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AI3STIlACT 

In t.his work, we appli('o t.h~ unconst.rained non- gradient, optimiza
t.ion algorit.hms of Sprir1. Baroll and (;oggins t.o solve t.he Sl1hmrrgrd 
S('wngr Disl><'rsiOll M o(kl and ('0 III pcln'(i 1.1 J(' olll ,PIlt. n'snl t.s of 1.1 1<' t.wo 
algorit.hms alongside wit.h all analyt.ical solllt,ioll. TIl(' out.put resulf.s 
show I,hal. both llwt.hods at.t.aill. til<' global minimlllll at. 2.1 x 10- -1. In 
ooing so, I.hc l111lT1lH'r of it.('ral,iolls for t.he Spri('t. Baroll is t Rtl whi\C, t.hal. 
of t.he ExLf'lldco Coggins is 12. This shows t.hat. t.he 8xt.('no<,o Coggius 
a.lgoril.hm is a hcU<'r all;orit.hm for t.he Srwng<, Dispersion model COIj

sic\('J'('d ill t.his work as it , cOllverges lJIllch fasl ,n. 

x 



CHAPTER ONE 

INTRODUCTION TO OPTIMIZATION THEORY 

1.1 PREAMBLE 

Thf' evolntion of optimiZf\l.ion Ulf'ory orif!;ilml.f'l'1 I\mOTlg; many Ot.\I 

('l'S , with c'collomic prohlmTls awl f!;allH' Uwory wlt('rf' opl.imal sl.ral.c'~.'" 

wm; to he descrilwcl maUIC'TT1aticall .y. 

Stephenson (1971) , post.ulates that the activity of man is developed 
C'ntircly trying to optimize the v:uiolls situations he fil1Cls himself. III 
t.he light. of t.his, opt.imizat.ion can 1')(' ddine.d ~s l.h0. art. for cif't .('1'mining; 
th(~ best decision ill a given sel. of cirCllmstallc('s. 

Optimization is a field of applied mathematics consisting of a col
lection of principles and methods 1lsed for the solution of quantitative 
problems in many disciplines: physics, biology, engineering , economics, 
business and others. Mnthematically, the purpose of optimi7.ation is 
1.0 filld t.}w best. solutiol1 to a givf'n problem (wllicll may also inc1mk a 
l1umlH'r of limit.illg c(>lIst.raiTlI.s). This mal.l)('tnal.ical arCH, opl.itrli~at.i()IJ , 

gn'w from t.h<, rf'cog;llil .ioll I.hal. p!'ohl('lTIs lludc'!' cOllsidc'ral.iol1 in rnall
if('sl.ly lTIallY fidds could 1)(' posf'd t.IJ('or('I.i<:~l1y ill sll('h a wny I.Ilal. H

cClll.ral stor(' of ideas ami mdltorls c01lld he mwd ill obl .aillilJ~ solul.ioll 
for all of thcm. 

A typical optimizat.ion problem may be described in the following 
way 



Example 

There is a system, snch as a ' physical machine, a set. or hiolo,:!;ical 
Ol',:!;anism or a husinf'ss or,:!;:1niz:1t.ion whosf' hf'haviour is oel.crTnillc,rt hy 
sf'vc'ral slwciIirc! ractors . . TIlf' opcral,ioll or t.IH' syst('rn has a ,:!;oa\ as 
t.Iw opl ,imizal iotl ()r I,ll(' p('rf()l'ITlHIICC or this :'iySt.(·Hl. 'I'll(' laf.f.(·r is <ld.('r
millcd al. I<'ast, ill part. hy t,11<' I('vd or t,llf' r<lcf.ors ()V('1' which t.J1<' OJ H'1'H t.or 
hm; ('ollt,rol j 1.11<' jH'rrOrmall('(' may also 1)(' Il.fr(~ct.('d how(~vn hy othn rac
I.ors OV('f' which UJ<'rf' is 110 cont.rol. 'I'll(' 0lwraf.or sr'(~ks thc right. Icvrls 
rOJ' f.Ilf' cont.rollahl<' racf.ors t.hHt will optimiz(', as rar as possihk, 1.1)(' 
perrormance or I.he syst.em . 

For example, in t.hf' cmw or a bankin,:!; syst,('m, t.hc opcrat.or is t.he 
governing booy or the ccntral hank; thr inputs over which there is .con
trol are int,crest, rates and rnOllf'y supplYj and the perrorrnancP. or the 
syst.em is df'scrihed by ('col1OTnic indicat.ors or t.he economic and polit.i
cal units in which t.hf' han king system operates. 

'I'h(~ first. st.f'jI in 1.11<' applical ,ioJ] or opf.imizat.ioll t.heory t.o a pracl.ical 
prohkrn is t.Il<' ici(,tlt.i ficat .iOlI or rel(~vall t. t.J J('ord,ical ('om {>Oll<'llf.S. This is 
ofj,rlJ I,IIC' trIost. diffic1llt. part. or Uw aJlnlysis, req1lirillg a t.horo1lglJ 1I11c!rr
sf.all<iilJ,:!; or t.JJ(' operal.ioll of I,ll<' sysl.clIl 1I11d 1,\)(, ahilil ,y t,o d(,S(TilH' t.J1<' 
opcration or I,he syst.elTl ill pH'eise mat,ll('mat,ical t,('J'IllS . Gcnerally, on 
t,ll(' drvdoprnellt , or opt.imizat,ioll f.('chlliqllr OIJ(~ h(',:!;ills t,11<' cOllst.rnct.ioll 
orsucll a method, accordillg t.o Polak (1!l71) hy iuv(,lILilJ,:!; a cOIJ('ept.llal 

algorithm. 

Then one modifies this concept.ual process in such a way as t.o rcdnce 
each of its itcrat.ion to a finite nnmber or digital comput.er operations. 
That is, one reduces it to an implcmenf.ahle algorit.hm. To achieve this 
objective, in an effective manrlf'r, one has to llSC~ an adapl.ive or closed 
loop method ror truncating at least, some or t.he illfinite sub procc'ciures . 
This approach has t.he advant.age of avoidirlg a great deal or t.ime put 
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into very precise calculations when one is still quite far from the optimal 
point that onc is trying to fino . To make' matt.~rs wors~ , th~ r('sulting 
algorit.hm may fail to COIl verge. Bonday (1981) supported t.his same 
vipw IPoint by saying that it is Ill)t always economical to do a thorough 
lin(,ar search. A 1\ that is Iwccssary, h(~ said, is to ohtaill a rcdlldioll ill 
thc flll1et.ioll valne:. At the fin.;t, sight, t.his may seem rat.her crude . TIJ(' 
co TTl pnt.al,ion t,o filld t.he T,lilli mllTn ill this direction might hc c011si<l
prahh- . Agai" 11(' ~t.at .('d t.hal. prad.ical (·XI)('riclt<·(· wit.h UI(,S(, I.YI)(·s of 

probkms sllows t.hal. it. is jwd, 1I0t. worl . llwhil(~ . IIc' I. 11('l'C'forc' prc'HllTTlc'd 
Lllat, what, w(' losc~ Oil 1.11(' 1\.CTllracy swi1lg; at I.Ilis stag;c' wc~ make 11p for 
Oil the prog;rc'ss t.o t.he millilllllrTl via cha"g('s ill dirc·ct.iol1 r011l1(lahollt:-;. 

Looking at example: 0l1f\ t.he main t.heoretical components are the 
syst.cm, t.he inputs amI onl.pnl.s, and its rt11(~s of op(~ration . TIte systun 
has a set of possible states at each momf'nt in the life of the syst.em, 
it is one of these states, and it changes from state to state according 
t.o cf'rtain rul('s oct('rmined hy inputs and ont.p11t.s. There: is a nllmeri
cal fJuanl.ity ca1\C'd I.h(' performance me'asnn~, which 1.11(' operat.or s('('ks 
to maximi7,e' or millirnize . It is a mal,lwmatical fnnct.iOlJ whos(' value 
is det.ennilJ('(l hy t.he history of I ,h~ system. The opC'rator is able f.o 
illillH'IlCC t.he valnc of the JH'rformaTlcc' Hw:tsnre throngh a sciwdllle of 
inpnts . Finally, I.Iw c.onsl.railJt.s or t.he syst~m mnst. be icienl.ific'd; thC'sc 
an' I,he' l'est.ridiclIls Oil I.he iTlj>llt ,s t.hat. nn~ h(~'yolld I.\l<' COli 1.1'0\ or 1.\)(' 

operator. 

Frankly speakillg, the mo(l<~nl larg(~ scai<~ digital cornpllt.cr has givell 
a great impetus 1,0 comput,al.iOllal proc('duI'es of solving large class or 
opt,imi7.at.ion prohlems . 

3 



1.2 NUMERICAL OPTIMIZATION PROBLEM 

Many problcms involvf' fiuding t.he l)('st., in SOITle' defil1cd l"f'SPe'ct. , of 
many pnssiblf' solutions. The hest sO\1\f,ioll might he' tit(' one' IC"ading 
t.o Lhe lowest, cosl. , 1.\](' h"·gcst. proGt. or t.\H' shorl.c:st. l'Ou\.e ill n .iou1'lJ('Y. 
Such problems are ones of opt.imization . Beca.nsc of t.heir economic irn
por~ance, their cf[e'ctivc comput.ational solut.ion is extremely important. 

1.2.1 STATEMENT OF AN OPTIMIZATION PROBLEM 

(i) FOR AN UNCONSTRAINED PROBLEM 

'I'll(' mat.\wmatical prohkTll is 1.0 find ;" S('t. of vahlC's :r:i slI('h Ulal. 
F(Xi) is as small (or as largf') as possible. Simply put: Find 

1 
:~ I X = 

Xn 

which minimi;r,es F(x). 

(ii) FOR A CONSTRAINED PROBLEM 

TIt(' mal.!JelTlal.ical probl('1Tl is t.o filld :l S('1. of vahH's :1:; S11ell t.hat. 
V(:l:j) is as small (or as la.rgr) as possihlr . Simply put. : Find 

1 
:1:, I :C2 

:1: = 

Xn 

which minimizes F(x). 
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Subject to the cOllstraint: 

9j(.h ) ~ 0; j = 1,2, ... ,m 

Lj(x) = 0; j = 1, 2, ... ,p 

Where x is all n- dimensional vect.or called t.he design vector, i.e . Xi 

means the set of all .hi j i :: 0, 2, ... , n. 

The functi on F or F(x) represent.s I.he cost. or oUtrr valu~ 1.0 be 
opt,i rniz{'a and i I, is cal1~<l U W ohjcct.i ve fll11Ct.io)l. J\ lid t.1 w prohlc'IT1 is 
mmally rkfined so t.hat. Ute cost. (objc,ct.iVf') is t.o h(~ rnillimiz(xl. .(}j(:1: ) 
Hud 'j( :r:) a re, respe'ct.ive'ly, the inequalit.y and the equalit.y const.raint.s. 

The numher of variables n ana the number of constraiuts TTl and/or 
p need not be relat.ed ill any way. 

In most optimization problems, the objective function F depends on 
several variable, X I , X2, ••. ,Xn . These are called t,he control variables 
because we can cont.rol t.hem, t.hat. is , chose their value. Generally, 
in any optimizat.ion problem the objective is to opt.imize (maximize 
or millimi 7;e) somc' fllllcl.ioll r. This fllllctioll is called Uw ohject.ive' 
fllUcf.iou . Opt.imizat.ioll t.1lC'ory dc'v('lops IIIdhods for opt.imal choicc' or 
:rl, :1:2, ... ,:r:" which maximize' (or rnillimi7.{') t.he ohjed.ive funct.ioll f. 
t.hnt. is 1TlC't.hoc1 for filldill l!; optimal Vahll'H of :/:1, :r:,l., . .. , :r:" . 

1.2.2 CONSTRAINED/ UNCONSTRAINED VARIABLES 

In many prohlems the variable Xi (i .e choice of values of Xl, X2, • .• ,Xn 

) an~ not entirely free hut. are suhject. t.o const.raint.s, t.hat. is addit.ional 
condi t ions arising from the nat.ure of tit(' problem ami t.he variable. 
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These COl1st.raints can be equalit.y const.raint.s, or both. They take 
the form 

qj(Xi) = 0, j = 1,2, ... ,p for equalit.y constraints and gk(Xi ) ~ 0, k = 
1,2, . .. , m. for inC'qufllity collsthl.ints. Eit.her or hot.h of p and TTl can be 
Z('ro, ntC'aning t.hat. l.l)('rC' arC' 110 consl.millts in that. class. 

1.2.3 LINEAR PROGRAMMING 

Th(~ nhjC'ct , iv<~ fnllcl.ioll alld t,hc (~ow;t.1"aint ,s may 1)(' lilJ(~ar or non
lilH'ar. If hoth arc lillcar, 1,)1<' probl('1Yl bdollg to 1,\1(' spcciality called 
lillf'ar program mingo . 

A linear programming is ddined as the minimization of a linear ob
jective function whose variable satisfy a system of linear ineqllalities. 

Linear programming or linear opt.imization consists of rncl.hods [or 
solving opt,imizat.inll prnhlC'IrlR in which the ohjC'd.ivc fllnd .ioll F iR a 
linrar function of COJJt,rol variahles :1:" :1:2, ... , .7:11 aJl(I tile domain or 
t.hese variables restrided hy sysl.em or lillear lll('qllalit.ics . Prohlems 
11<'1'(' em.1 also involv(' t,hollsHnds of variahl(~s and I"<'qllir(' I.he s()\nt.ioll of 
11ll1llC'rOllS Ii lJcar ('qllat.iollf; at. ('acb s 1.(')1 of all i I.('ral.i VI' process . 

1.2.4 NON-LINEAR PROGRAMMING 

Non- linear programming are t.hos(~ in which either t.bc objective 
[unction or at. least. one of t.he constraint. [unct.ion is Hon -linear . 

