + ..•. tbl 1'bou . •••• {2.2.1) 

dtn t. U III dtnJ dt 

Using the Laplace transforms, this equations give:..:. the 

transfer functions: 

y( s) 

u(s) 

I ••••• • 

I ••••• I 

H( s) •••. (2.2.2) 

The ratio of the funct.ion define,d by H (s) of tIle Laplace 

transfonn is called trans fer function. 

The cornponenets (u(t) and y(s).) are assumed at rest prior 

to excitatioi1; clll initial values are assumed to be zero wilen 

· 9 



detennining the transfer function. 

EXAMPLE 2,2,1 (MECHANICAL SYSTEM). 

Consider the mechanical system shown in figure 2 .2. 1. It 

is simply a mass M attached to a spring (stiffness K) and a dash 

pot (viscous friction coefficient f) on which the force f 

ope~ates. Displacement x ~s positi~~ in the direction shown. 

, 1 / 1, 11//1111 II I III I I 1111/'/11 I IIIII~G; 

I k 
; )\ 
, i 

M 

(a) 

kx 

(b) 

f dx 
dt 

\ . 

Figures 2.2 . 1 (a) MASS - SPRING-DASHPQT (b) : FREE -BODY DIAGRAM. 

the position is taken to be at a point where ~he mass and 

spring are in static equilibrum. 
. ~"J,' . 

By applying Newton's ~ -. law of motion to the free -body 

diagram the force equation can be written as 

d d 2 x d 2 x dx F - f ~ - kx -::. M - ... F ::! M - of- f - t- kx •••• ( 2 .2 • 3 ) 
dt dt 2 dt 2 dt 

10 



Equat ion (2 .2.3) shows that the dynamics of mass- spring­

dashpot shown in figure (2.2.1a) is described by the second-order 

differential equations (2.2.3) . 

Taking the Laplace transform of each term o f this equation, 

we obtain (assuming zero initial condition) 

F' ( s) ':..MS 2 X (5) +- FS X (~) + K X (5) •••••••• ( 2 .2 .4 ) 

Taking x(s) t9 be the input and F(s) as the output, the 

transfer function is 

X(s) ':z 1 
F ( s ) Ms 2 .... f s + k 

•••••• (2.2.5) H(s) 

EXAMPLE 2.2.2 [ELECTRICAL SYSTEM] 

The Resistor, Inductor and Capacitor are the three basic 

elements of electrical circuits. These- circuits are analysed by 

the application of kirchoff's voltage and current laws. 

Consider the L.R.C series ' circuit shown in figure (2.2.~). 

The governing equations of system are 

L.9i. + Ri +- -~ Jt""idt -::e 
dt c 

•• ~.(2.2.6) 

.....• (2.2.7) 

11 



,' , (, ~ ; 

L ,f\/V\/\ 

R 

( e ) i) C eo 
<--- -- l .. - -- --

Figure (2_2.2) RLC SERIES CIRCUIT. 

Taking the Laplace trasform o.f each term equations 2.2.6 and 

(2 .2. 7) with zero initial conditions, we have the following 

resulting equations: 

SLI( s ) ~RI(5) t- ~CI(5) =E(5) . • . . • . . . (2 . 2 .8) 

• . . . • • • . • • ( 2 • 2 .9) 

NOW ASSUMING ~ is the input variable and .e., the output 

variable, the transfer function of the system is 

EO(5 ) (5) 
E 

I 

LCS 2 .... RCS 1- I 
••••• (2.2.10) 

From equations (2.2.1) and (2.2.2), we see that equations 

(2.2.5) and (2.2.9) reveal that the trans fer function is a n 

expression in S.domain, relating the output and input of the 

linear time - invariant system in terms of the system parameters' 

and . is independent of inpu·t. 

Transfer functin of physical system is represented in Blocks 

diagrams. Each block describes a trasnfer function. The Block -

12 



diagram of equation (2.2.1 0) for example is depicted I figure (2.2.3) 

E(s) 
1 E(O) 

--
LCS2 t RCSt 1 

Figure (2.2.3) Block diagram for transfer function for eq. (2.2.10) 

2.3 STA TE PHASE -VARIABLE USING TRANSFER FUNCTIONS. 

It is possible to determine the phase variable state model once the system model is known 

in the transfer function or in the differential equation form. 

The general form of an nth - order differential equation relating output y(t) and the input 

u(t) of a linear continuos-time system is given by equation (2.2.1) where the ai's and bi's are 

constants, m and n are inputs with m ~ nand 

d" 
Y".tJ.--E 

- dl" -' 
.. .. (2.3.1) 

The initial conditions are expressible as y{O), y\O), ..... ~-l{O) . 

Under the assumption of zero condition, the transfer function is given by equation (2.2.2). 

Consider a case where the transfer function does not have zeros. Such a transfer function 

has the form. 

13 



H(s) lli.) -: b 
•.•• (2.3.2) 

U(S) S /1 I a Sll 1 I 
1 • : • I a JI 1 S -t all 

Equat ion (2. 3. 2 ) has a corresponding different i al equation 

••••. (2.3.3) 

Let t he sta t e variables as 

y in 1) ( 2. 3. 4 ) 

Equa tion s (2.2 . 4 ) is r e duce d to a set of n - first - o r der 

diff e r e nt ial equation s given below: 

X 1 X l 

X 2 X I 

. ............ ( 2 . 3 . 5) 

Equation s (2.3 . 5 ) resu.lts i n the following state e quation: 

X l X I 
0 1 0 · . . . . 0 0 x 2 0 0 1 0 

x 2 
0 · . . . . 

-:. + u ••••• (2.3. 6 ) 

0 0 0 · . . . . 1 
xn 1 x/1 I 

an an 1 an 2 a l b 
TX II Xn 

14 



or 

XI = Ax + Bu -------------------------------------------------------- (2 .3.7) 

Y = Cx -------------------------------------------------------- (2.3.8) 

Equation (2 .3.7) is called the equation of state while equation (2 .3.8) is the 

equation of meaSurement 

The matrix II A" has avery special form. it has all lis in the upper off-diagonal, its 

last row is comprised of negatives of the coefficients of the differential equation and all 

other elements are zero. This form of matrix A is known as the 

BUSH-FORM OR COMPANION .F 0 ~ ~ 

2.4 DERIVATION OF TRANSFER FUNCTION FROM STATE MODEL. 

Consider the general state model . 

x = Ax + B u ------------------------------------------------- ( 2.4 . 1 a) 

Y = Cx + Du -------------------------------------------------- (2 4 1 b) . . 

The transfer functions may be obtained as follows : 

Taking the Laplace transform of equations (2.4.1) , we have ' 

Sx (s) - Xo = Ax (s) + Bu (u) --------------------T----------------------- (2.4.2a) 

y (s) - Cx (s) + Du (s) ----------------------------------------- (2.4.2b) 

i.e X(s) = (SI - A)·I ~ + (SI - A)-I BU (s) --------------------~--(2.4 . 3) 

substituting (2.4 .3) in (Z.44b) , 

Y (s) = C (Sl.: A)·I Xo + C (SI - A)-I BU + DU (s) ---------------------- (2.4.4) 

Assuming zero initial conditions, we get t.he system transfer as 

H (s) =:= Y.(s) - c[ SI - AJIB + D = C adj (SI - A) B + D ... (2.4.5) 

u (s) det (SI - A) 

15 



The quantity (SI-A) -' of equation (2.4.5) is called the 

Resolvent matrix. 

EXAMPLE 2 .4.1 (SINGLE - INPUT - SINGLE - OUTPUT) 

Consider the linear single-input single-out f,i Llt. (SIS0) system 

(A/B /CT/D) - described by 

XI 0 1 0 Xl 0 . 
x2 

-- 0 1 1 x 2 + 1 U .... (2.4.6) 

LX ) 0 0 3 x ) 1 

Y = 11 0 0 Ix .... .. ( 2 • 4 • 7 ) 

S -1 0 

'l'he det (SI-A):= det 0 st 1 1 

o 0 st3 

s(sll)(s I 3) ••••• (2.4.8) 

Therefore the transfer function H(s) is given by 

(S I 1)(s I 3) (s I 3) 

o (s I 3) 

1 

3 

o 
1 

y(S) ~ 11 1~O~O~ __ ~O~~~~O~~~~~ 
u(S) ...L 

2.5 FADDEEV ALGORITHM FOR THE RESOLVENT CALCULATION 

There are numerous methods for the computing of the 

resolvent [(SI-A) -']. One of such methods is the use of (2.4.5) . . _ 
f • .~ .. . 

This requires the calculations of determinants in both the 

numerator and denominator. Another method for calculating 

(SI-A) -' i s the iterative scheme called the Faddeev ALGOR ITHM. 

16 



Suppose we denote (SI-A) = M then the il1verse of M could be 

written as 

M -1 = {SI A)"l 
:: ad] (SI ~A ) 

ISI-AI --
••.. (2.5.1) 

Let ting det (SI A) -=- lSI A I CP(S) S 11 +- a n 1 Sn 1 +- •• tao •• (2.5.2 ) 

and 

adJ' (SI A) =r SI1-1 I r SfI-'21- .... r 
IJ-1 1J-2 • • • 0 

Where ri are matrices and ai are constants. 

Then 

-:: r 1l 1 S 1l 
1 I r

ll 
2SIl 2 I 

<P(S) •••• (2 .• 5.4) 

.... . , ao 

can be calculated in a 
recursive 

manner in 
the form. 

=-I ; 

; Q Ii., 

,n 

-tr ()} r ) 
II 1 

.-' tr 
2 (A r 

Il~) 

I 



o ~ A r 0 I QuI ••••• (2 .5 .5 ) 

Where tr(X), the trace of x, is the sum of all the diagonal 

eleme nts of the matrix X. 

EXAM PL E 2.5.1 (FADDEEV ALGORITHM) 

We want to compute (51 -A) - l which appeared in example 

(2.4 . 1) l!y Faddee v ALGORITHM. 

SOLUTION 

By appl ying the recursive ~'s and ai's, we have 

r ) 2 = 

= 

= 

0 1 0 

l~ '1' I 0 -1 1 

0 0 -3 

r 1 = AI\ + a 2 I 

[ -g -~ - ~J'~ I~ 
o 0 - 3 ~ 

[~ - ~ - ~J 
0 0 ' 1 

0 

1 

0 

0 

0 

1 

o 
1 
o 

0 ) . 2 ::::. 0 1 - T r (Ar 1) 

- 2 

10 1 ~ ~ 
ro 1 0 - 1 - 11 1 0 

L~ 0 r-3.J L: 

0 1 0 

0 1 1 

0 0 3 

[Q 1 1 
Tr ' 0 1 

2 
0, 0 

1 ~ 3 o 1 
0 ' ~ 

18 

- (--0 -3 -1 ) 

o~ 1 

+ 

4 

0 

0 

o 
4 
o 

,; 
1 0 

L~ 

1 

3 

0 

4 

0 

2 

1 

0 3 
0 

:::?:> 

0\ 
o 1 
3.J 



~ ~ -~l 
L~ 0 ~J 

Thus from (2.5.2) and (2.5.4) 

(SI-A) I -::. 1 .----- -
S J 145 2135 

S 2 1"4s r 3 

o 
o 

EXAMPLE 2.5.2 (EOUATION OF STATE TO TRANSFER 

FUNCTION BY FADDEEV ALGORITHM) 

Consider a monovariable process described by its equations 

of state and of measurement as: 

o 1 0 - 0 

X --::.. 0 0 

1 3 
1 xt 0 u •••• (2.5.6) 

4 10 

Determine the transfer function Y(s) IU(8) of this process 

using Faddeev algo~ithm. 

