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INTRODUCTION

Initial and boundary value third-order

ordinary differential equations (ODE)
emerges in the modelling of real-life
Slt}lations in areas of physical and applied
sciences  especially in mathematical
representations of  problems in
clectromagnetic  waves,  gravity-driven
flows, problems related to thin films flow of
viscous fluid, and quantum mechanics
(Ahmed, 2017; Bernis & Peletier, 1996; Guo
& Tsai, 2005; Morlando, 2017; Tuck &
Schwartz, 1990). Solutions to this kind of
problem is important in understanding the
properties, and behaviours of the physical
phenomenon under study (Cole & Tiamiyu,
2019). Most often, available analytical
methods fail, in most cases, in finding exact
solution to a general third-order ODE.
Hence, numerical methods which find
approximate solution to the equations is
crucial in finding solution to the initial and
boundary value problems of third-order
ODE arising in computational fluid
dynamics, sciences and engineering
(Tiamiyu et al., 2021).
In this research, we propose a backward
differentiation formula of hybrid block
linear multistep method to the third-order
initial or boundary value problems of the
form;

. dy(x) d*y(x)
D{y(x)} = f(x'y(x)'T'F)' X
€ (Io, IN) (1)
Couple with any of the initial or boundary

conditions:

¥(x0) = yo, gzé,xflu.,, d—zdzg-'l=wo ()
y(Xo) = yo, g%?l =12, y(xy) =Yn ©)
yoo) =y, LEd =g, W, (g

d!
where D = ——, X0, 0,20, Wo, Xy, Yy, and zy €

R, y(x) € R™ and f is a continuous-valued
function. The Eq. | with 2 is a third-order
initial value problem, while Eq. 1 coupled
with either 3 or 4 is a third-order boundary
value problem. Eq. 1 and 3 will be termed
boundary value problem of type 1 while Eq.

| and 4 will be termed boundary value
problem of type 2

In this research, we will focus on numencal
solution of | at three different cases of 2, 3
and 4. Vanous rescarchers have addressed
from the three cases of | and 2, 3 or 4. The
theory of third order-ordinary differential
equations was presented in Padhi & Pati
(2014), by analysing the existence and
uniqueness of solutions at different cases.
Semi-analytic and numerical solutions of the
initial value problem of type 1 with 2 have
been studied by a number of authors
including Adeyeye & Zurni (2019), Agboola
et al. (2015), Allogmany & Ismail (2020),
Saglain et al. (2018), and Sunday (2018).
Likewise, various authors like Abdulsalam
(2019), Ahmed (2017), Jator (2009), Khan &
Aziz (2002) and Taha & Khlefha (2015)
have also worked on the boundary value
problems coupled with different types of
boundary conditions. Methods of solution
utilized by these authors include finite
difference method, variational iterative
method, differential transformation method,
Runge-Kutta method, and linear multistep
method. Mohammed et al. (2019) developed
a three-step hybrid linear multistep with one-
off step collocation point for direct solution
of boundary value problems using
collocation approach. However, the
limitations of these methods are the low
degree of accuracy and low step number.
The present study is triggered to address the
limitations in the methods in the literature by
increasing the step number in both grid and
off-step points.

In this research, we develop a continuous
five-step hybrid linear multistep method
(HLMM), with three off-step points, for
direct solution of 1 coupled with one of the
conditions 2, 3 or 4. The new method will be
self-starting and with higher order of
accuracy to obtain a more efficient method
than the available methods in the literature.
Basic properties of the method will be
analysed for stability and convergence. The
method will handle efficiently both initial
and boundary value problems of 1 - 4.
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Fig. 5. Log of Absolute Error at h = % for Problem 3

Discussion of Results

Tables 1 ~ 7 display the numerical results of

the third-order initial and boundary value
problems in examples | ~ 3, Table 1 can be
used to compare the exact and approximate

solutions for problem 1 with step-size h =

ﬁ. Table 2 displays the maximum absolute

errors at h =N =16,32,64,128 for
problem 1. Table 3 shall be used to compare
the exact and the solution of the proposed
method with h = ﬁ and € = 11—6 for problem
2. Table 4 shows the results of the maximum
absolute errors of problem 2 for h = %; N=
10, 20,40, 80,100, in contrast with the results
of the maximum absolute errors of
Abdulsalam & Majid (2019) in Table 5. Table

6 illustrates the comparison results of the
exact and computed results for problem 3

from Ahmed (2017) at h=-1%. Table 7
displays the result of maximum absolute
errors  of problem 3 for h=%;N =

16,32,64,128. Figures 1 and 5 show the
plots of log of absolute errors in Tables 2, 4
and 7, Figures 2 - 4 show the plots of log of
absolute errors at s %; N =
10,20,40,80,100 and varying €.

From the presented Tables and plots, we
observe that the computed solutions of the

proposed method agreed well with the exact
solutions of the problems attempted in this

paper. We also confirm that the smaller values
of step-size, the more accurate approximated
solution.  Also, our proposed method
performed better than the results in
Abdulsalam & Majid (2019). The newly
proposed method has therefore improved the
numerical results of the problems under study.
CONCLUSION

In this research, we developed a self-
starting backward differentiation formula of
hybrid block linear multistep method with a
higher-order of accuracy using collocation
technique. The newly proposed method is
aimed to improve the efficiency and accuracy
of existing LMM by increasing the step-
number both at grid and off-grid points. The
choice of three off-step points and five step
points were made in the development of the
new method. The basic properties of the
proposed method were analysed for
convergence. Numerical experiments of
initial or boundary value problems of type 1
and type 2 were performed to demonstrate the
accuracy of the proposed method. The
numerical results of the problems show the
efficiency of the proposed methods as the
computed results agreed well with the exact
solutions. From the graphs and tabulated
results, we can conclude that the proposed
method is an excellent choice for handing
third-order differential equations with either
initial or boundary conditions appearing in all
areas of sciences and engineering. Maple
2015 was used for all computations.
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