6 



1.2.5 MATHEMATICAL PROGRAMMING 

Both linear and nOIl--linear programmillg falls nnder the specificity, 
referrenl,o as mathematical programming. Mathemal,ical programming 
Inay he dc'scrilwC\ ill I.C'rITIS of its rnal.llC'rnal,ical sl.rlldllrc' aIHI (,ompn1.a
I,iollal procc'dlln's or ill l,e'rIlIs of I.lIe hroad dass of import.alJl, clc'cisiOJ) 
prohlelTlS which call he formlllal.ed as the In ini mi7.al.iol1 (maxi mi7.Htion) 
or a rllllcf.iotl or sc'vC'l'al vari'ahlcs that are snhjecl. 1.0 sysl.em or side con
st rail1l.s. 

1.3 DEFINITION OF TERMS 

Definition 1.3.1 - DESIGN VECTOR 

This is described by a set of quantities some of which are viewed as 
vmiables during the design process. 

Definition 1.3.2 - PREASSIGNED PARAMETERS 

These arc' t.he Cjllanl,it.i('s that arc wmally fixc(l at, t.h(' 01l1.sd, ill any 
('lIgilleering SYRI.('1Tl or COJTIPOIJ('lIt.:=;. 

Definition 1.3.3 - DESIGN OR DEeISION VARIABLE 

These are lite qnanlit.ic's that. are t.reat.ed as variables in t.he design 
process in any engineering syst.em. The design variables are collcdi vely 
reprf'sent.f'n as a design vect.or , I.h11s: 

7 
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Definition 1.3.4 - DESIGN CONSTRAINTS 

In many practical problems, the design variables cannot he chosen 
arbitrarily; raUlf~r, t1wy haw' to saf.isfy cc~,taill spf'cific~d flludiollal amI. 
oLll('r J"('qni n'rn ('lli.H. 'I'll(' n'Hf.ricf.iollH thaI. rnmd. 1)(' satisli<'d ill order to 
produce all acceptahl(' desigll arc collectiv('ly called design comil.rai,d.s. 

The cotlst.raillf.s which represent limitations 011 the behaviollr or 1)('1'

formance of t,11(' syst.em arc termed as behaviour or functional constraints. 

The constraints which H'prcsc'ut physical lirnitatiolls on the dcsign 
variables like availability, fabricability and transport.ability are known 
:-lR geometric or side constraints . 

Definition 1.3.5 - OBJECTIVE FUNCTION 

Noj-,(' that" I,h(' cOllv('nti01tal design procf'dllre aims at. finding an ac

cepi able or adf'quat.c design which mf'rely satisfies the funct.iollal and 
other rC'qllirC'mC'IJts of t.he prohlems. In g<'II('Hl.I, tll<'rc will be more t.hall 
01](' accept.ahle' dcsigw; alld the pnrposc of optimi;"at.iolJ is to chom;(' thc 
hest. one ont of the' many acc('ptable d('f;igns availahlC'. Thlls a <:ri1.<'
riOll has 1,0 hc' dIOS('1I for comparing 1.11(' clirrcl'clI1. nlf.cl'IIHt.(' ac('('pt.ahlC' 

dc'signs and for sdC'd,illg t.J1C' Iwst orl(' . 'I'll<' crit.('rioll wiLlI respect to 
which t.he dcsigll is opt.i rni;r.cd w hC'1l C'xpn'ss(~d as a flllwt.ioll of t.1 I<' dC'
Higu variahlcH iH kllOWll mi t.he niterioll or rneri I. or oi>j(,ct.i vc fnuct.ioll. 

Definition 1.3.6 - OPTIMIZATION TECHNIQUE 

The variolls t,echllique(s) available for t,he solution of optimi,mj,ion 
prohlC'm(s) arc c1assifi('d IIT1dc'r t.il<' headiJlg rnathcrnati.cal programming 
t.C'chniqnc (a.lso known as the opt.imllm s('('kilJg mct.hodH) . Tllcse tcch
lJiques a.rc llsdu} ill filHling t.he minimum or maximulTl of H fllllct.ioll or 
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severnl variahles Hilder a prescribed sd, of cons1.raillt.s. 

Exampl<' of snch classificat.ion inclnc\cs t.he classical mdhoos of oif- . 
fe'rf'ntia l c;)lcnlns wbich call he' ilscd t.o filld nncollst.rain1. maxitnnm or 
minimum of a fnud,iol\ of s('vf'ral variallks. 

1.4 CLASSIFICATION OF OPTIMIZATION PROBLEMS 

Generally, optimization problems can he classified as follows: 

1.4.1 CLASSIFICATION BASED ON THE EXISTENCE 
OF CONSTRAINTS 

, 
As alre'ady 8t.a1.<,<\ , allY op1.imiza1.ioll prohle'tn can \)(' classiric(\ as 

a constrained or unconstraille'd one dq)(:lJ(iing up all wlwf.llCT tbc COIl 

straints exist or not. in tllC problem . 

1.4.2 CLASSIFICATION BASED ON THE NATURE OF 
DESIGN VARIABLES 

Ta king into cogllisallce t lte lIatnre of dc'sign varia.bles enconntered, 
optimization problem can be' classified into two broad categories, viz: 

Category I 

The problem is t.o find valne's to a sd . of design paramct.crs, which 
make some prescrib('d flln cf.ion of these paramet.er minimnm snhje'ct. t.o 
cc'rf.ain const.rainf.s. 

, 



Category II 

The objective is 1.0 filld a scl of dcsir;1l parameters, which are all 
continuons functiom; of some> ot.lwr param('t.('r, t.hat. minimize an oh.icc
tiv(' function snhj('d 1.0 til(' pr('scrihed cOlJstraints. 

1.4.3 CLASSIFICATION BASED ON THE PHYSICAL 
STRUCTURE OF THE PROBLEM 

Considering t.he physical st.rnctuH: of the prohlem, optimization 
problem can he classified as optimal cont.rol and non- optimal control 
prohlems. 

Two t.ypes of variables usually describe an optimal control problem , 

(i) The control (dC'sign) variablC's 

(ii) The slatC' variables 

The: control variables govern the cvolntion of !.lIe system from OIle: 
st.age to the n('xt and tlw st.ate variablf's describe the bC'haviour of the 
syst.em in any stage. Clearly stated, t.he optimal control problC'm is a 
mat.hematical programming probkm involving a nnmber of strategies, 
wllC're each stage evolves from t.he star;C' ill a prescribed mar1lJer. 

Opt.imal control prohlem are stated as follows: 
Find t.he set. of control or design variables such that t.he total ob

j('d.ive fllnct.ion over t.he: L lI1unher of sl .ag('s is milJimi7.ecl sllbj<'d. to 
cC'rtain const.raint.s on t.lIe st.at.(' alld cOllt.rol variahle. I.e. 
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Find x which minimizes 

[ , 

F(:c) -: L f j{:r.i, ~}jJ 

Slll>jf'd. to t. he cOlJs/.milJ/.s 

where 
Xi is the ith control variable; 
Yi is the ith state variable; 

j n 

Ji is the contribntion of the ith stage to t he total objecti ve function ; 
.'J.i h/r and qi arc [nnd.ions or Xi, Y~: ; and :r.i and ?Jj rcsp('divc\y. 

1.4.4 CLASSIFICATION BASED ON THE NATURE OF 
EQUATIONS INVOLVED 

This dassiIicatioll is has('d on the nature or the ('xpressioll [or l he 
objective [unction and the constraints. Here, optimi?:ation problems 
can be classified as: 

(i) Linear programmillg probl('ms 

(ii) Non- linear prograrnmiug problems 

(iii) Geometric progn mrnillg problems 

(iv) Quadratic programming problems 
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This classificat.ion is extremely n8('rnl rrorn t.he corn pntalional point 
or vi('w since t.here ar(' many md,hods c1evc~lop('cl soldy ror IJw efficif'nt 
solnl,ion of a part.icular class or proukrns . 

(i) LINEAR PROGRAMMING PROBLEM 

rf Ule' oh.icdiv(, fnTlcl.ion and allUIC com;l,raiut.s in ('qnation 1.2.2 (a 
and b) are' linear fllllctiolls of the desigll variahles, t.hc mal,hematical 
programming problem is calh~d a lincar programming (LP) prohlcrn . A 
linear progrm Tn ing prohh'Tn is ort.en stal.!'d as rollows: 

Find 

which minimizes 
n 

F(x) = LCiXj 
i = l 

subject to the constraints 

n 

L o,jkXk - hj ; j =:. 1,2, ... , '///' 
k= l 

ami Xi 2: 0, i - 1,2, ... , n 
where c;, 0jk aud bj are cOllst.ant.s. 

(ii) NON- LINEAR PROGRAMMING PROBLEM 

If f1ny of I h(' funcl,ion among I,) IC obj('cl.i ve f1THl const.raints functioll 
1.2.1 a and h is nOli lillear, the problem is called a 11011 lil1car program
ming problem (NLP). 
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(iii) GEOMETRIC PROGRAMMING PROBLEM 

A geomctric programming problcm (GMP) is on(' in which the ob
.iective function Hnd consl.raillts af(~ ('xpr~ssf'd as posynomials in x . 

Definition 

" rltudioll It{x) is ('nl1<~(1 a posYllomial ir It call 1)(' ('Xl'H·ss(·d as tlte 
Sl1m or power Lei'llIs or UIC' form : 

where c; and aij are constmints with Ci > 0 and Xj > 0 

Thus a posynomial rnction ca.n be expressed as 

Thus the GMP problem can be stated as follows: 
Find x which minimi7,cs 

N c 

F{;r;) · L C; [lIj I :r.~(j]; Ci > 1), :r:j > 0 
;. ,- J 

suhject. to 

Nj 

gj(x) = Laij [nj=lx:ik] ~ 0; j = 1,2, ... m 
i = L 

where Nc and N j denote the numher of posynomial terms In the 
objective and lh const.mint function rC:'spect.ivel y. 



(iv) QUADRATIC PROGRAMMING PROBLEM 

J\ qll~drat.ic programming prohl~m is a non- linear programming 
problem wit.b a qnadratic ohjective fnncf.ion and lillear constraint.s. The 
prohlcTn is fOrlllnlakd ,IS follows : 

n n n 

F{:r;) = c -I- L qj:r:i -I- L L Qij Xj . 

i-c- 1 i = ] j -= 1 

snhject. t.o 

{, 

L a;p:; -= bj ; j -- 1,2, .. . 111,; :r.i ~ 0, 1. - 1,2, ... ,11. 

; = 1 

wh ~re c, qj, Qi.i and bj are com;j,ant.s . 

1.4.5 CLASSIFICATION BASED ON THE PERMISSIBLE 
VALUES OF THE DESIGN VARIABLES 

Depending on t.Ite values pf'nnit.t.cd for t.he design variables, opti
mi7,at-.ion problf'm ('an he dassifif'rl as follows: 

(i) Int.eger progmmrping prohlf'nJs 

(ii) Itr-al -valuf'd programming prohh'rm; 

(i) INTEGER PROGRAMMING PROBLEMS 

IF some or all of 1.1)(' df'sign variahlf's x" X2, _ .. , .7:71. of an optimiza
tion problem arc rest.ricted to I.ake olJly iTlt ,crgcr (or discrete) values , 
the problem is ('all(~(l an integer program rning problem. 
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(ii) REAL- VALUED PROGRAMMING PROBLEMS 

If all tIl<' d('sign variabh's an' IH'rmit.f.cd t.o t.ake any real value, lhe 
optimIzation prohlpTTI is call('d a fcal V}tlncd programming pfohlcm . 

1.4.6 CLASSIFICATION BASED ON THE 
DETERMINISTIC NATURE OF THE VARIABLES 
INVOLVED 

Based 011 f.Iw dC'f,('rrnilli1'·;f ,ic 1H1.I ,l1r<· or f.1w variahlc':;; iuvol w'<i, o[>l.i
mizal.iolJ prohl(~m call he c1assiri('d a!'i dcl.cnnilJistic alld stochastic pro
gramming prol>l('ms. 

Tllis is an opt.imization prohlcm in which some or all of lh(' pammc
t.ns (d('sign variables and/or prcassign('d param('\ ,ers ) are probnbilisLi c, 
st.ochastic or deterministic as the case may he. 

1.4.7 CLASSIFICATION BASED ON THE 
SEPARABILITY OF THE FUNCTIONS 

Based on the sepRrability of the fnnctions (objective and constraints), 
optimization problem can be classified as 

(i) S(~pamblc programming problcm 

(ii) NOll- separablc programming problem 

(i) SEPARABLE PROGRAMMING PROBLEM 

A function F(x) is said t.o be separable if it can be expressed as the 
sum of n single variahle fun ction II (:r.), h(x ), . . . , In(x) , i.c. 

n 

F(x) = "LIi(xi) 
; = 1 
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A separable programming problem if; one In which the ohjective 
fllnct.ion and the consl,millts are separahle and can bE" expressp,d in 
standard form as 

Find 3; which millimi7;es 

n 

1<'(1:) -:. L f;(1:;) 
i ... d 

sllbjr'd to 

n 

G'j{1:) = L9ij{:J:d < bj ; j - 1,2, ... m 
i = l 

where bj's are constants. 

(ii) NON-SEPARABLE PROGRAMMING PROBLEM 

/\ non- separahle programming problem is one in which tbe objec ... 
tive function and/or the constraint.s are non-- separable. 

1.4.8 CLASSIFICATION BASED ON THE NUMBER OF 
THE OBJECTIVE FUNCTIONS 

I)cpenttillg 01.1 the ll11mh('r of objective fuuctiolls t.o \)(' milliTTli~ed, 
opl.imi7.af.ion prohl('lTls ('all he dm;sified as singl<' and mnlt.i ohjective 
program ming pr()hl(~lTIs. 

/\ multi- objective programming prohlem can be stakd as follows: 

Find x which minimizes 

subject to 
.fJj{:r:) ~ 0, .7 -: 1,:l, ... 11/. 
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where Fl,' F2 , - - . f(k denote the objective functions to be minimized 
si lTl111 taneOllsly. 