SOLUTION 

By using equaton (2.4.5) 

H(s) = Y(s)/U(s) 

= C[SI · A] · 'B ............ ......... ... (2.5.7) 

We can calculate the Resolvent first by the Fclddeev 

algorithm. 

Now r) = I; by definition 

19 



0 1 0 1 0 0 

- t c- O 0 1 0 10 ;: - ( -4 ) -- 4 -
1 3 4 0 0 1 

r t = Ar l + Of l I 

0 1 0 1 0 0 4 0 0 4 1 0 

- 0 0 1 0 1 0 + 0 4 0 0 4 1 -
1 3 4 001 004 1 3 0 

Oft = - Tr (Art) 

r-- ~ r- ------, 
= - T r I - 0 

:~ 
I 4 1 0 I 

Lo ~ 4 :.J -1 - 3 -4 -3 

2 

0 1 1 - Tr: 1 1 - 1 3 0 3 -3 ) x ( · 6) 3 
2 2 2 

0 25 3 

ro Art + Of l I 

0 1 0 4 1 0 3 0 

~ 0 0 1 0 4 1 + 0 3 

-1 - 3 - 4 -1 - 3 - 0 0 0 

r-- .........., r-- .........., 
Ofo = -Tr (Aro), = - Tr/3 

L: 
1 0 I I 3 4 

~I 0 -J C 
0 

-3 - 1 

20 



= - 1/"3 (-1-1-1) = 1 

SI4 1 

Thu5(SI A) 
1 _ 1 

- ---
4>(S) 

S(SI4) S 

3(S 1) S2 

where ¢(s) 

So finally, the transfer function 

[(S'1)r'1) (5 "14) 1 

s(sl4) S 

C[SI Ar~B -;; C 3(5 1) 52 
B 

5 31 45 2 14511 

10 C (SI A )-1 B "% 
(S I 3)(S I1) 

EXAMPLE 2.5.3 (.Z\PFiLICATION OF FADDEEV ALGORITHM 

TO" TRANSFER FUNCTION) 

Find, by u~e of the Faddeev a1gorit~m, the transfer f unct i on 

of the linea r s y s t e m (A,B,CT ) given by 

-2 0 1 1 (-1 1 0) 

A = o -2 1 B 2 

o -3 -2 2 

SOLUTON 

We first apply the Faddeev algorithhm, then obt a in the 

resolvent matrix. 

21 



: . (SI A) 

-2 0 1 

- - t L' 
---- - 0 -2 1 

2 
0 ,.3 -2J 

C 'r (SA I) I B -:. [ 11 0 J 

7 3 2 14 12 0 

0 4 2 
t r 

0 14 0 ~ - --
3 

0 6 4 0 0' - 14 

t'T4S.7 -3 s1-2 

. 0 s 2..-4·st 4 s1-2 

0 (}s1'6 ) s 21'4 Sf 41 
S 3t 6s 21"158t14 

S 2-t4sr7 

o 
o 

- 3 s't 2 

S 2-t-4st4 st'2 

(38., 6) 8 21 48"'4 

Thus the transfer function i s 

H(sO 

22 
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r l 

CY 2 == 

r , 

0' , 

ro 

r Sill I S Il 2 r I •••• I r O 
_ /I 1 n 2 

••••• (2.5.8) 
S Tl I a STl 1 I 

II 1 ••••• 

2 0 1 

Now A = 0 2 1 
O ' 3 2 

I· I by d e f ni tion. 

- t, [Ar2 J 

1 0 

t r 0 2 

0 3 

Ar l + CY l I 

-T.l2 [Ar , J 

2 0 

0 2 

0 3 

Ar , + 

1 

1 

2 

0'1 I 

--

4 

0 

0 

o 
o 
o 

1 1 b 0 2 0 1 
1 0 1 0 t r 0 2 1 :: -( -6) :: 6 

2 0 0 1 0 3 2 

2 0 1 6 0 0 4 0 1 
0 2 1 ~ 0 6 0 -::: 0 4 1 

0 3 2 0 0 6 0 3 4 

0 1 B 3 2 
t 1 4 1 ~ --~ 0 11 2 ~ --i (-3 0) 
2 

3 4 0 6 11 

2 0 4' 0 1 15 0 0 

0 

0 

3 

11 

2 

3 

1 0 4 1 + 
2 0 3 4 

2 1 5 0 0 

2 + 0 15 0 

6 11 o 0 1 5 

23 

0 

0 

1 5 0 

0 15 

7 32 

~ 0 4 2 
064 

15 



s 2-14s -7+2s 2 t4st1 
iZ 

EXAMPLE 2.5.4 (R ESQLVENT AND TRANSITION MATRICES) 

This example is very important for the study of the next 

chapter - t he transition matrix. 

Find the resolv e nts and transition for each of the 

following: 

Solution : 

1 0 0 -2 1 1 

(i) A l :. 1 1-2 0 (ii) A,. 1 -2 1 

1 t2 .. 3 1 1 -1 

1 0 0 

Al ~ 1 2 0 

1 2· 3 

The resolvent matrix of A~ is: 

Adj [SI A i ] 
(SIAf i -:: ~ 

det (SI A1 ) 

r S IllISIl 2r. .r 
n - l n 2 •••• 0 

CP(s) 

Now n = 3 , thus: 

f 3 = I; by definiton 

1 0 0 

:::. - t,l 2 0 -: 1 (1 2 3):: - ( -4) ~ 4 

1 2 3 



a2 = 4 

r 1 = A l r 2 + a 2 1 

1 0 0 4 0 0 5 0 
0 1 

== 1 2 0 ... 0 4 0 -= 1 2 

~ J 1 2 3 0 0 4 1 2 

a t = -t e l 2 (A J"] 

1 0 0 5 0 0 5 0 0 
- -t r 

1 2 0 1 2 0 
·-t r 3 4 0 1 

1 - - --- ~ ... --- [5- 4 -3] 
2 2 2 . 

1 2 3 1 2 1 4 2 3 

ro = A l rO + all 

~ l! 
0 0 1 0 0 4 0 

~J 4 0 t 0 1 0 3 3 

2 3 0 0 1 L4 2 

ao = - t e /3 (A J:o ] 

s 2+5s1-6 0 0 

s-t3 s 2+ 2s-3 0 
::. 

s1'4 2s-2 

s 21"S ~~_. ______ _ ~ 
S J I 4S 21 S 6 

1 0 

~ 1 
6 0 0 

f6 
0 0 

- t r 
1 2 3 3 0 

tc 
6 0 :: --} ( 6 I 6 1 6 ) :: - 6 = l ~ == ~ 3 

1 2 3J 4 2 . 2 0 6 

l~ 
0 0 15 ·0 0 6 0 0 

1 0, 
S ' + l ~ 2 0 S of- ') - 3 0 -' 

( SI Af l = 0 1 2 1 4, 2 2 
- -

S 2 1 4s 7. l s -32.7 

2$ 



(5+2) (5t3) o o 
= ( s ... 3 ) ( st-3 ) (s -1 ) P 

s+4 2{s-1) (St2}{5-1) 
(s-l) (s+2) (s ... 3) 

1 
0 O. 

5-1 

1 1 0 
(s-l) (51"2 ) sl2 

514 2 1 
('s-1) (s1'2 ) (s+3 ) (s+2) (s+3 ) s+3 

Thus (2.5.9) is the resolvent matrix. 

By taki~g the inverse laplace transform of (2.5.9), we 

obtain the transition matrix ¢(t). 

<p ( t ) 

Solution II: 

e-t 

1 (e t_ e-a 
3 

-2 1 1 

1 -2 1 

1 1 -2 

o 

o 



r 2 = I 

1 0 0 

- 0 1 o . by definition - , 
0 0 1 

Ci 2 = -tr [Ar;, ] 

-2 1 1 

tr 1 -2 1 =-(-6) . 6 

1 1 -2 

r, = Ar~ + Ci i I 

2 1 1 6 0 0 4 1 1 

- 1 2 1 T 0 - 6 0 :: 1 4 1 

1 1 2 0 0 6 1 1 ~ J 

Ci, - tr/ 2 [Ar , ] 

1'12 
1 1 4 1 1 6 3 3 1 - t r 
2 1 1 4 1 - tr 

3 6 
_ 1 

9 - - 3 J - - -- ( -1 8 ) 2 2 2 , I I 1 2 1 1 4 3 3 6 

l~ Al, + a, I 

6 3 

~ 1 + [~ 
0 °1 3 3 • - ' 

- 3 6 9 -.: 3 .3 3 - ~ l 3 3 6 j 0 0 3 3 3 

Ci o -tr/3 Ala 

2 1 1 3 3 31 · 0 0 0 
tr tr 

1 2 1 3 3 

~ l 
-- 0 0 0 

3 3 
1 1 2 3 3 0 0 0 

- Ci a = 0 
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~ 

1 2 - .. - - --~.- .- --
3s (s+3) 

1 1 
~ 

__ - ___ 0 ___ -

- 3s 3 (s .. 3 ) 

1 1 - - - - --- -
3s 3(st-3) 

4 1 1j 
+141S~ 

114 

st3 

s-t3 

s..- 3 S I 3 S :1..-4 S t" 3 

. s(s 2t 6st9) 

( s.,.1 ) (sr3 ) s-t3 s-t3 

st"3 (s~1)(s+3) sr3 

s13 s.-3 

I (st-l) 1 1 -----
s (s t-3 ) s(s+-3) s (s1"3 ) 

1 _~T"1 ) 1 - - _ ._-- - ---
s(sf"3) s (st3 ) s (sf3 ) 

1 "1 (sll) j - ... -- - ----
s (s ... 3 ) s(s-r3) s ( si'3 ) 

1 1 1 1 -- - ..... --~-

3s 3(st3) 3s 3(s13) 

1 2 1 1 
••.•••• .-(2.5.10) - - -

3s 3 ( st"3 ) 3s 3 (s .. 3 ) 

1 1 1 2 ----
3s 3 (sf3 ) 3s 3 (st3 ) 

Equation (2:5 .10) is the transition matrix. Taking the inverse 

of Laplace transform of equation (2.5.10) gives us the transition 

¢ (t.) 

28 



(1-2e-Jt ) ( 1- e -3t ) ( 1 -e ~3t ) 

l1>(t) 
1 (1_e-3t ) (1-2e~ 3 t) (1_e-3t ) -:: --
3 

( l '-e - 3t ) (1_e- 3t ) (1-2e-3t ) 

29 



2.5.1. TIfE OUTPUT OF FADEEV ALGORITHM FOR RE SO LVENT MATRI~ 

Given a 3 hy 3 (3x 30 Matr i~ be low: 

d l1 ~:t12 . .113 
i\ C121 .. ,., '1 :1 : J _. u~~ 

,::.31 - ",., .1J3 _i -J ...... 

=~luti Gn~ - th e F3dde Gv algorith~ is calcul~t8d US1DQ tho 
:G::'::>\'li:n theory Gf re:sol 'l t:;rlt ill3.t rix [: I -hr '- i. 

D~~~nsion For Row A1 : 

Dimension F0r R~~ A1 : 

I r. r, u t F -. : : :1 ~.: r i:..: !, 

I"' " - ' . -' 

c 

c 

I"' . 1 0 , 
.., 

G 
..., 

oJ 

1 ,.., ., 
(, .1. _ ! 

T~ J ~b ~' , e l ~ ~r~ -s to be ~dd0d to 02 wh ich will b2 ~ ~ Y G ~ i ~ 
1: ~ ~ ,::; ., / 

>. ~:;, ~ . : f ~, . q~ 
:t~ 'l~:L( u~ glmrn~l is as : how n below 

... 
J 

1 
.J. 

