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A stochastic process wihose Juture stare

: depend;
past state is @ Markoy chain, pends on the present state and not on the

stochastic model in continuons "T”;',f /};::C,Z’;Z r J('”dus“’ ks Soiraiices el o S:;,'w
weekly rainfall pattern o S Maluri odel is .evelopz'd 17 analyz.e rtnd' predict
plan for the uncertainty ;i continuous time to enable the inhabitants to
. . o of rainfall. The parameters of the model were estimated from
weekly rainfall amount of Makurdi, Benue state, Niceri wiod Iaien
years(2005-2015). It was observed that if it is ne. e Jor & pero of ¢ e-m‘
observed that if it is no rainfall state in a given week, it
would take at most 49%,27% and 16% of the time to make a transition to low rainfall,
nm(lera.u’ .rﬂmfall, and high rainfall in the far future. Thus given the rainfall in a
we.ek, it is possible to determine quantitatively the probability of finding weekly
rainfall in other states in the following week and in the long run.The transition
probability matrix, also reveals that , a week of high rainfall cannot be followed by
another week of high rainfall , a week of high rainfall cannot be followed by a week
of no rainfall and a week of moderate rainfall cannot precede a week of high
rainfall. These results are important information to the residents of Makurdi and
environmental management scientists to plan for the uncertainty of rainfall, for
effective and viable production.
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1.0 Introduction | - 4
Rainfall exhibits a strong variability in time and space across the globe. It is well established that rainfall is changing on both

the global and the regional scale due to global warming [1]. Rainfall is th.e principql phenomenon driving many hydrologicgl
extremes such as floods, droughts, landslides, debris and 111u§-ﬂ0ws; its analysis and modelmg_are ty~p1cal probl§llls in
applied hydrometeorology [2]. Hence, its stochastic modeling is necessary f(l)r.the prevention of nl:_llt(ur.xlw fils:lllster.
Understanding the rainfall distribution is equally necessary for future planning. This is applicable in areas like agricul ‘ireli
industry, insurance, hydrological studies and the entire planning of a country economy. ansequently, mftzim;imon c]m r;un a :
probabilities is vital for the design of water supply management, supplen;entary irrigation S‘_:hem‘?s anl tbe et:m u; 103 9[]
allernative cropping system for effective soil water mapagemept plans [._]Al. Such mto:’n;ﬁpcl)n canlat_so sn jljteerlluolmeld
delermining the best adapted plant species and the optimum time of_sgeg lllng to re-es;{l lil \éegc :;(:g:linuou;tim‘ i
rangelands. The aim of this research is 0 analysed and predict v_vcekl);}mq a [I)atte_m‘omd \?irqbulre 1r1(:1ducti0n e.
iesults from the model could be useful to the residents of Makurdi for effective p ﬂ“‘f‘lé“b a " l‘ll =1hgdc o allel.n ¢ 1o orovide
{)vcrwhclming researchers within Nigeria and in around ll}e world, have propose S'telver g }" ; ‘It ol P)m Ijr g
mformation that will enable humanity to make best use Of.thls o pheno'n‘i‘lg‘ﬂi :H‘ 1€T] 0:1;:?{]?1 11“: ﬁU:’FL;\T (m' 1f':ll
Purposes fund':m‘*nt'll importance to life, such researchers m_Cl“de‘ Reporteld 111].['.]»,1.15 '.\“IL.{I-(-f llIL ‘i'tltt]i:n\ﬁiktl: tl(é lt'y ‘ttlol (;er
ucun‘fcﬁm ]1( 'b~ it A( the daily rainfall occurrence for-thc Tel Aviv Ldl‘lv\\.lvb h,uf.u‘\j l.l .)_ e \ 1 ‘f'b' l'i