1.4.9 GENERAL APPRAISAL OF OPTIMIZATION 
THEORY 

As noted earlier OU, f.11(' first. step in the application of optirni7,ation 
theory to a pract.ical probl('m is the id(,ltf.ifieatioll of rcl('vant th('ol'<"f,ical 
('om pOl1C'nt s , that. is : 

(a) a f..honw1tgh 1tnderst,(l.lJding of t.J)( ~ operat.iou of t.he system ; I.e. 
conceptual algoritllln. 

(b) til(' ahilit .y t,o d('scrihe t.Jw operat.iolJ of t.he syst.('nt in precis(' mat.h
emat.ieal terms i.e. Implementat.iol1 algorithm. 

The next st.('P is 1.11(' dloi('c of all rl]>propriat.(' TlIf't.llod 1.0 \)(' 1Iscd. 
Ilowevcr, t.he mdhod 1lfwd for solvillg most. optimi7,at,ion prohlcm are 
oft.en grol1ped as gracii('nt and non- gradient. m('t.horis. TIl<" gradient 
method rcq1tiH'S fmld,ion mid (lcrivat . iv(~ cvalnat.iol\ wltil(' I.\w non
gracli('Ilt. HH't.hod rcqnires fl1lwt ,iol1 ('val 11 at.i 01 I olJly. 'I'ltcfW arc further 
daborakd as follow : 

Most methods for solving constrained optimiu\tion problem employ 
t.he first and sometimes lhe second parlial derivatives of the ohjective 
fnnction. The choice of snch mdhod is clear becanse for example, 
firsl ~md second d~rivaf.iv('s of a fllndiolJ dcfillC it$ gradic'lJt. and C1lJ'va
I.nr(' ami lhereby dcl,('1'mine til(' C~xiSt.(,llC(' alHllocaf.ion of t.}1(' ('xt.re'ml.lrn 
which sol V('S t.11( ~ problcm 1t11<1('1' cOllsid.'rat.ioll. 

However, in practical optimi7.at.ion problem, it. frpqncntiy occnrs 
t,haL the evalnaf,ion of t,ll(' fmlction rmd const.raint,s illvolve' a lengthy 
alJ(i complicated calculat.ion and as a cowwqncllcc iL is difli(,llll or e ven 
impossible to derive explicit ("xpression [or the required derivalives by 
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means of finite difference approximation. J lowever, the use of this ap
proach can int.roclnc(' t.nmcat.iol1 and or cancdlat.ion errors which may 
Ilullify t.h(' theory \lnderlyin~ t.li<' dIOS(,1I al~orit.hrn alld ka(l UI(, 5c'arch 
mit ray so f.hat if. COllvc'rgcs f.o f.Iw kolllf.ioll ollly vny slowly. 

All a!t,crnaf.(' approach t,o f.il(' mw of fillif.e difref'('lIc(' is to ('mploy all 

opf.imii:af.ioll proc('dnre whirh does nof. call for ({('rivative vallles. Such 

non-~radif'l1t, md,hods are t.('rnwd DII1,ECT SEA Ren METJlOD. The 

dircct. search strakgie for generat.ing a sequence of improving RPproX

imRtion t.o the solnt.ion arc baf)f'd simply on comparison of fnnction 

va!1ws, and gf'Iwrally tho1lgh nol. always, Ilwl.ho<is are hcurisl.ic ill na

f.nre having liU,1c or IIO mathematical basis. By I.heir wl,tnr(' , thcy makc' 
Olily vc'ry limif.cxt assmnpt.ioll ahollf. UIP fllllct.ioll awl ~(,ll('ral1y no more 

1.\1<111 c'ottf,ilJllil.y ~() a~ a rel-m\l. f.\wy haVl' ~l wry wide' Iidd of applica
t iOIJ:-l. TIllls 1101. ollly ('<111 they he 1t:-wciill pmhleTrlH for which dilI'CTC'IJ
Liaf.ioll is diIIicnJt, Imf. also for f.iIOSC' quws where if. may he appropriate; 

d('rivaf.ivcs arc ciiscontinuons, or WIWll f.hc' fnllcf.ioll vahH's arc snhjccf. 
t.o errors. Thes(' arc sit.nat.iolls in which ~radient, has('d md,ltods can 

prove ineffect.ive or illcOici(,lIt. Most of f 1)(' direct methods <He lit.Ue 
an'ed-ed by sttch difficult.ies . 

r'mthermorc, because of their lack of assumption abollt the func

Lion, f.hey ('an prow' mor~ 1'I,liahl(' and sLahlc' than f.h(' graciicllt. has('ci 

trwf.hods , or mosf, of t.h(,TTI , hC'CallS(' of t.lwir lack of a hasis, awl Iwnee 

FlsslllTwd ilJeIIicic'II(,Y, otIC' shulIld 1I0t. igllO),(' f.hc'm from pract.icHI poillt. 

of "iew. 
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1.5 AIM AND OB.JECTIVE OF THE STUDY 

The aims awl obj('ctiw's of Uw sludy f\n~: 

1. To r('view t.h~ dircct. s('arclt kclmiqll~ or Sprid. and Baron ror the 
submerged sewage' dispersioll llIoo(·I . 

2. To revi('w t,he! C()I~J!:i ns (>p!,j III izat.iou algori t.lIlTl ror 11)(! 811 h ITIcrgc·d 
sewag . disp~rsiolJ mode-I. 

3. To fino the most. ('flici('nt. 1i1H! s('arclt algorit.hm in aUaining l.hc mill
illllll11 rur t.lte snhmcrJ!:(·d 1)('waJ!:c disp(')'l)ioll mo(k!. 
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CHAPTER TWO 

SUBMERGED SEWAGE DISPERSION MODEL 

2.1 THE SPRIET- BAHON MODEL 

2.1.1 INTRODUCTION 

Most. urban communities Ineat,ed on 1\ sea shore ut.ilise or consider 
nt.ilisilJg a dcceptively simple system of disposal of their sewage wa
ter after a rongh preliminary t.rcnt.nwIIt. (scdimclIl.nl.ioll) , UtC liquid is 
vnmped t,o a liw'ar dirfusor ell closed 011 1.1t(~ Rca floor , at s('veral kilo
meters from the shore undf'r a suhmcrp;('nce of some F)O me't ,e'rs . The 
dirrnsor it.self is n Spnrgcr pipe', 2 t.o t1 md,('T'R in diamr.\,('T', ami picrce'd 
with equidistant side holeR of 5 to 10 celltimeters diameter. When the 
sea current is naught, the buoyant Jct.s formed at the side holes unite 
near the diffusor into a linear vertical bnoyant plume whose behaviour 
was studied in grc<'\t dctnil for t.he case of Laminer flow [J] and for that 
of tnrhlllf'nt flow 11, 21. It has l)('clI S})OWII for ills/,a1le(' , t.lla/. f.}J(' max
illlllm d('w;ity dirr(~l'('lJce hC'\,w('clJ sea wat.er HlId t.he plnlT\( ~ <tecH'aR('S 
:u;sympt.ot.ically (wlwll t.he dist,allcc t.o t.1Jc dirrllsOI', y, (iccrcascs) like 

for Laminar flow and like 

for tnrhnlf'nt flow. 

- I p,2/3 Y 0 

As the subrrlf'rgence is finite, these plnmes are event,ually de'flf'cLed 
into horizontal buoyant. plumes either at t.he sea surfacc or at the level 
of a thermocline if the flux of dcnsity differencc per unit. length of clif
fusor, Fa, is small enough. 
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Th~ sf.rlldllrc of f.h('s~ horii'.ontal hlloyaTlt plllHlCR has 1I0t. yet hCf'Il 
I.hor()np;hly inv('sl.it!;al.ed , and 1.I1( ~ref()n' prevailillg desigll mel .hods of 

mmilW sewag<' disJlos<11 sysLem I(il Lnk(' ollly t.Iw dis lH'l'sioll ill vrrt.ical 
phllTlf's ilJf.o aC(,Ol1 lit. . Tlte Spri('f. B;m>11 mod( '1 gives Ute mailJ n 'sll\t,s 

ror Ill(' case of lilH'ar La milJar itorizolll.al hnoyant. plumes. 

2.1.2 THE CONSERVATION EQUATION 

When thc Bousirlf'sq hypothesis (which a llows one 1.0 stndy t hc e[-

reds ornnoyancy) I>~rtailliJlg to lIat.nral ('()lIvcdioll ill a qnasi illcornprrssihk 
(parf.ly constant. d(,lI si1.y) flnid applirs, f.ItCTnoTrwJjl.nrn a lld C)H'rgy <'<lna
t.ions respectively aSSllm~ the followinp; form for bidinH'Tlsiollal flow lOx 
is hori;r,ollta l , Oy is vcrl.icall: 

_rJ(.:-8-:,.' _W-:,.) = __ 88_- _I 
8(x, y) 8x 

where 
\ff = Stream [unction 

8(8, w) 
8(x, y) 

e = rf'duced density diffcrence 

(2.1) 

(2.2) 

G,. = Crashor number ddIlled as the ratio of buoyant, 1,0 to VISCOUS 

forces gi ven as 

where 

2fJ(1' 'I' ) /.:\ G
r 

=- g('11 1; n ..I 

II. 

fJ = Temperature coefIi cient of volume f'xpansion 
TJ -1() = is a characterisl.ics temperature difference of the systcm. 
L = charactcristic di TTlcTlsion 
p = mass density 
p, = absolute or dynamic viscosity 
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9 -':. ~ravity 

l~. - Pnmdf.l ll111nhc'r which is I.he ral.io of dirl'llsivity of mOITH'lltllm to 
t.he diffnsi vit.y of heat. . 

p _ II,C" 
r - I,: 

( 1) = specific heat. at cOI1l;Lant presllre 
I.: = t.he thermal cOllduct.ivity 

The plumc's COllsi<iercd hy Sprict Baroll model are infacf. Pran~lll 

hOll11dary laycrs alon~ tlw Ox axis. To filJd their assympt.ot,ic solut.ion 
for (,'r ~ 00 ill Ow ,·iciuit.y of y 0 (iullf'l' sO)lltioJJ) , ol1e lIas 1,0 st.retch 
y and W as follows: 

7/ -:: 7/(/,1 Ifl 
, , f" (2.3( i)) 

(2.3(ii)) 

The fundament.al krm in the inner so)ut.ion satisfies then 

(2.4) 
Bw 03\(1 B\(J lJ"\)1 

- ---
BY DxaY2 D:r: DY3 

D8 0"\(1 
- ax -I ay4 

1 [Pea 
(2.5) 

OY;Jr: (haY 

The inner solutioll will he valid t.o 

llowever, tire Tire Spriet. Baron model in invest.igating t.lw I)('havionr 
of horizont.al buoyant plnmes consider t.hose plmnes formf'd ai. Uw sea 
surface, on the sea floor and Uw case where t.he plume is suhmerged at 
t he lev ,1 of a t.1lcnnndiIH' . 
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2.1.3 SUPERFICIAL HORIZONTAL BUOYANT PLUMES 

'Nhf'n the plume is formf'{l at thp, sp,a surface the solution of (2.4) 
and (2.5) mnst sat.isfy t.he foll owing honndary condit.ions: 

Y = 0; \1"1 ::: 0; 

(which means t.lmt ihe smface is a str('am line.) 

{which impli('s I.hal. 110 RheaI' stress at. I.he surface}. 

08 
- -- 0 
DY 

(which implies ihat ih re is no heat. flllX 1.0 the atmosphere). 

oW 
Y = oo - = 0 , BY 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(ihis mans that. there is no velocit.y ill the x direction far from the 
surface). 8 = 0 (no ('ff('d 011 specific mass far from t.1te surface) (2.10) 

The prohl('Jll admil.s t.11C' followill l!; similaril.y soll1t.iou: 

(2. J 1) 

where t.he l'ii milllrit.y vl\rillble is 

Y 
11 = -

.jX 
(2.12) 

The function f a.nd g sat.isfy t.he sysl.em 

1 1 
fill ::-.: '?Jf" - 2179 (2.13) 
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anci thp, boundary condit.ions 

TJ - 0, J = J" 0 

71 oo,.f' 0 

I: (18dV [ ''''' 
f'!Jdll 

• <Xl 

(2.14 ) 

(2.15) 

(2. 1 G) 

(2.17) 

This probl<'llI waH H()lv('d wil.h all ()pl.illli~al . i()J1 Hdt( ~m( ! 1.r;1 . For [111 -

IT[('rical iltt<'gratiolJ a !lUI OI'dcr HlIJlgC! J(lIU.a Gill method was ns('d. 
1t. is possihle to ('heck that. the nnmerical sollltion is correct [or large 
\alnes u[ Prandll (the assympt.oti(' solut.ioll is easily found) ; [or inst.ance 

lim g{TJ) = g(O) exp r 'r/2 
[
-PJ'{O) 1 

Pr ' >0 1\ 
(2.1R) 

and 
. g(Oh/ J'(O) 1 

lIm -::. --
Pr - .oo ...(p,. '2.;:;r (2.19) 

I t is worlh ["(!markiug that. t.he dilntioll alollg I.he snrfacc iH by 110 

m('aIlS negligihl<, . 8(0) vari('s lik(, :1:- 1/ 2 p;;/fi, whilC! I.h(' SlIjwrficial V('-

loeil.y is inde]J('IH\c'lIl. ()f x (awl proporl.iollal 1.0 f;:/:\ 

2.1.4 · HORIZONTAL BUOYANT PLUMES ON THE SEA 
FLOOR 

If instead of urban sewage waleI' olle wonld pump some dense indus
trial effluent to the distributor, the boundary layer would now spread 
on the Sf'a floor. The velocit.y fic1d and d(!I1sit.y difference field are again 
given by (2.1), (2.5), (2.6), (2.8) (2.9) and (2.10) instead or (2.7). 