G 
.,., - 7 

o 
r . 
\" 

::: -, :!. 'I in 'J f c.' .::: /'. ~ p r . .J 1 . . . . . . . . 
01 - - Tr(,\r:..)",': 

... 

.) 

1 
o 

-1 2 -- 7 

6 1 o 

L~ - 7 0 
30 



3 6 
,., 
"-

-6 -11 0 
-:~l -12 -·1 ~ 

a1 = -Tr(l-.f1)/2 - 11 

r o = Ar1 + all 

30lvin,] £,:n ro 

- 6 - 11 c· 
--::: 1 - 12 - 1 -1 

11 0 0 
o 11 0 
o 0 11 

T~ E: arJO V 02 is the resul t of ArJ .... (lII and 
tha result of the ajditicn is b a l a w 

14 . 6 
-6 0 

,., 
L 

o 
-21 - 12 - J 

Solvin,] fur aO .: ...... .. . 

o 1 
3 0 

- 12 - 7 

14 
- 6 

6 
0 

o 
'I 

- l-v 

2 
0 

··- 21 _ 1 ') -3 ..!. L 

-6 0 0 
0 - 6 0 
0 0 . - [ 

00 = -Tr(AfO)/3 = 6 

The: rumb .. :: r o f It2ration is 5 

:ub ~:tituting the iterative v alu es for the value of ri' s 
anc1 ai- ' s , \Y G o b t ·.Jin ~he follmv .ina res o lv2nt matri~·: 

r 2s 2 t f lS + ro 

Ses ne~t p .J 02 f o r thG result. 
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ThGr~fG~G (:I - A)- - l lS as shown below 

1 0 0 
1 0 0 
0 0 1 

t 1 Co 

3 6 '? 
L. . ") - 7 0 ... ~ 

• ~ (; '? 
- <-

- 6 0 0 
--:~l - 12 0 

, 
:::;-3 + IS r. 2 + 11 oJ 

(21 - A;'-' - 1 = 
:: 2 + C 21 14 
0::,2 I 19.+ 6 
08 2 

T- OSt- 2 

: 32 + 32·+ - 6 
OS2+ 6Sr 0 
02 2 t- 22+ 0 

02 2 +-1:3+-::~1 
OS2+-73t- - 12 
122+ 02-+ -J 

S + 6 

Solving For 1]2 __ . _ . . _. tc get Tr ace value 

Dimens '; -r, r o r Ro\! Al: 
3 
DimG n :~G~ For Raw Al : 

0 . 0 1. 

0 - 1. 1 -
0 0 ... 

.j 

02 = -- :' r ( A r 2 ) / 1 = 4 

32 



f1 = Af2 + 02I 

Solving f.or f1 

a 
o 
o 

1 
-1 
o 

o 
- 1 

.... 
- .} 

The abov8 15 Af~ i s to .be added to a2 which will be keyed in 
bel ow 

Input For a2 

T~e value of gamma1 is as shown below 

'110 
o - 3 --1 
001 

Sclvin(J for Alpha1 .... . .. . 
01 = - Tr(Af1)/2 

0 1 0 
0 - 1 1 

-
0 0 - 3 

4 1 0 
0 ") - 1 ~ 

a a 1 

a 3 - 1 
0 -- 3 0 
0 0 - 3 

:1 = - Tr(Af1)/2 - 3 

fa = Af1 + a:r 

Solvi ng f ur fa 

0 1 o . 
0 - 1 -10 
0 0 -- 3 

<1 1 0 
0 3 - 1 
0 0 0 

The abov e is tho result of 
the re s'J1t of the addition 

Afl + 011 
is be 1m-; 

and 



.... .., 
-1 .1 .) 

0 0 0 
0 0 0 

S,:;lving for aO . . ......... 

0 1 0 
0 _1 ' - 1 
0 0 

.., 
-:J 

3 3 - 1 
0 0 0 
0 0 0 

0 0 0 
0 0 0 
0 0 0 

a 0 - --T r (/', r 0 ) / 3 = 0 

Th ~ Number of Iteration is 5 

~ ~~ :ti t~ t in g tho iterative v~lues f or the v~lL a of r i ' s 
a ~ ~ oi' = . we G b t 3i~ the f o l l owi ng re~olvent matrix 

f2S 2 r lS + ra 
.. \ ....... .., 
1. / ' ..L -

" r'\ 0 .... 'J 

0 0 "'- 'J 

0 0 " -'-

~ 0 .., 1 0 --' - .1. 

0 C 1 

3 
.., 

-1 .:. 
0 0 0 
0 " 0 oJ 

(·s I A ) ~ - 1 -

18 2 t- '1S t J 
OS2 + 1:+ :; 
O,S 2 + ' O .~ I - 1 

, A)~ -- l is as s hmvfl belo"l 

", ... ... .. 

-------



1:2+ 0 0 , LJl 0 
OS2+ 3St 0 
0£2+ - 18+ 0 

0: 2 + C:I 0 
0£2+ 0:+ 0 
13 2 r 18+ 0 

Q""l + 4 02 t 
..., 

(' + 0 oJ ...J oJ .) oJ 

Solving For 02 ... . . ... to get Trace value 

D i r.,ens ::' c n F)r R OVJ 

3 
Dil7lGn s i nn For POVl 
..., 
J 

In~u t For Matrix A 

- '"I 

0 
0 

0 
- 'I 

... - .) 

1 
1 

A: 

A: 

02 = - ~r( Af2)/l = 6. 

fl = l-.f2 .,. (121 

80lv ing for fl 

- 2 0 1 
o -- 2 1 
o --3 - '"I 

The above IS Af2 is to be add ed tb 02 which will be key pd In 
be 10'.'1 

Input For 02 

The val ue of gammal I S as shown below 

'4 0 1 
0 4 1 
0 

..., 
4 -.) 

Solving f e r Alpha l ....... . 
a 1 = - Tr U\f 1 ) 12 
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_':' 0 1 -
0 1 1 

· 0 -3 - 2 

4 0 1 
0 4 1 
0 -3 4 

- 8 - 3 ') ... 
0 - 12 2 
0 -- 6 - 11 

a1 = -Tr(Afl)/2 = 15 

fa = APi + alI 

Solving f or or o . . . ..... 

-8 - 3 2 
0 - ~_ 1 2 
0 - 6 - 11 

15 0 0 
0 15 0 
0 0 1 5 

Th0 abc ve i s the re s ult of Afl . + all and 
the r es u l t cf the addition is be low 

7 - 3 ') 

0 ~1 '"' ~ 
0 - f 4 

" 0 1 
.!. 

I) -- 2 1 
0 -

, ':' .J 

7 -3 ') -
0 A ') 

" -
0 - E; '1 

1 ·~ I) 0 
0 1 1 0 
fj ! ' 1 A 

-.J.. ": 

CI O = -T r. ( I. r 0 ) / 3 = 1 4 

The Nu~b8r a f It2ration i s 5 

~ub= t~t uti~s t ~ a it er3tiv0 v a lues f or th o value of f i ' s 
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(8: - A)- - l = ---- -------- -----------

See·. ne:;t r~':!0~ for the rCJsult. 

Therefor e (8I - A)--l is as show~ below 

1 0 0 
1 0 0 
0 0 

4 0 1 
0 4 1 
0 - " 4 .j 

7 - 3 ') 
L-

a 4 '1 
'-

0 - 6 4: 

~-3 + 6 2 2 -I- 15 ("' 
.:.1 + 11 

(81 A ) - . ~ 

..:. = 

13 2 + 4S+ 7 
03 2 I '0;; 1 - J 
03 2 + 1 S I: 2 

1 ::~2 + O~+ 0 
03 2 + ·1S-I 4 o co 2 _. 13 + ') 

'-' . 

I):: 2 t I)!::'+ 0 
i)3 2 ,- 38 -i ... (. 

lS 2 + 43 ·1 4 

OIJTPUT 4 

Solving For 02 ..... ... to get Trace value 

Dimension For Row Ai: 
J 
Di mension For Row Ai: 
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3 
Input For Matrix A 

1 2 1 
0 1 2 
3 0 1 

02 = - T:- ( P. f 2 ) / 1 = - 3 

fl = Af :: + a2I 

So l v ing f or fl ......... " .. 

1 " 
a 
3 a 

The: .:l))ovc 
b21ml 

I nput Fcr 
The va l ue 

- 2 
a 
3 

,., 
L. 

- 2 
o 

1 

1 5 Af2 lS to be 

02 
o f garnma 1 i s as 

2 

Sol 'lin 'J fGr Alph.J1 .. . .. .. . 

0 1 = -Tr(Af l )/2 

1 "> 1 .i. -
(' 1 2 v 

3 0 1 

- "> "> 1 £. 

0 -? "> 
.., 

0 - "> .J 

1 - 2 3 
6 .. ,., 

- 2 
- 3 6 1 

.!. 

01 = - Tr(Afl)/2 = a 

fa = /lT l • all 

So l ving f or f a 
. ... . .. I ....... 

.. 

: 

added to oZ which wi l l be key ed i n 

s hown below 

.... .. ~ . 
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1 .-2 3 
6 -2 -2 

-3 6 1 

0 0 0 
0 0 0 
0 0 0 

The above is the re :::;u lt of 
the result of the addition 

1 - 2 3 
6 - 2 - ::: 

- 3 6 1 

Solving f or 00 . . ... . . . .. . 

1 2 
o 1 
3 O · 

1 - 2 
6 - 2 

- 3 6 

10 0 
o 10 
o 0 

1 
') 

1 

3 
- 2 

1 

o 
o 
10 

00 = - Tr( AfO)/3 = - 10 

Arl 
i s 

The NumbGr of I t e r ation is 5 

+ 01 I and 
be"loVl 

Substituting the ite r a tiv~ values jar the value of fi' s 
~nj ai ' s, we obta i n the foll owing resolvent ma trix 

r2S 2 + F1S + ro 
---- ------ --- --- -------

S~e ne~t pa gG f or the result. 

"'her€:forG (SI 
A)- - l is as shown below 

' .1 0 0 
1 a 0 a 0 1 

-·2 1 2 - 'I 1 .:; 
0 6 2 
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2 'I 

3 .. "l 
. J 

f: -'I 
L. 

S~3 t- - 3" c.'2 
'-' 

1 S" t- . ~~:, 1 
OSOI t ~::':t ') 
OS2t- lS~ 3 

:S:<; CSt- C 
OS2+ - 2:'::1- - ::;: 
OS2+ ~St- - 2 

0::: 2 1 J ~; t - 3 
0;:2, oro , C 
1::':;:; ~ :~, 1 

'") -
0 
1 

. " 

t 0 <.' , - 10 u 
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2.5.2' FAPEEV ALGORITHM FLOWCHART FOR 

THE RESOLVENT MATRIX 

Enter the dimension of the 
matrice 

Enter mat rice A i.e Alpha 2 

Output the value obtained for 
Alpha 2 

nter the trace value obtained 

in solving for Alpha 2 

Add it to the value entered for 
in mat rice A to obtaain Gamma1 

Solve for Alpha 1 (trace value) 

Output the value obtained 

Solve for Gamma 0 

Fig. 2.2.4 Fade ev Algorithm F19wchart 

, . 

,.; 
,~ " .. 