It was found that the 4 anplication of  first- and second-order Markov chain models to dry and wet
Mu.”‘:“\’ chain model. Reported in [ [15*ar Jl.)? ;L:Iqmch'\s'tic structure of hydrological droughts.
rzt”“d‘ of annual stream flow series 10 mprm-l“u t.]:lkmi”c‘{hc pattern and distribution of daily rainfall in Uyo metropolis of
lft‘xcnlc(l in [5] is a three-state Mnrkn.v ‘ch;n;? !,U ;:I;C results from their model was an important information to the residents
Mieriy using 15 years (1995-2009) “””f_"”_L.:l‘lt'l(')”n[nn(c change on daily rainfall using first-order Markov chain model.
"Uyo.Reported in [6]is an evaluation of effec
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presented in [7] s the investigation of — the variations of annual rainfall in Tirunclveli district, India based on “'““"”","“
method. The method was applied to observational dill'ﬂ (1951-2010) and an ensemble of regional climate simulations for
Central Europe (1971-2000, 2021-2050) for two type of C‘—’{“P(’lll”d‘c.\lrcmcs, heavy precipitation and cold in winter and hot
and dry days in 10 summer. The rescarch identily _lhrce regions in l:pr'o|1c, which are probably susceptible to a future change
in the succession or dynamics of heavy precipitation and cold in winter, which are a region south western France, northem
Germany and in Russia around Moscow. They concluded that, the change in the succession of hot and dry days in summer
will probably affect regions in Spain and Bulgaria. The susceptibility to a dynamic change of hot and dry extremes In the
Russian region will probably decrease. A developmer.ltal method of stochastic generator of monthly rainfall series had been
presented in [8]. The work was based on the modeling of the occurrence and the quantity of rain in a separate way. The
occurrence was treated in two stages. The first step considered the Markov chain according to the occurrence of annual
statements (dry, average and wet). The second step used the monthly rankings. The amount of rain was calculated basgd on
historical series according to the monthly ranking and the annual statement was noted. The method was applicd to rainfal
data recorded at five rainfall stations in semi-arid region of Central Tunisia. The generated series was then validated..

2.0 Materials and Methods

2.1  Study Area ; -

The study area of this research is Makurdi, Makurdi is the capital city of Benue state of Nigeria. The city is located in central
Nigeria along the Benue River , it is located on (latitude 7.7°N, longitude 8.5°). The data used in this research work were
obtained from the archive of Nigerian Meteorological Agency, Maitama, Abuja. It is the daily rainfall record of Markudi,
Benue state for the period of 11 years (2005 to 2015).

2.2 The Model Equations

Following [9], we consider a stochastic process that is discrete state and continuous time. A continuous time stochastic

process {X(f) is an infinite family of random variables indexed by the continuous real variable that is for any fixed t,

X(t) is a random variable and the collection of all these (for all t) is the stochastic process we ordinarily think of t as time, so

W€ may expect X(tl), the random variable at time tl, to be dependent on X(fo), where tO < t] , but not upon
X(lz ) , where f2 > [1. The value of X(fl) is the state of the process at time tl.

let plj (t ), denotes transition probability function which is discrete state and continuous time , where

p; ()= priX(t) = jI X(0)=i} )

Now, a fair amount can be known about these pU (f ) functions just as a consequence of the fact that they are, for all t,

probabilities. For example, they are non-negative bounded functions because a probability must lie between 0 and 1. The
values of the functions at t=0 can be deduced because

Pij(o) = P"{X(O) =j/X(0)= i}, clearly jfor i#j
pij(0)=0 and for i=j pj-j-(O):l

If we fix [ and vary ] over all states, the sum of the pU (t) must equal 1 ( for all t)

Now, under the assumption that the plj (f ) are continuous functions then we may express plj for small Of by the use

of Maclaurin’s series, thus

p, (&)= p,(0)+ p|(0) +0(&°) @

2 2 ;o
Where O(5f ) represent all terms of the order of the (5t) or higher. If we consider this expression for I # ], and
let (h/ = ]);/ (0) we obtain

p,; (&) =q,0t + o(at?) 3)