Y = 0 8W ::- 0 
, BY 
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(which means that the velocity is zero on t.he sea floor). The similarity 
solution (2.11), (2.12) still applies 

and 
_ 1 

e = -g{r/) 
Vi 

wltC'!'(,; [ and g are givell by (2.13) and (2. 1-1) bul. 1luder I.he h01lllClmy 
cou(li t.iOll 

ry =-: 0, J = 0, J' --- 0 

ry = 00, J' = 0 

and with the conservation fXluation for the enthalpy flux 

.l: f'gdry 

The ~ssymptotic solution [or Pr -t 00 is snch that 

and 

3 r(2/'3) 
2{ 12)2/:\ ' 

(2.21 ) 

(2.22) 

(2.23) 

(2.2") 

(2.25) 

2.1.5 HORIZONTAL BUOYANT PLUMES SUBMERGED 
AT THE LEVEL OF A THERMOCLINE 

~Then the sea density increases with depth one says that the sea is 
stably stratified. A vert.ical o('nsity profile then typically displays two 
or more plateanx some 10 1.0 100 metres deep scpmat.cd by transition 
zones of only ] mder (kpth, the U1('rmodilles. I [ a wrtical plllmc 
n~aching a thcrmoclilJC' has lost enough lmoyallcy lllJrlNway it will bc 
d(,fj('ctf'd horizontally awl feed a so caIJ('d sllhmC'rgcxl sC'wag(~ fjC'Jd . To 

model tlJis fic'Jel, 811ppOSC I.hat. a klJOWJJ flow of liqnid of d<'llSity <'<tnal 1.0 
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the mean density hetween those of the adjacent plateans is injeded at 
l.hC' lc'vC'1 of t.hC' (illfillil,C'ly t.hill) t.110.rTTl(lCliIIC'S . TIIC' fC'slIlt.ing phlll1C' will 
h(' H ynt uwtric. wi t.1t n'H(>(,ct. t.o () x alld 1.11<' ('C( nal ,ioll d('scri hi IIg t.his fn'c 

sh('m boundary layn an' agailJ (2.4) , (2.G) wit.!. t.h(~ hOlllHiary condition : 

Y 0, Psi 0 (2.26) 

Ox is a streamline; 
B2\}! 

Dy2 = OJ (2.27) 

t.1l<' horizontal vdocit.y profile is symllH't,ric wiLh rC'sp(!d. to Ox. 

e = 0; (2.28) 

hy symmetry. 
8\}I 

BY = 0; (2.29) 

far [rom the plume the velocity is purdy vertical. 

0) = 1; (2.30) 

dcnsi t.y is gi v('n . 

Adapt-iug Sclticltl.iIlgs [71 solution for the lilJcar isol.herrnal .Jet alJel 
look for a Blasins- Howarth IRI cxprcssio'fslJ of the 

00 

\}! = X 1
/

3 ~ X 4i
/

3 h(",) (2.31 ) 
i = O 

00 

e = ~X-1f/:lgi("') (2.32) 
i = O 

where the similarity variable is: 

(2.33) 
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the fundamental terms of th('s~ expansion arc 

fo -=. 6a tanh a:rJ (2.34) 

11 [ ' 2/> ]-1 _ fo cosh r m, dry 

go - 00 [ 2P ]-1 fo cosh r (Yrl dr, 
(2.35) 

where a is relaf.ed to I,lt ,- momentum fJnx by . 

(2.3G) 

ror the pradical (;.'tse of disposal of urban sewage ill the sea water, 
til(' density difference is esselltially dne to lhe conccutration difference 
ill sodinm chloridc~ . 'I'll(' illl.crcBt.ing pollnt.anl.s mighl, he presenl · in 
lIlillntc' COIH'cIII.rai.iolls n,1J(1 would Ul<'1J dirr1lfw Ummglt I.\lis plumc, hnl 
wil-.llOnl. disturhing its dCl1Sil.y or its V<'lncity {idci, ir coucc'nl.ral,ion of 
such a pollutant is C, a solntion of the followiug form exisls 

satisfying 

by symmetry. 

00 

C = x-1/3L:X"S/3hi (7J) 
i = O 

ae a'll ae aw 1 a2e 
-- - -- ---ax ay BY ax Se BY2 

DC 
Y = 0, - = 0 

DY 

Y 00, C 0 

the dilulion far fronl lhe plume is compldc. 

It is easy to show that lhe fundamc>ntal term in (2.37) is 

ho(O) 
ho = s cos I 12• C (¥1] 
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2.1'.6 OPTIMIZATION TECHNIQUE 

Boundary valuc problems can be solved using an optimization scheme. 
The (>xpression 

(2.42) 

for iusf.auce is a suitabl(' oh.i('cl.iV(~ fmlCtion for UIC solnLiol1 of (2.13), 
(2.)11), (2 .16), (2.17) . For Lhe case of al1alog. Int.c'gration in a hy
hrid confignratiolJ, machin() noise distllrhes f.he COlT('d. evaluation of 
f.he crif.C'riou fllllct .iOlI if f,lw partial dNivaf.ivc call1JOf. hc~ dd,ermillcd 
aJmlytically, Lhe II1lTl1crical c'valnatioll of the (l(~ri vaf.i v(' is jeopardized 
hy noise. /\ good awl fast dirc'd. sean 'll tec\lllicpw is preferable. The 
TrlC'l.hod chosen here is modified rotal.illg coordiuate tcc\mique. The al
gorithm has been provided for an eIIicient line search for determining 
the minimum point. in a given direction. 

Line Search 

The line search is a combination of direct search and curve fitting in 
snch a way f.hal. nnder fa irly gelleral coudil.iolls, cOllvergcncc to the 
minimum is gnarant,ccd [91. 

Ld X k he' the 1>r('sell1. j>oil1t, ~ 1.1)(' direcl.ion of I.he' search and (\'k 

a given stc'p . f'ollowing flltIC;f.iou cval1lation arc done: 

till t11l'(~e poillts Xl X k I 0'.14k 

X 2 = b -I (\'24k 

KJ = b+a34k 
are obtained which satisfy -t.he mndif.ion 

f(Xd > f(&) < f(KJ) 
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rf the function J(X) is stricl.ly unimodal in the given direction the 
coordinate am of tlw minimum point. Xli amdk will be the int.erval 
(0'1, O'.:.!) . Then a curve fit.tiTJ~ procedure is st.arted which does not re
quire dcri vatives. 

A quadratic 

(2.43) 

is passed t.hrough the t.hree point.s and the coordiuat.e of the ext.remum 

is warrant.ed to be a rninimlUlJ and cont.aiued iu t.}1<' illterval (O'J, 0'3); 

.r(X" 1- ~(!d,.) is evaluat.ed. If ~(~ < 0'2 a rww poiul. Xl --: b I O'.cd,. is 
introduced reducing (0'1, n:.!) t,o (O'c, ft.:I). 

If a e > 03, & = X k + O'.mdk is calculated and (0'[, 0'3) reduce to 
(0'.1, O'c). A new quadrat.ic fit is performed on the reduced interval. Tf 
0'1 = ~2, the interval (~2' O'j) - a i is the coordinat.e of 2L. being the 
argmnent. of Ji = max{J(X.), J{X 2)} - is divided 1.0 obtain a new 
point. X n ill such a way that, t.11<' new illt,(~rval is smaller t,luHl 1.11(' pre
cc->eciillg Olle. II. call he proved hy tlw Clohal cOllverg<'lJce (,!Jc-~()rern /9] 
that. t.his algorithm conv<'fgc's 1.0 t.he solnl.ion if the objective fnnction 
is continuous and unimodal in ~ . The order of COIlvergence is kllown 1.0 
he abont. 1.3 I~)I. ill practic(' t.he scarch proccdnre ha:-; t.o he t.cnnillated 
hefor(" it. has convC'rge<l. For tlwse prohlc-ms am is det.C'rrniw'd 1.0 within 
a fixf'cl percenl.age of il.l'l 1.1'11(' vallie. 1\ ('ollsl.allt. (;, 0 < (; < I il'l I'ldcdc'd 

(c -= 0.(1) and 0'. is found so as 1.0 saLisfy In - nl :s; clO'I when' fl' is the 
lower bound 0'1 on t.he t.1'I1(' ntillinti7.ill~ val1H~ of t.he paramdn if n] is 
<lirr('n'nl. from 7.('l'O or ('<pml 1.0 t.il<' t.( ~rrnillaf.i()ll vahH' for t.11<' contplcf.c 
algorithm if (V, equals zero. 
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2.1.7 OPTIMIZATION ALGORITHM 

In a simple coordinate , descent method the coordinate directions 
(~l ' ~2 ' ... , ~TJ are cyclically used to provide t.he directions for indi
vid1\al line searches. If the objective function ha.<; continuol1s partial 
derivativE'S . this method is globally convergent [9], and the convergence 
rate is affected by relation of t~e coordinatE'S. However if the first 
partial derivative are not continuous objective functions and the coor
dinate directions can be found so that the algorithm will not find the 
minimum. By rotating the coordinate system after n line searches an 
attempt is made to solve the problem 

. If at the same time olle axis is oriented towards t.he direction of 
the valley, locally est.imated in a way analogous to the met.hod used in 
t.he parallel t.angent algorit.hm it. has heen found by some t.rial ohjective 
functions that t.he convergence rat.e is improved. An efficient method 
for obtaining a new orthonormal set. is that. of Po weI [11], which requires 
0(11,2) mult.iplications instead of 0(11,3). 

The final algorithm is the following: 

Given Ko and the current set of orthonormal set of orthogonal di
rections D = (41 , 42 , ... , 4n ) a set of {3/s are computed using n line 
searches. 

{3j = mjn f(X j , (34j ) 

with Xj+l = Xj + {3j4j for j = 1,2, . .. , 11, - 1. 
The orders of the directions 4j is changed yielding D' = (~, 4~, . . . , 4~- 1) 

so that the first k directions have {3 - values different from zero 
({3o, {31, ... , (3k, 0, 0, . . . , 0). Then a new set. of directions is com
puted. 

1. set j = k 
T = ({3k)2 
fl. = {3kfuc 
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2. if j = 0 terminate the process ot.herwise compl1te 

3. set j = j - 1 
T '= T + ({3j)2 
Q. = Q. + {3j4j go to 2. 

4. The remaining vectors are obt.ained as follows: 

~ = 4~ for .i = k + 1, k + 2, ... , 11. - 1 

(2.45) 

(2.46) 

We now have a new set D n = (d;;, 4~, ... , 4~- 1) to repeat the 
procedure. 

To minimize the nnmber of objective function evaluations a suit
able step for the line search is neCE',ssary. If the step is too small; the 
initial value has to be doubled too many times. If the st.ep is too large, 
too many curve fittings have t.o be performed. Therefore the step is 
adjusted during the optimization. For every coordinate relaxation (n 
line searches) 

1 n - l 

a = - L{3j 
11. . 0 

J = 

is computed . The series {ad convcrg<'s at lea.<;t linearly for the quadrat.ic 
case [9]. The conwrgence rate is depp.ndent of the special objective 
function under stl1dy hl1t. experiment.ally it. has heen [ol1lld t.hat. if a 
fraction of a (say 0./8) is I1sed as step for the next coordinate search an 
improvement. in oVE'rall computation time is ohserved for t.he different 
objective function encountered in the prohlem. 
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Conclusion 

The classical methods of boundary layer theory allows us to ac
curately model linear Laminar horizontal buoyant plumes. Using the 
modern developments of the theory (method of assymptotic expansion) 
we could even produce st.ill better solutions of the non- linear problems 
considered. However, for any reasonable design the unit flow fo is likely 
to be so large that the flow w01lld be tnrb1l1ent rather than Laminar. 

2.2 REVIEW OF THE EXTENDED COGGINS 
OPTIMIZATION TECHNIQUE 

2.2.1 INTRODUCTION 

Coggins algorithm as a one variable search method algorithm for 
obtaining the optimum value of an objective function with one variable 
[5] . It is not a ~ampantly used iterative procedure because of its lim
itations are being its restriction on one variable cost function. Even 
though it was developed solely to be used on objective function with a 
single variable, however, an attempt was made to [5] construct a more 
generalised algorithm based on the formulation of the coggins' one vari
able method. 

The constrained optimization problem is 

max ( or min) z = F(x) where X = (X(I), X(2), .. . , x(n») 

Here, unimodality is assumed while for a multi modal function mul
tiple starting points should be used . 

In the next section, consideration is made of an objective function 
with two variables and subsequently generalised for n variable..s. 
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2.2.2 THE ALGORITHM 

The algorithm to find the optimum value of a function with two ' 
variahles is listed in the steps helow. 

Step (1) 

The objective function is evaluated using the initial value X~I), X62
). 

Step (2) 

The values of X(l) and X(2) are incremented 

X(l) = X(l) + ~X(1) 
X(2) = X(2) + ~X(2) 

(2.47( i)) 

(2.47(ii)) 

The new value of X(l) and X(2) are used to evaluate the function. If 
there is function improvement then 

(2.48) 

else 

Step (3) 

After the first step, if there is function improvement. then 

(2.49) 
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else 

Step (4) 

When a local optimum is obtained 

((X(I) X(2» (X(l) X(2» (X(l) X(2») 
k' k' k - l' k - \' k-2' k - 2 

Straddling the optimnm. Then the additional point Xi~I' Xi~1 is 
located 

X(I) _ X(l) + ~X(l) 
k+1 - k- I 2 (2.50(i» 

X(2) _ X(2) + ~X(2) 
k+I - k-l 2 (2.50( i» 

The best three points 

((XP), X~2», (X~l), X~2», (X~l), X~2») 

are obtained 

Step (5) 

A quadratic equation, f, is then curve fitted to t.he three retained 
point.s, the optimum location X(*t), X(*2) is located by setting dF = O. 

dF = of c.\x(l) + of dx(2) = 0 
aX(I) OX(2) (2 .51) 

aF' of 
oX(1) = 0 and aX(2) = 0 (2.52) 
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X*(1) = ~ {(X2(1) _ X2(1») F (X(l) X(2») + (X2(1) _ X2(1») F (X(I) X(2») 
2 2 3 l' I 3 I 2 , 2 

+ (Xi(l) - xi(1») F (X~J), X~2»)} / { (X~I) - xf») F (X~l), X~2») + . 