CIlAI)TER THREE 

STATE TRANSITION MATIUX AND ITS APPLICATION 

3.1 INTI{OOlICT10N 

Ccrnsidcr a proccs~ described in the form 

x = AX 

Y= CX 

with U(t) = 0 

(3.1.1) 

(3 . I.~) 

Knowing that at t = 0, X(I) = X(O), we can calculate X(t) and therefore yet) lur t > 0, by 

directly integrating the equation of state (3 . I . I) 

X = AX 

This jmpli~s X(t) = e·1 X(O) 

Definition 3.1.1 (Matrix of TnlUsilion) 

The mall·ix eal
, also denoted by <1:>(t), is called the matrix of transition. 

(3 . 1.3) 

Now wht!1I U(t) is diner~nt from 0, the solution oflhe equation of state is wrilten a$ : 

X(I) C1>(/) Xu I f~<P(I-T)8U(r)dr· 

Now cUII:,ider thc gelleral lurlll of t he state equatioll : 

X(I) -' A X(I) -I- B U(l) 

The Laplace transi tion of (3 ) .5) is given by 

l-i . \ .~) 

(3 1.5) 

(3 . ) .b) 

Where Xes) is the 1.i.Jphcc transtorm of Xli) and U(s) is the LajJlacc trallsform or u( 

Sulvillg 1(1J" Xh) we outain 
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Xes) = [SI - Ar'Xu + lSI- Ar'B U(s) 

X(s) = [Xu + BU(s)] (St - AY' (3.17) 

The inverse orthe Laplace transtorm of equation (3 .17) gives the state transition equation 

(3 . 14); where the tran~ilion matrix is defined by 

<!>(t) = L·'{tSI-AJ'}, Vt :::: O (J . I . ~) 

Definition 3.1.2 ~Thc Resolvent J\lalt-ix) 

The inverse matrix lSI - Aj"' is l:allcd the Resolvellt matrix . 

When the i!lput U "'- 0, equation (3 . 1.4) reduces to / 

(3 1.9) 

Definition 3.1.3 (i"ulu.iallll'lltal Matrix) 

An n x IIlllalrix function II/( . )!~ said to ·be a fundalllentallllatrix or 

x = A(t)X (3 . 110) 

If the n colulTlns of ' II w/lsi~ ts or n linearly independent solution of (3 . 1.10). 

COlIsitkr the dYlldlllil:al equatioll 

(3. I . I I) 

This actually con:.-ists of two equCltillllS 

.,\' == o · 
I ' 

(U 12) 

The sulutiuns of these tWl) equations arc : 

.... 



Properties of Tramilioll Matrix 

We have the /l)lIowing very important properties ortlic state transit ion Illatrix. 

(i) (j>(t, tu) = I (3 1.15) 

(3 . 1.1 G) 

(3 . 1.17) 

(iv) <.1>-1 (t) = ¢(-t) (J . I.IH) 

Equation (3 . 1 4) G ill be l1lodilico by letting t = to. Solving Illr X(I, we t'Jtain ihc lo llmving 

c x prCSSI(Hl: 

(3 . 1.19) 

Using (3 I I ~) , this equation ~(Ul be writltn as ' 

(3. 1.20) 

Substituting equation p . I . ~U) illto equation (3 . 14), tllc lu'Howing cxprcssioll is obtained -

III l 

X(I) (j)(I)¢(- l o).\'(I ,,) - <.1>(1)<1)(- 10) f <.1>(1.) - r)HII(r)dr + f ¢(t '. - r ) Bu(r)d r (31.21) 

" " 

Using equation (3 1. 17), equation (31.~ I) can be reduced to 

, 
-\"(1} <1)(I - l u).\"(I u) If (t - r) IJII( r )dr ( 3 1 2~) 

" 
.- ... .. ..-'" 

Equation (3 I 22) is the state c(\lIatio ll of the SYSLCIII (or t 2 to 



and are lintarly indl:I)..:ndl:llt soiutillllS 

' I 'I ~" 10, I J and ' I' .' = I· 2, 12 '1 

can easily be obtaincd by sctting 

I kllee tht! Illal rix 

is a fundamental llIatri x. 

[
-_ 01 21 

f ~ I 
.J 

L>dilliliull 3.1.4 (TI':Iusitiull l\Ial."j:\) 

Ld 11/( .) be any funJ<1IlIcnlalmalrix of 

,\: - A(I)X(I) 

(:I . I . l.l) 

( .~ 1. 1)) 

and let <1>1(t, (0 ), <l>.{t, til ), . .. .. .. .. , (1),,(1, (0 ) be the set ur s0Iuliull :; or equa tiull (:i 1 I)) 

associated with the cOIn:sponding initial WllclitillllS: 

r·~ ° 
XI (I ,, ) - CI X 2 (t,, ) l: . ! 

() I . 
, 0 

COll\binill~ Ihe solul ions, WI.; Jdillc the 11 x n matrix 

whidl is calleJ Ihe transition matrix when A = A(t) 
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Theon'llI 3.1.1 (Fulld;UIIl'lllal Theorem) 

Every fundalllental matrix 'I' is non-singular V E (-co, Ct. .) 

proor-

Let '1'(.) be a solulion of t -::: A(t)X alld 111(to) -: 0 lor sOllle. I", thell the solutinn 11/(.) is 

identically zero; Ihat is \II() ~O. Thus 'II == 0 is the solution of ,\' =All)X(t) wilh \11(to) = o. 

Again, li·olll the ulliqueness of thL~ solution, we conclude that \1/(.) = 0 is the ollly solution 

v.illl IV(tu) = o. 

Now the proofof the Iheorem is by contradict ion. Suppose that 

lur some t". Theil lhe sd of 11 constant colu1I1n Vectors 11/1(tO), 111;(to) ... , I",,(to) arc linearly 

tkpcndcllt ill (R", R) It Ii..lllows that ] rc:al (1., It)f i = 1,2, .... , n not all zem, 

" 
3 La, ll-',(t ,, ) 0 

, I 

Which \ugdhcr with till: l:lcllhat 

n 

)' U. lJJ () is a solulion uf J....... I I ' 

, I 

x ~ A(l)X 

implies .. 

n 

L·a, lP,(IJ =-= 0 
, I 

This contradicts the assLimption that II/,(), t()r (i = 1,2, ... . , n) are linearly independent. I knce .~ 
. , .. .. 

we conclude that 

dd \11(1) 1- 0; V t c 1--.(', 1.(,1. 
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Example 3. t.2 (Q.<;.LerrnilJing State Transition Matrix) 

Consider an open-loop system where the transter function of the controlled process is given 

by . 

I 
(3 . 1.23) 

. ILs wrrcspundillg dillcrcllliaJ equatiun is given by 

('(I) = u(t) 

Ddine the state variables as 

X.(t) = C(t) 

(:1 . 1.25) 

The system call be desclibed by the fullowing first -order ditlc.-clltial equations : 

(:I 1.2b) 

x~ (t) -- u(t) 

Therc/ore the Claire syslcm call be describcd by the state equation 

j ' (t) = ·AX(t) + 13 U(t) (.1 . 1.27) 

whcre 

(3 . 1.28) 

NI..)w the state transiti on matrix is delined by . 
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This can be obtained li'ull! (3 .1.28). We lind 

It is knuwn that 

Therdurc, 

[SI - A] I .c 

I S I - A 1 - [s 0] [ 0 1] 
o s 0 0 

4 - 1 
/ 1 

r
s 11 ° s l ~ - ~\,i ] 

ls - 1-] 
o s 

(1(// A 
------
.detiAI 

s ~ 

(J . 1.30) 

(3 . 1 3 1) 

(3 . ( 32) 

The state transitiun matrix obtdined by equation (3 . 15) is the inverse transition of this 

matrix. It is given by 

<!.>(t) =- r I lSI - Al l 

--' [1'(1) I ] 

U u(/) , 

With the k.nowledg~ orthe state transition matlix, we can find the state variables , 

Suppose th~ initial-state vector is 'given by 

. (3 . \.33 ) 



We can Jind the stale vector X(t) as a funclion oflimc. 

Now slale vector is ddincd as 

x (t) =- <1J (t) ~I (3 .1.3-1) 

X I (t) = LJ (I) -I 2t : t > () 

X.dl) = 2U(I) O . I .3b) 

3.2 SOLlJTION OF TilE STATE TJ~ANSITION MATRIX 

Thi.: ailll orthis scciion.is ~o show how one can obtain a complete snlution liJf the output ill 

the tilllt.! domain or a (;ontrol system by the stale variable lIlL:lhoJ . We will illustrate how to 

dt.:terJllill~ a cOlllpktc ~olutioll by evaluatillg equation 3 1.4, the state transition equalillil . 

Consider a sysll:1l1 (ksclibed by the J()lIowing dillerential equation : 

t(t) + 2C'(t) = j·(t) + ret) (32 I) 

Dctenllinc the Olltput ('(I), given that the illput ret) is given by 

r(l) = Sin(t) (3.2.2) 

and the inilial conditions are 

('(0) = 1 alld (~ (O) = 0 ( .~ . 2 ::; ) 
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SOLUTION 

First deterfllinc the state transition matrix, then evaluate (3 . 1.4) lor X(t) The output C(t) is 

lhcn evaluated from 

('(t) = L X(I) (324) . 

Now suppose the slale variables al e defined by 

p .2.4) 

and 

U(t) = ret) ·(3 .25 ) 

Then the system can be desclibed by the following lwo lirst order dille rclllial equatiolls: 

Thus the SYSIl.!llI can be described by 

X(t) - AX(I) ,1, UU(l) + (j (I) (1 .2.7) 

Where 

(3 .2 S) 

The trallsiliulllllatrix, which is defined by (3 .1.4), can be obtailled lI'om (32.!) . We till.1 

[
s - I ] 
I S+2 

Now we kllOw Ihal Il u' allY matrix A, its inverse (AI) is. defined as 



lSI - AI 

(/(// ,.1 

IAi 

wl;j.)'1 - A / 
---- - - . ---_. 

ISI- A; 

r
S

+j2 .\' 

(,)' I I) ~ 

= l -(~~' ·t\> 
- I 

------
(S -I If 

(S -I- I) ~ 
S 

-----
(S 1 I)" 

Nuw by Ih\: Illdllod ufp<trtial Jiacliulls and ill v~r~l! lrallsiliull, 0 .21 1) is gi\'c:.:11 by 

(f)(t) I, I /SI - A / I 

(3 2 to) 

(3 :2 12) 

TilL: rull slliulion Illf the output can be oblainL:J li·oll1l.:qualions (3 . 1 A ) alld (3 2 -I) as 

I 

X(I) (1.>(1) XII I f <!J( I - r) U( r)J [ 

('(I) '" I. X(t) 

Now (1)(l) is knowll li 'UIIl (3.2 ,12) also by illspection 

X II -
1

- X I (0) ­

, X ! (O) _ 
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For this systcm, the input fUllction 

lJ(r) + U(r) sin r + cos r 

Substituting all the valuc_s into the output equation: 

, 
C(I) i.<P(I) X () 1 f i.(1)(1 - r) HlJ( r) elr 

(J 

C(I) [ I o][e'(I +, I) ,'e' ][1] + 
- Ie e (I - I) 0 

0] [ e It T) (t r) 

- (t - T)C! . 