This is a linear approximation to ])U (f) which is good approximation as long as Ot is small. (]Il is called the transition

rate from I to j
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Pansion Yields

p (@) =142, (000 +o(52)
et dii - P'H(O)

W pet the linear approximation (4)
p, (0N = I+q,0 +o(&)
"

| we now,s consider the forwarg c}

) \ 1apman. (3)
Which is 2 equation for studying Statlion;?yﬁll:;\ogoro" equation
) = . OV procegse .
pii L+ o) = Z Pik ([)PA—J' (1) =il
k

. { , and substitute i
for small ot our linear approximar;
XImation, we
, We get

pij(t+00) = POl +q ;6 + O(&2)]+Zp'k(l)[‘fi.'5f + 0(5f2)]
i j

ki_j

pi 1+ —py (@) e
: S ~ Pjj (l)qjj +-19;\(L2+Z POy + Dik (t)o(&fz)

ot
ks j
Pik(t)o (st
= ZPik(f)f]/g' * Z—izs_Ll
/
k k
Taking limitas Of — 0
dp. (1) ©
g L Z Pa()qy
at k
dp(t
In matrix form we have pE ) = p(t)0 7)
dp; (1)
Where is the matrix whose (i,j)m element is U[’[ :
a

. g : . wth em e
p(t) is the matrix whose (f,j)m element is pj; (£), and Q is the matrix whose (i, /)" elementis gj;

The elements of Q may be further related by extending the properties of P(t)
In particular, since for each i

ZP:‘/(’)ZI

i}

d d
dt Zpi/ @y = {}7(1)};:0
/ 1=0
(/
Zwl’/y’(f)
/

=0
t=0
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Z gij =0

/ ! ive. the diagonal element ¢..
ative, g fii, m
nce off-diagonal element in non neg i Mus

T . ero. Si :
In words, each row of Q must sum to zero hat 15

o 1
! | - | [ 1116 same rows.
‘q \’ll ue : can l |’OSItC' 1n S1gn (] the sum Of OthlS m l

(8)
(Ilr = —Z [Ii/
- i =1.2.3,4; must be specified
To obtain the solution to Eq.7, the initial condition P,'(O), 1= 1,497
Taking the Laplace transform of Eq.7, we obtained ©)

P(s) = P(OX(SI - Q)™

Thus p(t) is obtained as the inverse transform of P(s) [10]

2.3 Application .
This model consider the weekly rainfall amount during the raining
predict weekly rainfall pattern in continuous time scale. Thus week
basic unit of time in this model is a week. o
Now, suppose that the amount of weekly rainfall in Makurdl. naw
variable X' the collection of these random variables

X, o, n=0123 ..

. : kly rainfall be i

It is assumed that this stochastic process satisfies Markov properties reported in [11]. Let the weekly modelled by
four states, Markov model.

Statel: No rainfall

State2: Low rainfall

State3: Moderate rainfall

Stated: High rainfall

24 Transition Probability Matrix

season in Makurdi. In this model, we wish to analyse g
ly rainfall amount is modelled in continuous time gpg the

cek during the raining season is considered as 3 randop,
over the weeks constitutes a stochastic Process

13]1 IDIZ PI] PH
k, P, P, P,
p =
B, B, P O
G O
ol 12
K 4

Figure 1: Transition Diagram of the Model
Tablel: A summary of Weekly Rainfall Amount in M

akurdi between 2005-2015 and states distribution
Weekly rainfallin mm  Frequency State

0 68 No Rainfall
Rainfall amount <61 254 Low Rainfall
61-120 51 Moderate Rainfal]
Rainfall amount >120 9 High Rainfall

From the Table 1, we obtained the transition: count matrix below
Journal of the Nigerian Association of Mathematical Physics Volume 37 (September, 20 16), 431 _ 434
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26 161 47 7
M7y 4 10 ¢
0o 6 2 0

izing this matrix ys;
NormaliZing X using Eq.
39 25 2 oy ad (11)