(X(I) - X(I») F (X(I) X(2») + (X(I) - X(l)) F (X(I) X(2»)} 
3 1 2' . 2 1 2 3,3 

(2 .53) 

X*(2) '= ~ { ( Xi(2) - Xi(2») F ( X~1), X~2») + (Xi(2) - X; (2) ) F ( X~1), X~2») + 

(X;(2) - Xi(2») F (X~l), X~2») } / { (X~2) - X?») F (X~I), X~2») + 

(Xj2) _ X~2») F (X~l), X~2») + (X~2) _ X~2») F (X~I) , X~2») } 
(2.54) 

Step (6) 

The value of the objective function at X(l) = X*(l) and X(2) = X*(2) 
is compared with the best previons point snbject. to a convergence limit . 

!X*(1) - X?)(lw.st)!::; limit 

!X*(2) - X?) (best)!::; limit 

(2.55{i )) 

(2.55{ii)) 

If the inequalitiffi (2.55) are satisfied, the procedure stops else the worst 
points are replaced by X*(l), X*(2), and a new qnadrat.ic surface is fit.
t.ed and local optimnm obt.a.in~d . 

This continues until equations (2 .55) are satisfied.' 

.-- - -
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2.3 COMPARISON OF OPTIMIZATION TECHNIQUES 

Coggin:; met,hod nnd Sprid. -Bnron opt.imizat.ion techniq11e fnlh:; un
der the classification of non- gradient ba:;ed methods of solving opt.i- . 
mization problems. These met.hods are generally termed Direct. search 
methods. 

2.3.1 DIRECT SEARCH METHODS 

The direct search strategies for generating a sequence of improving 
approximations to the solution are based simply on comparison of f1lJ;tc
tion values and generally, though not always, methods are heuristic in 
nature, having little or no mathematical basis. By their nature t.hey 
make only very limit.ed assumptions about. t.he funct.ion, and generally 
no more than continuity so as a result t.hey have a very wide field of 
application. Thus not only can they be used in problems for which 
differentiation is difficult, 

but also for those cases where it may be appropriate, derivativE's are 
discontinuous, or when the function values are subject to errors. These 
are sitnation in which gradient based methods can prove ineffect.ive or 
inefficient. Most of the direct search methods are little affected by:;uch 
difficulties, and becanse of their lack of assumptions about the function 
they can prove more reliable and stable than the gradient based meth
ods. 

2.3.2 COGGINS/SPRIET-BARON OPTIMIZATION 
TECHNIQUE 

Coggins method is used to solve an unconstrained optimization 
problem that employs a direct sE'.arch technique. Similarly, Coggins al
gorithm as a one - variable search met.hod is is an algorithm for obtain
ing optimum value of an objective function with one variable [5].Even 
though it was developed solely to be used on objective ftmction with 
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a single variable, however, Sasindro and Reju [5] have generalised the 
algorithmto that of mlllt.i- variable hased on t.he formalil'lm of the one 
variable met.hod. 

The unconstrained optimizat.ion prohlem is as follows: 

Maximize (or Minimize) ~ = F(X) where X = (X(l), X(2) , ... , x(n»). 
Here Unimodality is assumed. 

In the Spriet- Baron model, the expression 

f = 0, ([: J'gdry -1)' + o,r(oo) (2.56) 

is a suitable objective fllnction for the solution of (2.13), (2 .14), (2.15), 
(2.16), (2.17). The method chosen by Spriet- Baron is a modified ro
tating coordinate technique. The algorithm has hecm provided of an 
efficient line search for determining the minimllm point. for a given di
rection. 

The line search employed by Spriet- Baron is a combination of di
rect search and curve fitting in sllch a way that under fairly general 
conditions, convergence to the minimum is guaranteed (see 2.1.6) 

2.3.3 COGGINS/SPRIET-BARON OPTIMIZATION 
ALGORITHM 

Step 1 

For Coggins: the ohjective function is evaluated using the initial 
value ~1), ~2) . 
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That of Spriet- Baron: Given & and the current set of orthogonal 
directions 

D = (40, 41 , . .. , 4n - 1) 

a set of f3/s are computed using Ii line searches. f3j = min{3 f(X j , f34j ) 
with X j +! = Xj~ /3foj for j = 0, 1, ... , n - 1. 

The ordeR of the directions 4j is changed yielding 

D' = (~, 4~, ... , ~-1) 

so that the first k directions have 13 - values different from zero 
(/30, 131, . .. , 13k, 0, 0, ... , 0). 

Step 2 

For Coggins, the vahlf>S of XCI) and X(2) are incremented 

XCI) = X(I) + .6.X(l) 

X(2) = X(2) + .6.X(2) 

(2.57( i)) 

(2.57( i)) 

But that of Spriet- Baron, a new set of directions is computed: 
set 

(2.58) 

The new value of X(l), X(2) in (2.57) are used to evaluate the func
tion.if there is function improvement then 

(2.59) 

else 

but for (2.59): 
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t 

if j = 0 terminate the proCfflS, otherwise compute 

, (2.60) 

Step 3 

After the first step in (2.3.2) if there is function improvement then 

~X(I) = 2 * ~X(l) , ~X(2) = 2 * ~X(2) (2.61) 

else 
~X(I) ~X(2) 

~X(l) = ~X(2) = __ 
2 ' 2 

However after computing (2.60) for Spriet- Baron, set 

j = j -1, T = T + (f3j)2, §. = §. + f3jf.l~ (2.62) 

Step 4 

For Coggins, when a local optimum is ohtained 

((X(I) X(2») (X(1) X(2») (X(l) X(2),)) 
k' k' k-}! k - \ ' k-2' k - 2 

straddling the optimnm. Then an additional point Xk~l' Xk~I is lo
cated. 

X(1) _ X(1) + ~X(1) X(2) X(2) + ~X(2 (2.64) 
HI - k-l 2' k+1 = k-l -2-

The best three points 

((X~l). X~2»), (X~l), X~2»), (X~I), X~2»)) 

are obtained. 
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In the case of Spriet- Baron, the remaining voctors are obtained as 
follow: 

{j k k 

& = :;r §. = ~(Jj4j; T = I){Jj)2 
}= O j = O 

(2 .65) 

~ = 4~ for j = k + I, k + 2, .. . , 11, - 1 

We now have a new Ret. · 

to repeat the procedure. 

Continue the procedure until the best 3 points are located, see 2.1.6. 

Step 5 

For Coggins, a quadratic equation f is then curve fitted to the three 
retained points. The optimum location X*(J), X*(2) is located by set
ting dF = O. 

dF = aF dX(l) aF dX(2) = 0 
aXel) + aX(2) (2.66) 

aF aF 
aX(1) = 0, aX(2) = 0 (2.67) 

+ (Xi(l) - X~(l») F (X~l), X~2») } I { (X~l) - X~l») F (x~1), X?») + 

(X~l) _ x~1)) F (X~l), X~2») + (X~l) _ x~1)) F (X~l) , X~2») } 

(2 .68) 
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X*(2) = ~ { ( X;(2) - Xi(2») F ( x11
), X~2») + ( Xi(2) - Xi(2») F ( X~l), X~2») + 

(XJ(2) - X;(2») F (X~I), X~2»)} / {( X~2) - X~2») F (X~I), x?») + 

( X(2) _ X(2») F (X(I) ,X(2») + (X(2) _ X(2») F (X(I) X(2»)} 
3 1 2'2 I 2 :1,3 

(2.69) . 
However, for the Spriet- Baron model, if the function f(x) is strictly 

lmimodal in the giVf~n direction the coordinate {)1m. of the minimnm 
point 0'1 + a m 4k will be in the interval 0'1, 0'3. Then a curve fitting 
procedure is started which does not require derivatives. 

A quadratic 

(2.70) 

is passed through the three points and the coordinate of the extremum. 

1 [(a~ - (5)F(KI ) + (0'5 - ai)F(K2 ) + (ai - a~)F(&)] 
a e 

= 2 (0'2 - aa)F(X1) + (0'3 - al)F(X2) + (0'1 - (2)F(&) 
(2.71) 

is warranted to be a minimnm and contain('d in the interval ((aI, ()I3); 
F(Xk + aefk) is evaluat.ed. 

Step 6 

For Coggins, the value of the objective function at X(I) = X(*l) 
and X(2) = X(*2) is compared with the best previous point subject to 
a convergence limi t 
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If the ineqnality (2.72) is satisfied the procedure stops, else the worst 
pointFl are replaced by X(*I), X(*2) and a new quadratic Flnrface is fit.
t.ed and local opt.imum obtainf'd. This contiuues uut.il (2.72) is sat.isfied. 

At. t.his level, for t.he Sprict.~-Baron, t.o minimize t.he number of objec
t.ive function evaluat.ions a suit.able step for the line search is necessary. 
If t.he st.ep is t.oo small, t.he init.ial value has t.o be doubled t.oo many 
t.imes. If the st.ep is t.oo large, t.oo many cllfve fit.t.ings have t.o be per
formed. Therefore t.he st.ep is adjust.ed dnring t.he opt.imizat.ion. 

For every coordinat.e relaxat.ion (n line searches) 

is computed. 

1 n-J 

a= - L{3j 
n . 0 J= 

The series {ak} converges at least linearly for the quadratic case. 

2.3.4 REMARK 

The Spriet- Baron model as outlined above and that of Coggins 
(extended) opt.imizat.ion algorithm when compared seem to be VPIY 

similar. However, absolute resemblance in the methodology llsed is not 
guaranteed. TInt. wit.h lit.t.1e modificat.ion, t.he Coggins ext.ended met.hod 
can be used to solve the integral functional as used by the Spriet- Baron 
model as we shall examine lat t.er. 
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CHAPTER THREE 
SOLUTION OF THE SUBMERGED SEWAGE 

DISPERSION MODEL 

3.1 STATEMENT/DERIVATION OF THE OBJECTIVE 
CRITERION 

From eqnat.ion (2 .42), ·t.he C'.xpression giwm flS: 

according to Spriet- Baron [11] a suitable objective function for the 
solution of (2.13), (2.14), (2.16) and (2.17) . 

To simplify this expression (2.42) we adopt Schlictings [7] solution 
for the linear isothermal Jet, t.hus 

f ( 1]) = 60: tanh 0:1] (3.1) 

(3.2) 
};f1 [cosh2Pr D:1Jr

1 
d1] 

g(1]) = r~ [ h2P ]- l d Jo cos r D:1J 1] 

where 0: = 0.099; (see appendix lc). 
Different.iating (3.1) and taking t.he square of bot.h sides gives 

Int.egrating: 

I: !,(1])d1] = 60: I: sech20:1]d1] = 60: t.anhO:1] (3.4) 

Also integrating (3.2) with 

100 

[cosh2Pr 0:1]] -1 d1] = 1 
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yields 1: g(ry)dry = sech2Pr ary 

Combining (3.4) and (3.5) gives: . 

1: l' gdry. (6a tanh ary) (sech 2Pr ary ) 

squaring both sides yields: 

(3.5) 

Expanding the expression (2.42) and substituting accordingly we get 

f ~ a, ([: f' gdry -1)' + a,J" ( 00 ) 

= al {[(6atanhary)(sech2Prary)]2 - 2(6atanhary)(sech2Pr ) + 1} . 

+a2 [36a2 (sech2 ary) 2] 

= al [36a2tanh2ary (sech2ary)Pr - 2at.anhary) (sech2ary)Pr + 1] 

Where 
Q1 = Q2 = 0.21(xlO-3 IK) 
Pr = 6.4748 
ry = YX-2/ 3 

a = 0.099 

(3.6) 
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Note: 

(i) "I is the similarity variable since "I is used in dimensionless analysis 
and we int.end t.o consider f and g as only/functions of "I, we set 
"I = 0.1, 0.2, 0.3, ... . 

(ii) at = a2 is the thermal expansion coefficient whose value according 
t.o Howat.son et al [10] is 0.21(xlO- 3 IK) 

Substituting th(,.8e Vahlf'H ill equation (3.6), gives: 

f = 2.1x 10- 4 [0.352836 tanh2 arJ [(sech2a rJ) 2] P
r 

- 1.188 t.anh arJ (sech2arJ) P
r 

+ 1] 

+2.1 X 10- 4 [0.352836 (sech2arJ)2] 

= 7:4 X 10-5 tanh2 arJ [ (sech2 arJ) 2] P
r 

- 2.5 X 10- 4 tanh arJ (sech2 arJ) Pr 

+2.1 x 10-4 + 7.4 X 10-5 (sech2arJ)2 

The simplified objective function is given as: 

f(rJ) = 7.4x 10- 5 tanh2 ar} [(secharJ)4] Pr -2.5x 10- " tanh arJ (sech2arJ) Pr 

+2.1 X 10- 4 + 7.4 X lO- fi (sedlar})" 

The objective function can now be st.at.edt as: 
Find 

"1= 

"In 

which minimizes 

7.4 x 10-5 tanh2 a'l [(secharJ)4]Pr - 2.5 x 1O-4tanharJ (sech2arJ)Pr 

+2.1 x 10-4 + 7.4 X 10- 5 (secharJ)4 
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3.2 ANALYTICAL SOLUTION OF THE OBJECTIVE 
FUNCTION 

Since our intent is to adopt. t.he line search method which is a com
bination of direct search and curve fitting to attain the minimum, we 
decided to use hypot.hetical values to solve the objective function (3.6) 
with a view to serve as a basis for further comparison with t.he op
t.imi7.at.ion algorit.hm met.hod of Spriet. Daron and Ext,ended Coggins 
opt.imizat.ion a lgorit.hm. 

Problem 

Minimize 

+2.1 X 10- 4 + 7.4 X 10- 5 (sechQ7J)4 

Solution 

Q = 0.099, Pr = 6.4748, 7J = 0.1, 0.2, 0.3, ... 