( . , ( ] [0] t - r)e . 
(, () x l Sill r + cos r] d r 

e (I - I + T) 1 
" 

Oil simplilyi ng, the resull becomes 

I 

C(L) - e-'(t+l) + f[(t-r)c! II r)] (Sill r + cos r)ci-(.. 
I I 

Integratillg and silllplil)ling, we finally obtaill the outP.UI as 

3 
- e ' -I It' -' ' ,. 
2 

( .'(1) 

Example 3.2.2 (State Transitiun Matrix)· 

J 
- Sin t 
2 

J 
-' Cos t 
2 

I ? {) 

(3 .2. 17) 

(" ') 18 .>_. ) 

(3 .2.19) 

(."; .220) 

A very illle, cStillg ecological problcm is, that of rabbits anJ Il l.\.l:S ill a cuntlOlkd 

environment.. If the number of rabbits were Iell alone, thcy would grow inddlnitdy until the fuod 

supply was exhausted. Rcprescnling the number ufrabbils by X,(t), their growth rate is given by 

(L~ . 2 1 ) 

However, rabbit-eating f()Xl~S in the environment change thi s relationship l\") the f ~.l ll owillg 
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Where XAt) repleSl'llts the f()x population. III aJditioll , if J'OXl,;S must ha ve r"bllits to l''i.ist, their 

glll\Aith rate is givc..!n by 

XAt) = -CXI(t) -I- DXAt) (3223) . 

(a) Assume that A = I, 13 =.= 2, C = 2 and D = 4. Determine the state transition matrix for this 

ecological llIodel. 

(b) From the state matrix, determine thcrespollse ot'this ecologi~aJ moJd when ",(U) IOU and 

Xl ( 0) =- soo. Explain your results. 

SOl .UTlON 

(a) We havc 

(1'2 '2·1) 

With tilt values orA, 13 , C, D givcn, we have the systems (3.2.24) allli (3 .2.25) as 

( .1 .227) 

Thus \Aie can write (3 .2 .26) alld (3 .2 .24) as 

X(I) = A X(t) 

where A '-, II 
- ') 

-2] 4 ' lSI - A] : .. 
s - I 

2 

Thlls the ~tate traJlsitioll matrix is ddillc..!d as 

<P(I) /SI - ,.J /1 
AdllSI - /1/ 

lSI- A I 
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- 2 (S - I) f(S-4) --21 
::.=-._----_. f

<S - 4) -- 2 1 
-2 (S - I) 

-----------'--

lSi - A] I 

(S - I) 2 

2 (.\' - 4) 

[s ~~~-:S 
-2 

----
S2 - 5S 

S-4 
---
S(S - 5) 

-2 

-2 

S ~ - 5S 

-2 

S(S - 5) 
S - I ' 

-. --_. 
S(S - 5) 

S ~ - 5S 

Applyillg partial li'actioll principle on equation (3 . 22~q, we havl;! 

lSI - AJ I [
51 + 5(~\~= 5)- -s:,: - -5(~\'~-5) 

. 2 2 · I 4 
- -- - --.-- --- 1 - ----
5,)' 5(S -- S) .S.\' 5(.\' -- 5) J 

Taking the illwrsl: I.apbcl: . Wl: have 

Thus C(luation (32 .20) is th(; stall! transition matrix. 

(b) The response o/'IIJis ecological model arc the state variable X1(1) and X2(1) 

Nuw, 
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PUlling equatioll (32 ::29) ill (3 .2.3 I) 

4 Ie ) , 

2 - 2e 
~ , 

[ X,(t) 
.-.-.~ - --5--- [ IOU] 

.\:(1) 
') 

x .. (t) _ 2 - 2e 
) , 

1+4e" SO ----.- - 5---J 5 

20 - 20L"t 

10 I 4Ue" 

XAt) -- su 

Expl<ulation : 

I n the initial stat 1:, 

and 

Nowat 

and X L(t) = 50 

That is the state uf illcrease oj' rabbits remains COllstant as ~s the state of increase uf rabl .• i - t.'lll illg 

fuxes . The rabbits' t hel dl)re Clllllill llC tu illcleilsL~ by 100 as is the illneas..: ut' lll:-"C-; by 'i0 ill ullit 

will diminish_ With time, they sllall becOillc extillct. Also a dccre'l :-.e ill the illL'ICaSC or thc ti.):-,.es 

will surge the number ofrablJits such that with time, their Ii.-,uu would be Ll sed lip . 
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V(\ - '1\. } V I) ."\..' I} - _ . I {I - .""c(, 

Solution 

FqualiuJls 0 .2.:12) and (3 .233) C d} h~ CXPI \'!~:N:" ib 

where X(l) dJld A 

Now 
I' I -I .. ') I ,j o. 

I "~ I Ai --. " ') .\' i I I 

AI ~() liun} (1 2 :\ 5) 

ss 

r -· 1 
- ! 

i 'J 
I 

( . \ .-~ 32) 

\3 ·~ .. J3) 

(3 .'2 .-' I) 



[SI - A] I 

[
s +4 

Adj . 
- 2 

-"] 
_S -:.~" 

8+4 - ') 

- 2 8 + I 

e~· I ___ .~~~~] 
S+4 - 2 

- 2 S+ I 

[
s + I 2 1 

2 8 + 4 
------

8 2 + 5S 

lSI - A] , 
[ 

S -l 1 

= S(S2t5 ) 

S(S -I- 5) 

S(S2~-5)l 
S+4 
----

· .s(S +5 ) 

Expressing (3236) in panial Ii"action, gives 

[SI -A] I 
2 2 1 -54\' - 5(:~ t 5)" 
-- -----
5S 5(S + 5) 

Taking th~ inverse I.aplace of(3 .2J7) 

[

- I + 4~ ~ I 

I . '[ S I - A J I == 2 _ ~~ 
5 

2 - 21.' ~I 1 
5 . 

,~~~f~~ 

Equation (3238) is the required state transition matri x. 

(b) Dt:lcrlllinjng t ht~ response or this equation when 

X,(O) = 200,000 units 

XlO) ' .7 10,000 uilit s 

Tht: respollse is given Lly th\;~ sLale l:qualiull 
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X(I) "-- (i>(I)\u 

It- .. k" 

:~.> X(t) 5 

l. 5 

lo.lUOOU I I UO()U~ ' I I .. IUOU - ~IUOUc ~ I -J 
=--> X(I) ,- lWOOU _ ~OO()(k" -I lWOO - 2000c- ~' 
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4.1 

CHAPTER FOUR 

COMPUTATION OF OPTIMAL CONTROL SYSTEM OF A SINGLE 

INPUT SYSTEM WITH FADDEE_ ALGORITHM 

INTRODUCTION 

I.n this ch~pter we compute the optimal control of a sing] e­

·input single-output system using the Faddeev algor ithms and th e 

Kalman equation aided with the Ackerman e~uation . 

Definition 4.1.1 (OPTIMAL CONTROL) 

Control may be defined as an act of manipulati on with a vi e w 

to achieving or to fulfilling a desired objective . Large numbers of 

controls may exist to fulfil the given objective in s uch a ca 0 , 

the most desirable control in the sense of minimi zing a given 

criterion function can be used . Such a control is said to be all 

opt imal contro l . 

4.2 COMPUUTATIONAL METHOD OF OPTIMAL CONTROL OF A SINGLE INPUT 

SINGLE OUTPUT SYSTEM THEORY 

In computing the optimal control for a mult i-input mu lti ­

output system (see chapter 5) a positive definite solution of a 

matrix P incorporated in an equation called Riccati equation must 

be found . Fo r a single input single output (SISOl system thE:' 

optima l c ontrol can be calculated from Kalman and Ackerman 



equations without the need to first obtain the P . 

The Kalman equation is uniquely calculated as follows : 

1 - FT(- j 'VI - AT)- l (1 -FT(j\j/ J - A) - lb) 

1 + (l/r) IIH(j'l' I -ArlW'Q (4 . 2 . 1) 

For a single input system A, b , Q, r , are assumed to be given and 

the optimal control FT may be calculated as follows 

1st Step : 

Note the Kalman equation (4 . 1 . 1) multipl y (4 . 2 . 2 ) by 

<1> (s) <1> (-s) t o obtain 

de t ( - S 1 AT - b FT) de t ( S 1 - A - b FT) = <1> ( s ) <1> ( - s ) 

+ (l/r)bTadj (S1 - AT) Qadj (S1 - A)b (4 . 2 . 2) 

where 

(S1 - A) -l [adj (S1 - A) ]/det(S1 -A) (4 . 2 . 3) 

The roots of the right side of equation ) 4.2 . 4) are o f t he 

- An, All are calculated . 

2nd s t e p : 

Find the n roots with negative real parts from the above roots 

of (4 . 1 . 2) Let them be denoted by Al and c alculate 
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<I>f(S} = fL_l(S1-A.i} = Sn + an_lsn-1 + ..• " + a o (4.2.4) . 

Re A.i < 0 (i = 1, 2 , ... n) 

3rd step: 

Find the contrcrl laf FT satisfying 

det (S1 - A - bFT) = sn + an_lsn-1 + ••. + ao (4.2.S) 

This can be done using Ackerman algorithm: 

FT = - [0, 0, ... i) [bi AB, A2B, ... An-I ] <I> f (A) (4.2.6) 

= - [·0, .a '. . .. i) 1; <I>f(A} (4.2.7) 

EXAMPLE 4.2.1 (SINGLE-INPUT OPTIMAL CONTROL) 

Find the optimal control for a linear system: 

010 o 

XI = 001 X + o u (4.2.8) 

o 00 1 

which minimizes 

300 

J 
t: 

= So XT dt (4.2.9) X + u2 o 2 0 

001 
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SOLUTION 

The solution is obtained by the single-input method as outlined 

above. First we apply the Faddeev algorithm of chapter 2 to 

calculate 

(SI - A) -1 = [adj (SI - A)] /det (SI -A) 

= (rn-l s n-1 + rn_2Sn-2 + ... n \<1> (s) (4.2.10) 

With question, we are dealing with a third order matrix. Thus n ·= 

3. 

Thus 

... 

Thus 

r3-1 = r 2 = I by definition 

100 

r 2 0 1 0 

o 0 

U 2 = - T r [Ar 2 ] 

010 100 

Tr 0 0 1 0 1 0 

00000 1 

U 2 o 
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010 

- Tr 0 0 1 

000 

o 

(4.2.11) 



.. 

rl = A r 2 + Cl21 

But equation (4.2.11) gives Cl2 = 0 

Therefore, 

ClI = -Tr (Arl ) /2 

100 

= 010 

001 

010 100 

00100 1 

000 000 

001 

-Tr 0.5 0 0 0 = 0 

000 

01001 0 

= 001 001 

000 000 
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• 
But n = 3. Then 

001 

000 

000 

ao = - Tr(ATo) 13 = 0 

<1> (s) = sn + an_lsn- 1 + •.. + ao 

<1>(s) = - S3 

Therefore by a similar deduction, 

<1> (-s) = -II (sn) 

Also 

adj (SI - A) = (rn-l sn- l + rn_2Sn- 2 + ... ro) 

Thus 

1 0 

o 

o 0 
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001 

000 

001 

000 

000 

(4.2.13) 

(4.2.14) 



• 

In a similar vein, 

adj (-S1 - AT) = 52 0 0 

5 -52 0 

1 -s -S 2 

substituting the calculated values into equation (4.2.2) yields 

det(S1 - A -bFT)det(-S1 - AT - bFT) = 1 - S4 

(1 - S2) (1 + S 2 ) 

S = +1 or s = +i 

Now consider equation (4.2.4) 

<l>f (A) 

<l>f ( s ) s + 1 

000 

o . 1 0 

o 0 -1 

Now applying Ackerman equation: 

i. e. 
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But 

. [b AB A 2B] = 0 0 1 

010 

100 

- (0 0 1) 0 0 1 

010 

100 

- (0 0 1) 

000 

010 

o 0 -1 

o 0 o = 

o 1 o 

o 0 

(0 0 1) (4.2.16) 

Hence the optimal control for the given linear system is: 

U = F Tx = - (0 0 1) X l 

X 2 

X 3 

X l 

X 2 - X 3 

X 3 
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CHAPTER FIVE 

COMPU .':TATION OF THE OPTIMAL CONTROL OF A QUADRATIC. 