26 -80 47 7
A7l 4 4 -8 9
0 6 2 -3

s, the matrix A can be j
Th A fnterpreled a3 the reciprocal (12)
yaria g ative dlstribution cal of the mean times of the negative exponentially distributed random

|- ¢~*" and mean value —

A

The above matrix indicates that if tl ;
he raj : .
nfall is no rainfall state, the time it takes to make a transition to low rainfall state 1s

exponentially distributed with meap 5 _ 1
23 weeks. That is, if the rainfall is in No rainfall state, it has a probability ?5—& of

making transition to low rainfa]] stat ity
€, a probability 55[ of making transition to moderate rainfall state and a probability

] .
— Ot of making transition to hi i g :
2 S nigh rainfall state in the time interval (l, t+ (51‘). Also if the rainfall is in low rainfall state it

obability — G o .
has a probability — 5 Ot of making transition to no rainfall state, a probability —41—751 of making transition to moderate

pa

: o1
rainfall state and a probability ;51‘ of making transition to high rainfall state in the time interval (t, t+ 51). Similarly, if

i s s . . 1
the rainfall is in moderate rainfall state it has a probability 25[ of making transition to both no rainfall state and low

rainfall state and a probability of 0 to high rainfall state, in the time interval (l‘, t+ 5[). Similar interpretation is given
to being in high rainfall state making transition to no rainfall state, low rainfall, and moderate rainfall with probabilities, 0,

1 1
—dt, and 551‘ respectively in the time interval (t, t+ 51‘).

The Matrix A can be expressed as the expected value of the exponential distribution thus
-1.04 0.04 05 0.5
| 004 -02 002 014
°l02s o025 -05 o
0 0.17 05 -0.67 (13)
Now , to obtained solution for Eq.9, we have that
s 00 0] [-250 05 1 1

IS,_Q_O g [0 o -L17 017 1
S ol | 033 o025 -058 0

0 0 s
000 s 1 0.5 0 -I3 (14)

5+1.04 -004 -05 05
004 5402 -002 -0.14
=025 -0.25 s+05 0

0 —017 -05 54067 (15)
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We suppose that the initial state of the process is P(0) = [l 0 0 0]
Thus
P(s) = P(0)(SI - 0)"
s+104 -004 -05 05 | (16)
-004 s+02 -002 -0.14
-025 =025 s+05 0

0 -0.17 05 s+0.67
Solving Eq.16, using maple software we have the fo
P, (1) =0.488—0.679¢°""" +1.06x107(1.80x 10* cos(0.15
Pa(1)=0.266 +0.545¢°"™ — 2,129 x 107" (1" (3,806 x 10* cos(0.1530) +

Ps)=[t 0 0 0

llowing equations t0 compute

3t) - 2.48x% 1024 sin(()_ls:;t))()—l.nm,
5 922 x 10%* sin(0.1531))

P, (1) =0.164-0.036¢ """ +2.662x107 (7 (-4.79 102 cos(0.1530)+8.77% 10 sin(0.1531))

P15(t) is the conditional probability that the weekly rainfall will be in low rainfall state at time t given that the weekly rainfy

was in no rainfall state at time zero
P13(t) is the conditional probability that the weekly rainfall will be i
rainfall was in no rainfall state at time zero

Py4(t) is the conditional probability that the weekly rainfall will
rainfall was in no rainfall state at time zero

Pyi(t) is the conditional probability that the weekly rainfall will
was in no rainfall state at time zero. This the compliment of Pt

using Yo, =1 ij=1234 to obtain P, () ,one may use Pn(t)=1—(p|2(f)+R3(t)+R4(t))

n moderate rainfall state at time t given that the weekly
be in high rainfall state at time t given that the weekly

be in no rainfall state at time t given that the weekly rainfy|
), Pis(t) and Pj4(t) this can be calculated at any point in time

The values of the equations evaluated for t = 0 to 25 are tabulated in Table2 and are illustrated graphically in Fig 2