Iteration 1 

f(O .l) = 7.4 x 1O-5 [t.anh(0.0099)]2 [(sech(0.0099))4]Pr 
p 

-2.5 x 1O- tl t.anh(0.OQ!J9) [(sech(O.0099))2] r 

+2.1 X lO- tl + 7.4 X 10- 5 (s(·~ch(O.0099)/ 

= 0.000281519390149 = 2.81519390149 x 10- 4 

Iteration 2 

f(0.2) = 7.4 x 1O- 5 [tanh(0.0198)]2 [(sech(0.0198))4]P
r 
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-2.5 X 10-4 tanh(0.0198) [(sech(0.0198))2] Pr 

+2.1 x 10-4 + 7.4 X 10- 5 (sech(0.0198))4 

= 0.000279034054484 = 2.79034054484 X 10- 4 

Suhsequent. it.erat.ion using mat.h cad code shows t.he result as out
lined in tahle 4.1. 

3.3 SOLUTION OF THE OBJECTIVE FUNCTION 
USING SPRIET-BARON OPTIMIZATION ALGORITHM 

The objective function to be minimized is: 

J(TJ) = 7.4 x 10- 5 tanh2 oTJ [(sechoTJ)4] P
r 
-2.5x 10-4 tanh OTJ (sech2oTJ) Pr 

+2.1 X 10-4 + 7.4 X 10- 5 (sechoTJ)4 

The. algorithm is as follow: 

Let X k be the present point. 
dk the direction of search 
Ok a given step 

We shall evaluate: 

f(Xk + Okdk), f(Xk + 2okdk), f(Xk + 4okdk) ... 

We define: 
Xk = (0, -1) 
dk = (1, 2) 
Ok = 0.1 
then 
TJl ='X~I) + nOkd~l) = 0 + 1(0.1)1 = 0.1 
Similarly 
TJ2 = X?) + nOkd~2) = (-1) + 1(0.1)2 = -0.8 
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Re-writing the objective function: 

J(TJ1, r/2) = Jmn21 = 7.4 X 10- 5 t.anh2 
Q171 [(secllQTJ2)4]Pr 

-2.5 x 10- 4 t.anho.TJI (sech2QTJ2)Pr 

+2.1 x 10- 4 + 7.4 X 10- 5 (seCho.TJ2)4 

Iteration 1 

(3.8) 

X k = (0, -1), Ok = 0.1 dk = (1, 2) , a = 0.099, Pr = 6.4748, n = 1 
TJI = xf) + nnkdkl) = 0 + (1)(0.1)(1) = 0.1 TJ2 = Xk2) + nakcik2) = 
-1 + (1)(0.1)(2) = -0.8 

Jnm21 = 7.4 X 10- 5 tanh2((0.099)(0.1)) [(sedl((0.099)( _0.8)))4t4748 

-2.5 x 10-4 tanh((0.099)(0.1)) (sech2((0.099)( _0.8)))6.4748 

+2.1 X 10-4 + 7.4 X 10- 5 (sech((0.099)( -0.8)))4 

= 7.4 X 10-5 tanh2(0.0099) [(sech( -0.0792))4] 6.4748 

-2.5 X 10- 4 tanh(0.0099) (sech2( -0.0792)) 6.4748 

+2.1 X 10-4 + 7.4 X 10- 5 (sech( -0.0792))4 

= 0.000280708574959 = 2.80708574959 x 10- 4 

Iteration 2 
X k = (0, -1), Qk = 0.1 dk = (1, 2), Q = 0.099, Pr = 6.4748, n = 2 

(1) (1) ( ( )() (2) (2) TJ1 = X k + nQkdk = 0 + 2) 0.1 1 = 0.2 TJ2 = X k + nQkdk = 
-1 + (2)(0.1)(2) = -0.6 

Jnm22 = 7.4 X 10-5 t.anh2((0.099)(0.2)) [(sech((0.099)( _0.6)))4]6.4748 

-2.5 x 10- 4 tanh((0.099)(0.2)) (sech2((0.099)( _0.6)))6.4748 

+2.1 x 10-4 + 7.4 X 10- 5 (sech((O.099)( -0.6)))4 

= 7.4 X 10-5 tanh2(0.0198) [{sech(_0.0594))4]6.4748 

48 



-2.5 X 10-4 tanh(0.0198) (scch\ -0.0594)) 6A7-18 

+2.1 X 10-4 + 7.4 X 10- 5 (sech( -0.0594))4 

= 0.00027860024412 = 2.7860024412 X 10- 4 

Iteration 3 
X k = (0, -1), ak = 0.1 dk = (1, 2), a = 0.099, Pr = 6.4748, n = 4 
171 = Xk1

) + 1Ul'kd k1
) = 0 + (4)(0.1)(1) = 0.4 172 = Xk2

) + nakdk2) = 
-1 + (4)(0.1)(2) = -0.2 

Jnm22 = 7.4 X 10- 5 t.anh2((0.099) (0.4) ) [(sech( (0.099)( -0.2) ))4tA748 

-2.5 x 10- 4 tanh((O.O!J!J) (0.4)) (sech2({0.099)( _0.2)))6.4748 

+2.1 x 10- 4 + 7.4 X 10-5 (sech((0.099) ( -0.2)))4 

= 7.4 X 10- 5 tanh2(0.0396) [(sech(_0.0198))4]6.4748 

-2.5 x 10- 4 tanh(0.0396) (sech2 ( _0.0198))6.4748 

+2.1 x 10- 4 + 7.4 X 10-5 (sech( -0.0198))4 

= 0.000274187595294 = 2.74187595294 x 10- 4 

As a result of the tedious nature of generating the values manually, 
we decided to use the aid of computer to generate the subsequent 0 val
ues. The mat.h cad simulat.ion procedure is as follows: 
n = 1, 2, 4, 6, 8, 10, . .. 0 

X k = (0, -1), dk = (1, 2), a = 0.099, (}.k = 0.1 , Pr = 6.4748 
(1) (\) o() G=Xk +rwkdk =0+nO.11 
(2) (2) () A = X k +nakdk = -1 +n 0.1 2 

which gives: 

J(G, A) = Jnm2 = 7.4 x 1O-5 tanh2(aG) [(sech(aA))4]Pr 

-2.5 x 10- 4 tanh(aG) (sech2 (aA))Pr 

+2.1 x 10-4 + 7.4 X 10-5 (sech(aA))4 

49 



-

3.4 SOLUTION OF THE OBJECTIVE FUNCTION 
USING THE EXTENDED COGGINS ALGORITHM 

Minimize 

( 5 2 [ 4] Pr 4 (2) Pr f ry) = 7.4x10- t.anh aTl (sechary) - 2.5xlO- tanhaTl seeh ary 

+2.1 X 1O~4 + 7.4 X 10-5 (sechary)4 (3.9) 

The algorithm assnmes the following: Let. X k be the present point 
!}'P be a step length 
where Xk = (0, -1) 
!}'P = 0.1 
P=2r , r=0.1,2,3, ... 

Iteration 1 (direct substitution) 

Xl = 0, X2 = -1, a = 0.099, Pr = 6.4748 

f(X I , X 2) = fnm13 = 7.4 X 10- 5 tanh2(aXt ) [(seeh(aX2))4] P
r 

-2.5 X 10- 4 t.anh(aXl) (seeh2(aX2))Pr 

+2.1 x 10- 4 + 7.4 X 10- 5 (sech(aX2))4 

= 7.4 x 10- 5 t.anh2(0) [(sech( _ 0.099))4t.4748 

-2.5 x 10- 4 tanh(O) (seeh2 ( _0.099))6.4748 

'+2.1 x 10- 4 + 7.4 X 10- 5 (sech( -0.099))4 

= 0.000282565893840 = 2.8256589384 x 10- 4 

Iteration 2 

Xl = 0 + 0.1 = 0.1, X2 = -1 + 0.1 = -0.9, a = 0.099, Pr = 6.4748 

2 [ 4]6.4748 
fnm23 = 7.4 X 10-5 tanh (0.0099) (sech( -0.0891)) 
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-2.5 X 10- -1 tanh(0.0099) (sech2 ( _0.0891))6.4748 

+2.1 x 10- 4 + 7.4 X 10- 5 (~cch( -0.0891))4 

= 0'(}()0280491329455 = 2.80191329455 x 10- 4 

Iteration 3 

j.1) l» 
Xl = 0 + 2(0.1) = 0:2, X 2 = -1 + 2(0.1) = -0.8, a = 0.099, 

Pr = 6.4748 

jnm33 = 7.4 X 10- 5 tanh2(0.0198) [(scch( -0.0792))4] 6.4748 

-2.5 X 10- 4 tanh(O'(H98) (::;cch2 (_0.0792))fl.47-18 

+2.1 x 10-4 + 7.4 X 10- 5 (sech( -0.0792))4 

= 0.000278352579459 = 2.78352579459 X 10- 4 

To hasten this process of iteration, the use of mathcad code is em
ployed 'With the following assumptions: 
Let 8p = 0.1, p = 2r

, p = 0 + D.pjJ, q = -1 + D.pp 
with-a = 0.099, Pr = 6.4748 
(see appendix 4) 
Then 

(::;ee Table 4.J) 

-2.5 X 10- -1 tanh(ap) (~(~ch2(aq)) Pr 

+2.1 X 10-4 + 7.4 X 10- 5 (scch(aq))4 
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CHAPTER FOUR 

COMPUTATIONAL/SIMULATION ANALYSIS FOR THE 
SUBMERG'};D SEWAGE DISPERSION MODEL 

4.1 COMPUTATIONAL RESULTS USING ANALYTICAL 
SOLUTION . 

Using th~ valn~s: 
7J = D.l, 0.2, . . . , 0: = 0.099, and Pr = 6.4748 in (3.8) and l1sihg th~ 
mathcad. code w~ ohtain thc following r~~mlt.s for the variOllS valnctl of 
7J as presented in tables 4.1, 4.1a, 4.1b. and 4.1d. 

From the table 4.1 we obtain the graphical illnst.rations in figure~ 
4.1. 



T bl 41 C a e . : t r It ompu a lona resu S USln! analytical method 
SIN f(l1) SIN f(11) SIN f(11) . 

1 0.000281519390149 62 0.000232882586313 123 0 .000216409581041 
2 0 .000279034054484 63 0 .000232846658131 124 0 .000216205033558 
3 0.000276553530118 64 0.000232791168895 125 0 .000216005995912 
4 0.000274087033998 65 0 .000232716111712 126 0.000215812388078 
5 0.000271643407108 66 0 .000232621613087 127 0 .000215624125804 
6 0.000269231064864 67 0.000232507921874 128 0.000215441121162 
7 0.000266857953922 68 0 .000232375398149 129 0 .000215263283056 
8 0.000264531515546 69 0 .000232224502104 130 0.000215090517692 
9 0.000262258655509 70 0 .000232055783073 131 0.000214922729017 
10 0.000260045720427 71 0.000231869868777 132 0.000214759819129 
11 0.000257898480296 72 0.000231667454867 133 0 .000214601688646 
12 0.000255822116950 73 0.000231449294830 134 0.000214448237058 
13 0.000253821218052 74 0.000231216190329 135 0 .000214299363038 
14 0.000251899776210 75 0 .000230968982018 136 0 .000214154964739 
15 0.000250061192766 76 0.000230708540866 137 0 .000214014940060 
16 0.000248308285766 77 0 .000230435760033 138 0.000213879186888 
17 0.000246643301653 78 0 .000230151547310 139 0.000213747603320 
18 0.000245067930193 79 0.000229856818130 140 0 .000213620087866 
19 0.000243583322198 80 0 .000229552489175 141 0.000213496539630 
20 0 .000242190109605 81 0 .000229239472550 142 0.000213376858474 
21 0 .000240888427543 82 0.000228918670546 143 0 .000213260945166 
22 0.000239677938016 83 0 .000228590970956 144 0.000213148701513 
23 0.000238557854912 84 0 .000228257242939 145 0 .000213040030478 
24 0.000237526970061 85 0.000227918333411 146 0 .000212934836281 
25 0.000236583680117 86 0.000227575063930 147 0 .000212833024496 
26 0.000235726014074 87 0.000227228228066 148 0.000212734502130 
27 0.000234951661255 88 0.000226878589211 149 0 .000212639177689 
28 0.000234257999637 89 0.000226526878810 150 0.000212546961241 
29 0.000233642124415 90 0.000226173794978 151 0.000212457764465 
30 0.000233100876688 91 0.000225820001477 152 0.000212371500697 
31 0.000232630872189 92 0.000225466127021 153 0.000212288084960 
32 0.000232228529988 93 0.000225112764876 154 0.000212207433995 
33 0.000231890101055 94 0.000224760472734 155 0.000212129466280 
34 0.000231611696630 95 0 .000224409772822 156 0.000212054102047 
35 0 .000231389316276 96 0 .000224061152227 157 0.000211981263294 
36 0.000231218875538 97 0 .000223715063411 158 0.000211910873787 
37 0.000231096233079 98 0.000223371924885 159 0.000211842859062 
38 0.000231017217186 99 0 .000223032122024 160 0 .000211777146422 
39 0.000230977651510 100 0 .000222696008002 161 0 .000211713664·933" 
40 0.000230973379917 101 0.000222363904826 162 0 .000211652345408 
41 0.000231000290310 102 0 .000222036104447 163 0 .000211593120400 
42 0.000231054337283 103 0.000221712869938 164 0 .000211535924185 
43 0.000231131563485 104 0.000221394436715 165 0 .000211480692742 
44 0.000231228119559 105 0.000221081013800 166 0 .000211427363735 
45 0.000231340282542 106 0 .000220772785094 167 0.000211375876494 

46 0 .000231464472625 107 0.000220469910671 168 0.000211326171984 
47 0.000231597268179 108 0.000220172528068 169 0.000211278192788 