COST FUNCTION 

5.1 INTRODUCTION 

This chapter studies the method for calcuiating the optimal control of a quadratic cost 

function. Pontryagin's maximum principle othelWise known as the Hamiltonian fonn is the 

instrument used to drive an equation called the Riccati equation. From the Riccati equationa 

symmetric positive definite matrix P·is obtained. With this P known the optimal control of 

a quadratic cost function is obtained. 

/ 

5.2 THE LI~EAR QUADRATIC PROBLEM 

5.2.1 THELINEARREGULAZR. 

Linearization of a linear equation around a suitable trajectory or equilibrium point is 

possible. 

In this case we d~scribe many system by the state-space equations. 

Xl(t) = A(t)x(t) + B(t)u(t) (5.2.1) 

where X is the nth order state vector U is the mth order control vector and A, B are 
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respectively nxn and nxm time varying matrices. 

The cost function we wish to minimize is the weighted quadratic function of state and 

control that is: 

J = O.5(XT (tr)sx(tr) + 0.5 I: {XT (t)Q(r)X(t) 

+ U T (t)R(t)U(t)dt ... . (5 .2.2) 

Q, s are assumed to be real symmetric positive semi-definite matrices and R is a real 

symmetric positive definite matrix. 

The assumption is that the states ~d controls are not bounded and that x(tc) is free. The cost 

function maintains the state vector near the origin. 
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ur the slale SP,\Cl' \vithuul lItili/.illg exc~ssivc control e1lar!. The wtighted matrices Q, R, S 

- . 
ellable us to. (klinc the rcl:ttive importance or kc.cping the states Ilcar the origin. 

Using the POlltryagili ' s maximlllll principle as enunciated in sectioJl 52, Vvl: sulve the 

ab()\'e prohknb Write the II fUllction as . 

II 
I ., I . 

1/(1) R(t)lI(t) -f A. (I)A(I).\'(I) + ,{1(t)H(t)IIU) (5~?'3) 
2 

I Ill' optilllalil y CUllllliiollS in this case yield 

til 
0, u(t) - - Itll ! nl ~ (t) (5. 2 -.1) 

' . 1I 

- A (I) ()(I)X(t) + A I (t)d (t) 

), ( t, ) S( t) X (t, ) 

slli>:--.tillilillg (') I ·1) ill (:, ·1 ') yidds 

A(t) .\ ' (I) - H(t)I<.' J' (t)n l (I)At 

subject til I C ' s (') ..j u) ami ("\ ·uq . 

Thl'1l 

f>( t) .\ ( I ) I p( t ) .\ ( I ) ( c.. . 2.1 (J) 



A (!) ~ ()( I ) .\ ( I) - A I (I)A (I) 

f>(I)X(I) + P(I)[A(I)X(t) . ~ B(l)/Z l (t)U i' (I)p(t)X(t)] 

ur [ 1'>(1) .1- p(l)A(I) -j A I (l)p(l) - p(I)B(t)R ' (1)!3 1 (l)p(t) + Q(t) ].YJt) o (5 '2.1 1) 

'r hus we mll~1 ha ve 

pet) .. -p(t)!\(t) - AI(I)p(l) + p(t)B(I)RI(t)B I (t)p(t)- Q(I) () 

v"illl Ihl' lerminal cDndilioli heing given by Illl' equalinll as 

III l'qUillio il ( S 21 :2 ), P IS (til 11 :\ 1\ Sy llllildlic Illalrix Itav illg n(n I I )12 . Ji st i'lcI 

dc..:IlICllt'o Tlli :; equatioll (c:; . 212) is kllown a'> tlte lllalJ:ix RICCA' fJ. FqllClli l li l T he l 'quali (lI) 

Ih.: opliJll ;d el lill rol is ~ i vcll hy 

11(1) -R" nl(l)p(I)'\(I) ( S . 2 1-1) 

Thus \,vc SII IIIIl) ,1I ;l .c..: uur I e'oldls . 

J 
I,. 

pu~ili ve Ul'rlJlik III HIIX, ~lIl>.iL'd 10 lite con~llaillls 

X(I) /\(1)>':(1) -j 1': ( ~ ) L1 (I) 

( '1 2. 17) 

Then tlte optilll :d " ~ ' I i!.~ ': j., : ;I \'cn by 
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wllerl.! 

1)(1) -' -p(I) ,\(t) - A"(t)p(t)1 p(t)B(t)R ·'(t)n ' (t)p(t) - Q(t) 

(5 .' 2 19) 

and where A , n, Q, Rare timc invariailt , 11 - ) 00 and if the system is contmllal)\e, Ihen 

~ - (jX , v...\ll're (j is lillie invarianl and 

(j -. -R" H I(t)p(l) 

Find Ihe·optinlal conlwllrajcctory U(I) which minimizcs 

J 

subjecl to 

x 2X I 3u ( 'i ' ')') - 2--

Ilow docs this CUlllrnl dilkr rmlll the unL: oblained when the 0Plimisalion horizon is intill lc',I 

)Q.I .I ITIO N 

A · 2, B - ~ , () .== I alld R _. 

sulving usillg Riccali equalioll. \\' ~ have 

(a) 

Jdp 

III 

_p(I)!\(I) - /\ l p(l) 1- p(l)n(I)R ' (I)B ' p(t) - Q(l) 

- :?p( I) - 2p(l) 1 ()p" - \ . 

-

()JP : (l)dl - 4 Jp(l)dl JI lit 
.. 



-

') 

- [3 X Jl I(1) - 2p ' (l) l]~ 

.- 3 x H - 2 x 4 2 

- 2-l · - 8 '). 

14 

Hence p = l-t . 

Thll~ the optimal control is given by 

~I(l) .. G\(l) 

wlu;rc G '-. ~R- I B I P 

_. -I x 3 x 14 

(b) 

, 
(flhe optimisdliull lil.lrizoll is inlinilc, 11 - ) .J. \ and 

1)(1) . 0 

) flUllll:quation (5 .<-1 .2.1) that 

. " 

0 - -'Ip(l) I 9p-(t) - I 

, 4 I 
I C . 0 - - - fJ -- -: U • 

• <) 9 

i.t: p -
9 

But pis PO-;ilivc (klinitc by dclinilion, thus 

I k,h; C the optilllal cOllllollaw is 
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J 
1 

u( I ) 
3(2 j . JI"J 

- . - '._"-' . X (I ) o --

Fillo Ihe opt illlill rOl1lro ] t raj ec tory which lllil!inJj;~l's 

sll bj~c t 10 

XI ·· X , 

X, 1/ 

SO! .l .IT ]O j\ 

p( i) - PU)I\ (I ) - 1\ i p i !) j . p( l )fl ( t)R ' (l )H ' p(: ,\ - QI[) 

l·J I ; I () I I ~ (,1 I l!cre ,\ I 
H t l.l' <) u j , ... 

U I U :~ I 

" 
I<. ;. H." 
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~ r "" Ill! I -' 1
0 Ill"" Ill ! -I _[-I} II , ""1 [0 ~] , , 

dl PI~ - L 0 p~ ~ J OJ PI 2 P~~~ L PI 2 1'~2 -' 1 

- [p" p" -[0]t 0 
-

p" 1 [I ~-l Il I'll 
1-

-"I~ , 1l2~ _ 1_ l'l ~ I'~ ~j 0 -.J 

[p,,, I~' ] -["" 01 + [0 p" 11 0 I~J -
(J 1'2,! OJ 0 I}~ ~ , ,- 1l1~ 

I' I ' I'~ ~ 1 _" 1 OJ 
Il ... / -' lO 2 j 

2p,.' p" 

p " () 

IJ fI , 

f. (Pd):~ ... - P ~Jdl f. (p ... / -2.)t11 J 

, 

- > P II - - S(/'I/ - 21), ~ I, I~I/ 
" 

~ ~/J-4-2 

g - IS -10 

.I ' J 

.. 

p ! ~ -, f (/'.'. 2
2 

- 2)£1/ 

" 
- 8/3 -4 

- 4 

3 



, 

.",p" -lj'f(,},..'1 ' I)dl 
II 

'c () 

PI! /), ! -1013 o -I 
0 (5:'2 ,24) /'1..' p .. ,- 413 J 

Now by (') -:2£,1) p is po"itive , 

The optillial cOlltn>llaw is 

III 
' 10/ J II ' I 

' .. 
-r 0 

o x, (I) 
u( t) 

0 ' -- 413 x.(t)j 

I (j, (t) I 0 o ,,1/ /\~, (I ~ Ie 
-- 4 ,I -~ lL J \ ..' (t ) i u: ( t) I () 

u, (t) - 0 ... r, \~, (/) I 
- > 

,-41 -,1,\ , (I) I U (I) 

t knee lJ : (t) jj X .. (t) 

Obtaill I he cunt 1'01 let w which milli Illizes the pcrillrfllanCe index 

J 
I , 
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I ·~ I I 1-
0 - . \~ I J [OJ" 

X , 0 0 .\ , I 
. _... - -

GjVl:1I lhal 

() , 

We ~hall apply lhl.: RI('C'J\TI ' s Illillrix equal ion 

() , !> i Ill:e 1 i III e i s i III i II i 1 e 

Nuw A II) 1 I 

U () /' [ ~ I, Q 
J 

B 

R - [21 ,, :, R ' , [112J 
'.' 

The Il.'dllced Ri cca li Illalri ,\ eqllalioll is 

1
0 

°_ 11 P II 

l I I) I 1'1 ' 
I'I~ I I 1-'\1 
I' ", L /' I ~ 

1'12 '1.1" 0 1-, rll" 
1',:2.1t 0 OJ -ll)IC 

I e: 

I () I I / PI I 1'1 ~ ' I -j r-2 U I 
I : , fl l " I' 22 , J I 0 () I ~ ~ l 

J 

(J I I I () I' ll J 
!'I ' j L() 1 ) 1. 

I I 
I'l l ') 1'1, 

I 

" 

I 0 / ' ,.' I[ (J 

') l U / ' .'_ J I}, ~ 

I I I (, 2 I} I J).'~ 112 
P:I '2 1' : .' -I ~ 1': :V" I ~ I L 0 .., I)" ~J 
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'" 

o ( )·,2 .. ·~7) 

I ) 
- 1) ,,- 121)1 ' '- 0 2 _.. -

Tht: solutiun of equation C')::.,427) yields the positive ddinite matrix 

'. 

Frolll equatiull ()2 . 14), the optimal control law is givell by 

u(t) . ,- R-I 
HI P X(t) 

-ll / 2J 
() 2 1- XJt) 

2J2' I X ! (t) 

t I - -J2] I ~ I (I) -J 
X .' U) 

Consider all in I i III eli IIIC rcg lJialor, this 1 illl~~ . It)!' a systl'1ll ur SCCUIlU order. 

I C the system is lk:-'CI il>ed by . 

X I ,- X I I X ., 

X . - - X, + u , 
(5'" 2. 2~ 

" 

In this case, Ihc Riccati equal ion can be writlcn lIsing the tilet that 
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[ 

- I 
A - o 

S() Ihal il bt:CDllll:S 

d [ " " til I) I ~ 
I'" j 
I) " 

1- I 
__ I 

[ P II 
·1 

Ij)l .~ 

~incl: Ihl: linal time II . > ,~ , 

d [ PII 
til PI 2 

_°Il 1)11 

"" I -l"" "" J I - I I I 

1'1 ~ 1'~2J /'I~ 1)~2 l 0 -d .J 

I'" III 0] i I 0 1[ '" , PI 2·' -I- fl ~] 1)~2 () I Lo I .J PI2 
I 

P~2J LO 

'. 