Table 2: The Transition Probabilities
Pia(t) Pi3(t) Pa(t) ]
0.000000 | 0.000000 | 0.000000
0.087732 | 0.302213 | 0.223710
0.197351 | 0.380988 | 0.225555
0.286862 | 0.379895 | 0.193041
0351632 | 0.356771 | 0.178654
0396334 | 0.332300 | 0.168832
0.426582 | 0.312415 | 0.164674
0.446882 | 0.297773 | 0.163215
0.460466 | 0.287480 | 0.162874
0.469547 | 0.280411 | 0.162928
010475619 | 0.275616 | 0.163083
0479679 | 0.272385 | 0.163235
0.482395 | 0.270215 | 0.163356
0484212 | 0.268761 | 0.163444
14 | 0.485428 | 0.267786 | 0.163506
15 [ 0.486786 | 0.267134 | 0163348
16 170.457395 | 0.266697 | 0.163577
17 [ 0.487559 | 0266405 | 0163396
E

SRR

|

—

|

NS

nDiw

0487668 | 0.260209 | 0.163609

0487741 | 0.266078 | 01636018
0ARTTRY | 0.265991 | 0.163624
5y [0 an7s23 | 0265932 | 0.163627
3710 487845 | 0.265893 | 0.163630
53 [ 048785 | 0.205800 | 0163632

S 1048785 | 0.205849 | 0163033

75 | 0487859 | 0265837 | 0.163634

i
016, 5177
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Figure 2: The graph of Tr;nisii—ii—o?m_a‘“
We observe that the limit of each fupct;

. uncti : .
(hemselves and in the graphs of the fuglc]tias t goes to infinity or fairly large is immediately apparent, both in the functions
oscillating or both. ons. The convergence is smooth and monotonic, as opposed to discontinuous,

3.0 Discussion of Results

The result is presented in T 2 aid .

Pya(t), Pi3(0), I}:u(t) respectivz?\l;ea: aar?)? tlillifeSttm;fq “’léh graph in figure 2. The model enables us to determine the values of
ends to infinity, also Py3 rose later drOpped-andlstob‘Sle‘rved from the table that .P;z rose S.'(Ci.ldlly and stabillzes to 0.49 as t
o later stabilized to 0.16 as t tends to infinit '[‘S abilized to 027 ast tends t.o'mﬁmty, snlnvnvlarly anrose and.drop sharply
A ————— enes ity. These are the equilibrium transition probabilities. For instance, if the process
1S > 1n a given w eek._ it would take at most 59% ,27% and16 % of the time to make transition to Low rainfall
state, moderate _ralr_ltall, and high rainfall state respectively in the long run. Thus given the rainfall in a week it is possible to
determine quantitatively the probability of finding rainfall in other states in the following week(s) and in the long run. From
0, these mean that, there are not transition between these states. For example for
a week of high rainfall in Makurdi to be followed by another week of high
a week of high rainfall to be followed by a week of no rainfall.
high Rainfall. The results from this model 1s an

Eq.10, it can be observed that Py, P4, Pys =
the P4; =0 , it means that, it 1s not possible for
rainfall . and also for the Pa, it is not possible to for
Similarly, for Pss, a week of moderate rainfall cannot precede a week
important information for the residents of Makurdi effective planning and production.

4.0  Conclusion
A stochastic model to analyze and predict weekly rainfall pattern of Makurdi in continuous time has been presented. The
ple of Markov. It was observed that if it is norainfall state in a given

stochastic model was formulated based on the princi
week, it would take at most 49%.27% and 16% of the time to make a transition to low rainfall , moderate rainfall, and high

rainfall in the far future.. The model also reveals that; a week of high rainfall cannot be followed by another week of high
followed by a week of no rainfall and a week of moderate rainfall cannot precede

rainfall, a week of high rainfall cannot be ! ' :
aweek high. The results from the model are an important information that could assists the residents to better understand the
dynamics of weekly rainfall in Markurdi which may be helpful for effective planning and viable production.
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