48 0.000231735418982 109 0 .000219880753562 170 0 .000211231883079 

49 0.000231875857584 110 0.000219594683443 171 0 .000211187188592 

50 0 .000232015708796 111 0 .000219314395252 172 0 .000211144056595 

51 0 .000232152297266 112 0 .000219039949000 173 0 .000211102435863 

52 0.000232283153184 113 0 .000218771388350 174 0.000211062276648 

53 0 .000232406016121 114 0 .000218508741767 175 0 .000211023530651 

54 0 .000232518837066 115 0.000218252023623 176 0 .000210986150987 

55 0.000232619778731 116 0.000218001235267 177 0.000210950092161 

56 0.000232707214209 117 0.000217756366044 178 0 .000210915310034 

57 0 .000232779724086 118 0.000217517394282 179 0.000210881761791 

58 0.000232836092129 119 0 .000217284288217 180 0 .000210849405916 

59 0.000232875299664 120 0 .000217057006885 181 0 .000210818202155 

60 0.000232896518792 121 0 .000216835500967 182 0 .000210788111491 

61 0.000232899104571 122 0.000216619713582 183 0 .000210759096110 
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SIN f(11) SIN f(11) SIN f(T]) 
184 0.000210731119373 245 0.000210070192958 306 0.000210006407513 
185 0.000210704145785 246 0.000210067508710 307 0.000210006159860 
186 0.000210678140968 247 0.000210064926341 308 0.000210005921758 
187 0.000210653071628 248 0.000210062442029 309 0.000210005692839 
188 0.000210628905529 249 0.000210060052090 310 0.000210005472751 
189 0.000210605611466 250 0.000210057752981 311 0.000210005261154 
190 0.000210583159231 251 0.000210055541285 312 0.000210005057721 
191 0.000210561519593 252 0.000210053413714 313 0.000210004862139 
192 0.000210540664266 253 0.000210051367100 314 0.00021 0004674105 
193 0.000210520565884 254 0.000210049398395 315 0.000210004493329 
194 0.000210501197977 255 0.000210047504662 316 0.000210004319532 
195 0.000210482534939 256 0.000210045683072 317 0.000210004152444 
196 0.000210464552012 257 0.000210043930905 318 0.000210003991808 
197 0.000210447225252 258 0.000210042245537 319 0.000210003837375 
198 0.000210430531513 259 0.000210040624447 320 0.000210003688906 
199 0.000210414448419 260 0.000210039065204 321 0.000210003546171 
200 0.000210398954342 261 0.000210037565470 322 0.000210003408951 
201 0.000210384028378 262 0.000210036122991 323 0.000210003277031 
202 0.000210369650329 263 0.000210034735602 324 0.000210003150208 
203 0.000210355800677 264 0.000210033401215 325 0.000210003028285 
204 0.000210342460567 265 0.000210032117822 326 0.000210002911074 
205 0.000210329611784 266 0.000210030883488 327 0.000210002798393 
206 0.000210317236733 267 0.000210029696355 328 0.000210002690067 
207 0.000210305318422 268 0.000210028554629 329 0.000210002585928 
208 0.000210293840439 269 0.000210027456587 330 0.000210002485815 
209 0.000210282786940 270 0.000210026400570 331 0.000210002389572 
210 0.000210272142623 271 0.000210025384981 332 0.000210002297051 
211 0.000210261892717 272 0.000210024408283 333 0.000210002208106 
212 0.000210252022964 273 0.000210023468997 334 0.000210002122602 
213 0.000210242519598 274 0.000210022565699 335 0.000210002040404 
214 0.000210233369335 275 0.000210021697019 336 0.000210001961385 
215 0.000210224559354 276 0.000210020861640 337 0.000210001885422 
216 0.000210216077282 277 0.000210020058292 338 0.000210001812398 
217 0.000210207911180 278 0.000210019285756 339 0.000210001742199 
218 0.000210200049529 279 0.000210018542856 340 0.000210001674716 
219 0.000210192481215 280 0.000210017828462 341 0.000210001609843 
220 0.000210185195517 281 0.000210017141487 342 0.000210001547481 
221 0.000210178182092 282 0.000210016480885 343 0.000210001487532 
222 0.000210171430964 283 0.000210015845649 344 0.000210001429902 
223 0.000210164932511 284 0.000210015234809 345 0.000210001374503 
224 0.000210158677455 285 0.000210014647435 346 0.000210001321248 
225 0.000210152656846 286 0.000210014082629 347 0.000210001270055 
226 0.000210146862055 287 0.000210013539528 348 0.000210001220842 
227 0.000210141284761 288 0.000210013017304 349 0.000210001173535 

228 0.000210135916942 289 0.000210012515157 350 0.000210001128060 

229 0.000210130750862 290 0.000210012032319 35~ 0.000210001084344 

230 0.000210125779066 291 0.000210011568051 352 0.000210001042322 

231 0.000210120994364 292 0.000210011121642 353 0.000210001001926 

232 0.000210116389828 293 0.000210010692409 354 0.000210000963095 

233 0.000210111958779 294 0.000210010279693 355 0.000210000925767 

234 0.000210107694780 295 0.000210009882863 356 0.000210000889885 

235 0.000210103591626 296 0.000210009501308 357 0.000210000855392 

236 0.000210099643339 297 0.000210009134443 358 0.000210000822235 

237 0.000210095844158 298 0.000210008781706 359 0.000210000790363 

238 0.000210092188529 299 0.000210008442554 360 0.000210000759725 

239 0.000210088671103 300 0.000210008116466 361 0.000210000730274 

240 0.000210085286726 301 0.000210007802941 362 0.000210000701963 

241 0.000210082030430 302 0.000210007501496 363 0.000210000674749 

242 0.000210078897431 303 0.000210007211669 364 0.000210000648590 

243 0.000210075883120 304 0.000210006933013 365 0.000210000623444 

244 0.000210072983055 305 0.000210006665098 366 0.000210000599272 
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SIN f(Tj) SIN f(Tj) SIN f(l1) 
367 0.000210000576037 428 0.000210000051549 489 0.000210000004607 
368 0.000210000553702 429 0 .000210000049548 490 0 .000210000004428 
369 0.000210000532232 430 0 .000210000047625 491 0.000210000004256 
370 0.000210000511595 431 0.000210000045777 492 0 .000210000004091 
371 0.000210000491757 432 0 .000210000044000 493 0 .000210000003932 
372 0.000210000472688 433 0 .000210000042292 494 0 .000210000003779 
373 0.000210000454357 434 0 .000210000040651 495 0.000210000003633 
374 0.000210000436738 435 0.000210000039073 496 0 .000210000003492 
375 0.000210000419801 436 0 .000210000037557 497 0.000210000003356 
376 0.000210000403520 437 0 .000210000036099 498 0.000210000003226 
377 0 .000210000387871 438 0.000210000034698 499 0.000210000003100 
378 0.000210000372828 439 0.000210000033351 500 0.000210000002980 
379 0.000210000358369 440 0.000210000032057 501 0.000210000002864 
380 0.000210000344469 441 0.000210000030812 502 0 .000210000002753 
381 0.000210000331109 442 0.000210000029616 503 0.000210000002646 
382 0.000210000318266 443 0.000210000028467 504 0.000210000002544 
383 0.000210000305922 444 0.000210000027362 505 0 .000210000002445 
384 0.000210000294056 445 0 .000210000026300 506 0.000210000002350 
385 0.000210000282650 446 0.000210000025279 507 0.000210000002259 
386 0.000210000271686 447 0 .000210000024298 508 0.000210000002171 
387 0.000210000261147 448 0.000210000023355 509 0.000210000002087 
388 0.000210000251017 449 0.000210000022448 510 0.000210000002006 
389 0.000210000241280 450 0 .000210000021577 511 0 .000210000001928 
390 0.000210000231920 451 0.000210000020739 512 0 .000210000001853 
391 0.000210000222923 452 0.000210000019934 513 0.00021000000 1781 
392 0.000210000214275 453 0 .000210000019161 514 0 .000210000001712 
393 0.000210000205963 454 0 .000210000018417 515 0.000210000001645 
394 0.000210000197972 455 0 .000210000017702 516 0 .000210000001582 
395 0.000210000190292 456 0.000210000017015 517 0 .000210000001520 
396 0.000210000182909 457 0.000210000016354 518 0 .000210000001461 
397 0.000210000175813 458 0 .000210000015720 519 0 .000210000001404 
398 0.000210000168992 459 0 .000210000015109 520 0 .000210000001350 
399 0 .000210000162436 460 0 .000210000014523 521 0 .000210000001297 
400 0.000210000156133 461 0 .000210000013959 522 0 .000210000001247 
401 0.000210000150076 462 0 .000210000013417 523 0.000210000001199 
402 0.000210000144253 463 0 .000210000012896 524 0.000210000001152 
403 0.000210000138656 464 0.000210000012396 525 0.000210000001 107 
404 0.000210000133276 465 0 .000210000011915 526 0 .00021000000 1 q~ 
405 0.000210000128105 466 0 .000210000011452 527 0 .000210000001023 
406 0 .000210000123134 467 0.000210000011008 528 0 .000210000000983 
407 0.000210000118356 468 0.000210000010580 529 0 .000210000000945 
408 0.000210000113764 469 0.000210000010170 530 0.000210000000909 
409 0.000210000109349 470 0 .000210000009775 531 0 .000210000000873 
410 0.000210000105106 471 0.000210000009395 532 0.000210000000839 
411 0.000210000101028 472 0.000210000009031 533 0 .000210000000807 
412 0.000210000097107 473 0 .000210000008680 534 0.000210000000775 
413 0 .000210000093339 474 0 .000210000008343 535 0.000210000000745 
414 0 .000210000089717 475 0.000210000008019 536 0.000210000000716 
415 0.000210000086236 476 0.000210000007708 537 0.000210000000689 
416 0.000210000082889 477 0.000210000007409 538 0.000210000000662 
417 0.000210000079673 478 0.000210000007121 539 0 .000210000000636 
418 0.000210000076581 479 0.000210000006845 540 0 .000210000000611 
419 0.000210000073609 480 0.000210000006579 541 0.000210000000588 
420 0.000210000070752 481 0.000210000006323 542 0 .000210000000565 
421 0.000210000068007 482 0.000210000006078 543 0.000210000000543 
422 0,000210000065367 483 0 ,000210000005842 544 0 ,000210000000522 
423 0.000210000062831 484 0.000210000005615 545 0 .000210000000502 
424 0.000210000060392 485 0 .000210000005397 546 0 .0002 10000000482 
425 0.000210000058048 486 0 .000210000005188 547 0.000210000000463 
426 0 .000210000055796 487 0 .000210000004986 548 0 .000210000000445 
427 0.000210000053630 488 0 .000210000004793 549 0.000210000000428 
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SIN f(T]) SIN f(11) SIN f(T]) , 
550 0.000210000000412 611 0.000210000000037 672 0.000210000000003 
551 0.000210000000396 612 0 .000210000000035 673 0.000210000000003 
552 0.000210000000380 613 0.000210000000034 674 0.000210000000003 
553 0.000210000000365 614 0.000210000000033 675 0.000210000000003 
554 0.000210000000351 615 0 .000210000000031 676 0.000210000000003 
555 0.000210000000338 616 0 .000210000000030 677 0.000210000000003 
556 0.000210000000324 617 0.000210000000029 678 0.000210000000003 
557 0.000210000000312 618 0.000210000000028 679 0 .000210000000002 
558 0.000210000000300 619 0.000210000000027 680 0 .000210000000002 
559 0.000210000000288 620 0.000210000000026 681 0 .000210000000002 
560 0.000210000000277 621 0.000210000000025 682 0 .000210000000002 
561 0.000210000000266 622 0.000210000000024 683 0.000210000000002 
562 0.000210000000256 623 0.000210000000023 684 0 .000210000000002 
563 0.000210000000246 624 0.000210000000022 685 0 .000210000000002 
564 0.000210000000236 625 0.000210000000021 686 0 .000210000000002 
565 0 .000210000000227 626 0.000210000000020 687 0.000210000000002 
566 0 .00021 0000000218 627 0.000210000000020 688 0 .000210000000002 
567 0.000210000000210 628 0.000210000000019 689 0 .000210000000002 
568 0.000210000000202 629 0.000210000000018 690 0 .000210000000002 
569 0.000210000000194 630 0.000210000000017 691 0 .000210000000002 
570 0 .000210000000186 631 0.000210000000017 692 0 .000210000000001 
571 0 .000210000000179 632 0.000210000000016 693 0 .000210000000001 
572 0.000210000000172 633 0 .000210000000015 694 0 .000210000000001 
573 0.000210000000166 634 0.000210000000015 695 0 .000210000000001 
574 0.000210000000159 635 0 .000210000000014 696 0 .000210000000001 
575 0.000210000000153 636 0.00021 0000000014 697 0 .000210000000001 
576 0.000210000000147 637 0.000210000000013 698 0 .000210000000001 
577 0.000210000000141 638 0.000210000000013 699 0 .000210000000001 
578 0.000210000000136 639 0.000210000000012 700 0 .000210000000001 
579 0.000210000000131 640 0.000210000000012 701 0.000210000000001 
580 0.000210000000125 641 0.000210000000011 702 0.000210000000001 
581 0.000210000000121 642 0.000210000000011 703 0 .000210000000001 
582 0.000210000000116 643 0.000210000000010 704 0.000210000000001 
583 0 .000210000000111 644 0.000210000000010 705 0 .000210000000001 
584 0.000210000000107 645 0.000210000000010 706 0.000210000000001 
585 0.000210000000103 646 0.000210000000009 707 0 .000210000000001 
586 0.000210000000099 647 0.000210000000009 708 0 .000210000000001 
587 0.000210000000095 648 0.000210000000008 709 0 .00021 0000000001 
588 0.000210000000091 649 0 .000210000000008 710 0 .000210000000001 
589 0.000210000000088 650 0 .000210000000008 711 0 .00021 0000000001 
590 0.000210000000084 651 0.000210000000008 712 0 .000210000000001 
591 0.000210000000081 652 0 .000210000000007 713 0 .000210000000001 
592 0.000210000000078 653 0 .000210000000007 714 0 .000210000000001 
59.3 0.000210000000075 654 0 .000210000000007 715 0.000210000000001 
594 0.000210000000072 655 0 .000210000000006 716 0.000210000000001 
595 0.000210000000069 656 0 .000210000000006 717 0.000210000000001 
596 0.000210000000067 657 0 .000210000000006 718 0.000210000000001 
597 0.000210000000064 658 0 .000210000000006 719 0 .000210000000001 
598 0 .000210000000062 659 0.000210000000005 720 0 .000210000000000 