- > 0 

So Ihal wt: call eilher so lve this iterati vely or by lak ing tl to be suf1icil:llIly lung fo r 

PI I. PI!. P: .' . '>\l: th l' ll illtl'gl<llt: lhe Ri ccali ~qUillioll bacKward liulll 

so thaI 

SUppOSl: \-Vc take II _. 0 alld lIli s gives the conslalll gain llIatri x 

G ' 
_l °.4007 

0.1274 

l
O . 40~7 

U(I) -, -
0 .1274 

(J,1274 

O.7l)l») 

0.127-f 1i XI (t) l 
0.71)1)4 J LX: (t)J 

s·~ _ 5~~DISCRETE UNEAI{ QUADRATIC PROBLI'~M 

Many ~yS klllS pal ticularly or slH.: ial ccol-lllll1ic class }\rc mosl !laturally reprt~scllkd as 

discrete limc PlOcl::-.ses . II is tlwrdll rc possible to usc a discrete version or lht: di . C ll'll' 

I'ontryagill ' s max illlllm pI illciplt: . 
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('olbidL'r a disclI.:tt: lillll! lIoll- lillear dYII<ll!lical systellJ with state vector ;X(h) and 

cOllllol \.l!clm, ~I(h) , at the illstant k. The state at lhe installt k+1 is related to state ilt illstallt 

k by 

('i .11) . • 

where r is a cu1I1 il1l1oLls Illlh.:tiolJ 

COI1 :-. itil:r Ihe n.:glilator prubklll 

l1JinJ ( S 32 ) 

\Vhcre Q , S are IH)n-l1egativ(.; dctiflite whilst R IS positive ddinitc subject 10 thL~ linear 

dYllCllllical (onstanl:-. 

X(" I I) 1\( h.) S(k) I B(k)u(k) 

., his probklll is solved by li.H"lll illg the Ilallli!tolli(J11 Junction as 

II (S .3·1) 

/\pplying the 1l l:( ": ~,S, 1I Y cUllditions Ill" optilllalit y, \\le l\(Ive: 

Lqua liull (S'~ ') I', flOt s(}lvable lInkss A IS invert ihle. But A IS a slate l ransit ion 

(S 3. h) 

Ill" the CUII11 (I I 

() 

T( 



- ) u(k) = -I{ '(k)l3 l (k) A( k ·1 I) 

W..: ca ll obtaill th..: cUlltru l by solving thl: equations 

() ,3 X) 

alld 

Ie (k) - ()( k p\ (k) + A r (k ) Ie (k i I) 

wit h the boundary collditioll 

(S 3 ! ! ) 

. 
I\s thl: cOlltilluULlS regulator tr..:ated pn.:viollsly, tah: the solution or the rOrln · 

J.. (k) p(I\):xU) 

COllsiderillg ( " S.X) alld (S .S 10) with respect to (S') I~) ; 

thal is :-
, 

X (k I I ), !\ ( k) \ ( k) - B ( k) It -I ( ") B r ( k) P (k I I) X (" I !) 

alld 

Whd..: I is the idelltity lllati ix . 

This L:quatioll hulds ror ,lIoitrary X(k") oilly ir 

with II".: cOlldiliun at the lil la! SI" 1:'. L~ hL'illg 

(S3 I~) 

(S 3 ! .\) 

( . 3 I <;) :--. .. 

(~J . I()) 



(5 3 ~ 7 ) 

The optimal cuntrol requires the solution or the matrix Riccati equation (5·3,! 5) and 

(5 .5. 16) backwards in time froJll k ' kr to k=ku and then 

wher~ G( k) c\llJld be thought as a " Gain" . 

53 .• ' In'illh' Slagt:' H.l'/.!;ulato.· 

If A. 13 , () .. I( are time invariant , S-'- O and the system IS controllab!e, thell p(k) 

becumes constant as k ~ f, thus G the "Gai ll" becomes constant. 

~·: XArv.1PI.F ~~3' 1 ('1'11\·11-: INVARIANT) 

hlld the uptimal cO lltlol for the systelll 

.. 
J 2J ~ !' (I,,) I X ,' (k) I u.' ) 

!. II 

SOI .l JlION 

'I he Ri ccal.i IllalI i" equatioll is 

79 

------.. 



.L 

Ik,e A l~ o I. AI ~ [~ ~ I; p(k, - I ) ~ r~ ~l ? I ' 
-J - -

[I () ] ' () -- [~ 0 

[~ ol HI , anu R =. IJ I 

0 II 2 11 1 ~ j p(k
l 
-2) , 

0 10 2 i I 0 ~ 

r 0 I I I J I I ~]}' r-1 0-, ) 

1 u I I 0 J [I o lo L2 2 , 
oj 

[ 'J 
H]" 

0 l< .l 

Now since the plublL:m is all illlillite regulatolY 0111.\ 'we cjln take G tL) be a constallt. 

G 
() II I 
I : i ., 

o I 0 2 () I J l <) XI -~l l 0 I } ') I jl o H-, OI J 

-l ~ () ! I 2 o II ~ X'I 
1 J L'- 2 I i U -, 1 

I I 
I 

I '} 

°1 I ' ~ S-l 1-

! lo j u ° 1 71 

16 1(, j 
> <.; is a constant 

0 0 

Till! '> tlH': op tilllaltraje<.:l(I!")' is 

tI( k , ) 

. > u(\.. , ) 

I .e tI(k
l

) 

I ll> I {} I [ X I (k , ) '1 
-i \ ) () : l x . (k I )1 

- I();\ ,(k I) - 1()2\ ~ (k, ) 

-1 6 \ ' (\.; 1) + 160 ,(\.;,) 
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Write dov.-n tlte two pOllit UVP (or th~ optimal contr{11 problem of llJillimizing . 

J 
x, (0) I 

;((6) 

subject to till: C()ll::>trailll s 

I X,(k 11) 1 
I X ~ (k ' . I) 1 

Rewrite the qllest iUII as : 

1l11111ll11Ze 

J 

subject to 

, 
Then the J Jctllliliolliall function is 

°1" Ll1(k) I 
I . lu2 (k) J 

'" 

'. 

/I X I .' (k ) I .\)\ / ( " ) r u I 2 (k) -I- 2u 2' ( !.;) -I- ) ' 1 ("- + I )[ 2 X 1 (k) + X / (1-. )] 

I A] (k 1 I)[X, (k) 1 X: (!d ·1 u, (k) 1 u : (I-. }] 

(31 



tll 

(u . o - :> 4 u ~ ( k) + ..12 (k + I) ~ 0 

Thus -

(7/ 

lX , 

( 11 

' /A, (k ! I) 

1 he boudary conditiolls 

Tllus till: !Wll Imillls BVI' bCCOllH~S · 

XI(k l l) - 2XI(k) IX2:?(k) 

XAk 1- \) - XI(I-..) +- X:(k) - 1121.1 (k I I) - 1/4 \ 2 (k I- I ) 

and 

with the terminal COlld ii io llS 
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COIl-,idcr Ih~ ~calar prubklll : 

' .. 

nllil 

subjl'd to X(I-; +1) .. ~ X(k) ~ u(k); :\(0) =-~ I 

'I he disn~l<': oplilll ,d coni 1.,..,1 Illr the regulalury probicill is givell by 

l-'rolll Ihe Rin.:ali l'lfu(liioll , 

With the conditin;l al the lillal stage being 

I-knee p(kd - p;-' 0, sillce S -' 0 

/\ - 1, B · I , () . I, R - I 

:> p( 2 ) 

p( I) I t Ix III t I r I 

I I 1 1'2 I" 

.'. p( ! ) 'I . ~ 

p( () t I ." II ! 1 x I .x 1 .:"i! I 

- I t Ixl <;(2 .),1 

- I I 1 <;12 <; . J() 

, . p(() 1 (. 

Thcrd'urt.: lI( k) - 1 I ( 1 () - I) X~ 

-0 .0 X(k) 
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5.4 CONCLUSION AND SUMMARY 

The project was aimed at obtaining the solution of a 

state-sp'ace equation; the optimal control for a single 

input single output (SISO) system and the optimal control 

for minimizing the quadratic cost function using the multi­

input mUlti-output (MIMO) state-space as constraints. 

For the state space solution, we achieved this aim by 

the application of Fadeev algorithm. This Faddeev algorithm 

also helped in the calculation of the optimal control of a 

single-input-single-output system using the Kalman and 

Ackermann equations. The calculation of the optimal control 

of the quadratic cost-function of MIMO was achieved by the 

use of the Pontryagin's maximum principle otherwise called 

the Hamiltonian form. By the Hamiltonian form, we are able 

to find , an equation called the Riccati equation from which a 

symmetric positive definite metrix P is calculated. This 

value of P is used to obtain the MIMO optimal control 

system: 

(5.4.1) 

If the system is a continuous problem, otherwise for a 

discrete quadratic problem, the optimal control is 

U(R) = -R-1 (K) BT(K)A-1rPk - Q)Xk 

( 5 . 4 . 2 ) 
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APPENDIX 

CLS '. 
FOR x = 40 TO 25 STEP - 1 

LOCATE 10, x: COLOR 3, 0, 
Algorithm " 

0: PRINT" The Application of Faddeev 

LOCATE 12, x: PRINT" 
NEXT 

To Transfer Function " 

A$ = INPUT$(l) 
CLS 

OPEN "fadeev.out " FOR OUTPUT AS #1 

DIM A1(20, 20), B1(20, 20); C1(20, 20), ~~1(20, 20), D1(20, 20) 
DIM E1(20, 20), x(20, 20), B11(20, 20), F1(20, 20), A(20, 20) 

crs 
Stdrt: 

CLS 
PRINT #1, 

, 
'" 

PRINT #1, "To obtain the Tranfer Function of a linear sysytem" 
PRINT U-1, "usin9 the Faddeev Algorithm. Example: Giv en a system" 
PRINT #1, " (A,B ,eT) below II 

PRINT #1, 
PRINT #1, " , I 0 
PRINT #1," A :: I 3 
PRINT #1, " 1 - 12 
PRINT tn, "Solution : -

the " 

, 1 
o 
-7 
The 

o I 
2 I 
-6 I 
Faddeev 

" 

I 0 ! 
B = I 1 I cT = I -1 1 0 I" 

I 1 I 

" 

Algorithm is calculated using 

PRI NT 
PRIW!.' 

#1, 
tn, 

" following theory 'of resolvent matrix [SI-l~] ~ - l." 
"Thi s will be demonstrated in the next page. " 

PRI NT #1, 
i'RINT #1, 
':?RINT #1, 
PRINT #1, 
PRINT #1, 

CLS 
PRINT #1, 
PRINT fjl , 
PRINT #1, 

" (S I ,- A) ~ - 1 = rn - 1 " 
"Thus n =.3 " 
" He nce f'2 = I; By definition " 
"Also, 012 = -Tr(Ar2) ' 11 

"Solv i.ng For a2 ........ to get Trace value" 
: PRIN'r ttl, : PRI NT U-1, 

'**************** TO SOLVE FOR 0'2 ********************** 
Nlteration = 0 
eOSUB RDI 
GOSUB mdtinputl\: COSUB diagnal: 
PRINT #1, " 0'2 = -Tr (Ar2) /1 = "; -1 * «dgnal) / 1) 

GOSUB iteration 
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'**************** TO SOLVE FOR rl ********************** 
CLS 
PRINT 
PRINT 
PRINT 
PRINT 

#1, 
#1, 
#1, 
#1, 

"ri :::: Ar2 + a2I II 

"Solving for r1 

GOSUB 'PROCESS 

FOR i :::: 1 TO' irow 
FOR j = 1 TO icol 

LOCATE i + 5, j * 5 
PRINT #1, Al(i, j) 

NEXT j, i 

II 

PRINT #1, liThe above is Ar2 is to be added t.o a2 which will be 
keyed in below" 

'. 
" PRINT #1, : PRINT #1, 

GOSUB- Rd2: GOSUB MatinputB: 'To key in Alpha2 .at t he keyboard 
GOSUB addmat 'To add the values of Ar2 + a2 " 
LOCATE 8, 2: PRINT #1., "The value of garnma1 is as shown below" 

FOR i :::: 1 TO irow 
FOR j = 1 TO icol 
LOCATE 5 + i + 5, j * 7: PRINT #1, C1(i, j) 

NEXT j, i 

GOSUB iterClt.io ll 
'************~.** TO SOLVE FOR a1 ********************** 
100 CLS 
PRINT #1, : PRINT #1, : PRINT #1, 
PRINT "Solving for Alpha1 . ......... " 

GOSUB PROCtSS 
PRINT #1, "al = - Tr:(Arl) /2" 

FOR i = 1 TO irow 
FOR j = 1 TO icol 

LOCATE 2 + i + 5, j * 7: ' PRINT #1, Al(i, j) 
LOCATE 2 + i + 5, J * 7 + 30: PRINT #1, Cl(i, j) 

NEXT J, J . 

FOR i = 11'0 ·i row 
FOR j :::: 1 TO icol 
El (i, j) :::: Cl (i, j) 
NEXT j, 1 

FOR i = 1 TO irow 
FOR j = 1 TO ico12 

ABl(i, j) ...: a 
FOR k = 1 TO icol 
ABl(i, j) ABl(i, j) + Al(i, k) * El(k, j) 
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LOCATE 10 + i + 5, j * 8: PRINT #1, AB1(i, j) 
NEXT k, j, i 

dgna12 = AB1(i, 1) + AB1('2, 2) + AB1(3, 3) 
PRINT #1, : PRINT #1, " a1 = -Tr (Arl) /2 = "i -1 * ((dgnal2) / 2) 

GOSUB iteration 

'**************** TO SOLVE FOR ro ********************** 
CLS 

tIro ;= Af'l + all" 
: PRINT #1, 

PRINT #1, 
.PRINT #1, 
PRINT #1, "Solving for ro .......... " 

GOSUB PROCESS 

FOR i = 1 TO irow2 
FOR j = 1 TO icol2 
Bll(i, j) == ABl(i, j) 
LOCATE 2 + i ... 5 , j * 7: PRINT #1, Bll(i, j) 

NEXT j, i 

GOSUB Alphal 

LOCATE 15, 5: PRINT #1, 
LOCATE 16, 5: PR[NT #1, 

FOR i = 1 TO irow 
FOR j = 1 TO icol 

"The above is the result of Arl + all and" 
"the result of the addition is below " 

Dl(i, j) =: IHl(i, j) + x(i, j) 
LOCATE 12 + i + 5, j * 7: PRINT #1, D1(i, j) 

NEXT j, 1 

GOSUB it.eration 

'**************** TO SOLVE FOR aO ********************** 
CLS 
PRINT #1, :. PRINT #1; ': PRINT #1, 
PRINT #1, "Solving for aO .. . .. ...... " 

G08fJB PROCESS 
,*** .****** print /11, JNG OUT THE VALUE OF A *****'1>-***1.'** 

FOR i = 1 TO irow 
FOR j = 1 TO icol 

LOCATE 3 + i + S, j * 7: PR1NT #1, Al(i, j) 
NEXT j, i 
Pl<INT #1, "": l?N[ NT #1, "" 
'********* print /ll,ING OUT THE VALUE OF ro ************ 
FOR i = 1 TO irow 

FOR j == 1 TO icc! 
LOCATE 3 + i + 5 , j * 7 + 30: PRINT #1, Dl(i, j) 
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NEXT j, 1 

'***k** MULTI PLYING 
FOR i = 1 TO irow 
FOR j = 1 TO icol 

THE VALUES OF A AND ro {i.e -Tr(ArO)} 

B1(i, j) = D1(i, j) 
NEXT j, i 

FOR i 1 TO irow 
FOR j = 1 TO icol2 

F1(i, j) ' = 0 
FOR k = 1 TO ieol 
,F1(i" j) r F1(i, j) + A1(i, k) * B1(k, j) 
LOCATE 10 +· 'i '+ 5, j * 8: PRINT #1, F1(i, j) 

NEXT k, j, i 
PRINT #1, : PRINT #1, 
dgnal3 = F1(1, 1) + Fl(2, i) + F1(3, 3) 
PRINT #1, " 0'0 = -Tr(ArO) /3 = "; -1' * «dgna13) / 3) 

GOSUB iteration 

CLS 

****** 

5: PRI NT #1, "The Number of Iteration is "; Nlteratiorl 
: l)H] NT #1, 

LOCATE 5, 
PRINT # 1, 
PRINT #1, 
PRINT #1, 
PRI NT #1, 
PRINT #1, " 
PRINT #1, " 
PRINT #1, " 
PRINT t11, 
PRINT .#1, 

"Substituting the iterative values for the v alue of ri's" 
"dllCl ai's, we obtain the following resolvent matrix: " 

r2S 1 + rlS + ro " 
(S1 - A)~-l = - - - - - - - - - - - - - __ - - - - - - - - - II 

CLS 

S~3 + a2S 2 + O'lS -I- 0'0 " 
PRINT #1, "See next page for the result . " 

'FOR m = 9 TO 11 
LOCATE m, '9: PRINT #1, CHR$(179) 
LOCATE m, · 23 : PRINT #1, CHR$(179) 

LOCATE m, 29: PRINT #1, CHR$(179) 
.LOCATE m, 43: PRINT #1, CHR$(179) 

LOCATE m, 49: PRI NT #1, CHR$(179) 
LOCATE fIl, 63: PRI NT #1 , CHR$(179) 

NEXT 

LOCATE 7, 5: PRINT IH, "Therefore (SI - A) A_I is as sIl.own below" 
'LOCATE 10, 24: l JR TNT H1 , " S) + " 
'LOCATE 10, 44: PRJN'I' II'!. , " S +" 
A ( 1 , 1 ) = 1: A ( 1 , 2 ) -' 0: A ( 1 , ? ) = 0 
A( 2 , 1) 0: A(~, 1) 1 : A(2, 3) - 0 
A(3, 1) = 0: A(3, ~) = 0: A( 3 , 3 ) == 1 

FOR i = 1 TO irow 
) FOR j 1 TO i c'') l 
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LOCATE 5 + ~ + 3, j * 5 + 5: PRINT #1, A(i, j) 
NEXT j, i 

FOR i 1 TO irow 
FOR j ~ 1 TO icol 

LOCATE 5 + i + 3, j * 5 + 25: PRINT #1, C1(i, j) 
LOCATE 5 + i + 3, j * 5 + 45: PRINT #1, D1(i, j) 

NEXT j, i . 

,'FOR x = 11 TO 62: LOCATE 12, x: PRINT #1, " _"; NEXT 
LOCATE 14, 24 
PRINT #1, " SA3 + "; -1 * (dgnal); "S2 +"; -1. * (dgna12 / 2); "S 
-1 * (dgna13 / 3) 

PRINT #1, : PRINT #1, 

CLS . 
'FOR m = 6 TO 8 

LOCATE m, 18: PRINT #1, CHR$(179) 
LOCATE m, 33: PRINT #1, CHR$(179) 

LOCATE fil, 38: PRINT #1 , CHR$(179) 
LOCATE rn, 5 0: PR TNT #1, CHR$(l79) 

'LOCATE Ill, 49: print #1, CHR$(179) 
'LOCATE w, 63: pr-int #1, CHR$(179) 

NEXT 

LOCATE 10, 5: .PRINT #1, "(S1 - A) A_l = " 
FOR i = 1 TO i r ow 

FOR j = 1 TO iccl 
A$ (i, j) = STR$ (A (i, j» + "S 2 " 

C1$ (i, j') 0= STR$ (C1 (i, j» + "S" 
Dl$ (i, j) = STR$(D1(i, j» 
Dll$(i, j) = A$(i, j) + "+" + C].$(i, j) + "+" + Dl$(i, j) 
LOCATE 5 + i, j * 20: PRINT #1, D11$(i, ~ j) 

NEXT j, i 

70: LOCATE 10, x: PRINT #1, " - ": NEXT 

+" . , 

'pOR x ::: 2 0 TO 
LOCATE 1 2 , 3 0 
PRINT #1, "S~3 +"; 
-1 * (dgna1 3 / 3) 

- 1 -k (tignal); "S2 +" i - 1 * (dgna12 / 2); "S +"; 

CLOSE ttl 

END 

RD1: 'Subroutine that request for matrice dimension1 

INPUT "Dime nsion for I<ow AI: ", irow 
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INPUT "Dimension for Column AI: ", icol 
PRINT #1, '~imension for Row AI: II. PRINT #1, irow 
PRINT. #1, . "Dime.nsion for Column AI: ": PRINT #1, icol 

., RETURN 

. '. 
Rd2: 'Subroutine that request for matrice dimension2 

INPUT "Dimension for Row a2: ", irow2 
INPUT "Dimension for Column a2: ", icol2 
PRINT #1, "Dime nsion for Row a2: ": PRINT #1, irow2 
PRINT #1, "Dimension for Column a2: ": PRINT, #1, icol2 

RETURN 

matinputA: 'Subroutine matrice i nput for trace value 

PRINT #1, "Input For Matrix A II 

FOR i = 1 TO ,jrow 
FOR j = 1 TO icol 

LOCATE i + 15, j " 10: INPUT,Al(i, j) 
PIUNT 1/1, /\l(i, j) 
NEXT j, i 

RETURN 

Matinput8: 'Subrou~ine for matrice input for a2 

PRINT #1, "Input For a2 II 

FOR i = 1 TO irow2 
FOR j = 1 TO ico12 

LOCATE 5 + i + 10, j * 10: INPUT 81(i, j) 
PRINT #1, 81(i, j) 
NEXT j, i 

RETURN 

addmat: 

10 CLS 

' Subroutin(;~ that check the Rows and Columns 
' equality before matrice addition 

IF irow <> irow2 THEN PRINT II ERROR! 
IF icol <> ico12 THEN PRINT II ERROR! 
GOSUB Add 

II. GOTO 10 
II. GOTO 10 

RETURN 

Add:· 'Sub n)u tine for matr ice addition 



LOCATE i + 10, j * 10 
PRINT #1, Cl(i , j) 

NEXT j, i 

RETURN 

diagnal: "Subroutine .that picks' the Trace value for Q'2 

dgnal = A1(1, 1) + Al(2, 2 ) + Al(3, 3) 

RETURN 

matricemult: 

FOR i == 1 TO irow 
FOR j := 1 TO icol 

. ABl(i, jl == 0 
FOR k = 1 TO ico12 

ABl(i, j) == Al(i, k) * C1(k, j) 

" 

LOCATE 12 + i + 5, j * 10: PRINT #1, ABl(i, j) 
NEXT k, j, i 

RETCRN 

'. 
PROCESS: 'Subroutine that causes little dalay 

FOR x = 1 TO 150 
LOCATE 4, 27 : PRINT 1 , It / It: LOCATE 4, 27: PRINT I, "I" 
LOCATE 4, 1 7: PRINT 1 , ,,\i,: NEXT 

RETURN 

i Ler <.i t i .O ll : 

Nltera tion Nlt e ration + 1 

RETURN 
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