599 0.000210000000059 660 0.000210000000005 721 0 .000210000000000 

600 0.000210000000057 661 0 .000210000000005 722 0 .000210000000000 

601 0.000210000000055 662 0 .000210000000005 
602 0.000210000000052 663 0 .000210000000005 
603 0.000210000000050 664 0.000210000000005 
604 0.000210000000048 665 0 .000210000000004 
605 0.000210000000047 666 0.000210000000004 
606 0.000210000000045 667 0.000210000000004 
607 0.000210000000043 668 0 .00021000000000.4 
608 0.000210000000041 669 0.000210000000004 
609 0.000210000000040 670 0.000210000000004 
610 0.000210000000038 671 0 .000210000000003 
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Fig 4.1 a: Graphical illustration of analytic results 
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Fig, 4.1 b: Graphical representation of analytic results 

58 



4.2 COMPUTATIONAL RESULTS USING 
SPRIET-BARON ALGORITHM 

By using th(~ init.ial vahl(' of Xk = (0, -1), the step size of ak = 0.1, 
the direction of search dk = (1, 2), a = 0.099 and Pr = 6.4748. in (3 .9), 
with G = 0+71,(0.1)1 and A = -1+71,(0.1)2 and also using the mathcad 
code we oht,ained t.hf' rf'S~llt, presented in tahle 4.2; and from t.able 4.2 
we obt.ained t.he graphical ill1lst.rat.ion ill fignr('.s 4.2. 
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Table 4.2: Computational results using Spriet-Baron Algorithm 
1 0.000280708574959 48 0.000210915345384 
2 0.000278670024412 49 0.000210788132768 
3 0.000274187595294 50 0.000210678153738 
4 0.000269406212570 51 0.000210583166874 
5 0.000264608869074 52 0.000210501202540 
6 0.000260045720427 53 0.000210430534232 
7 0.000255912933620 54 0.000210369651945 
8 0.000252340486260 55 0.000210317237692 
9 0.000249388942996 56 0.000210272143190 

10 0.000247053978331 57 0.000210233369671 
11 0.000245276815172 58 0.000210200049727 
12 0.000243958586062 59 0.000210171431080 
13 0.000242976636140 60 0.000210146862124 
14 0.000242200848233 . 61 0.000210125779106 
15 0.000241508216826 62 0.000210107694803 
16 0.000240794224642 63 0.000210092188543 
17 0.000239980119060 64 0.000210078897440 
18 0.000239015868794 65 0.000210067508715 
19 0.000237879248897 66 0.000210057752984 
20 0.000236571998090 67 0.000210049398397 
21 0.000235114226696 68 0.000210042245538 
22 0.000233538225245 69 0.000210036122992 
23 0.000231882602413 70 0.000210030883489 
24 0.000230187365234 71 0.000210026400570 
25 0.000228490235749 72 0.000210022565699 
26 0.000226824237640 73 0.000210019285756 
27 0.000225216410730 74 0.000210016480885 
28 0.000223687419738 75 0.000210014082629 
29 0.000222251799259 76 0.000210012032319 
30 0.000220918597093 77 0.000210010279693 
31 0.000219692221547 78 0.000210008781706 
32 0.000218573349171 79 0.000210007501496 
33 0.000217559797284 80 0.000210006407513 
34 0.000216647305269 81 0.000210005472751 
35 0.000215830198380 82 0.000210004674105 
36 0.000215101928176 83 0.000210003991808 
37 0.000214455496285 84 0.000210003408951 
38 0.000213883774963 85 0.000210002911074 
39 0.000213379740593 86 0.000210002485815 
40 0.000212936636438 87 0.000210002122602 
41 0.000212548079623 88 0.000210001812398 
42 0.000212208125357 89 0.000210001547481 
43 0.000211911299190 90 0.000210001321248 
44 0.000211652606029 91 0.000210001128060 
45 0.000211427522758 92 0.000210000963095 
46 0.000211231979744 93 0.000210000822235 
47 0.000211062335200 94 0.000210000701963 
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95 0.000210000599272 141 0.00021 0000000412 
96 0.000210000511595 142 0.00021 0000000351 
97 0.000210000436738 143 0.000210000000300 
98 0.000210000372828 144 0 .000210000000256 
99 0.000210000318266 145 0.00021 0000000218 

100 0.000210000271686 146 0.00021 0000000186 
101 0.000210000231920 147 0.000210000000159 
102 0.000210000197972 148 0.00021 0000000136 
103 0.000210000168992 149 0.00021 0000000116 
104 0.000210000144253 150 0.000210000000099 
105 0.000210000123134 151 0.000210000000084 
106 0.000210000105106 152 0.000210000000072 
107 0.000210000089717 153 0.000210000000062 
108 0.000210000076581 154 0.000210000000052 
109 0.000210000065367 155 0.000210000000045 
110 0.000210000055796 156 0.000210000000038 
111 0.000210000047625 157 0.000210000000033 
112 0.000210000040651 158 0.000210000000028 
113 0.000210000034698 159 0.000210000000024 
114 0.000210000029616 160 0.000210000000020 
115 0.000210000025279 161 0.00021 0000000017 
116 0.000210000021577 162 0.000210000000015 
117 0.000210000018417 163 0.00021 0000000013 
118 0.000210000015720 164 0.000210000000011 
119 0.000210000013417 165 0.000210000000009 
120 0.000210000011452 166 0.000210000000008 
121 0.000210000009775 167 0.000210000000007 
122 0.000210000008343 168 0.000210000000006 
123 0.000210000007121 169 0.000210000000005 
124 0.000210000006078 170 0.000210000000004 
125 0.000210000005188 171 0.000210000000004 
126 0.000210000004428 172 0.000210000000003 
127 0.000210000003779 173 0.000210000000003 
128 0.000210000003226 . 174 0.000210000000002 
129 0.000210000002753 175 0.000210000000002 
130 0.000210000002350 176 0.000210000000002 
131 0.000210000002006 177 0.00021 0000000001 
132 0.000210000001712 178 0.00021 0000000001 
133 0.000210000001461 179 0.00021 0000000001 
134 0.000210000001247 180 0.000210000000001 
135 0.000210000001064 181 0.000210000000001 
136 0.000210000000909 182 0.00021 0000000001 
137 0.000210000000775 183 0.00021 0000000001 
138 0.000210000000662 184 0.000210000000000 
139 0.000210000000565 185 0.000210000000000 
140 0.000210000000482 186 0.000210000000000 
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Fig. 4.2b: Graphical illustration of Spriet-Baron results 
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4.3 COMPUTATIONAL RESULTS USING EXTENDED 
COGGINS ALGORITHM 

By using th~ init.ial valucS (0" -1), t,hc Ht~p length !:lP = 0.1 , 
P = 2r where r = 0, 1 2, .'" n = O,m)9 and Pr = 6.4748, in (3 .7) , 
with p = () + !:lPp and q = - 1 + !:lPp and Ilsing t.he mat.head eodc 
we oht.ained t.he result. pwset?-t.cd in t.ahles 4.3; and t.he corresponding 
figures 4.3. 
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Table 4.3: Computational results using Extended Coggins Algorithm 

1 0.000282565893840 
2 0.000280491329455 
3 0.000278352579459 
4 0.000273919224579 
5 0.000264693289241 
6 0.000246838921457 
7 0 .00022461702~471 
8 0.000229625680436 
9 0.000217512666704 

10 0.000210067508710 
11 0.000210000002753 
12 0.000210000000000 
13 0.000210000000000 
14 0.000210000000000 
15 0.000210000000000 
16 0.000210000000000 

65 



J.31 ·10 -, 

1':------- - H ---;- --+-}1-
~r\ -- - --e-- - ---- --- -- --4- -- - -- -j---

1\ 1 __ +-+-~_~_·~~-~ __ ~+-~_~-+~ __ ~+-~~_4~ __ 
\ 

1\ 

\ I 

\ T 
I 

1\ 

\ ~ ---11--+-+-~~--+--+--II -I--'- -

\ 

-~------~ -I---r-~~-

A I I 
II , i--+--+-+-+-!, -- I, ----

--+-+-'---+-'1- -'-+--I-v:j-~- \-- -l----- -- --- f- --1--

J.JI ·IO·· -----I--I-I-~----- ---~ ------ -- f-' +H-
H1 ·10-· - .. -...... -.... - -1

1

,- - - K - --J- i -!--I1 
J.B ·IO·' i '1-" 1- _.--_. I 1- 1- 1. 1 

! i I 1\ I I::' I --n-'-- -r --- -l !1 
J.OHO-' o 0.1 l.4 J.I J.8 3.5 U 4.9 5.6 6.3 1 1.1 8.4 9.1 9.8 10.5 llJ 11 .9 IJ .6 13.3 H 

:'1.09')0-' 

r 

Fig. 4.3a: Graphical illustration of Extended Coggins results 
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4.4 ANALYSIS OF THE COMPUTATIONAL RESULTS 

Thc tahle helow gives a summary or the various optimization 1llgorithms 

cmployed in this study to <lnalyse the· Submerged Sewage Dispersion Model. 
-----

Algorithm No or iterations Globalminimulll 
---------_._-- ----

Analytical 721 
-------,,----
2.1 x 10' 

Spriet-Baron 184 2.1 x 10=4 

Extended Coggins 12 2.1 x 10-4 

Table 4.4 .1 

The following observations arise fi-om the above tabular presentation: 

Rem~lrks 

I. In the analytical simulation. the objective function is considered as a function 

of the variablc. 

The optimal point was located after 721 iterations. 

The optimal point of 11 =72.1 

The minimum value 011(11) = 2.1 x 10-
4 

2. For the Sprict-Baron algorithm, the objective function is considered as a 

function with two variables. 

.., 
,). 

The optimal point was located after 184 iterations. 

The minimum value off(l1) = 2.1 x 10-
4 

For the extended Coggins algorithm, the objective function is considered as a 

function of two variables. 

The optimal point was located after 12 iterations. 

The mini mum valuc off(11) = 2.1 x 10-" 
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All the algorithms attain global minimum with different number of iterations. 

A compa~n of the results from the table ahove shows that the extended Coggins 

optimization algorithm is a better algorithm for the solution of the problem under 

study. 
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CHAPTER FIVE 

CONCLUSION AND RECOMMENDATION 

5.1 CONCLUSION 
o 

; 
The non- gradient. met.hod considerecl liO far avals t.o one t.he f11n-

damC'nt.al is. 'IteS ill tJw c\($igll of line s(~arch which is a comhinat,ion of 
diff'ct, :-warch and CHrve fit.t.ing in sHch a way t.hat. 11nder fairly general 
cOlldit.iolls, COI\Vp.rp;<~Il<·(' t.o tllP lIJi1lil111ll11 is p;1\ara1lt.(~(~(1. 

A comparison of the efficiencif'.8 of the line search met.hods consid
ered in locat.ing t.he opt.imal value of the f11nction (table 4.4.1) shows 
t.hat tho11gh each method succeeded in approximating the locat.ion of 
t.he minimum at X* = 2, 1 X 10- 4 , the nnmher of iteration shows a great 
difference. While the Spriet- Baron optimization algorithm requires 184 
iterations before attaining the global minimum; the Extended Coggins 
algorithm attains t.he glohal minimnm wit.h j11st 12 it.erat.ions. 

5.2 RECOMMENDATION 

Going hy t.he ahove present,a.t,ioll, t.he Ext,p,flded Coggins opt.imiza
t.ion method ha.c.; as an jt,erat,ive method proves t.o he hett.er than Uw an
alytical and Spriet- Baron met.hods. This is becanse it. does not. consnme 
(occupy) mnch of comp11t.er space and at t.he same t.ime prod11ces bet.-. 
t.er r~snlts wit.h fewer it.erat.ions; making it a time-saving non- gradient. 
method. 
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APP'E'NDIX I 

l(a) Momentum = Mass x Velocity 
Momentum = Area x Dynamic velocity 
if area = 10m2 

l(b) 

M = 10m2 x (1.00 x 1O- 3 )Kgm- 1 ", - I 

= 10m2 x O.001I(qm- 18 - 1 

= O.01Kgrn.'1- 1 . 

p. _ Cpll, 
r - k 

Cp = 3930 Jig K; I}, = 1.005 Kgm-1 ; K = 0.61 wlmK 
Given these values, we haVf~ t.hat.: Pr = 6.4748 

1 ( c) According to Schlictings [7], we can determine Q from the exprE'S-
sion: 

M = Moment.um 
p = density 

(
M)2/3 

Q = 0.2753 P 

Howatsn et al [15] gave the values as follows: 
M = 0.01 Kg m ,<;-1; p = 1025 I(q rn- 1 ; which gives UiE' value: 
Q = 0.099 
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APPENDIX II 
NOTATION / SaECTIVE NUMENCLATURE 

u = hori7.0nt.al velocit.y component 

x = horizont.al distance 

y = vertical dist.ance 

Fo = density difference flux per unit length of diffusion 

Gr = GRASHOF number 

Po = mass flux of pollut.ant per unit, length of diffusion 

Pr = PRANDTL nmnher 

a = thermal expansion coefficient 

'II = str~m function 

() = reduced density difference 

p specific mass 

r = Gamma function 

K = thermal conduct.ivity of fluid 

'" = similarity variable 
...- 1 

Cp = specific heat"constant pressure of the fluid 

f = dimensionlcHS stream function 
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